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Abstract

We prove the existence of a positive ground state solution for a fractional (p, q)-Laplacian
Choquard equation that features both a singularity and an upper critical exponent.
The proof relies on a combination of the Nehari manifold technique and Ekeland’s
variational principle.

Keywords: fractional (p, q) Laplacian; Choquard equation; singularity; variational method;
Nehari manifold

1. Introduction

In the past ten years, many scholars have focused on the following Choquard equation

—Au+V(x)u = ALy * |ulP)|ulP~2u+h(x,u), xRN, (1)
where N € Nanda € (O,N). N =3,V(x) =A=1,p=a =2and h = 0, then (1)
becomes the famous Choquard-Pekar equation, which was proposed in 1954 by Pekar [1]
to describe the quantum theory of a polaron at rest, and later, it appeared in 1976 proposed
by Lieb [2] in the study of an electron trapped in its own hole. It was also proposed in
1996 by Penrose [3] as a model for the self-gravitational collapse of a quantum mechanical
wave function. For more details about the mathematical and physical background of
Choquard-Pekar equation, we refer to [4,5], and references therein.

Many scholars have studied the special cases of problem (1). When N > 3,
V(x) = A = 1and h(x,u) = 0, Moroz and Van Schaftingen [6] showed the existence
of ground state solutions of problem (1) with p € (2%,25), where 2% = NE& and 2; = J+4
are the lower and upper critical exponents of the Choquard equation, respectively. Ghi-

menti and Van Schaftingen [7] considered the existence of odd symmetric solutions and
least energy sign-changing solutions to (1) in subcritical cases p € (24,25) and p € (2,2})
respectively. When N > 3, V(x) = 1 and p > 1, Seok [8] investigated problem (1) with
a critical local term and obtained the existence of radially symmetric nontrivial solution
and concentration results as « — 0. When N > 3, p € (2%,2%) and h(x,u) = |u|1%u,
g € (2, %), Li et al. [9] considered the existence and qualitative properties of solu-
tions for problem (1). If V(x) = 1+ ug(x) satisfies some conditions and y < 0, Zhong and
Tang [10] studied the existence of ground state sign-changing solutions for problem (1) with
a critical pure power nonlinearity. Recently, Yu and Chen [11] investigated the following
Choquard equation with singularity
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{ —Au+ V() = AL+ |ulP)[uP~2u+ f(x)u=, x€RS, 2

u>0, x € R3,

where I, is the Riesz potential of order « € (0,3), A > 0,1+ 5 < p < 3+ a and
0 < 7 < 1. Under some mild assumptions on V and f, the existence and multiplicity of
positive solutions of problem (2) are obtained via variational method and the idea of Nehari
manifold technique. For other related results about the Choquard equation on RN, we refer
the readers to [12-15] and the references within it. As far as we know, until now, few results
are known to Choquard equations with singularity on unbounded domains.

In recent years, numerous research efforts have involved extending semilinear
Choquard equations to quasi-linear Choquard equations and fractional Choquard equa-
tions. In [16], by using the penalization method and Lyusternik—Schnirelmann theory, Alves
and Yang studied the multiplicity and concentration behaviour of positive solutions for a
quasi-linear Choquard equation. d’Avenia et al. in [17] investigated a class of fractional
Choquard equations, the regularity, existence, nonexistence, symmetry as well as decays
properties are obtained. Very recently, Ambrosio et al. [18] proved the existence of a least
energy solution for a fractional Choquard Kirchhoff type equation by applying suitable
variational methods.

Over the past two decades, significant theoretical achievements and application break-
throughs have been made in the study of positive ground state solutions for fractional
Laplacian equations; see [19-22] and the references therein. It is known that the (p,q)-
Laplace operators with unbalanced growth can be viewed as a special case of double phase
problems, which traces back to the work of Ball [23], where he studied nonlinear elastic
models and their qualitative properties. This kind of operator is widely used in chemistry,
physics, biology and many other fields. Ambrosio-Repovs [24] studied the multiplicity
and concentration results for a class of (p, q)-Laplace operator problems. Xie et al. [25]
investigated the existence of solutions for the (p,q)-Laplacian equation with nonlocal
Choquard reaction by means of variational methods. Ambrosio and Isernia [26] studied the
existence of ground state solutions for a class of (p, 7)-Choquard equations and analyzed
the regularity, symmetry, and decay properties of these solutions. Zhang and Deng [27]
considered a fractional elliptic system involving (p, )-Laplacian and critical exponent, and
obtained a nontrivial solution with the help of the Nehari manifold and fibering maps.

Recently, Fan [28] investigated the existence results of the following fractional (p, 9)-
Laplacian equations with subcritical or critical Hardy exponents:

[x[*

(~A)5ut (~A)fu = fE) a2t M, xe 0, @)
u=0, x € RN\ Q.

where Q) is a bounded domain in RN with smooth boundary, and 0 < s, < 51 < 1,

l<g<p<m<r<p; = (I{\]]:;‘S)f, 0 < & < ps; < N. For other related results about

(p,q)-Laplacian equations, we refer the readers to [29-32] and the references therein.

As far as we know, no study has yet addressed the combination of fractional (p, 9)-
Laplace operators, Choquard equations, the upper critical exponent, and singularities on
unbounded domains. Motivated by above-mentioned results, we consider the following
fractional (p, q)-Choquard equations with singularity and upper critical exponent

(=A)pu+ (=A)u+ V() (Ju|P~2u + [u|T2u)
= A(I * |u|q§2(”‘))|u|q:2(“)_2u + ()T, x e RV, (4)
u>0, x € RN,
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where N > 1,0 < s §52<1,1<p<q<%,0<7<1,A>0,q;‘2(a)zz'zgf]\i‘;‘z) >1,

and I, is the Riesz potential with order & € (0, N) . (—A)j, is the fractional p-Laplacian

operator defined for any u € C&°(RN) by

ux)—u -2 ux)—u
(—A)5u(x) :2P.V./RN| () TZW |A(,+§p) W)y, xern,

" ) _ 5)
|u(x) ul(z)_li’yp(]ﬂ;c) u(y))dy, <RV

=2lim
e\0 JRN\ B, (x)
where P.V. denotes the Cauchy principal value, and Be(x) := {y € RN : |x — y| < e}.
Throughout the paper, in order to state our main result, we assume V and f satisfy
the following assumptions:
(V1) V € C(RN) satisfies inf, gy V(x) = Vj > 0, where V is a constant;
(V2) meas{x € RN : —co < V(x) < b} < +ooforallb € R.

q(N+a)
(f) f € LiNFa20-nN-54) (RN) is a nonnegative function.

For convenience, let

2q5, (@) —p
2q, () =1+

p=1+y
(293, () =14+7)C(N,a)S

®(A) := min

2q3, («) ’

a3,

g-1+7

*

275, (0)—q
2q5, (0)—q g—1+7 2
* — 2% 7
2q%, (@) =1+ A(zq;‘Z(a)—l+7)C(N,a)5qu2(“)
52

(243, (1) =1+7)

M, =2 23, (@) —q S“r*—l

@ P ©

where S, (v = g7, 9, («)) and C(N, a) will be given in (9) and (10), respectively. And

Nta s
A, = SV &+ g2 o @)
TGN+ a)Ke + (2—2279) (a + gsn) '
where
p—147(2q5(@) =1+~ 1—y \77
K. = — Il " S .
p ( 2(1- 7)‘152(“) / q(N+a)j2((I\1Iir7;(N*52q) 95, (%) ®)

" 2(1—)qqz, () o
(2q%, () — q)p2>—P~4 ’

and Sy will be given in (11).

