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Abstract

We prove the existence of a positive ground state solution for a fractional (p, q)-Laplacian
Choquard equation that features both a singularity and an upper critical exponent.
The proof relies on a combination of the Nehari manifold technique and Ekeland’s
variational principle.
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1. Introduction
In the past ten years, many scholars have focused on the following Choquard equation

−∆u + V(x)u = λ(Iα ∗ |u|p)|u|p−2u + h(x, u), x ∈ RN , (1)

where N ∈ N and α ∈ (0, N). If N = 3, V(x) = λ = 1, p = α = 2 and h ≡ 0, then (1)
becomes the famous Choquard–Pekar equation, which was proposed in 1954 by Pekar [1]
to describe the quantum theory of a polaron at rest, and later, it appeared in 1976 proposed
by Lieb [2] in the study of an electron trapped in its own hole. It was also proposed in
1996 by Penrose [3] as a model for the self-gravitational collapse of a quantum mechanical
wave function. For more details about the mathematical and physical background of
Choquard–Pekar equation, we refer to [4,5], and references therein.

Many scholars have studied the special cases of problem (1). When N ≥ 3,
V(x) = λ = 1 and h(x, u) ≡ 0, Moroz and Van Schaftingen [6] showed the existence
of ground state solutions of problem (1) with p ∈ (2α

∗, 2∗α), where 2α
∗ = N+α

N and 2∗α = N+α
N−2

are the lower and upper critical exponents of the Choquard equation, respectively. Ghi-
menti and Van Schaftingen [7] considered the existence of odd symmetric solutions and
least energy sign-changing solutions to (1) in subcritical cases p ∈ (2α

∗, 2∗α) and p ∈ (2, 2∗α)
respectively. When N ≥ 3, V(x) = 1 and p > 1, Seok [8] investigated problem (1) with
a critical local term and obtained the existence of radially symmetric nontrivial solution
and concentration results as α → 0. When N ≥ 3, p ∈ (2α

∗, 2∗α) and h(x, u) = |u|q−2u,
q ∈

(
2, 2N

N−2

)
, Li et al. [9] considered the existence and qualitative properties of solu-

tions for problem (1). If V(x) = 1 + µg(x) satisfies some conditions and µ < 0, Zhong and
Tang [10] studied the existence of ground state sign-changing solutions for problem (1) with
a critical pure power nonlinearity. Recently, Yu and Chen [11] investigated the following
Choquard equation with singularity
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{
−∆u + V(x)u = λ(Iα ∗ |u|p)|u|p−2u + f (x)u−γ, x ∈ R3,
u > 0, x ∈ R3,

(2)

where Iα is the Riesz potential of order α ∈ (0, 3), λ > 0, 1 + α
3 ≤ p < 3 + α and

0 < γ < 1. Under some mild assumptions on V and f , the existence and multiplicity of
positive solutions of problem (2) are obtained via variational method and the idea of Nehari
manifold technique. For other related results about the Choquard equation on RN , we refer
the readers to [12–15] and the references within it. As far as we know, until now, few results
are known to Choquard equations with singularity on unbounded domains.

In recent years, numerous research efforts have involved extending semilinear
Choquard equations to quasi-linear Choquard equations and fractional Choquard equa-
tions. In [16], by using the penalization method and Lyusternik–Schnirelmann theory, Alves
and Yang studied the multiplicity and concentration behaviour of positive solutions for a
quasi-linear Choquard equation. d’Avenia et al. in [17] investigated a class of fractional
Choquard equations, the regularity, existence, nonexistence, symmetry as well as decays
properties are obtained. Very recently, Ambrosio et al. [18] proved the existence of a least
energy solution for a fractional Choquard Kirchhoff type equation by applying suitable
variational methods.

Over the past two decades, significant theoretical achievements and application break-
throughs have been made in the study of positive ground state solutions for fractional
Laplacian equations; see [19–22] and the references therein. It is known that the (p, q)-
Laplace operators with unbalanced growth can be viewed as a special case of double phase
problems, which traces back to the work of Ball [23], where he studied nonlinear elastic
models and their qualitative properties. This kind of operator is widely used in chemistry,
physics, biology and many other fields. Ambrosio-Repovs̆ [24] studied the multiplicity
and concentration results for a class of (p, q)-Laplace operator problems. Xie et al. [25]
investigated the existence of solutions for the (p, q)-Laplacian equation with nonlocal
Choquard reaction by means of variational methods. Ambrosio and Isernia [26] studied the
existence of ground state solutions for a class of (p, q)-Choquard equations and analyzed
the regularity, symmetry, and decay properties of these solutions. Zhang and Deng [27]
considered a fractional elliptic system involving (p, q)-Laplacian and critical exponent, and
obtained a nontrivial solution with the help of the Nehari manifold and fibering maps.

