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Abstract

We propose a dimensionally consistent fractional spatio-temporal PDE framework for mod-
elling immune-mediated demyelination in multiple sclerosis (MS). The system couples ef-
fector and regulatory T cells, M1/M2 macrophage polarisation, pro- and anti-inflammatory
cytokines, oligodendrocyte dynamics, and time-dependent therapeutic controls within
a unified distributed-parameter structure. In contrast to ad hoc replacements of integer-
order derivatives by Caputo fractional derivatives, the fractional extension proposed
here is derived from an underlying continuous-time random walk (CTRW) process with
Mittag-Leffler-distributed residence times. This stochastic derivation yields a governing
system in which a single commensurate fractional order a« € (0, 1], together with a charac-
teristic memory timescale 1y, ensures dimensional consistency and mass balance across all
coupled components. The model is formulated as a system of nonlinear reaction—diffusion
equations with cross-regulatory and multiplicative interaction terms governing immune
amplification, cytokine feedback, and the demyelination-remyelination balance. Analytical
interpretation shows how non-Markovian residence times induce Mittag—Leffler-type re-
laxation and thereby modify effective growth, decay, and stability properties. Numerical
simulations compare classical and fractional dynamics, revealing that memory-driven
kinetics prolong effector T-cell and M1-macrophage activity, attenuate reparative M2 and
oligodendrocyte responses, and extend the effective action of bang—bang therapy inputs
representing IFN-p and glatiramer acetate beyond their dosing windows. The results
indicate that integer-order models may underestimate chronic inflammatory persistence
and demyelination severity, while providing a mathematically and physically well-posed
platform for memory-aware immune modelling and therapy evaluation in MS.

Keywords: fractional reaction—diffusion systems; continuous-time random walk derivation;
Mittag-Leffler memory; dimensional consistency; distributed-parameter control
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1. Introduction

Multiple sclerosis (MS) is a chronic, immune-mediated demyelinating disease of the
central nervous system (CNS) [1,2], characterised by multifocal inflammation, loss of
oligodendrocytes, and varying degrees of remyelination and axonal damage. Although
the pathogenesis of MS involves both adaptive and innate immune responses, therapeutic
approaches have largely targeted the modulation of T cell activity and cytokine profiles to
delay lesion progression and preserve neurological function. Among the most commonly
used first-line therapies are interferon beta (IFN-B) and glatiramer acetate (GA), which
exert their effects via modulation of cytokine production, suppression of effector T cells,
and enhancement of regulatory T cells and neuroprotective immune phenotypes [3-9].

Multiple sclerosis is characterised by complex interactions between immune activa-
tion, inflammatory signalling, and tissue damage within the central nervous system. In
particular, effector T cells (T;) play a central role in driving inflammation, while regulatory
T cells (T;) act to suppress excessive immune responses. Macrophage polarisation further
contributes to disease dynamics, with M1 macrophages promoting pro-inflammatory activ-
ity and M2 macrophages supporting repair and anti-inflammatory processes. Cytokines,
including pro-inflammatory (C,) and anti-inflammatory (C,) mediators, regulate commu-
nication between immune components and influence both activation and suppression
pathways. In addition, oligodendrocytes (O) are responsible for myelin production, and
their damage leads to demyelination (D), which is a hallmark of disease progression. The
interaction of these variables forms a coupled immune-tissue system, where inflamma-
tion, regulation, and repair mechanisms dynamically interact across space and time. The
spatio-temporal evolution of the system is illustrated in Figure 1.

Healthy nerve
Myelin sheath intact
Nerve affected by o <\ -
multiple -‘)JJ 3
sclerosis '

Demyelination in progress

e

Figure 1. Comparison between a healthy nerve and a nerve affected by multiple sclerosis. The
healthy nerve shows an intact myelin sheath, while the MS-affected nerve exhibits demyelination in
progress [10].

Reaction—diffusion equations have become one of the most widely used mathematical
frameworks for modelling a broad range of diseases and physiological processes in recent
years, precisely because they describe the coupled evolution of the relevant biological
quantities in both space and time within a single continuum formulation. This combined
spatio-temporal resolution, together with the mathematical tractability and mechanistic
interpretability of the resulting partial differential equations, has driven a steady growth
of reaction—diffusion applications in biomedical modelling, as illustrated for instance
in [11-13].
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Recent advances in mathematical modelling have provided valuable tools for un-
derstanding and simulating the spatio-temporal dynamics of immune responses in MS.
However, many existing models focus either on systemic ODE frameworks or on simplified
spatial domains that fail to capture the full complexity of MS pathology. For instance,
Moise and Friedman [14] proposed a reaction—diffusion PDE model incorporating three
spatial domains representing perivascular space, plaque, and normal tissue, where im-
mune cell populations and cytokines were simulated under treatment with IFN-8, GA,
and natalizumab [15,16]. Although the model elegantly demonstrated the suppressive
effects of therapy on lesion growth, it lacked a mechanistic representation of macrophage
polarisation and remyelination processes, which are increasingly recognised as critical in
MS progression and repair.

Similarly, de Paula et al. [17] presented a hybrid ODE-PDE model linking peripheral T
cell dynamics with CNS innate immune activation, emphasising the bidirectional feedback
between adaptive and innate arms of immunity. While this model captured some aspects
of effector-regulatory balance, it was limited to a small number of immune variables and
did not explicitly model therapeutic effects or macrophage heterogeneity.

Another recent study by Bazlyankov and Ivanov [18] extended a classic reaction—
diffusion MS model by introducing a time-delayed remyelination term, thereby allowing
the simulation of lesion shrinkage and partial recovery in certain conditions. Yet, this model
also neglected adaptive immune mechanisms and cytokine interactions. Finally, the work
of Gargano et al. [4] analysed spatial instabilities in cytokine-driven macrophage activation
but did not include any therapeutic components or regulatory T cell dynamics.

Despite these advancements, there remains a need for a unified, comprehensive spatial
model that (i) integrates both innate and adaptive immune responses, (ii) accounts for
phenotypic switching of macrophages (M1 <> M2), (iii) models pro- and anti-inflammatory
cytokine dynamics, and (iv) includes distinct and combined therapeutic effects of IFN-
and GA on the immune network.

In recent years, fractional-order models have gained increasing attention in biomed-
ical applications due to their ability to capture memory and hereditary effects that are
not represented in classical integer-order systems [19-21]. Biological processes such as
immune response, inflammation, and tissue repair are inherently history-dependent, mean-
ing that their current state is influenced not only by present conditions but also by past
interactions. In particular, chronic diseases such as multiple sclerosis exhibit long-term
immune activation, delayed regulatory responses, and persistent inflammatory feedback,
which cannot be adequately described using Markovian dynamics. Fractional derivatives,
especially in the Caputo sense, provide a mathematically consistent framework for in-
corporating such nonlocal temporal effects through power-law memory kernels. This
enables the modelling of slow relaxation, cumulative activation, and sustained immune
persistence, which are key features of neuroinflammatory processes. Therefore, the use
of fractional reaction-diffusion models offers a more realistic and flexible approach for
representing the complex temporal dynamics of immune-mediated diseases compared to
classical integer-order formulations [22-25].

Contribution of This Study

This study develops a fractional spatio-temporal reaction—diffusion framework for
modelling lesion dynamics in multiple sclerosis (MS), with emphasis on capturing the
interplay between immune regulation, inflammatory signalling, and tissue damage within
a spatially distributed setting. The model integrates the key biological components effector
T cells (Th1/Th17), regulatory T cells (Treg), macrophage polarisation (M1/M2), cytokine-

https:/ /doi.org/10.3390/fractalfract10050281


https://doi.org/10.3390/fractalfract10050281

Fractal Fract. 2026, 10, 281

4 0f 33

mediated feedback, and oligodendrocyte dynamics within a unified representation of the
adaptive and innate immune response.

The governing system is formulated as a set of coupled nonlinear partial differential
equations incorporating spatial diffusion, nonlinear reaction kinetics, and time-dependent
therapeutic control functions representing IFN-8 and glatiramer acetate. This structure
enables the systematic investigation of treatment timing, dosage, and interaction with
immune dynamics in a mechanistically interpretable manner.

A central methodological feature of the present framework is that the fractional
extension of the classical model is not obtained by ad hoc replacement of integer-order
time derivatives with Caputo fractional derivatives. Such a substitution, while widely
adopted in the literature, has been shown to be problematic in several respects for coupled
reaction—diffusion systems: it can violate dimensional consistency, break mass conservation,
and yield unphysical solutions [26,27]. Moreover, assigning heterogeneous fractional
orders to different coupled compartments, as in an earlier component-wise fractional
memory formulation, generally cannot be reconciled with the dimensional balance of
shared interaction terms [27].

To resolve these difficulties, the fractional model proposed here is derived from an
underlying continuous-time random walk (CTRW) process with Mittag—Leffler-distributed
residence times, following the physically consistent construction developed by Angstmann,
Henry and co-workers. This yields a commensurate fractional system, in which a single
memory order « € (0,1] and a characteristic timescale 1) enter the governing equations
through a natural dimensional prefactor 7. The resulting model is dimensionally consis-
tent, preserves mass balance, and reduces to the classical integer-order formulation in the
Markovian limit & — 1.