Thanks to variational method, Nehari manifold technique, and Ekeland variational
principle, we will prove the following theorem, which extends the main result of Yu and
Chen [11] (Theorem 1.1) in two aspects: the fractional (p, g)-Laplacian and the upper
critical exponent.

Theorem 1. Assume that 0 < A < A, 0 < v < 1,0 < a < N,0 < 51 <5 <1,
p>1+4s;,9>1+s, max{p,ﬁl\fr%z} < g < Noand (vy), (), (f) hold. Moreover,

2
assume that 0 < ||f|| (N+a) < M), then problem (4) admits at least one positive
GN+a)=2(1—7)(N—s29)

ground state solution.
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This article is organized as follows. In Section 2, we give some notations and prelimi-
naries. Section 3 is devoted to proving the main result of this paper, Theorem 1.

2. Preliminaries

In this section, we briefly recall the relevant definitions and provide some useful
technical lemmas.
Foranys € (0,1),1 < p < oo, we define the Gagliardo seminorm as follows

[u(x) —u@) , . \""
(fﬁwXRN g xy) '

The fractional Sobolev space is defined by
WP (RN) = {u € LP(RN) : [u]s ) < 400}

endowed with the norm

1
' i
Iilweoquny 1= (i + [ ulPte)

We now introduce the following working Sobolev space
X := {u € WP (RN) n W24 (RN) /N V(x)(|ulP + |u|T)du < +oo}
R

equipped with the norm [|u[| = [[ul[s, »,v + [|t[|s,,4,v, where

1 1
14 q
v = ( sl,,+/ |u|de> , Mullygy = ( 52q+/ |u|‘7dx) .

By Theorem 6.5 in [33] and Lemma 3.4 in [34], and from the assumptions (V;) and (V,), w
have the following embedding property.

[[u]

Lemma 1 ([33,34]). The space X continuously embedded into WP (RN) N W24 (RN). Therefore
X continuously embedded in LV (RN) for any v € [p, qs,] and compactly embedded in LY(RN) for
v € [p,qz,). Moreover, there exists constant S, > 0 such that

[ull vy < Sullull,  forallv € [p,qg,], ©)

Ng
N—gsy*

where q3, =
To solve problem (4), we need the following Hardy-Littlewood—-Sobolev inequality.

Lemma 2 ([35]). Suppose that0 < o« < N,1<r,1 < +ooand1/r+1/1+ (N—a)/N=2.1If
f e L"(RN), g € L(RN), then there exists a positive constant C = C(N, a, r,1) such that

f(x)g(y)
//RNX]RN dedy < ClIfllrligll-

Here, || - ||, denotes the LP(RN)-norm. If r = 1 = then

TEatt
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Remark 1. Let f(x) = g(x) = |u(x)|" for T > 0. By Hardy-Littlewood—Sobolev inequality,
Jan (I * |u| ™) [u|Tdx is well defined if u € L' (RN) for r > 1 with 2 + Ng& = 2. Thus, by
Lemma 1, if u € X, then it is provided that rt € [p,qs,]. Hence, T has to satisfy

_ p(N+a) gIN+a)
ph(a) = Fo— <7< AN — sy = Tal®)

Here, pgl («) is said to be the lower critical exponent and q, () is called the upper critical exponent.

We define
. [,
Sy := inf 2z -
MGX\{O} (fRN(LX*W‘q;kZ (“))|M|Q§2 (/")dx> 2‘122 (&)

(11)

From Hardy-Littlewood-Sobolev inequality, Holder’s inequality and Lemma 1,
we obtain

5 (@)

* * 2
[ G a2 dx < N )l < cN s, 22 . a2)
RN dsy %2

15, (@) =14y
: B e @) 1) B
—y 95, (@) —T1+7y : g
[ f@ll - < (/R F@I% dx) (f, tut ) )
_ 1 1-y 1-
- ¥ (a % < o S * 7-
I g Ity ISy Tl
Furthermore, for any u,v € X, owing to (13), one obtains
NGRS 70 ol 7dx
1— (14)
<A oy ||u—UH w <A1 g(N-a) S, (ol =277
2 q%, (a

RO N+ —21=7) (N—57)
The following lemma regarding the properties of the convolution term I, * iy, |q;2 @,
Lemma 3 ([36]). Suppose that u, — u in X. Then for any v € X, we have
/RN(I"‘ % |un|‘72‘2(0<))‘unrﬁz(a)—zunvdx = /RN(I"‘ % |u|¢]s*2(0¢))|u|q§2(a)—2uvdx_
asn — co.
Similar to the proof of Lemma 2.2 in [37], we have the following result.

Lemma 4. If {u,} is a bounded sequence in L%2 (RN such that u, — u almost everywhere in
RN as n — oo, then the following holds:

o i a2 2 Vit~ /R (T = )ty — |2
—>/RN(LX*|M\%2 )| dx
asmn — o0.

To prove the main result of this paper, we need to rewrite the singular integral in (5)
into the form of (15) in the following lemma. The proof is similar to that of Lemma 3.2
in [38]. For the convenience of the readers, we provide the proof here.
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Lemma5. Lets € (0,1), p > 1+ s and let (—A)j, be the fractional p-Laplacian operator defined
by (5). Then, for any u € C*(RN), x € RV,

o= - [, BN A Nl .
_ /RN lu(x —y) = ”(X)JLT;(SZ(X —y) - M(x))dy_
Proof. By choosing z = y — x in (5), one has
(-jutx) =-2pv. [ 1 o Ol )~y »
— —2P.V. /RN u(x flTNi(sp(x +2)—u®)) g,
Furthermore, by substituting Z = —z in last term of (16), we obtain
p. [ 12 u(x)lT;i(SP(x +2)—u(x)
[, e ul e ),
and so after rename Z as z
oy / u(x+z) - ulx flpwi(sp(xﬂ) i)
[ latan- <lepNjgp<x+z>u<x>>dz -
. = et

Hence, if we relabeling z as y in (16) and (17), we can write the fractional p-Laplacian
operator in (5) as

u(x —u() P2 (u(x “ulx
(-Au(x) = —PV. RN' (x+y) <|>|’|’N+<sp< ty) —ulx)
-2
-pv. [ u(x—y) ”(x|)y|’|’N+(sz(x?/) —ux) 4,

The singularity of the integral at the origin in the above representation can be removed.
Indeed, for any u € C®(RVN), we use the second-order Taylor expansion to obtain the
following inequality

u(x+y) —u(x)[P2(ux +y) —u(x)) + [u(x —y) —u(x)|P~>(u(x —y) —u(x))
|y|N+sp

p—2
(IDullis + 31ID2uls[yl) " 1D
— |y|N+25—p 4

which is integrable near 0 (since p > 1+ 5s). Thus, we can get rid of the P.V. and
write (15). O

The energy functional corresponding to problem (4) is defined for any u € X by

A * *
])L(u) = = 7“ ”51 pV + - H ||52qv W /RN(ID‘ * |u‘q52(a))‘u|q52<a)dx

18
T - (18)
1_7 Rfo\u| X.
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Obviously, the functional ], is well defined and is of class C' (X, R). We see that u € X is a
weak solution of problem (4) if u > 0 in RN and for any v € X,

(Ji(u),v) (u,v sl,,—i—/ ) |u|P~2uvdx + (u,v 52q+/ ) |u| T 2uvdx
—)\/ (L # || T2 (@) 3|95 (0) = uvdx—/ f(x)u"Todx (19)
RN RN

where

uix)—u 721/[.76—1/[ vilx)—0
b = [ O MO ) w9 0l8) 1,

|x _ y|N+psl

and

_ () — u(y)|7*(u(x) — u(y)) (o(x) —o(y))
<”rv>sz,q = //]RNx]RN dxdy.