Recently, Fan [28] investigated the existence results of the following fractional (p, q)-
Laplacian equations with subcritical or critical Hardy exponents:{

(−∆)s1
p u + (−∆)s2

q u = f (x)|u|m−2u + |u|r−2u
|x|α , x ∈ Ω,

u = 0, x ∈ RN \ Ω.
(3)

where Ω is a bounded domain in RN with smooth boundary, and 0 < s2 < s1 < 1,
1 < q < p < m < r ≤ p∗α = (N−α)p

N−ps1
, 0 ≤ α < ps1 < N. For other related results about

(p, q)-Laplacian equations, we refer the readers to [29–32] and the references therein.
As far as we know, no study has yet addressed the combination of fractional (p, q)-

Laplace operators, Choquard equations, the upper critical exponent, and singularities on
unbounded domains. Motivated by above-mentioned results, we consider the following
fractional (p, q)-Choquard equations with singularity and upper critical exponent

(−∆)s1
p u + (−∆)s2

q u + V(x)(|u|p−2u + |u|q−2u)
= λ(Iα ∗ |u|q

∗
s2
(α))|u|q

∗
s2
(α)−2u + f (x)u−γ, x ∈ RN ,

u > 0, x ∈ RN ,
(4)

https://doi.org/10.3390/fractalfract10040263

https://doi.org/10.3390/fractalfract10040263


Fractal Fract. 2026, 10, 263 3 of 28

where N ≥ 1, 0 < s1 ≤ s2 < 1, 1 < p < q < N
s2

, 0 < γ < 1, λ > 0, q∗s2
(α) = q(N+α)

2(N−qs2)
> 1,

and Iα is the Riesz potential with order α ∈ (0, N) . (−∆)s
p is the fractional p-Laplacian

operator defined for any u ∈ C∞
c (RN) by

(−∆)s
pu(x) = 2 P.V.

∫
RN

|u(x)− u(y)|p−2(u(x)− u(y))
|x − y|N+sp dy, x ∈ RN ,

= 2 lim
ε↘0

∫
RN\Bε(x)

|u(x)− u(y)|p−2(u(x)− u(y))
|x − y|N+sp dy, x ∈ RN ,

(5)

where P.V. denotes the Cauchy principal value, and Bε(x) := {y ∈ RN : |x − y| < ε}.
Throughout the paper, in order to state our main result, we assume V and f satisfy

the following assumptions:
(V1) V ∈ C(RN) satisfies infx∈RN V(x) = V0 > 0, where V0 is a constant;
(V2) meas{x ∈ RN : −∞ < V(x) ≤ b} < +∞ for all b ∈ R.

( f ) f ∈ L
q(N+α)

q(N+α)−2(1−γ)(N−s2q) (RN) is a nonnegative function.

For convenience, let

Φ(λ) := min

 2q∗s2
(α)−p

2q∗s2 (α)−1+γ

 p−1+γ

λ(2q∗s2 (α)−1+γ)C(N,α)S
2q∗s2

(α)

q∗s2


p−1+γ

2q∗s2
(α)−p

,

2q∗s2
(α)−q

2q∗s2 (α)−1+γ

 q−1+γ

λ(2q∗s2 (α)−1+γ)C(N,α)S
2q∗s2

(α)

q∗s2


q−1+γ

2q∗s2
(α)−q

,

Mλ := 2
−

q(2q∗s2
(α)−1+γ)

2q∗s2
(α)−q Sγ−1

q∗s2 (α)
Φ(λ), (6)

where Sν (ν = q∗s2
, q∗s2

(α)) and C(N, α) will be given in (9) and (10), respectively. And

λ∗ = S
N+α

N−qs2
H

(
α + qs2

q(N + α)K∗ + (2 − 22−q)(α + qs2)

) α+qs2
N−qs2

, (7)

where

K∗ =
p − 1 + γ

p

(
2q∗s2

(α)− 1 + γ

2(1 − γ)q∗s2
(α)

∥ f ∥ q(N+α)
q(N+α)−2(1−γ)(N−s2q)

S1−γ
q∗s2 (α)

) p
p−1+γ

×
(

2(1 − γ)qq∗s2
(α)

(2q∗s2
(α)− q)p22−p−q

) 1−γ
p−1+γ

,

(8)

and SH will be given in (11).
Thanks to variational method, Nehari manifold technique, and Ekeland variational

principle, we will prove the following theorem, which extends the main result of Yu and
Chen [11] (Theorem 1.1) in two aspects: the fractional (p, q)-Laplacian and the upper
critical exponent.

Theorem 1. Assume that 0 < λ < λ∗, 0 < γ < 1, 0 < α < N, 0 < s1 ≤ s2 < 1,
p > 1 + s1, q > 1 + s2, max

{
p, 2N

N+α+2s2

}
< q < N

s2
and (V1), (V2), ( f ) hold. Moreover,

assume that 0 < ∥ f ∥ q(N+α)
q(N+α)−2(1−γ)(N−s2q)

< Mλ; then problem (4) admits at least one positive

ground state solution.
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This article is organized as follows. In Section 2, we give some notations and prelimi-
naries. Section 3 is devoted to proving the main result of this paper, Theorem 1.

2. Preliminaries
In this section, we briefly recall the relevant definitions and provide some useful

technical lemmas.
For any s ∈ (0, 1), 1 < p < ∞, we define the Gagliardo seminorm as follows

[u]s,p =

(∫∫
RN×RN

|u(x)− u(y)|p
|x − y|N+ps dxdy

)1/p
.