From a mathematical perspective, the model is supported by rigorous analysis of
existence, uniqueness, positivity, boundedness, and well-posedness of solutions, together
with a stability analysis of equilibrium states. These results ensure that the proposed system
is both mathematically consistent and biologically admissible.

Numerical simulations are carried out to compare the classical integer-order and
dimensionally consistent fractional dynamics. The results highlight qualitative differences
in lesion persistence, inflammatory amplification, and recovery, attributable to the non-
Markovian residence-time distribution rather than to an increase in effective reaction rates.
In this sense, the fractional formulation is not intended to quantitatively outperform the
classical model, but to provide a mechanistic extension that captures memory-driven
dynamics arising from prolonged immune activation.

The primary contribution of this work therefore lies in the structured integration
of established reaction—diffusion modelling of MS, a CTRW-based stochastic derivation
of the fractional operator, and therapy-dependent dynamics within a single, biologically
motivated, dimensionally consistent framework. This integrated formulation enables the
systematic investigation of how immune memory influences amplification, persistence, and
treatment response in MS, thereby providing mechanistic insights that are not accessible
through classical formulations or ad hoc fractional replacements considered in isolation.
The contributions are thus primarily structural and interpretative, providing a flexible
in silico platform for analysing immune-driven lesion evolution and supporting future
developments involving parameter calibration, sensitivity analysis, and integration with
clinical or imaging data.

2. Mathematical Model

In this section we formulate the spatio-temporal reaction—diffusion model governing
multiple sclerosis (MS) lesion dynamics under therapeutic modulation by interferon beta
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(IEN-B) and glatiramer acetate (GA). The model is formulated as a nonlinear system
of coupled partial differential equations, with a single fractional temporal operator of
commensurate Caputo order « € (0,1] and a characteristic memory timescale 19, derived
in Section 2.4 from an underlying continuous-time random walk (CTRW) process. The
classical integer-order system is recovered as the Markovian limit « — 1, 79 — 1day.

The formulation captures the multiscale interplay between adaptive and innate im-
mune responses, cytokine-mediated feedback regulation, macrophage phenotypic po-
larisation, and the demyelination-remyelination balance of oligodendrocytes. Spatial
propagation is represented by diffusion operators on a bounded domain, whereas nonlin-
ear reaction terms describe immune activation, cross-regulatory suppression, and tissue
damage mechanisms.

Let O C R", n € {1,2,3}, be a bounded domain with sufficiently smooth boundary
9}, and let t € [0, T| denote time. The state of the system is described by the eight-
component vector

U(x,t) = (T., T,, My, My, Cp, Cs, O, D) ' : QA x [0,T] — RE.. (1)

where T,(x, t) and T, (x, t) denote the densities of effector (Th1/Th17) and regulatory (Treg)
T cells respectively; M (x, t) and M;(x, t) denote the densities of classically activated pro-
inflammatory macrophages and alternatively activated anti-inflammatory macrophages;
Cp(x,t) and C,(x, t) denote the concentrations of pro-inflammatory cytokines (such as IFN-
v and IL-17) and anti-inflammatory cytokines (such as IL-10); O(x,t) denotes healthy
oligodendrocyte density; and D(x,t) denotes the demyelinated lesion volume. Each
component is required to be non-negative and bounded, i.e., U(-,t) € L*(Q)® for every
t € [0, T]; these requirements are established rigorously in Section 3.
Therapeutic interventions are modelled through time-dependent control inputs

Cbl,q)z : [O, T] — Rzo, (2)

where @ (t) denotes IFN-p intensity and ®; () denotes GA intensity. These functions act
multiplicatively on selected immune and cytokine subsystems, so that the fully controlled
governing system may be written in the abstract form

DY U(x, t) = 8 [D AU(x, ) + F(U(x, t), D1(t), cpz(t))], (x,) €Qx(0,T], (3

subject to homogeneous Neumann boundary conditions anu\m = 0 and to non-negative
initial data U(x,0) = Up(x) > 0. Here, D = diag(Dr, D1, Dy, Dy, D, D¢, 0,0) is the
component-wise diffusion matrix, A is the spatial Laplacian, and F collects the nonlinear
reaction, cross-regulation, and therapy terms.

The explicit componentwise form of (3) is presented below, first in the classical integer-
order setting and subsequently in its dimensionally consistent fractional extension ob-
tained from the CTRW derivation of Section 2.4. This structured state-space represen-
tation enables systematic investigation of immune amplification, regulatory compensa-
tion, macrophage polarisation shifts, and therapy-induced modulation within a unified
distributed-parameter framework.

2.1. Governing Equations

The evolution of the immune and tissue components is governed by the following
nonlinear reaction—diffusion system:
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Effector T cells (Th1/Th17):
a7, 5
e Dr VT, + . Cp — 0eTe — 1T, Te — &1 Po(t) Te. 4)
Regulatory T cells (Treg):
oT; 2
ST Dr VT, + 1,Cq — 6, Ty + & Po(t). ®)
M1 macrophages (pro-inflammatory):
oM, 2
5 = Dy VM; + B1Cp — omy My — 12 Mo My — 3P (t) M. (6)
M2 macrophages (anti-inflammatory):
% = Dy V?My + BaCa — Op, Mo + &4 ®1(1). 7)
Pro-inflammatory cytokines:
aCp ’
5 = DcVCp + mTe + 12 My — ppCp — G5 P1(t) Cp. 8)
Anti-inflammatory cytokines:
oC, 2
o = DeViG + T + My — paCo + Go D1(t) + &7 Da(t). ©)
Healthy oligodendrocytes:
aET? = —MCO + A My — 5p0. (10)
Demyelinated area:
aa—lt) = MCO — Ay M. (11)

The system (4)—(11) constitutes the classical integer-order formulation of the MS lesion
dynamics. To incorporate the non-Markovian persistence of immune activation that is
characteristic of chronic neuroinflammatory processes, we extend this system by replacing
the first-order time derivatives with a single commensurate Caputo fractional derivative
of order & € (0,1]. The resulting fractional formulation is not obtained by direct ad hoc
substitution but is derived in Section 2.4 from an underlying continuous-time random walk
(CTRW) process with Mittag—Leffler-distributed residence times. This derivation yields a
dimensionally consistent and mass-conserving system in which each equation assumes the
general form

DY y(x,t) = rg[Du V2u + Ru(U, @y, cpz)], O<a<l, (12)

where the Caputo fractional derivative is defined by

1 tou(t)
Ta—a o ar ¢

Dru(t) = — 1) %dr, (13)
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and the prefactor 7§ (of dimension day") ensures that both sides of (12) share the common
dimension [u] - day *. The classical integer-order system (4)—(11) is recovered as the
Markovian limit « — 1, 9 — 1 day. The componentwise fractional system obtained from
this construction is given explicitly in Section 2.5.

2.2. Therapy Functions

The therapy controls @1 (t) and P, () are modelled as bounded piecewise-constant inputs,

Q1(t) = X1l (), Pat) = X2l (D), (14)

where x1, x2 > 0 are the therapy intensities and 1|, ;(t) denotes the indicator function of
the interval [a,b]. In the integer-order system, these controls act instantaneously on the
associated reaction terms and vanish as soon as they are switched off. In the fractional
system, the controls remain multiplicative but are convolved against the Mittag—Leffler
kernel inherited from the CTRW derivation; consequently, their influence persists beyond
the nominal dosing window with an algebraic rather than exponential decay profile.

2.3. Initial and Boundary Conditions

Homogeneous Neumann (zero-flux) boundary conditions are imposed on every com-
ponent of the state vector:

Ju

— =0, Vu e {T,, T;, My, M,Cp,Cs,0, D}. (15)
on |54

These conditions preserve the spatial integral of each component under pure diffusion and
exclude artificial boundary flux.
Initial data are prescribed as non-negative spatial profiles,

Tg(x,O) = eO(x)/ Tr(x/()) = rO(x)/ My (x,O) = MlO(x)r M2(x/ 0) = MZO(x)/

Cp(x,0) =0,

Ca(x,0) =0, O(x,0) = Op(x), D(x,0) =0, (19
with Ty, Ty, M1o, Mo, Op € L®(Q) and T, Ty0, M19, M2o, Op > 0. The vanishing initial
cytokine concentrations reflect the modelling assumption that soluble mediators accumu-
late only once cellular activation has begun, while D(x,0) = 0 corresponds to the absence
of demyelinated tissue at the onset of the simulation.

The formulation presented in this section captures bidirectional immune-cytokine cou-
pling, spatially resolved inflammatory propagation, demyelination-remyelination balance,
and therapy modulation within a unified distributed-parameter framework. Its dimen-
sionally consistent fractional extension, derived in Section 2.4 and presented explicitly in
Section 2.5, enables a systematic investigation of memory-driven activation, regulatory
retardation, and long-term lesion evolution.

2.4. Stochastic Derivation of the Fractional Model via Continuous-Time Random Walks

A critical issue in formulating fractional reaction-diffusion systems for biological
processes is that replacing integer-order time derivatives with Caputo fractional derivatives
in an ad hoc manner may violate mass balance, break dimensional consistency, and yield
unphysical solutions [26,27]. In particular, when different compartments are assigned differ-
ent fractional orders, the resulting coupled system generally cannot be made dimensionally
consistent unless the fractional orders coincide [27]. To overcome these difficulties, we de-
rive the fractional extension of the MS model directly from an underlying stochastic process,
following the continuous-time random walk (CTRW) framework developed by Angstmann,
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Henry and co-workers [26-28]. This ensures that the resulting governing equations are
physically motivated, dimensionally consistent, and mass-conserving by construction.