|x — y|N+ae

The Nehari manifold V) is closed linked to the behavior of functions of the form
H) :t — J)(tu) for t > 0 that named fibering maps [39]. If u € X, we have

243, *
A =l gy — A2 (e ) 2 Wi

tl ’rfRN |u‘1 'ydx

slpV

Hy(t) =t Mulll o+t ullf) qV
2 : * - _
AP /RN(I”‘ (1] T2 )P @ g _ “r/RNf(x)|u|1 dx,

and 2 ,
HY(t) = (p—DF2ull v+ (@ -1t |u]l, qv
2 -2 *
_ (2%2(“)_1) §245, (@)= /RN(Ia*|”|%2 )|u|q52(a)dx
—7—1 1-y
+yt /RNf(x)|u| dx.
Obviously,
tHy (8) = tPl[ullf ,y + tT(lullL v
AP [ (o ) 2Ot — 177 [ fe) ]!
= (T} (tu), tu),

which implies that for u € X\ {0} and t > 0, H) (t) = 0if and only if tu € N,. In particular,
H) (1) = 0if and only if u € N}, where

N, = {u €X: IIuH v T ||u||52qv A fan (I * |u|q:2(“))|u|‘7:2(”‘)dx

(20)
_fRN |lfl|1 de—O}
Moreover, we may split V, as follows

Ny ={ueN,:H{(1) >0}
{uem plulll v +alull,,y - —v)/Nﬂx)\uP—w

_ZAq:z(“)/ﬂw(Ia*WW;Z )Y ] %2 dx>0}
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NY ={u€eN,:H|1) =0}
= (e N el gl g~ (=) [ 0l
~20q5, () [ (o ) 2 = 0},
No ={ueN,:H!(1) <0}
= {u e N plull  + gl g~ (=) [ SO0l i
2005, (@) [ (T ) u P2 < 0},
forany A > 0.
Obviously, for each u € N, we can obtain
il +allul gy = =) [ Flul7d
205, @) [ (Taos [l ul s
RN
= (p—2q5,())|[ullf v + (9 — 295 @) |ulll,, v o)

(2, )—Hv)/R el
=(p—=1+DNull v+ (‘7_1+7)H”||szqv
At (8) = 1+7) [ (o [ul ) 2,

3. Main Results

In this section, we prove the existence and multiplicity of positive solutions for
problem (4).

Lemma 6. Assume that 0 < ||f|| g(N+a) < M), where M, is defined in Theorem 1;
then Ni= # @ and N = {0}.

Proof. For each u € X\ {0} with ||u|| <1andt > 0, we have
dj)(t — _
P = PPl £ "r/RNf(x)|u|1 Tdx
25 (@ )/ (I * |u|q52(“))\u|q:2(“)dx
RN

—_ 11—y

b L= [ OOl @)

_/\th;‘Z(a)—lﬂ/ (I *|u|%2 )|u|qs2 ) dx
RN

= 0T [R(E) = Jrv £ ul'7dx],

—tl v |- 1+'y|| |

y 17T ul ]

where

() = 87l 8 gy = APTTT [ (T ) e
R

s2,q,V

« [y _ g(N+ _ . _ .
Thanks to 2q («) = qls,fs;) > g > p,one has h(0) = 0 and tgrfooh(t) = —oo0. Since

H(t) = (p—1+)F 2 ulll y+ (g —1+7)t1" 2”II Isz,q,

2205 (@) = 14RO [l )l
= P2+ [A + BtIP — C,\t2q:2("‘)_” )

https://doi.org/10.3390/ fractalfract10040263
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where
A=@p-1+D)ulll .y, B=(g—=1+7[ulll
and
Cr = A@a (@) = 1+7) [ (o 2,
O

In the following, we will prove that there exist two distinct positive numbers t}, £,
such that #'(t]) > 0> K'(t, ). Now, let g(t) = A+ Bt1 P — Cot?2()7F then

g(t) = (q—p)BT P~ — (2q% (a) — p)Crt?P2 WP,

which implies that ¢’(t) > 0, for 0 < t < t*, and ¢/(t) < 0, for t > t*, where

1
o (g—p)B ¥
(2q%,(2) — p)Ca '

Since ¢(0) = A > 0, maxc[g 4o0) §(t) = g(t*) > 0, and thT g(t) = —oo, we deduce that
’ —+400

there exists t, > t* such that g(t,) =0, g(f) > 0for0 < t < t,,and g(t) < Ofort > t,. That
is, W' (t«) = 0,h'(t) > 0for0 < t < t,, and h'(t) < O for t > t,. Thus, ,max h(t) = h(t).
<t<+oo

We set

hy(t) = tp*lﬂ”“”g,p,v A2 (@) =14y /RN(I“ N |u|q;‘2(a))|u|q§2(a)dxl
and

hy(t) = tquWH“HZz,q,v A2 (@) =1ty /RN(I”‘ MUACNMEACEM

Obviously, h1(0) = h(0) = 0, tEToo hi(t) = —oo, tEToth(t) = —oo, hy(t) achieves its
maximum at

1

- ( (P =1ty >< =
)\(2[7;2({)() -1 + ’)/) fRN(I“ * |u|q52(a))|u|q52(a)dx

with

max hy(t) = hi(t)

te[0,+00) .

2’7:2 (a) —p P (p—1+7) ||”||§1,p,v 245, () —p (23)
= sy =1 oo s p AONWTAD)

T (®) — 147 M29%, (@) = 14 7) Jp (T # Ju| P21 [u| 2 dx

And h;(t) achieves its maximum at

1

b ( (g—1+ 7)||u||22,q,Y * ) 245, (W)—q
A2ge, () = T+ 9) fan (L [u] 2 @) u)%2 () dx

with
max hy(t) = ha(tr)
te[0,+0)
71+
__An)—q ]| (g =1+ Dluls, v RN @)
25,(@) =147 A A28, (8) = 14 7) Jgo (o # [l )l Wt
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From (12), (13), (23), (24),

(2%2( a)—1+7)

p(243, (0) —1+7)

, and the following elementary

(0‘) q 2‘7:2(“)_;7
inequality
@+ >21"5(a+b)°, ab>0,5>1, (25)
we obtain
(e~ [ F)ul'7d
1
> = hy(t) + ha( / Jul=7dx
2 2o M0+ o, ol ) f)ul
YOI
2 quz() 149 s1,p,V
I __p-lty
y (p=1+)ull’,y A
(2%2( )—1+'y fRN(Lx*|M|q;2(“))|u|q;2(“)dx_
2q¢, (a) — 1+'y SMr 1
I R
% (=147 u ”szqv 2q3, (0)—q
L A2g2, () = 1+ ) fan (L * ]2 () [u] 2@ gy |
= fo S0 |u|de
— 2\ 245 (a ) 1+”r S
i p=1+vy
23, (0)—p
y (p—1+v>||u||;pv z
* qs *
A3 (a) = 1+ 7)C(N, a)S . ][22 @) _
REAOE
2q% (a) =1+ o2V
i o g1ty
23, (1)—q
—1+ u q >
X (q 7)” HszZV . . Nf( )|Ll|1 Vdx
A(Zq;(a)—uy)cw,a)sq 2|1 |25 R
| RE-
Gso (&) =P