The fractional Sobolev space is defined by

Ws,p(RN) = {u ∈ Lp(RN) : [u]s,p < +∞}

endowed with the norm

∥u∥Ws,p(RN) :=
(
[u]ps,p +

∫
RN

|u|pdx
) 1

p
.

We now introduce the following working Sobolev space

X :=
{

u ∈ Ws1,p(RN) ∩ Ws2,q(RN) :
∫
RN

V(x)(|u|p + |u|q)dµ < +∞
}

equipped with the norm ∥u∥ = ∥u∥s1,p,V + ∥u∥s2,q,V , where

∥u∥s1,p,V =

(
[u]ps1,p +

∫
RN

V(x)|u|pdx
) 1

p
, ∥u∥s2,q,V =

(
[u]qs2,q +

∫
RN

V(x)|u|qdx
) 1

q
.

By Theorem 6.5 in [33] and Lemma 3.4 in [34], and from the assumptions (V1) and (V2), we
have the following embedding property.

Lemma 1 ([33,34]). The space X continuously embedded into Ws1,p(RN)∩Ws2,q(RN). Therefore
X continuously embedded in Lν(RN) for any ν ∈ [p, q∗s2

] and compactly embedded in Lν(RN) for
ν ∈ [p, q∗s2

). Moreover, there exists constant Sν > 0 such that

∥u∥Lν(RN) ≤ Sν∥u∥, for all ν ∈ [p, q∗s2
], (9)

where q∗s2
= Nq

N−qs2
.

To solve problem (4), we need the following Hardy–Littlewood–Sobolev inequality.

Lemma 2 ([35]). Suppose that 0 < α < N, 1 < r, ι < +∞ and 1/r + 1/ι + (N − α)/N = 2. If
f ∈ Lr(RN), g ∈ Lι(RN), then there exists a positive constant C = C(N, α, r, ι) such that

∫∫
RN×RN

f (x)g(y)
|x − y|N−α

dxdy ≤ C∥ f ∥r∥g∥ι.

Here, ∥ · ∥p denotes the Lp(RN)-norm. If r = ι = 2N
N+α , then

C = C(N, α) = π
N−α

2
Γ
(

α
2
)

Γ
(

N+α
2

){ Γ
(

α
2
)

Γ(N)

}− α
N

. (10)
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Remark 1. Let f (x) = g(x) = |u(x)|τ for τ > 0. By Hardy–Littlewood–Sobolev inequality,∫
RN (Iα ∗ |u|τ)|u|τdx is well defined if u ∈ Lrτ(RN) for r > 1 with 2

r +
N−α

N = 2. Thus, by
Lemma 1, if u ∈ X, then it is provided that rτ ∈ [p, q∗s2

]. Hence, τ has to satisfy

p♯s1(α) =
p(N + α)

2N
≤ τ ≤ q(N + α)

2(N − s2q)
= q∗s2

(α).

Here, p♯s1(α) is said to be the lower critical exponent and q∗s2
(α) is called the upper critical exponent.

We define
SH := inf

u∈X\{0}

[u]qs2,q(∫
RN (Iα∗|u|

q∗s2
(α)

)|u|q
∗
s2

(α)dx
) q

2q∗s2
(α)

. (11)

From Hardy–Littlewood–Sobolev inequality, Hölder’s inequality and Lemma 1,
we obtain∫

RN
(Iα ∗ |u|q

∗
s2
(α))|u|q

∗
s2
(α)dx ≤ C(N, α)∥u∥

2q∗s2
(α)

q∗s2
≤ C(N, α)S

2q∗s2
(α)

q∗s2
∥u∥2q∗s2

(α). (12)

∫
RN

f (x)|u|1−γdx ≤
(∫

RN
| f (x)|

q∗s2
(α)

q∗s2
(α)−1+γ dx

) q∗s2
(α)−1+γ

q∗s2
(α) (∫

RN
|u|q

∗
s2
(α)dx

) 1−γ
q∗s2

(α)

= ∥ f ∥ q∗s2
(α)

q∗s2
(α)−1+γ

∥u∥1−γ
q∗s2

(α)
≤ ∥ f ∥ q(N+α)

q(N+α)−2(1−γ)(N−s2q)
S1−γ

q∗s2
(α)

∥u∥1−γ.
(13)

Furthermore, for any u, v ∈ X, owing to (13), one obtains∣∣∣∣∫RN
f (x)|u|1−γdx −

∫
RN

f (x)|v|1−γdx
∣∣∣∣

≤ ∥ f ∥ q∗s2
(α)

q∗s2
(α)−1+γ

∥u − v∥1−γ
q∗s2 (α)

≤ ∥ f ∥ q(N+α)
q(N+α)−2(1−γ)(N−s2q)

S1−γ
q∗s2 (α)

∥u − v∥1−γ.
(14)

The following lemma regarding the properties of the convolution term Iα ∗ |un|q
∗
s2
(α).

Lemma 3 ([36]). Suppose that un ⇀ u in X. Then for any v ∈ X, we have∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)−2unvdx →

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)−2uvdx.

as n → ∞.

Similar to the proof of Lemma 2.2 in [37], we have the following result.