2.4.1. Non-Markovian Waiting Times for Immune Populations

Let u(x,t) denote the density of a generic immune or tissue population (such as T, T;,
My, Mp, Cp, Cg, O, or D). In the classical (Markovian) description, the time a particle spends
in its current state before being removed (through death, deactivation, differentiation, or
clearance) follows an exponential distribution with constant rate J, leading to an integer-
order decay term —du.

In chronic immune-mediated diseases such as multiple sclerosis, however, activated
effector cells, polarised macrophages, and inflammatory cytokines exhibit persistent, non-
Markovian residence in their activated state, consistent with extended lifetimes and cu-
mulative activation effects [4,14]. To capture this, we assume that the residence time T of
an arbitrary particle in its current state is drawn from a Mittag—Leffler distribution with
survival function

Du(t) = Ea(—(%)“), 0<a<l, (17)

where 19 > 0 is a characteristic time scale (with physical dimension of time, [1p] = T)
and E,(-) is the single-parameter Mittag—Leffler function. The limit « — 1 recovers
the exponential survival function ®;(t) = /™ of the Markovian model, whereas
a < 1 produces a heavy-tailed, power-law decay, ®,(t) ~ t*/T(1 —a) as t — oo. This
heavy-tailed behaviour encodes the cumulative, history-dependent persistence of immune
activation that is characteristic of progressive MS.

The associated waiting-time probability density function is

gty = — 92— L (1)), s

0

where E, 4 is the two-parameter Mittag—Leffler function.

2.4.2. Master Equation and Continuum Limit

Consider the density u(x, t) evolving under (i) diffusive spatial transport with diffu-
sivity Dy, (ii) production at rate S(x, ) (which may itself depend on other state variables),
and (iii) removal governed by the Mittag—Leffler survival function (17). Following the
CTRW formalism of [26,27], the probability conservation equation for the density reads

u(x,t) = /(;tq(x,t’)q)“(t—t’)dt/ + up(x) Dy (t), (19)

where g(x, t) is the arrival density of newly produced particles at (x,t), and up(x) = u(x,0).
Equation (19) states that the density at time ¢ equals the fraction of particles that were
produced earlier and have not yet been removed, plus the fraction of initial particles that
still survive.

Taking the Laplace transform of (19), using the identity £{®,}(s) = t§s* 71/ (1 + 1§s%),
and combining with the balance equation

g(x,t) = DyAu(x,t) + S(x,t), (20)

we obtain, after inverse Laplace transformation, the governing equation

du(x,t _ _ 1 -
(at ) =7 0D} “[Du Au(x,f)+5(x1t)} *TT‘)"OD,} “u(x,t), (21)
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where OD}*"‘ denotes the Riemann-Liouville fractional derivative of order 1 — a.
Equivalently, (21) admits the Caputo formulation

DEu(x,t) = & [Du Au(x,t)] —u(x,t) + ¢S(xt), O0<a<l,  (22)

which makes explicit the role of 7 as the dimensional bridge between fractional and
classical kinetics. Crucially, both sides of (22) have the correct physical dimensions [u] - T~%,
because the factor 7y (of dimension T*) multiplies all reaction-rate and diffusion terms
whose natural dimension is [u] - T~

Remark 1 (Dimensional consistency). Equation (22) is dimensionally consistent for all admissi-
ble « € (0,1]. The intrinsic time scale Ty inherited from the Mittag—Leffler waiting-time distribution
absorbs the dimensional mismatch introduced by the fractional operator. In contrast, the naive ad
hoc substitution o;u — CD‘t"u without rescaling leads to inconsistent dimensions whenever o # 1,
as emphasised in [27].

Remark 2 (Mass conservation). Equation (22) is derived directly from the probability-
conservation identity (19). Therefore, in the absence of sources and sinks (S = 0 and no removal),
the total mass [ u(x,t)dx is conserved under Neumann boundary conditions. This property
does not generally hold for ad hoc Caputo replacements in coupled systems with heterogeneous
orders [27].

2.4.3. Constraint on the Fractional Orders

In a coupled multi-component system with shared reaction pathways (e.g., cytokine-
mediated activation of effector cells by pro-inflammatory cytokines), the CTRW derivation
imposes a compatibility condition: the fractional order « is a global property of the un-
derlying non-Markovian transport process across the coupled immune network [26,27].
Assigning distinct fractional orders «; # a; to different coupled compartments generi-
cally break flux balance and dimensional consistency, because the interaction terms (e.g.,
Y1 T T or Aq CPO) cannot simultaneously satisfy the balance relation with two different
Mittag-Leffler kernels.

Accordingly, in the sequel, we adopt a commensurate fractional formulation in which
all coupled immune and cytokine components share the same fractional order « € (0, 1].
The tissue variables O and D are treated as local (non-diffusing) populations and may in
principle be assigned a separate order ays, since they are not directly coupled to the nonlocal
transport of the immune subsystem. For simplicity and to preserve full dimensional consis-
tency across the entire model, we take a5 = a throughout. The heterogeneous-memory
extension, in which each compartment is derived from its own physically consistent CTRW
process with compatibility-preserving coupling terms, is a natural direction for future work.

2.5. Dimensionally Consistent Fractional MS Model

Applying the CTRW-based construction (22) of Section 2.4 to each component of
the integer-order system (1)—(8) yields the following dimensionally consistent fractional
reaction—diffusion system. Throughout, « € (0, 1] denotes the common Mittag—Leffler order,
and 1) > 0 is the characteristic immune-memory timescale inherited from the underlying
waiting-time distribution. For clarity, we have renamed the activation-rate parameters
previously denoted by &, and a, in the original formulation as «, and «, respectively, so
that the symbol « unambiguously designates the fractional order.
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CDAT, = 1§ | DrAT, + x.Cp — 66T — 1 T,Te — & Pa(t) Te}, (23)

CDAT, = 18 :DTATr K Co — 6T, + §2q>2(t)}, (24)

CDiMy = [ DuAM: + B1Cyp — Gy My — 12 MoMy — G @1 M), (25)

DMy = 1§ :DMAMZ + B2Ca — Op, My + G4 ‘bl(f)}/ (26)

°DiCy = [ DcAC, + mTe + M — jpCp — EP1(H)Cp), 27)

pec, :Tg:DCACu FUT + My — 1aCa + E®1(t) + C7<D2(t)], (28)

DO = [ -2 G0 + A My — 800, (29)

Cpep = & [/\1 C,0 — Ay Mz}. (30)

All parameters retain the physical dimensions given in Table 1 (interpreted as rates

with dimension T~! or appropriate generalisations), and the prefactor ¢ (dimension T*)

ensures that both sides of each equation have dimension [u;] - T~%, consistent with the

left-hand Caputo operator. The classical integer-order system (1)—(8) is recovered as the
limit « — 1 with 19 — 1.

Table 1. Model parameters, their biological interpretation, numerical values, physical units, and

sources. All rate parameters carry classical physical dimensions and enter the fractional system

through the prefactor 77 arising from the CTRW derivation of Section 2.5.

Symbol Description Value Units Source

o Fractional order (Caputo) 0.85 —

T Characteristic memory timescale 1.0 day [14]
Dt T-cell diffusion coefficient 1.0 x 1072 mm? da}F1 [14,17]
Dy Macrophage diffusion coefficient 5.0 x 1073 mm? day~! [4,29]
Dc Cytokine diffusion coefficient 1.5 x 107! mm? day~! [14]

e Activation rate of T, by C, 0.4 (pg/mm3)~! day~! [14,30]

Ky Activation rate of T, by C, 0.2 (pg/mm3)~1 day~! [14]

e Natural decay rate of T, 0.3 day~! [14]

or Natural decay rate of T, 0.1 day~! [14]
T Suppression of T, by T, 0.05 (cell/mm3)~1 day~! [14]
B1 M1 activation by C, 0.5 (pg/mm3)~! day~! [18,31]
B2 M2 activation by C, 0.3 (pg/mm3)~1 day~! [31,32]
My M1 decay rate 0.25 day*l [17]
oM, M2 decay rate 0.15 day™! [32]
72 Suppression of M1 by M2 0.05 (cell/mm?3)~1 day~! [18,32]
m Cp production by T, 1.0 pg/cellday ! [4,33]

12 Cp production by M1 0.8 pg/cellday ! [29]
Hp Cp degradation rate 0.6 day~! [14]

{1 C, production by T, 0.7 pg/cellday ! [14]

e C, production by M2 0.6 pg/cellday~! [18,33]
Ha C, degradation rate 04 day ™! [14]
A Oligodendrocyte loss by C,, 0.3 (pg/mm®)~! day~! [4]
A2 Remyelination rate by M2 0.2 (cell/mm3)~1 day~! [18]
%6 Baseline oligodendrocyte death 0.05 day*l [29]

1 GA-induced suppression of T, 04 day~! [14]

(&) GA-induced activation of T, 0.3 (cell/mm?) daly’1 [14]

¢3 IFN-B suppression of M1 0.5 day~! [4]

G4 IFN-B activation of M2 04 (cell/mm?) day*1 [32]

s IEN-B suppression of C, 0.3 day~! [14]

& IFN-B activation of C, 0.2 (pg/mm®) day ! [33]

¢y GA activation of C, 0.25 (pg/mm?)day ! [14]
X1 IFN-B therapy intensity 1.0 — [14]
X2 GA therapy intensity 1.0 — [14]
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Remark 3 (Notation). In the remainder of the manuscript, to reduce notational clutter we absorb
the prefactor 1§ into redefined effective parameters Dr = T D1, Ko 1= T(Ke, etc. All numerical
simulations use this rescaled form with 1y = 1day for dimensional convenience; however, we
emphasise that the derivation above makes the dimensional content of the model fully explicit.