=5 24§z(“) — 1+ A(Zq;‘z(oc) —14v)C(N, zx)S %2( %)

p(243, () =1+7)

u 2q3, (0)—p
q—14y
2q3,, (#)—q
243, («) — g g—1+7 ’
* - S
205(0) =17 | X242 () — 1+ 9)C(N,0)$ q22< “
lul 293, (1) -1+7)
u sm,v) 23, () —q 1— 1—
X\ = Jul "7 = f()[u T Tdx
( [Ju] RN
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q(2q3, (0)=147) q(2q3, (@) =147

1 ulls, pv\ 205004 ltllsyqv\ 2@ 1—
7@()\) < 1P, _"_ 2,4, ||uH ¥
2 il [

— [ F) e

1 25 (0)(g- 1+47<H |

v

(243, (€)= 1+7)

s1,p,V H |s,,V 2q5, (0)—q _
) T e e

_ . 1-y 1—y
[l £1] g%, (@) S‘ﬁz(”‘)”u”
43, (0)=1+7
7(2q3, (1) —1+7)

T (s 1—ry
= |®M)2 YT —|if gV +a) 5 ol =

q(N+a)=2(1=7) (N—s29) qsz(

%

7@ 2 2‘75 (@)—q
oz

>0,

since 0 < ||f]| a(N+a) < M,. Consequently, there exist two points 0 < t} < t, <
q(N+a)=2(1-7)(N—sq)
t, such that

WD) = h(t7) = [ Flu

and
W) >0>H(t)),

which implies that tj{u IS N; and t, u € N, . Thus, Nf + Q.
On the other hand, we will prove that N = {0}. In fact, if there exists uy € N?L and
ug # 0. Then by (21) and (26), we have

1( 25 («)
o<2<%()mn wl?, v

p—1+y

% l (P -1 +’)/)Hu0||51 pV ] 2'7;2(“)7,7
A% (@) = 1+ 7) frn (o * Jug| 2 () 1|2

G ek PN
ShP’ 2q52( ) 1+’Y

2g3, () —
[ (q—1+7)|\uo||s”v ]
/\(2‘7;}(“) —1+7) fRN (I * |u0|qbz )|uo|qu(“)dx
1 Mll woll”
2(2q%, () — 1+ 7) |205,@) = Pl + (205 () = Il v

a0 17 ol
—/ F(x)|ug|t"dx
Sz,q, >
[ Fx) o] i
~(@ ) = 1+) [0l |
=0

which is a contradiction. Thus, we conclude that N{ = {0}. The proof is completed.

Lemma 7. Assume that 0 < ||| (N+a) < M,; then N is a closed set in X.
q(N+a)=2(1=7)(N=spq)
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Proof. From Lemma 6, we have N, # @. Suppose {u,} C N be a sequence satisfying
Uy — Uy in X. That is,

||un — “*” = ||un — M*| s.p,V + ||un - ”}\| 2,4,V = On (1)/

which implies that
it = el = on(1), Nl — uall, g = 0u(1). @)

Applying the Brezis-Lieb lemma [13], we can easily get

]q

[un - u*]fl,p = [un]gl,p - [u*]é)l,p +ou(1), [un - u*]gz,q = [un $2,9 [u*]zz,q +ou(1). (28)

/RN V(x)|un—u*\pdx:/RN V(x)\un|pdx—/RN V()| Pdx +ou(1),  (29)

and
/]RN V(x)|uy — usl¥dx = /}RN V(x) |y |Tdx — /]RN V()| |7dx + 0, (1). (30)
From (28)—(30), we deduce that

Hun u*‘ s,p,V H Vl| s1,p,V ”u*' s1,p,V + On(l)’ (31)

and

ot — oy = el = sl o+ 0u(1). 32

Thanks to Lemma 4, (12), (14), (20), (27), (31) and (32), we have

2+ sl gy = lim (L + 1l 0)
= lim |:/\/RN(LX * |“”‘q52(a))|”n|qs2(a)dx+/RNf X) |y |7 dx
= [ (ax B2 B2Vt [ )T

and
(p — 245, () lul? v + (g =25 @) usllL v

250 =1+ 7) [ flolu' Tax
= Jim [(p =202, @), + (9 = 265, 0)) 1l
@) = 149) [ el 7| <o

which means that u, € N} UN}.
Since u, € N, , it follows from (21) that

(p=1+Nuall? v+ @ =1+ D) ualll,, v
< A% (w )—1+7)/ (I * |un‘q;‘2(zx))|u LAOPR

< A(295,(a) =1+ 79)C(N, a)S ‘752 ||” ||2‘752<"‘)
Passing to the limit as n — co, we yield that

(p =1+ )llullf, v + (q—1+7)llu*\lswv

33
< M(245, () =1+ 7)C(N, ) qqz a2 @), (33)
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On the other hand, if ||u|| < 1, then by (25), we deduce that

(p =1+ Dl + (@ =1+ el

>(p—1+ ’)/)Hu*HZl,p,V +(p—-1+ ’Y)||“*||sqz,q,v (34)
> (p -1+ 7)21”1(||u*\|sl,p,v + Hu*HSz,q,V)q
(p— T4 7)2 ) ]|7.

Combining (33) and (34) yields

1
243, (1) —4

(p+vy—1)21
AM2q%, (a) +9 —1)C(N,«)S

> 0.

HM*H > qu‘z(a)

0

This and Lemma 6 lead to u, ¢ N/(\]. Thus, u. € N, and so N, is a closed set in X. The
proof is complete. [J

Lemma 8. Foranyu € N E then there exists ¢ > 0 and a continuous function K = K(w) > 0,
Vw € X with ||w|| < e satisfying that K(0) = 1, K(w) (u + w) € N}

Proof. Forany u € N,  (we can similarly consider case u € N ), wedefine G : X x R — R
as follows

G(w,t) = tP|lu+ w||f],plv + t1||u + w||ZM,V

— A£275 (@) /RN(I"‘ s+ w|T2 @) u 4 w] T2 Wy — 177 /RN F(x)|u+ w|7dx.

Owing to u € N} C N, we get G(0,1) = 0 and

Gt(oll) = pHu| fl,p,V + l/]||l/l| ZZ/L],V
—2A43, () /RN(LX o Ju] 2 ) )2y — (1) /RNf(x)|u|1’7dx >0,

By means of implicit function theorem for G at the point (0,1), we obtain that there
exists ¢ > 0 such that for w € X, |w]|| < ¢, the equation G(w,t) = 0 has a unique
continuous solution t = K(w) > 0 satisfying that K(0) = 1 and G(w,K(w)) = 0, ie,
K(w)(u + w) € N,. Furthermore, since G¢(0,1) > 0 and

Gi(w,K(w)) = pKP N w) Ju+wllf, ,y + 4K (@)l + ],

—2Aq;, () K252 () /RN (I * |1 + w|T2 ) 1 + w]P2 D dx

~(1 =K T@) [ Fl+ ol T
= K@) [pRY @)l + @I,y + K7 (@) 1+ ll
22, @K @) [ (o ot @l )t ol

A=K N@) [ f ol ),
R
we can choose 0 < ¢ < ¢ potentially small such that for w € X with |jw|| <,

pKP (@) u+ ],y + 9K (@)|lu+wll?
225, (K2 (@) [ (Lo Ju+ 0B+ w2y

~(1= K@) [ @+ o Tdx > 0,
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that is
K(w)(u+w) e Ny, foreachw € X, ||w| <

The proof is complete. [

Lemma 9. The functional J) is coercive and bounded below on N,.  Moreover, if

o< IfIl g(N+a) < M, then the minimal value my =  inf  Jy(u) <0
q(N+a)=2(1=7)(N=s519) ueN;FUNY