Lemma 4. If {un} is a bounded sequence in Lq∗s2 (RN) such that un → u almost everywhere in
RN as n → ∞, then the following holds:∫

RN
(Iα ∗ |un|q

∗
s2
(α))|un|q

∗
s2
(α)dx −

∫
RN

(Iα ∗ |un − u|q
∗
s2
(α))|un − u|q

∗
s2
(α)dx

→
∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx

as n → ∞.

To prove the main result of this paper, we need to rewrite the singular integral in (5)
into the form of (15) in the following lemma. The proof is similar to that of Lemma 3.2
in [38]. For the convenience of the readers, we provide the proof here.
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Lemma 5. Let s ∈ (0, 1), p > 1 + s and let (−∆)s
p be the fractional p-Laplacian operator defined

by (5). Then, for any u ∈ C∞
c (RN), x ∈ RN ,

(−∆)s
pu(x) = −

∫
RN

|u(x + y)− u(x)|p−2(u(x + y)− u(x))
|y|N+sp dy

−
∫
RN

|u(x − y)− u(x)|p−2(u(x − y)− u(x))
|y|N+sp dy.

(15)

Proof. By choosing z = y − x in (5), one has

(−∆)s
pu(x) = −2 P.V.

∫
RN

|u(y)− u(x)|p−2(u(y)− u(x))
|x − y|N+sp dy

= −2 P.V.
∫
RN

|u(x + z)− u(x)|p−2(u(x + z)− u(x))
|z|N+sp dz.

(16)

Furthermore, by substituting z̄ = −z in last term of (16), we obtain

P.V.
∫
RN

|u(x + z)− u(x)|p−2(u(x + z)− u(x))
|z|N+sp dz

= P.V.
∫
RN

|u(x − z̄)− u(x)|p−2(u(x − z̄)− u(x))
|z̄|N+sp dz̄

and so after rename z̄ as z

2 P.V.
∫
RN

|u(x + z)− u(x)|p−2(u(x + z)− u(x))
|z|N+sp dz

= P.V.
∫
RN

|u(x + z)− u(x)|p−2(u(x + z)− u(x))
|z|N+sp dz

+P.V.
∫
RN

|u(x − z)− u(x)|p−2(u(x − z)− u(x))
|z|N+sp dz.

(17)

Hence, if we relabeling z as y in (16) and (17), we can write the fractional p-Laplacian
operator in (5) as

(−∆)s
pu(x) = − P.V.

∫
RN

|u(x + y)− u(x)|p−2(u(x + y)− u(x))
|y|N+sp dy

− P.V.
∫
RN

|u(x − y)− u(x)|p−2(u(x − y)− u(x))
|y|N+sp dy.

The singularity of the integral at the origin in the above representation can be removed.
Indeed, for any u ∈ C∞

c (RN), we use the second-order Taylor expansion to obtain the
following inequality

|u(x + y)− u(x)|p−2(u(x + y)− u(x)) + |u(x − y)− u(x)|p−2(u(x − y)− u(x))
|y|N+sp

≤

(
∥Du∥L∞ + 1

2∥D2u∥L∞ |y|
)p−2

∥D2u∥L∞

|y|N+2s−p ,

which is integrable near 0 (since p > 1 + s). Thus, we can get rid of the P.V. and
write (15).

The energy functional corresponding to problem (4) is defined for any u ∈ X by

Jλ(u) = =
1
p
∥u∥p

s1,p,V +
1
q
∥u∥q

s2,q,V − λ

2q∗s2 (α)

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx

− 1
1 − γ

∫
RN

f (x)|u|1−γdx.
(18)
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Obviously, the functional Jλ is well defined and is of class C1(X,R). We see that u ∈ X is a
weak solution of problem (4) if u > 0 in RN and for any v ∈ X,

⟨J′λ(u), v⟩ = ⟨u, v⟩s1,p +
∫
RN

V(x)|u|p−2uvdx + ⟨u, v⟩s2,q +
∫
RN

V(x)|u|q−2uvdx

−λ
∫
RN

(Iα ∗ |u|q
∗
s2
(α)|u|q

∗
s2
(α)−2uvdx −

∫
RN

f (x)u−γvdx

= 0,

(19)

where

⟨u, v⟩s1,p =
∫∫

RN×RN

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))
|x − y|N+ps1

dxdy,

and

⟨u, v⟩s2,q =
∫∫

RN×RN

|u(x)− u(y)|q−2(u(x)− u(y))(v(x)− v(y))
|x − y|N+qs2

dxdy.

The Nehari manifold Nλ is closed linked to the behavior of functions of the form
Hλ : t → Jλ(tu) for t > 0 that named fibering maps [39]. If u ∈ X, we have

Hλ(t) = tp

p ∥u∥p
s1,p,V + tq

q ∥u∥q
s2,q,V − λt2q∗s2

(α)

2q∗s2 (α)

∫
RN (Iα ∗ |u|q

∗
s2
(α))|u|q

∗
s2
(α)dx

− t1−γ

1−γ

∫
RN f (x)|u|1−γdx,

H′
λ(t) = tp−1∥u∥p

s1,p,V + tq−1∥u∥q
s2,q,V

−λt2q∗s2
(α)−1

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx − t−γ

∫
RN

f (x)|u|1−γdx,

and
H′′

λ(t) = (p − 1)tp−2∥u∥p
s1,p,V + (q − 1)tq−2∥u∥q

s2,q,V

−λ(2q∗s2
(α)− 1)t2q∗s2

(α)−2
∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx

+γt−γ−1
∫
RN

f (x)|u|1−γdx.