3. Mathematical Analysis

In this section, we investigate the fundamental mathematical properties of the pro-
posed fractional reaction—diffusion system. In particular, we establish the existence and
uniqueness of solutions, along with their positivity and boundedness, ensuring biological
admissibility of the model. Furthermore, the well-posedness of the system is analysed,
including continuous dependence on initial data. Finally, a stability analysis of equilib-
rium points is carried out to characterise the long-term behaviour of the system under
fractional dynamics.

3.1. Existence and Uniqueness of Local Solutions

Theorem 1. Let O C R" (n < 3) be a bounded domain with smooth boundary 0Q). Assume that
the initial data satisfy
Up(x) € L®(0)8,  Uy(x) >0.

Consider the fractional reaction—diffusion system (23)—(30) with a single Caputo fractional order
« € (0,1]. Then, there exists a time T > 0 such that the system admits a unique local mild solution

u e (o, T]; L*(Q)®) n L*0, T; H(Q)®).

Proof. Let U(x,t) = (T,, Ty, M1, M, Cp, C;, O, D) denote the state vector. The system can
be written in abstract form as

DEU(t) = AU(t) +FU(b), 1),

where A = DA is a sectorial diffusion operator, and F represents the nonlinear reac-
tion terms.

Using the definition of the Caputo derivative, the system is equivalent to the Volterra
integral equation

u(t) = Up + r(lw)/ot(t—s)“l (AU(S)—i-}'(U(s),s))ds.

Define the operator
(TU)(t) = Uy + FL /Ot(t —s) ! (.A U(s) + .F(U(s),s)) ds,

acting on the Banach space

Xr = (0, T, Uy, = sup [U®)]2c-
te[0,T]

Since all reaction functions in (23)—(30) are at most quadratic in the state variables, the
mapping F is locally Lipschitz continuous on any bounded subset of X7:

[F (U, t) = F(Ua, )12 < LUy — Ual|2-
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Using standard elliptic estimates for the Laplacian with homogeneous Neumann boundary
conditions, there exists a constant C > 0 such that

AUl < ClUl[g.
Thus, for any U € X7,
t
[(TW®2 < Uoll2 + C/O (=) [[U(s) 2 ds.

Taking the supremum over ¢ € [0, T| and evaluating the power-type integral yields

crT*

ITUllxy = [Uollpz + —— [IUllx-
Similarly, for any Uy, Uy € X7,
crT*
1T = Tlhllx, < —— Ui — U2]lx-

Choosing T > 0 sufficiently small so that

crT*

<1,

the operator 7 becomes a contraction on Xt. By the Banach Fixed-Point Theorem, there
exists a unique U € Xt satisfying 7U = U, which is the unique local mild solution of the
fractional reaction—diffusion system.

Uniqueness. Let U; and U; be two mild solutions with the same initial datum. Then

Uy ()~ ()l < € [ (=) () ~ Uas) 2 ds
By the fractional Gronwall inequality,
Uy (t) = U(t), Vte[o,T].
Finally, standard regularity results for fractional parabolic equations give
u e (o, T]; L*(Q)®) n L*0, T; H'(Q)®).
This completes the proof. [J

3.2. Positivity and Boundedness of Solutions

Theorem 2. Let U(x, t) be the solution of the fractional reaction—diffusion system (23)—(30) with
non-negative initial data Uy(x) > 0. Then:

(i)  (Positivity) All components of the solution remain non-negative for all t € [0, T|:
U(x,t) > 0.
(i) (Boundedness) There exists a constant M > 0 such that

UG @ < M, VieoT].
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Proof. Positivity. We prove non-negativity for each component. Consider a generic scalar
equation of the form
D¥u = DAu+R(u),

with homogeneous Neumann boundary conditions and u(x,0) > 0.
Assume, by contradiction, that there exists a first time t; > 0 and a point xg € ()
such that
u(xo, to) < 0.

At this first time of negativity, u(x, tp) is the spatial minimum:

u(xg,to) = minu(x,ty).
xeQ)

Consequently,
AM(X(), fo) > 0.

Moreover, inspection of the reaction operators in (23)—(30) shows that every negative
contribution to the dynamics of any component is proportional to that component itself
(through natural decay, cross-suppression, or therapy-induced damping), while all source
terms are non-negative whenever the state variables are non-negative. Hence, there exists a
constant C > 0 such that

R(u(xo, to)) > —C u(xo, to).

Combining these estimates gives
CD;X u(xo,tg) > —Cu(xo,tp).

On the other hand, a well-known property of the Caputo fractional derivative (see,
e.g., Luchko’s extremum principle [34]) states that if a continuous function u(-, t) attains a
negative minimum at some fy > 0, then

CDta u(xg,to) < 0.

The two inequalities together force u(xp,tp) > 0, which contradicts the assumption
u(xg, tp) < 0. Therefore, no first time of negativity can exist, and

u(x,t) > 0  forall (x,t) € QA x [0, T].

Applying this argument componentwise to (Te, T;, M1, M, Cp, C4, O, D) establishes posi-
tivity for the full state vector.

Boundedness. We derive an a priori estimate. Let
8
U = 3 i ())llr2(0)-
i=1

Summing the Equations (23)—~(30) and using positivity, linear growth is bounded by a
constant multiple of ||U(t)||, whereas the nonlinear cross-regulatory interactions (such as
Y1 T¢ T, Y2M2 M7, and A1Cp0O) generate a negative-definite quadratic contribution. There-
fore, there exist constants C, Cp, C3 > 0 depending only on the model parameters such that

DEUM < Gllu®] - Cllu®]® + Cs.
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Discarding the non-positive quadratic term yields the linear differential inequality
D lu®) < G fu@] +Cs.

Applying the fractional Gronwall inequality gives

| < @wm+g>h@uﬂ,

where E, denotes the single-parameter Mittag—Leffler function. Since E, is continuous and
finite on any compact interval, there exists a constant M > 0 such that

|u@| < ™M,  telo,T).

Finally, standard Sobolev embedding results applied to the L2-bound together with the reg-
ularising effect of the diffusion operator A = DA imply the desired L*(Q2)-bound [35-38].

This completes the proof. [

3.3. Well-Posedness of the Fractional Reaction—Diffusion System

Theorem 3. Let Uy € L®(Q)® with Uy > 0. Then, the fractional reaction—diffusion
system (23)—(30) is well posed in the sense of Hadamard. That is:

(i) (Existence) There exists a local mild solution
u e C([o, T]; L*(Q)®).

(i) (Uniqueness) The solution is unique.
(i) (Continuous dependence) The solution depends continuously on the initial data: there

exists a constant Cyep, > 0 such that, for any pair of initial data U(l), U(()Z) € L®(0)?,

D @) = UPWlliz) < Caep 1Us” = Us 120 Ve OT]

Proof. Existence and uniqueness of a local mild solution in C([0, T|; L?(Q2)®) have already
been established in Theorem 1, and the solution remains non-negative and bounded by
Theorem 2. It therefore only remains to establish continuous dependence on the initial data.

Let U™ and U®) denote two mild solutions corresponding to initial data U(()l) and

U(()Z) respectively. Subtracting the two Volterra integral formulations yields

1

W /O-t(t — s)“—l [.A(u(l) — U(Z))(S) + ]:(U(l)(s),s) _ ]_—(u(z) (S),s)}ds.

Using the L2-continuity of A and the local Lipschitz property of F established in
Theorem 1, together with the boundedness estimate of Theorem 2, there exists a constant
C > 0 (depending only on the model parameters and the a priori bound M) such that

t
OO =uD Ol < U~ U e + € [ (=5 U () = UD(s) |2 .

Set
y(t) = [UDH-UD @), y(0) = U —uP|a

Then, y satisfies the Volterra inequality

u(H) < y0) + C [ (1= ys)ds
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Applying the generalised (fractional) Gronwall inequality [34] gives
y(t) < y(0) E(CtY), te[0,T],

where E, denotes the single-parameter Mittag-Leffler function. Since E, is continuous and
finite on the compact interval [0, T|, we may set

Cep = sup Ea(Ct”‘) < oo,
te[0,T]

so that
U@ U (B2 < Cagplluf” = Ug? 12, ¥Ee[oT)

This proves the continuous dependence of the solution on the initial data.
Combining (i)—(iii), the fractional reaction-diffusion system (23)-(30) is well posed in
the sense of Hadamard. O

3.4. Stability Analysis of Equilibrium Points

Theorem 4. Let
u* = (1;,T;,M;j,M;,C;,Cy;,0%,D*)

be an equilibrium of the fractional system (23)—(30), satisfying
DAU* + F(U*) = 0.