Proof. For each u € N, from (13), (18) and (20), we obtain

1 A * *
T (1) f|| ||slpv q|“|Zz,q,v—2q;2(,x)/RNUa*|u|"52(”‘))lul%2(“)dx

= / £ lul'dx

~ (1 ull? L ]!
A\ 2452() syt q quz() s24,V

e ) Nf(x)\ul“”dx

1—v 2q5(w)

> (1o ull? L ]!
“\p 2452() syt q 2452() 524,V

1
LI ST
1-— Y 2q;k2 (0()> ||fH q(NJrvz)jZ((l\l,ti;(Nfszq) %2 || ||

Onaccountof 0 < v <1 < p < g < 2q (a), J) is coercive and bounded from below on
N,. Since 0 < || f]| o(N+a) < M,, we have i # @ by Lemma 6, also A/} and

q(N+a)—2(1—7)(N—spq)
+ O . . .
U are two closed sets in X from Lemma 7. Hence inf,— J, and inf are well
NyIUNY N Ta Niug? A

defined. For each u € N;" C NV}, we can deduce from (21) that

2g;5, (a) — 2g;, (a) —
Ta(u = 27 +27
A() 22%2( ) 1' Iespy 2qq%, () Il
. qsz B +7/ 1—y
—2(1 f(x)|u|" " Tdx
Zq;}( ) %2( )
<l Dy +7
2pqz, («) I I5,pv 2443, («) Il v
AR R O
2(1 v)qz(a) SV (1= y)qz, () oA
_ (25 —p)(p—1+7) Wl - (2q3, (a )—6/>(q—1+7)”u|q
2(1—7)pgz, (a) s1pV 2(1 = 7)qq%, («) 24V
<0
which implies that ian;r Jo < 0. Moreover, if 0 < ||f]| g(N+a) < M,, then

q(N+a)—2(1-7)(N—spq9)

N? = {0} from Lemma 6. Thus, inf N UN? Ji = inf N Jo < 0. The proof is complete. [

Throughout Lemmas 10-12, {u, } denotes the sequence from the proof of Theorem 1.

Lemma 10. There exists a constant C; > 0 such that the following alternative holds true:

() if {un} C N, forany n € N, one has

(p = 205, @)l -+ (g = 205 @)l
205, 0) =149 [ FE) a7 2 €
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(ii) if {un} C N, for any n € N, one has

(p —2q%, () lunllf, v + (7 — 205, (@) [unlll, , v

25,0 =1+7) [ flu]'7dx < ~Co.

Proof. We here only prove the case (i). Since u, € N. )\* , from (14) and (21), it is sufficient
to prove

(2a2,(0) = 1+7) [ f)luol' 7

L ) . : (35)
> liminf[ (245, («) = p)l[unll, v + (205, (@) = q) [[unlls, 4 v]-
To argue by contradiction, let us assume that
297 (a)) — 1+ / x) gt~ dx
(245, ( ).) | 7)* o S ()10 p * q 36)
= lim inf[(2q;, (&) — p)[unll;, v + 245, (@) = @) a5, 0 v ]-
On the other hand, it can be concluded from u,, € N, /{F and (21) that
(at,(@) = 1+7) [ f(0)lu[ e
> (293 (@) = p)llunlll, v + (245, () = Pllunlll, , v-
Letting n — oo and together with (14), we have
(aty (@) =1+7) [ F(x)luol' dx
> lim sup|(2q;, («) — p) lunllZ, v + (205 (@) = ) |unllZ, , v)
n—oo
> liminf[(2q3, (&) — p)llunllf, ,,v + (205, (&) = ) l[unlll, , v]-
This is combined with (36) leads to
2q% () — 1+ / x) o)t~ dx
@@ =100 [ Ol q -
= lim [(2q5, (&) = p)llunlls, p,v + (205, (@) = ) [[unlls, 4,v ]
Since u, € N)f C N,, one has
Hu””;,p,v + ”u””Zz,q,V = /\/RN(Ia * |un|‘7s2(0<))‘un|q52(a)dx+ /RN f(x)|un\l’7dx-
Passing to the limit as # — co and together with (14), (37), we have
nlgr.}o {A(qu‘z(a) —1+4+7) /RN(IQ * un|q52(“))|un|q52(”‘)dx} 68)

= lim [(p =1+ ) unllf v + (0 =1+ ualll, , v]-
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From (26), we deduce that

q(2q5, (1) =147)
7oy e 1— -
0< [®(A)2 R —|f] s S| luwl7
a(

Nta)—2(1—7)(N—s,q) 95, (@)
1( 2g5(a)—p
<3\ agn (@ 1 M lipy

qSQ (lx) + r)/

p e
% [ (p - 1 + r)/) ||unH51,P,V ] 2‘752("‘)*?
/\*(217;}(04) — T4 ) S (L J1a |2 ()Y 10| 2@ (39)
MHH”HQ
2q% (&) =1+ s2.,V .
q—1+7
y [ @=1+Nunl,, v 1 AN
A2 () = T+ 9) fan (L # [1] 72 11 |20 e

— [ £ a7

Letting n — oo in (39) and combining with (37) and (38), we obtain

1 2q5()—p 2q% (a)—q
<o =A—— 4 _ e A4 q
0= 2 <2q§2(¢x) —147 nlglc}o ”u””ﬁrr’,V t 2q% () — 1+ nlg{}o Huanz,q,v
= [ FE ol

= S T L (@0 = Pllwall -+ 2o, (@) = )l )
2245 0) =1+ 7) [ F5)luol' ]

1 _
= =5 [ fE@) o dx <,

which is a contradiction. Thus (35) and hence (i) holds. The proof is complete. [

For each 0 < ¢ € X, we utilize Lemma 8 with u = u,, € ;" and w = 4, 7 > 0 small
enough, we can find ky 4 (17) = K(17¢) such that ky,(0) = 1 and ky,y (1) (un + 79) € N
But, we don’t know if k4 (77) is differentiable. For the purpose of proof, we set

k -1

€ [—o0, +0].
n—07t Ui

If the above limit does not exist, we may choose #, — 0 (instead of 7 — 0) with 7, > 0
k() —1 .

such that kj, ,(0) = Jlim ‘”(,+) € [—00, +00]. Since uy, kyy(17)(1n + 1) € N7 C N},

we have

* * 1—
il + Nl =2 [ (ot a2 o Pt — [ pop e =0, (40)

and

K3 (1) [t ¥ ’)7¢Hfl,p,v + K () [ + 0l v
2q% (« * "
_/\k”/l!’z (1) /RN(LX * |1y +;7¢|‘752(0l))|un +171,L7|q52("‘)dx (41

~ky (1) /RN £(x)(tn + ) ~7dx = 0.