Obviously,

tH′
λ(t) = tp∥u∥p

s1,p,V + tq∥u∥q
s2,q,V

−λt2q∗s2
(α)
∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx − t1−γ

∫
RN

f (x)|u|1−γdx

= ⟨J ′
λ(tu), tu⟩,

which implies that for u ∈ X \ {0} and t > 0, H′
λ(t) = 0 if and only if tu ∈ Nλ. In particular,

H′
λ(1) = 0 if and only if u ∈ Nλ, where

Nλ =
{

u ∈ X : ∥u∥p
s1,p,V + ∥u∥q

s2,q,V − λ
∫
RN (Iα ∗ |u|q

∗
s2
(α))|u|q

∗
s2
(α)dx

−
∫
RN f (x)|u|1−γdx = 0

}
.

(20)

Moreover, we may split Nλ as follows

N+
λ = {u ∈ Nλ : H′′

λ(1) > 0}

=

{
u ∈ Nλ : p∥u∥p

s1,p,V + q∥u∥q
s2,q,V − (1 − γ)

∫
RN

f (x)|u|1−γdx

−2λq∗s2
(α)

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx > 0

}
,
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N 0
λ = {u ∈ Nλ : H′′

λ(1) = 0}

=

{
u ∈ Nλ : p∥u∥p

s1,p,V + q∥u∥q
s2,q,V − (1 − γ)

∫
RN

f (x)|u|1−γdx

−2λq∗s2
(α)

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx = 0

}
,

N−
λ = {u ∈ Nλ : H′′

λ(1) < 0}

=

{
u ∈ Nλ : p∥u∥p

s1,p,V + q∥u∥q
s2,q,V − (1 − γ)

∫
RN

f (x)|u|1−γdx

−2λq∗s2
(α)

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx < 0

}
,

for any λ > 0.
Obviously, for each u ∈ Nλ, we can obtain

p∥u∥p
s1,p,V + q∥u∥q

s2,q,V − (1 − γ)
∫
RN

f (x)|u|1−γdx

−2λq∗s2
(α)

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx

= (p − 2q∗s2
(α))∥u∥p

s1,p,V + (q − 2q∗s2
(α))∥u∥q

s2,q,V

+(2q∗s2
(α)− 1 + γ)

∫
RN

f (x)|u|1−γdx

= (p − 1 + γ)∥u∥p
s1,p,V + (q − 1 + γ)∥u∥q

s2,q,V

−λ(2q∗s2
(α)− 1 + γ)

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx.

(21)

3. Main Results
In this section, we prove the existence and multiplicity of positive solutions for

problem (4).

Lemma 6. Assume that 0 < ∥ f ∥ q(N+α)
q(N+α)−2(1−γ)(N−s2q)

< Mλ, where Mλ is defined in Theorem 1;

then N±
λ ̸= ∅ and N 0

λ = {0}.

Proof. For each u ∈ X \ {0} with ∥u∥ ≤ 1 and t ≥ 0, we have

t dJλ(tu)
dt = tp∥u∥p

s1,p,V + tq∥u∥q
s2,q,V − t1−γ

∫
RN

f (x)|u|1−γdx

−λt2q∗s2
(α)
∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx

= t1−γ

[
tp−1+γ∥u∥p

s1,p,V + tq−1+γ∥u∥q
s2,q,V −

∫
RN

f (x)|u|1−γdx

−λt2q∗s2
(α)−1+γ

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx

]
≡ t1−γ

[
h(t)−

∫
RN f (x)|u|1−γdx

]
,

(22)

where

h(t) = tp−1+γ∥u∥p
s1,p,V + tq−1+γ∥u∥q

s2,q,V − λt2q∗s2
(α)−1+γ

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx.

Thanks to 2q∗s2
(α) = q(N+α)

N−s2q > q > p, one has h(0) = 0 and lim
t→+∞

h(t) = −∞. Since

h′(t) = (p − 1 + γ)tp−2+γ∥u∥p
s1,p,V + (q − 1 + γ)tq−2+γ∥u∥q

s2,q,V

−λ(2q∗s2
(α)− 1 + γ)t2q∗s2

(α)−2+γ
∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx

= tp−2+γ
[

A + Btq−p − Cλt2q∗s2
(α)−p

]
,
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where
A = (p − 1 + γ)∥u∥p

s1,p,V , B = (q − 1 + γ)∥u∥q
s2,q,V ,

and
Cλ = λ(2q∗s2

(α)− 1 + γ)
∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx.

In the following, we will prove that there exist two distinct positive numbers t+λ , t−λ
such that h′(t+λ ) > 0 > h′(t−λ ). Now, let g(t) = A + Btq−p − Cλt2q∗s2

(α)−p, then

g′(t) = (q − p)Btq−p−1 − (2q∗s2
(α)− p)Cλt2q∗s2

(α)−p−1,

which implies that g′(t) > 0, for 0 < t < t∗, and g′(t) < 0, for t > t∗, where

t∗ =

(
(q − p)B

(2q∗s2
(α)− p)Cλ

) 1
2q∗s2

(α)−q

.