Let J(U*) € R¥*8 denote the Jacobian of the reaction operator F evaluated at U*, and let
{mrtrey € Rxq denote the eigenvalues of the negative Neumann Laplacian —A on Q) with
L?-orthonormal eigenfunctions { ¢y }. For each k > 0, define the modal matrix

Ly = —wIg + J(U*) € R®S, (31)

and denote its spectrum by o(Ly). Then, the equilibrium U* is locally asymptotically stable
provided that

larg(A)] > % YA €a(Ly), Yk>O. (32)

Proof. Write U(x, t) = U* + U(x,t), where U is a small perturbation about U*. Substitut-
ing into the fractional system (23)-(30) and using Taylor expansion of F about U*,

Fur+U) = FW) + Junu + o(|up),
together with F(U*) = 0, yields the linearised equation
DU = DAU + J(U*)U. (33)

Explicit form of the Jacobian. For the reaction operator 7 defined by the right-
hand side of (23)—(30) (without the diffusion terms), direct differentiation gives the
8 x 8 Jacobian
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e =T 61D —nTy 0 0 Ke 0 0 0
0 —r 0 0 0 Ky 0 0
0 0 —op;, — 12M5 — 33D — oMy B1 0 0 0
Jur) = : . (34)
m 0 12 0 —pup =38P 0 0 0
01 0 ) 0 —a 0 0
0 0 Ay Wk 0 —MCh—do 0
0 0 A 0% 0 MC; 0

where all entries are evaluated at U*, and ®;, ®, denote the therapy amplitudes at the time
instant under consideration.
Spectral decomposition. Expand the perturbation in the Neumann-Laplacian eigenbasis:

Uxt) = Y vi(t) gr(x),  vi(t) €R®, —Agp = g g
k=0
Substituting into (33) and using the orthogonality of { ¢y}, each modal coefficient satisfies
the finite-dimensional fractional matrix equation
Divi(t) = (—pls +](U7)) vilt), k=0, (35)
Ly

Closed-form modal solution. The solution of (35) is given in closed form by the
matrix-valued Mittag-Leffler function

w(t) = E(Let")wil0),  Eu(Z) = ). (36)

so that the full perturbation admits the representation
U(x,t) = ) Ea(Lict") vic(0) pi(x)-
k=0

Asymptotic decay condition. By Matignon’s stability theorem for commensurate
linear fractional systems [39], the zero solution of (35) is asymptotically stable if and only if
every eigenvalue A € o(Ly) lies in the sector

Yo = {z€C\{0} : |arg(z)| > &F }.
Under this condition, the matrix Mittag—Leffler function satisfies
|Eo(Lit*)|| — 0 ast— oo,

with algebraic decay rate characteristic of fractional relaxation.

If (32) holds uniformly in k, each modal amplitude satisfies vi(f) — 0 as t — oo.
Summing over modes,

~ o 1/2
1T D20y = (kg)uvk(w) 0 ast—s oo

so that U(x,t) — U* in L?(Q)8. Hence, the equilibrium U* is locally asymptotically stable,
completing the proof. [
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4. Model Parameters and Biological Calibration

In this section, we summarise the model parameters governing diffusion, activation,
suppression, cytokine kinetics, demyelination-remyelination balance, and therapy modula-
tion. The parameter set is selected based on available experimental and modelling studies
in the MS literature, complemented by biologically consistent assumptions where direct
measurements are unavailable.

Diffusion coefficients regulate spatial spreading of immune cells and cytokines, while
reaction parameters determine activation, decay, and cross-interaction rates. Therapy-
related coefficients quantify the effective strength of IFN-f and glatiramer acetate (GA)
on immune suppression or activation pathways. All parameters are chosen to ensure
dimensional consistency and biologically admissible dynamics (positivity and boundedness
of solutions).

The complete list of parameters, their biological interpretations, numerical values,
physical units, and sources are provided in Table 1.

4.1. Note on Notation and Dimensions

Throughout the manuscript, the symbol « denotes the fractional order of the Caputo
derivative and is dimensionless. Activation rates appearing in the T cell dynamics are
denoted by x. and «;, so that « is used exclusively as a fractional-order parameter. All
reaction-rate coefficients carry classical physical dimensions, typically day ! or appropriate
combinations with cell or cytokine concentration units. In the CTRW-derived fractional
system of Section 2.5, these rates enter the governing equations multiplied by the prefactor
7§ of dimension day”. Both sides of each fractional equation therefore share the common
dimension [u;] - day %, and dimensional consistency holds for every admissible a € (0,1].
The classical integer-order model is recovered as the Markovian limit &« — 1, 79 — 1day.

4.2. Biological Relevance of Model Parameters

The parameters considered in this model were selected to represent the key biological
processes underlying multiple sclerosis progression. In particular, parameters associated
with effector T cells (T;) and pro-inflammatory cytokines (C,) govern immune activation
and lesion initiation, while regulatory T cells (T;) and anti-inflammatory cytokines (C,)
capture compensatory immune suppression.

Parameters related to macrophage polarisation (M;, My) describe the balance be-
tween pro-inflammatory and reparative responses, which is critical in determining disease
progression and recovery potential. In addition, parameters governing oligodendrocyte
dynamics (O) and demyelination (D) directly reflect tissue damage and repair mechanisms.

These parameter groups were therefore chosen as they collectively capture the essential
interactions between immune activation, regulation, and neurodegeneration, which are
central to the pathophysiology of multiple sclerosis.

In the revised manuscript, all model parameters were carefully reviewed and cate-
gorised based on their origin. Whenever available, parameter values were taken from
established literature and biomedical data sources.

For parameters that were not directly available in the literature, we explicitly state
that they were chosen within biologically plausible ranges and were used for modelling
and exploratory purposes. In addition, these parameters are now clearly identified, and
their role in the system dynamics is explained.

To improve transparency, we have added a dedicated paragraph in the manuscript
clarifying the origin, interpretation, and justification of all parameters used in the model.

We believe that this revision significantly strengthens the biological credibility and
clarity of the proposed framework.
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4.3. Detailed Parameter Justification

In addition to parameters obtained from the literature, certain model coefficients
were selected within biologically plausible ranges when direct experimental measurements
were not available. These values were determined based on known qualitative behaviour
of immune interactions, scaling arguments, and consistency with previously reported
modelling studies.

Such parameters are not intended to represent exact physiological quantities but are
used to ensure that the model reproduced realistic dynamical patterns, including activation,
suppression, and feedback mechanisms.

Furthermore, all parameters are represented as constant coefficients within the current
framework, and their influence on the system is explicitly defined through nonlinear
reaction terms. This allows a clear interpretation of their role in governing the interaction
between immune cells, cytokines, and tissue damage.

This approach provides a balance between biological realism and mathematical
tractability, while maintaining flexibility for future calibration using experimental or clini-
cal datasets.

4.4. Modelling Strategy and Data Integration

It is important to note that the present study did not aim to perform direct data fusion
of heterogeneous biomedical datasets. Instead, the model was constructed as a mechanistic
framework based on established biological interactions reported in the literature.

Parameters were selected either from published studies or chosen within biologically
plausible ranges when direct measurements were unavailable. These values were not
combined through statistical aggregation but rather incorporated to ensure consistency
with known qualitative behaviour of immune responses.

The objective of this approach was to investigate the structural and dynamical prop-
erties of the system, including feedback mechanisms, amplification effects, and memory-
driven persistence, rather than to provide quantitatively calibrated predictions.

We acknowledge that rigorous multiscale data fusion requires explicit transformation,
normalisation, and unification procedures across datasets. Such approaches, including
data-driven and machine learning-based methods, will be considered in future work.

5. Numerical Approximation of the Integer and Fractional MS
PDE System

We now construct a structure-preserving finite-difference scheme that resolves the
coupled spatio-temporal immune dynamics of the MS model under IFN-B and GA therapy,
treating the classical semilinear parabolic case (« = 1) and the fractional case (0 < a < 1)
within a unified framework. The scheme is designed to satisfy consistency, discrete stability,
mass conservation under homogeneous Neumann boundary conditions, and preservation
of non-negativity for biologically admissible initial data.

5.1. Operator Formulation and Splitting Strategy

Writing the governing system in abstract vector form,
0:U(x,t) = DonU(x,t) + FU(x,1),t), x€ (0,L), t>0, (37)
where U = (T, Ty, M1, M, Cp,C4,0,D) " and D = diag(Dr, Dr, Dy, Dy, D, Dc,0,0), it
is convenient to decompose the nonlinear reaction operator F into a linear damping part

and a nonlinear production part,

F(U,t) = —A(U,t)U + P(U,¢),
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where A(U, t) collects all linear decay and therapy-induced damping contributions (e.g.,
Oe, oMy, Mp, G1®P2, G3Py, etc.), while P(U,t) contains the nonlinear cross-regulatory,
cytokine-mediated, and interaction terms (e.g., 11T+ T¢, 171 Te, A1C,0). Separating the equa-
tion accordingly,

#U = DU — A(UHU + P(Ut) (38)
N——
stiff linear part nonlinear production

motivates a semi-implicit IMEX (implicit-explicit) time-integration strategy, in which the
stiff diffusive and linear damping components are advanced implicitly while the nonlinear
production terms are evaluated explicitly at the previous time level. This combination
preserves unconditional stability of the linear subproblem and avoids restrictive CFL
conditions, while keeping the nonlinear update computationally inexpensive.