Lemma 11. Let {u,} C N;". Then ki, (0) is uniformly bounded for each ¢ € X with y > 0.
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Proof. We here only give the proof of the case {u,} C N, . From (40) and (41), we
deduce that

0= K (1) — 1 llun + 11+ K], 1) — ]||un+mp|\52qv
AR [ o+ P2 4 g2t
Dy (1) =11 [ £ )+ [l + 7912,y = Nl ]
i+ 112, g = Nl ] = [ S GOl )7 =y "
‘%N[w*wnww%z Dot + ") = (L |2 2l

IN

kb (1) k(1)
) — 114 2~ N+ 9l *”—Huﬁwnw
Ky () — PV Ky ()

k2q§2(a)(17) 1

e DT 2, (w) a2, (w)

A oug (1) =T Je Ul Pt + 2

g () — 1

np 1—y
—_—— x)(Uy + dx

kg (1) =1 o £ () G+ 179)

Hlllwn +19lE, v — Nunlll ]+ Hln + 19l = luall?, , v)

A ) %) = (B 2 )y 2V
R

Dividing above inequalities by 7 > 0 and passing to the limit as 7 — 07, we obtain by
using (21) that

0 < Ky O] plall o+l = =) [ F31077
*zq:z(“)A/]RN(I"‘ * |un|‘752 w )|un|q52("‘)dx}
+P<un/ lp>sl,p + P/N V(x)|un|p_2unl/]dx
+q<u1’ll lp>52,q +q ( )|un|q_2un1’l]dx
2w e
:k;,¢<0>{<p—Zq;wm\unnsl,,V+ (7 - 205, @) luall?, .y
+2g5 () = 147) [ Fu
P (tin, P)syp + P / V() |t |P2umpdx
+q{un, )srq +‘7 V(x) 1|7 *unipdx
2‘752( /\/ ;2 w) q;;(a)_zunl[)dx,

UnPpdx 42)

from which it follows that k;, ,(0) # —oo based on Lemma 10 (i). Now we prove that
ki, p(0) # +oo. If not, we assume that kj, ,(0) = oo, then kn,y(17) > 1 for n sufficiently
large and # > 0 small. Making use of condition (ii) (which appears in the proof of
Theorem 1) with z = ki, (17) (un + n) result in

S| =

ingp(o7) = Wl + L )1

EH”% — K, (1) (n + 1) || > Ja(un) = Jalkn,p () (un + 179)].

(43)

—_
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Thus, it follows from u, € N} C N, (18) and (43) that

[l Knyp(n) —1 [ || (1 1 ) n¢(77) -
——k, > — — == "
n 2 n n p 1= )kny(n)— ||u mPHSlpV

11 \K,) -1

1 1 kn{,ilspz(a)(ﬂ) -1 g5, () g5, ()
M(zqé‘z(a) 1 —7) Frg () =1 o ¥ [ 2 i dx}
L1 N\ Dl —
_(P 1 —7) 7
11\ el — el
- (q S 1- 7) 1

1 1
A sy —
(24;‘2(04) 1—7)

y / (I  |un +,71/J‘q§‘2(“))|un _|_,71/]‘42‘2(1X) — (L |un|q§2(“))]un|q:2(“) .
RN Ui

Letting 7 — 07, we use the continuity of k; y(77), (21), Lemmm 10 (i) and |ju,| < C; to
obtain the following inequality

R L S (I [ (R [

2q} "
+/\(1 _ qsz(“)) / (Ia % |un|%2 )|un|q52 dx}
1—v RN

B 1_% E<u”’lp>sl’p+/1\’ V(x)|un|P~ uandx)
)

<un/7~/} 52,4 +/ |un|q unll]dx)
245, (w 5 (a)—2
Al 1= 2 / I 75, (a s, (4) d
+ H_,)'/' RN(a*|”n| )‘”n| Uptpdx
u 1
= kO o (=1l + (= 1+l
A @) = 149) [ (o) ) |
—\tT ﬁ (Un, sy p JF/ x)|un|P™ ”n1/)dx)
—1- 7‘1 v <”mlP 524 +/ |un|51 u”lpdx)

(44)

1 —
2g% (a .
“(1 - fsi(v)> [ G a2y 752
G G
> kﬁw(O){— + — -~
(1- % (1, ), +/ )|t |P~ untpdx)
—{1- & (Un, P)sy +/ x)|un |7 2”n¢dx)
2% B
H(l_ fsi(% /RNU“*“Z”( Nl pax,

that cannot occur due to the fact that k;, ,(0) = +c0 and — S % > 0 for n large enough.
Thus, k;, ,(0) # +o0. To sum up, [kj, ,(0)| < +co. Furthermore, Lemma 10 (i) combining
with ||u|| < Cy, (42) and (44) also implies that

K3, (0)] < Cs, (45)
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for n sufficiently large and a suitable positive constant C3. This completes the proof. [

Lemma 12. Let A > Oand {u,} C Ni. Then, for each ¢ € X, it holds

(i, Psup + [ Vil 2+ (0, )y + [ V) tn 12
—A RN (Lo # 10 52 [ |52 uandX—/RNf )n| T pdx (46)
i= H(un, ) = 0n(1),

asmn — oo,

Proof. Lett > 0 small enough, y € X. From (43), it follows that

1
long(6) — 1]l + g (1) ]

1 (47)
2 et = kg (8) (i + 1) = Ja () — Jalkn,p (8) (1t + 1),
and
Ja(un) = Talkny(t) (un + t)]
— Kl (1) 1—kj (1)
=f||unllslpv+#l\un|lwv
b (1) 1 (w) (®)
A /1 n + |2 WYy, 4 ) T2 @
245 () RN(zx*lu + tp["2 ) [un + typ[ 2
Ky (1) =1 -
+ﬁ Nf(x)|un+t1p| Tdx
k’” () ki o ()
p || ””slpv ’|u”+tlp”slpv (H WHSZqV Hun_._tl/]”squ)
A * *
*w.éN{la*|un+tw|qsz< >|un+tw|%z = Lo x a2 ) | 2

e fo P+ 1917 = a7

Combining this with (40) and (47), dividing by t > 0 and passing to the liminf as t — 0%,
based on the continuity of k; y(t) and Fotou’s Lemma, we obtain

(K3 O [l + 11

n
> K, (0 )[\|un||sl,,v+||un||szqv
—)t/RN(IBé * \un|q52 )|un|q52 x—/RNf(x)|un|17dx}
—(tn, P)syp — V() |2 uipdx — (Un, P)syq — /RN V(%) |7 2w pdx
+A / (o |52 1 22
R

1—y _ 1=
+ liminf 71 f(x) (un + t9) Un

t—o+ 1 — t
. V(x) || P~ 21 pdx — (tn, P)syq — /RN V (x)|un |9 2unpdx
A / (I * |u,1wé‘z“‘))|un|‘7§z<“>*2un¢dx

p )T —
—l—/ f(x) hmmf A=

dx

dx
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(i Pl = [ V) P20 = (i, Py — /]R V) a1 2
A [ oo o ) g g+ [ ) .
Thus, for ¢ € X with ¢ > 0, we derive that
(”nf4’>51rr’+/R V() [ |P 2 utnpdx + (i, ) qu+/ x) 1t |72 pidx
_A/RN(I”‘ |un|'752("‘))|un|’752 - unzpdx—/RNf( Yy 71pdx (48)
Ky (O) [ | + N1l
- n .
Since the above inequality holds for —1, it follows that
Cun, W)syp+ [ VNl 2+ (0, P)eag + [ V) 0a 120
_A/RN(I”‘ |un|'752( ))|un|‘752 - unzpdx—/RNf( Yy 71pdx (49)
< Moy O)[unll + 9l
- n

From |ju,|| < C; and |k;w(0)\ < C3 (Lemma 11) uniformly in 7 large, we know by (48) and
(49) that (46) holds. The proof is complete. O

For convenience, let

o+ qs2 - N;r]qsz aﬁ? 2— ®+ qs»
— atgsy G2 K, — (2 =257 —/— 1=
o= q(N—i—zx) H ( )q(N—Hx)

where K, as shown in (8).

Lemma 13. If {u,} C N5 is a (PS). sequence of J) with ¢ < cy, then the sequence {u,} has a
convergence subsequence.