Since g(0) = A > 0, maxt∈[0,+∞) g(t) = g(t∗) > 0, and lim
t→+∞

g(t) = −∞, we deduce that

there exists t∗ > t∗ such that g(t∗) = 0, g(t) > 0 for 0 < t < t∗, and g(t) < 0 for t > t∗. That
is, h′(t∗) = 0, h′(t) > 0 for 0 < t < t∗, and h′(t) < 0 for t > t∗. Thus, max

0≤t<+∞
h(t) = h(t∗).

We set

h1(t) = tp−1+γ∥u∥p
s1,p,V − λt2q∗s2

(α)−1+γ
∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx,

and

h2(t) = tq−1+γ∥u∥q
s2,q,V − λt2q∗s2

(α)−1+γ
∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx.

Obviously, h1(0) = h2(0) = 0, lim
t→+∞

h1(t) = −∞, lim
t→+∞

h2(t) = −∞, h1(t) achieves its

maximum at

t1 =

(
(p − 1 + γ)∥u∥p

s1,p,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |u|q

∗
s2 (α))|u|q

∗
s2 (α)dx

) 1
2q∗s2

(α)−p

with

max
t∈[0,+∞)

h1(t) = h1(t1)

=
2q∗s2

(α)− p
2q∗s2

(α)− 1 + γ
∥u∥p

s1,p,V

[
(p − 1 + γ)∥u∥p

s1,p,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |u|q

∗
s2 (α))|u|q

∗
s2 (α)dx

] p−1+γ
2q∗s2

(α)−p

.
(23)

And h2(t) achieves its maximum at

t2 =

(
(q − 1 + γ)∥u∥q

s2,q,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |u|q

∗
s2 (α))|u|q

∗
s2 (α)dx

) 1
2q∗s2

(α)−q

with

max
t∈[0,+∞)

h2(t) = h2(t2)

=
2q∗s2

(α)− q
2q∗s2

(α)− 1 + γ
∥u∥q

s2,q,V

[
(q − 1 + γ)∥u∥q

s2,q,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |u|q

∗
s2 (α))|u|q

∗
s2 (α)dx

] q−1+γ
2q∗s2

(α)−q

.
(24)
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From (12), (13), (23), (24),
q(2q∗s2

(α)−1+γ)

2q∗s2 (α)−q >
p(2q∗s2

(α)−1+γ)

2q∗s2 (α)−p , and the following elementary

inequality

as + bs ≥ 21−s(a + b)s, a, b ≥ 0, s > 1, (25)

we obtain

h(t∗)−
∫
RN

f (x)|u|1−γdx

≥ 1
2

(
max

t∈[0,+∞)
h1(t) + max

t∈[0,+∞)
h2(t)

)
−
∫
RN

f (x)|u|1−γdx

=
1
2

(
2q∗s2

(α)− p
2q∗s2

(α)− 1 + γ
∥u∥p

s1,p,V

×
[

(p − 1 + γ)∥u∥p
s1,p,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |u|q

∗
s2 (α))|u|q

∗
s2 (α)dx

] p−1+γ
2q∗s2

(α)−p

+
2q∗s2

(α)− q
2q∗s2

(α)− 1 + γ
∥u∥q

s2,q,V

×
[

(q − 1 + γ)∥u∥q
s2,q,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |u|q

∗
s2 (α))|u|q

∗
s2 (α)dx

] q−1+γ
2q∗s2

(α)−q


−
∫
RN

f (x)|u|1−γdx

≥ 1
2

(
2q∗s2

(α)− p
2q∗s2

(α)− 1 + γ
∥u∥p

s1,p,V

×

 (p − 1 + γ)∥u∥p
s1,p,V

λ(2q∗s2
(α)− 1 + γ)C(N, α)S

2q∗s2 (α)

q∗s2
∥u∥2q∗s2 (α)


p−1+γ

2q∗s2
(α)−p

+
2q∗s2

(α)− q
2q∗s2

(α)− 1 + γ
∥u∥q

s2,q,V

×

 (q − 1 + γ)∥u∥q
s2,q,V

λ(2q∗s2
(α)− 1 + γ)C(N, α)S

2q∗s2 (α)

q∗s2
∥u∥2q∗s2 (α)


q−1+γ

2q∗s2
(α)−q

−
∫
RN

f (x)|u|1−γdx

=
1
2

 2q∗s2
(α)− p

2q∗s2
(α)− 1 + γ

 p − 1 + γ

λ(2q∗s2
(α)− 1 + γ)C(N, α)S

2q∗s2 (α)

q∗s2


p−1+γ

2q∗s2
(α)−p

×
(∥u∥s1,p,V

∥u∥

) p(2q∗s2
(α)−1+γ)