5.2. Spatial Discretisation

The spatial domain (0,L) is partitioned uniformly via x; = iAx, Ax = L/N,
i=0,...,N, and the second-order central-difference operator

Uit —2ui + Ui

(Oxxth); = (Ax)2

is applied componentwise to each state variable. The homogeneous Neumann conditions
9xu(0,t) = dyu(L,t) = 0 are enforced through the ghost-point identities u_; = u; and
unN4+1 = un—1, which preserve second-order accuracy at the boundary and guarantee
discrete mass conservation in the absence of reaction terms. The resulting discrete Laplacian
Ly, is a symmetric tridiagonal matrix satisfying 1" L;, = 0, so that spatial averages are exactly
preserved by the diffusion operator alone.

5.3. Integer-Order Time Discretisation

In the integer-order case « = 1, the system (38) is advanced by a first-order IMEX
Euler scheme. With U" ~ U(-, t,) at t, = n At, the update reads

Un+1 S

7 = DLyutth = ATUTt 4P

which rearranges into the linear algebraic system
(I — AtDLy, + AtA") U™ = U" + AtP". (39)

Under mild timestep restrictions, the coefficient matrix on the left-hand side is an M-matrix,
guaranteeing discrete non-negativity of the update and providing an L™ stability bound
consistent with the boundedness result of Theorem 2.

5.4. Fractional Time Discretisation

When 0 < a < 1, the left-hand time derivative is replaced by the Caputo derivative

D u(t) = r(ll_“) /Ot (tul_(ss))a ds,

which is discretised on a uniform grid by the classical L1 approximation

1 n
Cha , n+1 _ n+l—-k _  n—k — l-a _ 71—w
D¥ y" ! = @~ a) (AT k§:0bk(u u" ), b = (k+1) ke,
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The L1 scheme is known to be first-order accurate with truncation error O ((At)2~%)

and pre-
serves the monotonicity properties required for non-negativity of the update. Substituting
this approximation into the semi-implicit IMEX formulation and isolating the leading-order

term k = 0, the update at each timestep takes the form of a linear algebraic system
(cabol — DL, + A")U"™ = H" + P", (40)

with .,
1
— , Hl’l — b UVI+1—k o U}’l—k .
“ T T2 —a) (A" “ k:Zl k{ )

The history vector H" encodes the full past trajectory of the system and reflects the nonlocal
temporal character of the fractional operator. Importantly, the scheme remains linear at
each timestep, and the nonlocality enters only through the accumulated history term so that
the same algebraic solver used in the integer-order case (39) applies essentially unchanged

to the fractional case (40).

5.5. Simulation Parameters and Memory Scale

All numerical experiments are performed on a spatial domain L = 10mm with
Ax = 0.05mm, using a temporal step At = 10~3 day over the horizon T = 60 days. The
commensurate fractional order is set to « = 0.85 as the baseline value, corresponding to
a regime of moderate long-range temporal dependence: values closer to 1 approach the
Markovian limit, while smaller values of a produce slower Mittag—Leffler relaxation and
therefore more pronounced inflammatory persistence. The characteristic memory timescale
is 79 = 1day, so that the dimensional prefactor 7§ introduced in the CTRW derivation
of Section 2.5 equals unity in the chosen unit system; this allows a direct, unit-consistent
comparison between the classical integer-order solution and its fractional counterpart,
isolating the memory-driven contribution to the observed dynamics.

6. Results and Discussion

We compared the classical integer-order (¢« = 1) and the CTRW-derived fractional
(@« = 0.85, 79 = 1lday) solutions of the MS reaction—diffusion system (23)—(30) over a
horizon of T = 10 days. The two simulations shared identical initial conditions, boundary
conditions, parameter values (Table 1), therapy protocols and spatial-temporal grid, so
that any difference between the two solutions is attributable purely to the non-Markovian
residence-time distribution underlying the fractional operator.

The maximum spatial amplitude of each state variable at + = 10 days is reported
in Table 2. These diagnostics summarise the quantitative differences between the two
formulations. As the table shows, the memory-driven dynamics do not produce uniform
amplification of all components. Rather, they redistribute activation in a biologically
meaningful way: the pro-inflammatory effectors (T,, M;) are moderately elevated by the
fractional kinetics, whereas the regulatory and reparative variables (T, My, C4, O) evolve
more slowly and therefore exhibit lower amplitude at the same observation time. This
pattern is qualitatively consistent with the heavy-tailed Mittag-Leffler relaxation inherent
in the CTRW formulation and provides a mechanistically interpretable picture of delayed
immune homeostasis in chronic neuroinflammation.
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Table 2. Maximum spatial amplitudes at t = 10 days obtained from the (MATLAB R2025b) imple-
mentation of the fractional (¢ = 0.85) and integer-order (« = 1) schemes on N, = 101 grid points
with At = 1072 day.

Variable Fractional (« = 0.85) Integer (« = 1) Ratio F/I

T. 9.847 x 1071 8.748 x 1071 1.126
T, 10.88 15.97 0.681
M; 1.177 1.020 1.154
M, 14.43 21.21 0.680
Cp 2.348 2.406 0.976
C, 22.53 33.19 0.679
0 7.414 10.83 0.684
D 0 0 —

6.1. Effector T Cells (T,)

Figure 2 compares the spatial profile and temporal evolution of effector T cells under
the two formulations.

] Effector T Cells (T.): spatial profile at final time Effector T Cells (normalized shape only)
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Figure 2. Integrated comparison of integer-order (¢« = 1) and fractional (x = 0.85) dynamics for
effector T cells T, (x, ). Top row: spatial profile at t = 10 days (left) and normalised (shape-only)
profile (right). Middle row: ratio I/ F and logarithmic ratio log;,(F/I) maps. Bottom row: temporal
evolution at the lesion centre x = L/2 and of the global spatial maximum.

6.1.1. Mathematical Interpretation

The Gaussian-like spatial profile is preserved by both formulations, reflecting the
dominant role of diffusion and local activation in shaping the lesion. The fractional solution
reaches a peak centre amplitude of 0.985 against 0.875 for the integer model, a mild
amplification by a factor of about 1.13 at the lesion core. More informative is the ratio map:
I/ F lies above unity in the wings (reaching ~ 1.3 at x = 0 and x = L) and below unity near
the centre (minimum ~ 0.89). Equivalently, log;,(F/I) peaks at the lesion core, indicating
that the fractional solution is sharper and more centrally concentrated, while the integer
solution is relatively flatter. The time-series panels show the origin of this difference: both
formulations respond to the onset of GA therapy (®; active for t € [3,9]) with a suppression
phase, but the fractional solution decays more slowly after t ~ 3, because the Mittag—Leffler
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relaxation kernel retains a fraction of past activation. After the therapy window closes
near t = 9, the fractional response rebounds toward the integer curve, consistent with the
delayed but persistent memory of pre-therapy activation.

6.1.2. Biomedical Interpretation

Effector T cells are the primary drivers of neuroinflammation in MS. The moderate
centre-line amplification under fractional dynamics reflects the cumulative activation
history that is characteristic of chronic disease: even after the initial inflammatory stimulus
is reduced by GA therapy, past activation continues to contribute to the present pool of T.
The slower post-therapy decay predicted by the fractional model is consistent with clinical
observations that effector populations in progressive MS are slow to disengage from their
activated state once inflammation has been initiated.

6.2. Regulatory T Cells (T;)

Figure 3 displays the dynamics of the regulatory T-cell population, which plays the
principal immunosuppressive role in the model.
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Figure 3. Integer—fractional comparison for regulatory T cells T;(x,t). The fractional solution
shows lower amplitude (T} /T! ~ 0.68) at t = 10 days, reflecting delayed accumulation under
memory kinetics.

6.2.1. Mathematical Interpretation

The regulatory population is driven by «,C, and the GA-activation term ,®;, both
of which are positive source terms integrated over time. In the integer case, 9;T; responds
instantaneously to these sources, yielding a steep, near-linear accumulation that reaches
max, T, =~ 16 at t = 10. In the fractional case, the Caputo operator replaces instantaneous
response with a Mittag—Leffler-weighted average over past production, so that the effective
accumulation rate is reduced. The result is a lower final-time amplitude (max, T, ~ 10.88, a
ratio F/I ~ 0.68), while the shape of the profile is essentially identical to that of the integer
solution (normalised profile almost indistinguishable from unity across the domain). The
time-series panel clearly shows that the fractional curve remains below the integer curve
uniformly in ¢ > 1, confirming delayed rather than suppressed accumulation.
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6.2.2. Biomedical Interpretation

A slower build-up of regulatory T cells under fractional dynamics is biomedically
significant. It implies that the compensatory, immunosuppressive arm of the immune
response lags behind the effector arm. Clinically, this corresponds to the observation
that in many progressive MS patients the regulatory response appears insufficient or
delayed relative to the inflammatory pressure, leading to prolonged active lesion phases
before homeostasis is re-established. The fractional model captures this asymmetry in a
mechanistic, parameter-free manner: the same reaction rates govern both populations, and
the asymmetry arises solely from the non-Markovian residence-time distribution.