Proof. Since {u,} isa (PS). sequence of J), the coerciveness of ], on N, shows that {u,}
is bounded. Up to a subsequence, there exists 1y € X such that

U, — ug in X,
up —ug inL'(RN) forany 1<r<gqi, (50)
Uy, — ug d.e.in RN, uy < gae.in RN,

as n — oo, with ¢ € L"(RN) for a fixed r € [1,43,). From (31), (32), (14) and Lemma 4,
we obtain

||u”||slpv Hun u0||slpv+||u0||slpv+0n(]‘)’ (51)

||u"H52qV ||u" u0||52qV+ ||”0||s2,q,v+0"(1>' (52)

g5, (w 15, ( — |7 (0) — |7 (2)
/]RN(I"‘*W”' 2% |y |12 “) dx _/]RN(L"*'u” up| "2\ [y — ug |72 dx

: * (53)
+/RN(’“ L] %2 @) g %2 @ dx + 0,(1),

and

L@l rdx = [ Gl —uol M+ [ fluol x4 o,(). (54
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Taking the test function ¢ = u, — ug in (46), we deduce from (50) to (53), and Lemma 3
that, asn — oo,

on(1) = [lttn — uoll?, v + lttn — uoll?,

A /RN(IQ * |1y — u0|q§z(“))\un — u0|q§2(“)dx — /RN F()uy T (un — ug)dx + 0, (1).

Hence

lim st — uo|? V+)}i£rgo|\un—u0|q

n— S1.P, 524,V (55)
= A lim /RN( it = 0|2 )y — ol et + limn [ F(x)y” (1t — o)
Let
. : 5@
nh_r){}o RN(LX * uy — u0|q’2(k))‘un - ”0|q 2@y = [0, (56)

Since by (50) one has uy T < ¢'~7ae. in RN, by Lebesgue dominated convergence theorem

lim f( L7y — / Flx)yudVdx. (57)

n—oo

Moreover, we obtain by Fatou’s lemma that
1— o _
. f(x)uy Tdx < hrglogf/RN F(x)uy, Tupdx. (58)
It follows from (55) to (58) that
. . 2
Tim fun —uo?, ,y + lim [lun —uoll?, ., < AP, (59)

It is clear that I > 0. If I = 0, then by (59) one yields that u, — upin X asn — oo,
concluding the proof. Hence, let us assume by contradiction that I > 0. By (11), we have

llun — “0”51 pv T l[1n — ”OHZM,V > [un — uo]gz,q > Syli. (60)
Combining (59) and (60), we get
AT ®=0 > g (61)

Substituting (61) into (60), we have
1

21\ T
H
Lav = | T . (62)

lim l|lun — uol|?

sV T hm l|un — uol|?

From (46), (51), (52) and (54), we derive

]/\(un) - WH(VW Mn)

_ p 1 1 q
( ) ;32 ) )H”n”sl,p,v + (q - Zq;‘Z(zx)) ||”n||sz,q,v

1
P
(5 = k) S SOl x4 04 (1)
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p 1 1 q
2% ||un - u0||51/p/v + <q - 2115*2(“)> Hun - uOHSZ,q,V

l
P
%11 2qs fRN x) |un — uo| '~ 7dx
1
q

||M0| SMrV

1 q
s,pV + ( 2%, (a)) H“O|

%ws ) s S0l 0,1

>

# ||un — uol fl/prv + ||un - MOHZZ,q,V)
= 2qs )fRN x)|un — uo|'~7dx

1 p q
(1= zq()) woll?,y + ol )

1 1—o 1—
b gk I e ST ol 0u(D),

2(1=7)(N—spq

Note that from (25), we have

lwollE, v + IlollZ, ;v
> 2178 (14 [Juglls v )? + 2791 + [l — 2
> 279 (14 [[uols, pv )P + (1+ [l spq0)P] =2
> 22=p—1 (2 + ||u0| s1,p,V + HMOHSL%V),) —2
= 2P0+ [fugll)? 22 22 g |P + 2271 — 2.

We define

1
q

—|—=—- . SLoT R
(17 23 (a ))'fHAm 45, ()

It is easy to check that

14
14y [ 245, ( 1+7 1- p-THy
Q) =-F 7( el g(V+a) Sz 7))

2= @) e g 2@
1

( 2(1 - 7)ag5, (o) )Pm
(242, (a) — q)p22-7=1
= —K..

Substituting (64) into (63) and using the estimate (65), we obtain

1

2g% ()

1 1 r
Z g_m (”un_uO”sl,p,V+ Hun uOHsqu)

D >(q - Zq()) +0u(1).

Letting n — oo, it follows from (50) and (62) that

H(ut’l/ un)

Jalun) —

a+gsy _N+g52 e o_a &+ gsy
MG )~ g K, — (2 —221) ST
- q(N+¢x) = )q(N+zx)

(63)

(64)

(65)
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which contradicts the assumption ¢ < c¢,. This concludes the proof. O
Remark 2. If0 < A < A, (A, asin (7), then cy > 0.

The proof of the main result of this paper is given below.

Proof of Theorem 1. Employing Ekeland variational principle to construct a minimizing
sequence {u,} C N, satisfying

(@) Ja(un) < f&f Ja+ %,

(i) a(2) 2 () — - llun — 2], 2 € A

From ], (|un|) = Jx(un) and Lemma 9, we may assume that u,, > 0. The coerciveness
of J) on N, shows that ||u,|| < C; for some positive constant C;. Thus, there exists a
subsequence of {u, } (still represented by {u,}) and 1y € X such that u, — 1 in X and
uy — up a.e. in RN, As a consequence, applying Lemma 9 with ¢ = m, < 0 < ¢, (by
Remark 2), we yields that u, — u( in X, up to a subsequence. Moreover, by the weakly
lower semi-continuity of the norm, (14) and (53), we obtain

1 _
Ja (i) || uoll? y+ || uoll?, - / £ () g~

A / 9 9

_*7 *uo 52 u 52 dx

Ty Nu | >| o ‘.
sn,ggg}f[ lunll?, ,y + Hunnszqv [ S@ T (e6)

A
- q< qs d
) Jo e 1l 5 ]

= lUminf ], (un) = jl\f[;fb\ <0,

which implies that 1y > 0 and uy # 0. Moreover, Lemma 10 show that ug € N. A+ . Now, we
will prove that 1y is a solution of problem (4). For any v € X and € > 0, set ¢ = ug + €v
and O, = {x € RN : ¢, < 0}. Applying inequality (48) with ¢ = ¢/, we deduce that
1 p—2 +
0 < <u0/ lps s1,p +/ ‘uo‘ Mo% dx + <u0/ 17b£ >52 q
[ Vol 2uoyy dx (67)

RN
—A /RN(LX s |10 | T2 1| T2 W 2yt dx — /RN f(x)uowjdx}.

By direct calculation, we obtain

(0, 9 Vs, p = //RN\QS e lug(x) — ug(y)|P~ 2(x (xy)&:;(;l( ))(lpg(x)—gbg(y))dxdy
+//RN\08)XOE+//QSX(RN\Q€) |uo (x) — uo(y) |V~ (|L;o(_;;]+u£ss ) (i (x) —lpj(y)dxdy
= //RN xRN dey +e(uo, V)sy p (68)
_S//gmc |uo (x —uo(y)l’”Zy(cuo(;)N:;:?(y))(v(x) —2W) vy
+2 // o | (x) —uo(}/)|p_2(Tt£(_xL—N:l(;S/))(lPE(X) —IPE(y))dxdy.
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Similarly, we have

luo(x) — uo(y)|?
(ug, Y qu_//]RNx]RN =y |N+q¥2 dxdy + €(ug, v >s2,q

_ 2 _ 7
e/ . () — () liug(%|)N+;:§(y))(v(x) W) gy (69)
|u0(x) — uo(y)|7*(uo(x) — uo(y)) (Y (¥) — ¥ ()
+2 //QgX(RN\Qg) |X _ y|N+q52 dxdy.