2q∗s2
(α)−p

∥u∥1−γ

+
2q∗s2

(α)− q
2q∗s2

(α)− 1 + γ

 q − 1 + γ

λ(2q∗s2
(α)− 1 + γ)C(N, α)S

2q∗s2 (α)

q∗s2


q−1+γ

2q∗s2
(α)−q

×
(∥u∥s2,q,V

∥u∥

) q(2q∗s2
(α)−1+γ)

2q∗s2
(α)−q

∥u∥1−γ

−
∫
RN

f (x)|u|1−γdx
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≥ 1
2

Φ(λ)

(∥u∥s1,p,V

∥u∥

) q(2q∗s2
(α)−1+γ)

2q∗s2
(α)−q

+

(∥u∥s2,q,V

∥u∥

) q(2q∗s2
(α)−1+γ)

2q∗s2
(α)−q

∥u∥1−γ

−
∫
RN

f (x)|u|1−γdx

≥ 1
2

Φ(λ)2
−

2q∗s2
(α)(q−1)+qγ

2q∗s2
(α)−q

(∥u∥s1,p,V

∥u∥ +
∥u∥s2,q,V

∥u∥

) q(2q∗s2
(α)−1+γ)

2q∗s2
(α)−q

∥u∥1−γ

−∥ f ∥ q∗s2
(α)

q∗s2
(α)−1+γ

S1−γ
q∗s2 (α)

∥u∥1−γ

=

Φ(λ)2
−

q(2q∗s2
(α)−1+γ)

2q∗s2
(α)−q − ∥ f ∥ q(N+α)

q(N+α)−2(1−γ)(N−s2q)
S1−γ

q∗s2 (α)

∥u∥1−γ

> 0,

(26)

since 0 < ∥ f ∥ q(N+α)
q(N+α)−2(1−γ)(N−s2q)

< Mλ. Consequently, there exist two points 0 < t+λ < t∗ <

t−λ such that

h(t+λ ) = h(t−λ ) =
∫
RN

f (x)|u|1−γdx

and

h′(t+λ ) > 0 > h′(t−λ ),

which implies that t+λ u ∈ N+
λ and t−λ u ∈ N−

λ . Thus, N±
λ ̸= ∅.

On the other hand, we will prove that N0
λ = {0}. In fact, if there exists u0 ∈ N0

λ and
u0 ̸= 0. Then by (21) and (26), we have

0 <
1
2

(
2q∗s2

(α)− p
2q∗s2

(α)− 1 + γ
∥u0∥

p
s1,p,V

×
[

(p − 1 + γ)∥u0∥
p
s1,p,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |u0|q

∗
s2 (α))|u0|q

∗
s2 (α)dx

] p−1+γ
2q∗s2

(α)−p

+
2q∗s2

(α)− q
2q∗s2

(α)− 1 + γ
∥u0∥

q
s2,q,V

×
[

(q − 1 + γ)∥u0∥
q
s2,q,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |u0|q

∗
s2 (α))|u0|q

∗
s2 (α)dx

] q−1+γ
2q∗s2

(α)−q


−
∫
RN

f (x)|u0|1−γdx

<
1
2

(
2q∗s2

(α)− p
2q∗s2

(α)− 1 + γ
∥u0∥

p
s1,p,V +

2q∗s2
(α)− q

2q∗s2
(α)− 1 + γ

∥u0∥
q
s2,q,V

)
−
∫
RN

f (x)|u0|1−γdx

=
1

2(2q∗s2
(α)− 1 + γ)

[
(2q∗s2

(α)− p)∥u0∥
p
s1,p,V + (2q∗s2

(α)− q)∥u0∥
q
s2,q,V

−(2q∗s2
(α)− 1 + γ)

∫
RN

f (x)|u0|1−γdx
]

= 0

which is a contradiction. Thus, we conclude that N0
λ = {0}. The proof is completed.

Lemma 7. Assume that 0 < ∥ f ∥ q(N+α)
q(N+α)−2(1−γ)(N−s2q)

< Mλ; then N−
λ is a closed set in X.
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Proof. From Lemma 6, we have N−
λ ̸= ∅. Suppose {un} ⊂ N−

λ be a sequence satisfying
un → u∗ in X. That is,

∥un − u∗∥ = ∥un − u∗∥s1,p,V + ∥un − uλ∥s2,q,V = on(1),

which implies that

∥un − u∗∥p
s1,p,V = on(1), ∥un − uλ∥

q
s2,q,V = on(1). (27)

Applying the Brezis–Lieb lemma [13], we can easily get

[un − u∗]
p
s1,p = [un]

p
s1,p − [u∗]

p
s1,p + on(1), [un − u∗]

q
s2,q = [un]

q
s2,q − [u∗]

q
s2,q + on(1). (28)∫

RN
V(x)|un − u∗|pdx =

∫
RN

V(x)|un|pdx −
∫
RN

V(x)|u∗|pdx + on(1), (29)

and ∫
RN

V(x)|un − u∗|qdx =
∫
RN

V(x)|un|qdx −
∫
RN

V(x)|u∗|qdx + on(1). (30)

From (28)–(30), we deduce that

∥un − u∗∥p
s1,p,V = ∥un∥p

s1,p,V − ∥u∗∥p
s1,p,V + on(1), (31)

and
∥un − u∗∥q

s2,q,V = ∥un∥q
s2,q,V − ∥u∗∥q

s2,q,V + on(1). (32)