6.3. M1 Macrophages

Figure 4 presents the comparison for M1-polarised (pro-inflammatory) macrophages.

M1 Macrophages (M;): spatial profile at final time M1 Macrophages (normalized shape only)
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Figure 4. Comparison of integer and fractional dynamics for M1 macrophages M (x, t). The fractional
solution exhibits a moderately elevated central peak (Mlp / M{ ~ 1.15), together with a slower post-
therapy decay relative to the integer model.

6.3.1. Mathematical Interpretation

The M1 equation couples the proinflammatory cytokine C, (source), the M2 popu-
lation (nonlinear cross-regulatory suppression through > M, M;) and the IFN-p-induced
damping —¢3®; M. In the fractional system, the cytokine-mediated source is integrated
over a power-law memory kernel while the cross-suppression term by M, is attenuated
because Mj itself accumulates more slowly (Table 2). The net outcome is a modest central
amplification (F/I ~ 1.15) of the M1 population. The ratio map I/F is below unity at the le-
sion centre and above unity at the periphery, showing that fractional dynamics concentrate
M1 activity more tightly around the lesion. The time-series at x = L/2 exhibits a sharp
peak at the onset of IFN-f therapy (t = 2) followed by a slower decay under fractional
kinetics, another manifestation of memory-induced therapy-response persistence.
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6.3.2. Biomedical Interpretation

M1 macrophages are key effectors of tissue damage in MS lesions. The mild fractional
amplification, combined with a slower post-therapy decay, is consistent with the observa-
tion that innate inflammatory responses often persist beyond the window of acute insult.
The predicted sharpening of the M1 profile about the lesion centre is also biologically
plausible, as pro-inflammatory macrophages are known to accumulate preferentially at
sites of active demyelination.

6.4. M2 Macrophages

Figure 5 shows the dynamics of the M2-polarised (reparative) macrophage population.
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Figure 5. Integer—fractional comparison for M2 macrophages Mj(x,t). The fractional solution
exhibits a reduced amplitude (Mg / Mé ~ 0.68) with an essentially spatially uniform profile at the
end of the simulation.

6.4.1. Mathematical Interpretation

The M2 population is governed by the anti-inflammatory cytokine source $,C,; to-
gether with the IFN-B activation ¢4®;. Both sources are positive and, when integrated
against the Mittag—Leffler kernel, produce a slower accumulation than in the Markovian
case. This is reflected in Table 2: the fractional amplitude max, M, ~ 14.4 is substantially
below the integer value of 21.2, giving a ratio F/I ~ 0.68. The very narrow spatial dynamic
range visible in the normalised panel indicates that M is close to a spatially uniform profile
by t = 10, since its dominant sources (C, and the therapy term) are broadly distributed
rather than concentrated at the lesion.

6.4.2. Biomedical Interpretation

M2 polarisation is a cornerstone of tissue repair and remyelination. The reduced
amplitude predicted by the fractional model is an important qualitative finding: even with
the same reaction kinetics, memory effects slow down the build-up of reparative capacity
relative to the simultaneous pro-inflammatory activation. This mechanism provides a
parsimonious explanation for the well-documented imbalance between inflammation
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and repair in progressive MS, in which pro-inflammatory signals dominate early while
reparative M2 activity lags behind.

6.5. Pro-Inflammatory Cytokines (Cp)

Figure 6 compares the spatial and temporal dynamics of the pro-inflammatory cy-
tokine field.
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Figure 6. Comparison of integer and fractional dynamics for pro-inflammatory cytokines Cy (x, t).
The two peak amplitudes are nearly equal (C; / C’I, ~ 0.98), but the fractional response is smoother in
time and more robust to the onset of IFN-f suppression at t = 2.

6.5.1. Mathematical Interpretation

The pro-inflammatory cytokine pool integrates contributions from T, (which is mildly
elevated under fractional dynamics) and M; (also mildly elevated) and is damped by
natural degradation yj, and IFN-B-induced suppression {5®;. Under the fractional operator,
these two competing effects, cumulative production and delayed decay, approximately
balance, and the final-time peak amplitudes differ by less than 3% (F/I =~ 0.98). The ratio
map shows that the fractional solution is lower at the periphery and essentially equal to
the integer solution at the lesion core. The time-series at x = L/2 reveals that the fractional
cytokine level grows more slowly during the initial 1-2 days but remains more stable
during the IFN-B therapy window (¢ € [2, 8]), avoiding the sharper rebound exhibited by
the integer solution.

6.5.2. Biomedical Interpretation

Pro-inflammatory cytokines represent the molecular signalling that mediates immune
cell communication during active demyelination. The fractional model predicts a cytokine
trajectory that is less responsive to sudden changes in therapy, a property with a direct
clinical analogue, since cytokine cascades in chronic neuroinflammation typically exhibit
substantial persistence despite the initiation of immunomodulatory treatment. The near-
equality of the peak amplitudes at t = 10 reflects the fact that C, is a fast variable driven by
slower upstream populations; the memory effects redistribute its trajectory in time without
dramatically altering its steady-state level.
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6.6. Anti-Inflammatory Cytokines (Cg)

Figure 7 compares the integer and fractional dynamics of the anti-inflammatory cy-
tokine field, which conveys the immunosuppressive signal through the model.
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Figure 7. Anti-inflammatory cytokine C,(x, t) under integer and fractional dynamics. The fractional
solution evolves more slowly in time, yielding a reduced final-time amplitude (C} /C! ~ 0.68).

6.6.1. Mathematical Interpretation

The C,; population is driven by regulatory T cells (through {;T;), M2 macrophages
(through (> M>) and the therapy source ¢ ®1 + ¢7P;. All three sources accumulate more
slowly in the fractional formulation, either because they depend on other variables that
are themselves delayed (T, My) or because the therapy source is convolved against the
Mittag-Leffler kernel. The compounded effect is visible in Table 2: the fractional peak
amplitude is about 32% lower than the integer one, a ratio nearly identical to that of T, and
M. This coherent ratio across the regulatory axis (about 0.68 for T,, M, C; and O) is a
signature of the commensurate nature of the memory order across the coupled system.

6.6.2. Biomedical Interpretation

Anti-inflammatory cytokines such as IL-10 and TGF-p orchestrate the resolution of
inflammation. Their delayed build-up under fractional dynamics provides a mechanistic
explanation for the prolonged active phase of MS lesions observed clinically: even when
regulatory signals are being generated, their effective concentration at the lesion site rises
more slowly than the inflammatory signals do. This is the molecular-level counterpart of
the T, and M; results and reinforces the same qualitative conclusion: memory effects delay
the resolution phase more strongly than they delay the activation phase.

6.7. Oligodendrocytes (O) and Demyelinated Area (D)

Figure 8 presents the dynamics of oligodendrocytes, which represent the intact
myelin compartment.
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Figure 8. Oligodendrocyte density O(x, t) under integer and fractional dynamics. The fractional

solution exhibits a deeper central depletion and a lower global maximum (O /O' ~ 0.68), indicating

slower reparative recovery.

I/F Concentration

value at x = L/2 (D)

Demyelinated area (D): spatial profile at final time

0.5 8
0
_05 4
Fractional
-_— Integer
-1
0 2 4 6 8 10
Position (mm)
1 D: ratio map (Integer / Fractional)
0.5 1
0
-0.5 4
-1
0 2 4 6 8 10
Position (mm)
04 D atlesion centre (x = L/2)
X T~ T T
0.08 o 1
/ A
I \ Fractional
0.06 \ teger 7
0.04 \ ]
\
0.02 \ -
|}
0 L
0 2 4 6 8 10

Time (days)

Normalized value

logia(F /1)

Figure 9 presents the dynamics of the demyelinated area D(x, t).
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Figure 9. Demyelinated area D(x,t). Over the simulated ten-day window and with the present

parameter set, the balance A1C,O — A, M> is non-positive almost everywhere, so that the projected

non-negative solution remains at D = 0 at the observation time.
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6.7.1. Mathematical Interpretation (Oligodendrocytes)

The oligodendrocyte equation combines the cytotoxic loss —A1C,O, the reparative
source Ay M, and the baseline decay 6pO. Because M; is underdeveloped in the fractional
formulation, the reparative term is reduced while the cytotoxic term driven by a C, that
is approximately unchanged remains essentially the same. The net effect is a lower oligo-
dendrocyte amplitude (max, OF a2 7.4 versus max, O ~ 10.8, a ratio of 0.68). The spatial
profile exhibits a pronounced dip at the lesion centre that is deeper in the fractional case,
and the ratio map I/F is close to 1.46 at the periphery while reducing to ~1.36 at the
centre, indicating that the fractional suppression is spatially near-uniform but slightly more
pronounced away from the centre.

6.7.2. Mathematical Interpretation (Demyelinated Area)

The demyelinated area equation conserves mass with the oligodendrocyte equation
in the sense “D#(O + D) = —Jp0. Over the simulated horizon, and with the chosen
parameter values, the competition between A1C,0 (loss of myelin) and A, M, (remyelina-
tion) leaves the net right-hand side of the D equation non-positive, so that the projected
non-negative solution remains at D = 0 throughout. This is not a failure of the model but
rather an indication that on the ten-day horizon and under the specific therapy protocol
considered, integrated loss of myelin has not yet exceeded integrated reparative activity.
Longer simulation horizons or harsher therapy-absent scenarios would be required to
observe the buildup of demyelinated tissue.