Moreover, we deduce that

/RN\Q£ V(x)|uo|P2ugipedx = /]RN\Q£ V(x)|ug|Pdx + S./]RN\QE V(x)|uo|P2ugvdx

70
< /RN V(x)|u0|pdx+e/RN V(x)|uo|’9_2uovdx—e/Qe V (x)|uo|P~ugvdx, 70
V(x) o] T 2ugipedx
/RN\“E o (71)
< /]RN V(x)|uo|‘4dx+s/RN V(x)|u0|q72uovdx—£/08 V(x)|uo |1 2uguvdx,
A o T ol ) o ) 2y
= A [ |uo|"i‘z<“>>|uo|qiz<“>zuowsdx+ A /Q(Ia ‘ |uo|"?‘z<“>2|uo|fz<“>zuowedx -
= = [ G ol ) e = e [ (o ol 20 ol P2 gt
Y A (I * ]uolq:z(“))|u0|q5*2(“)72u01/;€dx,
- /]R o SO et = /]R F)uy e + /Q g ped -
= _/RN f(x)u(lffydx—s/RN f(x)uafyvdx—k/Qef(x)ua”lpgdx,
|uo(x) —uo(y )I”*Z(uo( ) —to(y)) (¥ (x) — ¥z (v)
// x (RN\ Q) ) 2 |N+p51 dxdy
|uo(x) — uo(y )IP (uo( ) — to(y)) (= ¢e(x))
_//S (RN\Q) |x2— y|N+psi dxdy
|uo(x) — uo(y) P> (uo(x) — to(y)) (=t (x) + Ye(y))
= //Qex RN\, |x — y[NFps dxdy
_ // |o(x) — uo(y) [P 2 (uo(x) — o (y)) [ (uo(x) — o (y)) — e(v(x) —oW))] ,
_ y|N+ps Yy
FE ) — wal)l o
0 0
- _// ‘N |x — y[NTPs d’;dy
|ug(x) — o (y) [P~* (1o (x) — uo(y)) (v(x) — v(y))
// ex (RN\Q) |x — y[N TP ey
_8// |uo(x) — uo(y) [P~ (uo(x )N: z;o(y))(v(x)—v(y))dxdy
o (5) = ua0) P2 — ) (o) = o) 7
UglX) — Up uog(x) —uply))(vx) —oly
<8//()€><(RN\Q€) |x — y|N+ps1 axdy,
and
Il lt0(x) = uo(W)I" (o) ) W () = ¥e ) 4,
O as) = )12 o0le) — n0()) 00) — o) 75
uog(x) — uoly — Uy o(x
SS//EX(RN\QS) |x — y|NF9s2 axdy.
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Substitute equations (68)—(75) into (67), we obtain

1
0< {||u0||slpv+ ||”0||szqv A/ (I * |u0\‘752 )|u0|qsz Ddy — / flx 7dx}
{ up, v 51P+/ |u0|p zuovdx+(uo, szq+/ |M0|q zuovdx

_/\/RN Iy % |u0|%z )|u0|‘752 uovdx—/RNf x)uy de}
[, o) =t ot) )00 ol
Qe x Qe

=y

+ / V(x)|uo|P2ugvdx
0

" Juo(x) — uo(y)12 (o (x) — uo()) (v(x) — 0(y))
+//SXQ£ 0 0 0 0 dxdy

|x7y|N+qsz

+/ x)|uo |1 zuovdx}

+£{A (e ol =) g g+ [ f(x)ua”wedx}
2 0 (x) — u0(y) [P 2(st0(x) — 0(y)) (P (x) ~ ¥ (¥)
[/

- \x _ |N+p51

€

2 |10 (x) — uo(y)|72(uo (x )—u W) (e (x) — ¥ (v))
tz // (RN\Q),) - o ‘xo_ |N+(t)]sz dXdy

< {<u0, e p + /RN V() |tg] P 2ugudi + (g, 0y + /]R V()T 2upodx

—A /RN(LX * |u0|q:2(“))|uo|q§2(“2)_2uovdx— /RN f(x)u()”vdx}
[ 1o (x) — uo(y) [P~ (o (x) — uo(y)) (v(x) — v(y))
B //SXQe |x_ |N+p51 dx‘iy

// o) = g ()" (40(x) — 10 (1) (0(x) = 0(¥)) .
e X (e

o x gV
+/ x) 1|7 ugvdx
+2//€ o 1o (x) — oy )IP‘TJ(CuE(;')N:::?(y))(v(x)—v(y)) dxdy
luo(x) — ug(y) |72 (uo(x) — uo(y)) (v(x) — v(y))
+2 /‘/()SX(RN\QE) |x — y|N+‘752 dxdy.

Letting ¢ — 0T to the above inequality and employing the fact || — 0 as ¢ — 07, we can
deduce that

(uo,v 51P+/ |”0|p zuovdx—f—(uo, szq+/ x) || T 2ugvdx
_)\/RN( % |u0|%2 |u0|%2 - uovdx—/RNf( )uo vdx >0, VveX.

This inequality remains true for —v. Therefore, we conclude

(uo, v 51P+/ x)|uo|P " *ugvdx + (o, v szq+/ x) || T 2ugvdx 76
—/\/RN L # [1g] %2 () fuag | 952 (%)~ uovdx—/RNf Jug 'odx =0, VoveX.
Owing to (76), it is easy to know that
(=) uo + (=A)gug + V (x)(|uo|P~?ug + |uo|" o) > 0. (77)
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Suppose that there exists xg € RN such that u(xp) = 0, then from (77), we have that
(—=A)} ug(xg) + (—A)Fuo(xp) > 0. On the other hand, since ug > 0, up # 0, p > 1+ 57 and
g > 1+ sp, we obtain from Lemma 5 that

(=A)3 uo(x0) + (—A)Fuo(xo)

_ / |1o(x0 + ) — uo(x0) [P~ (uo(x0 + ) — u(x0)) ;
2 [y !

_/ |10 (x0 — y) — u(x0) P2 (tto(x0 — y) — uo(xo))dy
RN

|y|N+s1p
_/ g (x0 + ) — 1o (x0) |72 (uo (x0 + ) —”(xo))d
Y

RN |y|N+szq
_/ |ug(x0 — y) — u(x0) |7 (o (x0 — v) — (%))
Y

RN |y| N2

_ _/ 1o (xo + y) P~ 2ug(x0 +y) + uo(x0 — y) [P~ 2uo(xo *y)d
o RN ‘y|N+slp y

_ g (x0 + y) 920 (x0 + ) + |10 (x0 — y) |9 %o (x0 — y)d
RN |y|N+szq Y

<0,

which is a contradiction. Thus, uy > 0in RN and uy € N f is a solution of problem (4)

with Jy(ug) = infy+ J) when 0 < ||| a(N+4) < M,. The proof of Theorem 1
A NFa)-2(1-7)(N=5,0)
is completed. O

Remark 3. From [40], we know that the Critical exponent problem involving the p-Laplcian and
Choquard terms is an important question, but until now, it is unknown whether the optimal constant
Sy in (11) can be achieved, and if it can be achieved, the form of u is also unknown (see open problem
3 in [40]). Therefore, according to the existing methods [41,42], we are currently unable to obtain a
second solution in N, .
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