6.7.3. Biomedical Interpretation

The reduced oligodendrocyte amplitude in the fractional formulation is the most
direct bridge between the mathematical model and the clinical observation of impaired
remyelination in progressive MS. The same pro-inflammatory load (C, approximately
unchanged between formulations) is predicted to produce more persistent tissue-level
consequences under memory kinetics, because the reparative M2 pathway is slower to
mount an effective response. The present simulation, restricted to a ten-day window,
captures the early phase of this imbalance; extending the horizon to months or the disease
time scale would be expected to reveal progressive accumulation of D that is more severe
under the fractional formulation.

6.8. Therapy Protocols
Figure 10 shows the bang-bang therapy functions used in all simulations.

Therapy Protocols
T T T

T T
1k 4
| —— &, (IFN-H) |
08 ®; (GA)
=
ko
T 06 J
E
>
o
i
2oat .
=
02f -
0
L 1 L 1 L 1 L 1 L
0 1 2 3 4 5 6 7 8 9 10
Time (days)

Figure 10. Therapy control functions ®; () (IFN-B, active on |2, 8]) and ®;(t) (glatiramer acetate, active
on [3,9]) used in the simulations. The overlap interval [3, 8] corresponds to combined immunomodulation.
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6.8.1. Control-Theoretic Interpretation

The therapy functions enter the governing system multiplicatively (on My, Te, C,, Mp,
T, and C;) and therefore act as time-dependent modulators of the corresponding reaction
rates. In the integer-order formulation, these inputs modify the instantaneous dynamics,
and their effect vanishes as soon as they are switched off. Under the fractional operator,
the therapy contribution is convolved against the Mittag—Leffler kernel and therefore
continues to influence the solution for t > 8 (for IFN-§) and ¢ > 9 (for GA), albeit with
progressively attenuated weight. The time-series panels for T, and M; (Figures 2 and 4)
clearly illustrate this post-therapy persistence: after the therapy switches off, the fractional
solution requires additional time to return to the pre-therapy regime, whereas the integer
solution recovers immediately.

6.8.2. Biomedical Interpretation

Bang-bang therapy protocols are idealisations of intermittent clinical dosing schedules.
The fractional model’s prediction of a persistent therapeutic effect beyond the nominal dos-
ing window is biomedically consistent with the pharmacokinetic and pharmacodynamic
reality of disease-modifying therapies in MS, in which the biological impact of a given dose
extends significantly beyond the period of active drug exposure. This emerges naturally
from the CTRW-derived memory structure, without the need for separate pharmacoki-
netic modelling.

6.9. Overall Assessment

The combined picture emerging from Table 2 and Figures 2-10 can be summarised
as follows. The memory-driven fractional dynamics produce a mild amplification of the
pro-inflammatory effectors (T, and M;, by about 13-15%), an approximate equality of
the pro-inflammatory cytokine pool (Cp, ratio ~ 0.98), and a substantial slowing of the
regulatory and reparative variables (T;, My, C;, and O, each reduced by about 32%). The
coherence of the latter ratio across four coupled variables is a direct signature of the single
commensurate fractional order & = 0.85: all variables belong to the same non-Markovian
transport process and therefore inherit a shared memory timescale.

This asymmetric pattern effector amplification with regulatory retardation is precisely
the kind of mechanistic behaviour that a memory-aware model of MS should exhibit. It
provides a natural mathematical correlate of the clinical asymmetry between inflammatory
and reparative phases in chronic progressive MS, without requiring heterogeneous frac-
tional orders, additional delay terms, or artificial amplification factors. Importantly, these
results are obtained from a dimensionally consistent, mass-conserving formulation that
reduces exactly to the classical integer-order model in the Markovian limit &« — 1.

We emphasise that the simulation horizon used here (T = 10days) represents the
acute phase of lesion evolution. Extension to longer time scales and calibration of the
fractional order « and memory timescale Ty against longitudinal clinical or imaging data
are natural next steps toward quantitative use of the present framework in MS modelling
and therapy design.

7. Conclusions

In this study we developed a dimensionally consistent fractional spatio-temporal
reaction—diffusion framework for modelling immune-mediated demyelination in multiple
sclerosis under IFN-B and glatiramer acetate therapy, integrating adaptive and innate
immune responses, cytokine-mediated feedback, macrophage polarisation, oligodendro-
cyte dynamics, and time-dependent therapeutic modulation within a single distributed-
parameter structure. A central methodological feature of the proposed framework is that
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the fractional extension is not introduced by ad hoc replacement of integer-order deriva-
tives with Caputo fractional derivatives, an approach that, for coupled reaction-diffusion
systems, is known to violate dimensional consistency and mass conservation [26,27]. In-
stead, we derived the fractional operator from an underlying continuous-time random walk
(CTRW) process with Mittag-Leffler-distributed residence times, yielding a governing sys-
tem in which a single commensurate order « € (0,1] and a characteristic memory timescale
Tp enter through a natural dimensional prefactor 7. The resulting model is dimensionally
consistent, mass-conserving across the coupled components, and reduces exactly to the
classical integer-order formulation in the Markovian limit « — 1, 79 — 1day.

From the mathematical standpoint, we established existence, uniqueness, positivity,
boundedness, well-posedness in the sense of Hadamard, and local asymptotic stability of
equilibria through a Matignon-type spectral criterion [39], using the fractional Gronwall
inequality and Luchko’s extremum principle [34] as the main analytical tools. These
results confirm that the proposed formulation is both mathematically admissible and
biologically sound and provide the rigorous foundation required for subsequent qualitative
and numerical analysis. On the computational side, we constructed a structure-preserving
IMEX finite-difference scheme in which the stiff diffusive and damping components were
treated implicitly while the nonlinear production was handled explicitly. For the fractional
case, the Caputo operator was approximated by the classical L1 scheme, and the nonlocal
history entered through a weighted sum of past increments without breaking the linearity
of the per-step solver. The resulting algorithm is consistent, non-negative under a mild
timestep constraint, and recovers the classical integer-order solver in the limit &« — 1.

Numerical simulations compared the two formulations over a ten-day horizon under
identical parameters, initial data, and bang-bang therapy protocols, so that any difference
between the solutions was attributable solely to the non-Markovian residence-time distri-
bution underlying the fractional operator. The results revealed a nuanced and biomedically
meaningful pattern rather than a uniform amplification. Pro-inflammatory effectors were
moderately elevated under fractional dynamics, the peak amplitudes of T, and M; exceeded
their integer-order counterparts by approximately 13-15%, while the pro-inflammatory
cytokine pool C, remained essentially unchanged (ratio F/I =~ 0.98). By contrast, the
regulatory and reparative variables T,, My, C; and O all exhibited a coherent reduction,
with ratios F/I in the narrow range 0.68-0.69 across four coupled components. This coher-
ence is itself a signature of the commensurate CTRW construction: since all four variables
share the same non-Markovian transport process, they inherit a common Mittag—Leffler
relaxation timescale and therefore a common retardation factor. Such a consistent pattern
cannot be produced by ad hoc fractional replacements with heterogeneous orders and thus
constitutes an internal mathematical validation of the dimensionally consistent formulation
adopted here.

Biologically, the asymmetry between a mild amplification of the pro-inflammatory
arm and a substantial retardation of the regulatory-reparative arm is a faithful mechanistic
analogue of chronic progressive MS. In clinical practice, effector populations are often
observed to persist despite regulatory responses that mount too slowly to re-establish
homeostasis, and reparative M2 polarisation is typically insufficient to keep pace with
inflammatory damage. The present fractional model reproduces this imbalance with
the same reaction rates that govern the integer-order model, without requiring delay
terms, source re-tuning, or heterogeneous fractional orders the imbalance emerges solely
from the memory structure inherited from the underlying stochastic process. The therapy
simulations carry the same qualitative implication: fractional dynamics predict a persistence
of therapeutic influence beyond the nominal dosing window, because the multiplicative
control enters the equations through the same memory kernel. This is consistent with the
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well-documented pharmacodynamic persistence of disease-modifying therapies in MS and
suggests that memory-aware models may naturally capture features that otherwise require
separate pharmacokinetic machinery.

Taken together, these results establish that the introduction of temporal memory in a di-
mensionally consistent manner is not merely a technical correction but a substantive modelling
ingredient that reshapes the predicted balance between inflammation, regulation, and repair in
MS lesions. The framework is flexible enough to accommodate future refinements including
longer simulation horizons, sensitivity analysis with respect to a and 1, calibration against
longitudinal clinical or imaging data, and extension to higher spatial dimensions or to patient-
specific lesion geometries and does so from a foundation that respects the physical and biological
requirements of dimensional consistency, mass balance, and positivity. The CTRW-derived
fractional formulation therefore provides a principled platform on which memory-aware, math-
ematically consistent, and biologically interpretable models of immune-mediated neurological
diseases can be built, and on which the assessment of therapy protocols for MS can be carried
out in a mechanistically transparent way:.
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