Thanks to Lemma 4, (12), (14), (20), (27), (31) and (32), we have

∥u∗∥p
s1,p,V + ∥u∗∥q

s2,q,V = lim
n→∞

(∥un∥p
s1,p,V + ∥un∥q

s2,q,V)

= lim
n→∞

[
λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)dx +

∫
RN

f (x)|un|1−γdx
]

= λ
∫
RN

(Iα ∗ |u∗|q
∗
s2
(α))|u∗|q

∗
s2
(α)dx +

∫
RN

f (x)|u∗|1−γdx

and
(p − 2q∗s2

(α))∥u∗∥p
s1,p,V + (q − 2q∗s2

(α))∥u∗∥q
s2,q,V

+(2q∗s2
(α)− 1 + γ)

∫
Ω

f (x)|u∗|1−γdx

= lim
n→∞

[
(p − 2q∗s2

(α))∥un∥p
s1,p,V + (q − 2q∗s2

(α))∥un∥q
s2,q,V

+(2q∗s2
(α)− 1 + γ)

∫
Ω

f (x)|un|1−γdx
]
≤ 0,

which means that u∗ ∈ N−
λ ∪N 0

λ .
Since un ∈ N−

λ , it follows from (21) that

(p − 1 + γ)∥un∥p
s1,p,V + (q − 1 + γ)∥un∥q

s2,q,V

< λ(2q∗s2
(α)− 1 + γ)

∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)dx

≤ λ(2q∗s2
(α)− 1 + γ)C(N, α)S

2q∗s2
(α)

q∗s2
∥un∥2q∗s2

(α).

Passing to the limit as n → ∞, we yield that

(p − 1 + γ)∥u∗∥p
s1,p,V + (q − 1 + γ)∥u∗∥q

s2,q,V

≤ λ(2q∗s2
(α)− 1 + γ)C(N, α)S

2q∗s2
(α)

q∗s2
∥u∗∥2q∗s2

(α).
(33)
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On the other hand, if ∥u∗∥ ≤ 1, then by (25), we deduce that

(p − 1 + γ)∥u∗∥p
s1,p,V + (q − 1 + γ)∥u∗∥q

s2,q,V

> (p − 1 + γ)∥u∗∥q
s1,p,V + (p − 1 + γ)∥u∗∥q

s2,q,V

≥ (p − 1 + γ)21−q(∥u∗∥s1,p,V + ∥u∗∥s2,q,V)
q

= (p − 1 + γ)21−q∥u∗∥q.

(34)

Combining (33) and (34) yields

∥u∗∥ >

 (p + γ − 1)21−q

λ(2q∗s2
(α) + γ − 1)C(N, α)S

2q∗s2 (α)

q∗s2


1

2q∗s2
(α)−q

> 0.

This and Lemma 6 lead to u∗ /∈ N 0
λ . Thus, u∗ ∈ N−

λ and so N−
λ is a closed set in X. The

proof is complete.

Lemma 8. For any u ∈ N±
λ , then there exists ε > 0 and a continuous function K = K(ω) > 0,

∀ω ∈ X with ∥ω∥ < ε satisfying that K(0) = 1, K(ω)(u + ω) ∈ N±
λ .

Proof. For any u ∈ N+
λ (we can similarly consider case u ∈ N−

λ ), we define G : X ×R → R
as follows

G(ω, t) = tp∥u + ω∥p
s1,p,V + tq∥u + ω∥q

s2,q,V

−λt2q∗s2
(α)
∫
RN

(Iα ∗ |u + ω|q
∗
s2
(α))|u + ω|q

∗
s2
(α)dx − t1−γ

∫
RN

f (x)|u + ω|1−γdx.

Owing to u ∈ N+
λ ⊂ Nλ, we get G(0, 1) = 0 and

Gt(0, 1) = p∥u∥p
s1,p,V + q∥u∥q

s2,q,V

−2λq∗s2
(α)

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx − (1 − γ)

∫
RN

f (x)|u|1−γdx > 0.

By means of implicit function theorem for G at the point (0, 1), we obtain that there
exists ε0 > 0 such that for ω ∈ X, ∥ω∥ < ε0, the equation G(ω, t) = 0 has a unique
continuous solution t = K(ω) > 0 satisfying that K(0) = 1 and G(ω, K(ω)) = 0, i.e,
K(ω)(u + ω) ∈ Nλ. Furthermore, since Gt(0, 1) > 0 and

Gt(ω, K(ω)) = pKp−1(ω)∥u + ω∥p
s1,p,V + qKq−1(ω)∥u + ω∥q

s2,q,V

−2λq∗s2
(α)K2q∗s2

(α)−1(ω)
∫
RN

(Iα ∗ |u + ω|q
∗
s2
(α))|u + ω|q

∗
s2
(α)dx

−(1 − γ)K−γ(ω)
∫
RN

f (x)|u + ω|1−γdx

= K−1(ω)
[

pKp(ω)∥u + ω∥p
s1,p,V + qKq(ω)∥u + ω∥q

s2,q,V

−2λq∗s2
(α)K2q∗s2

(α)(ω)
∫
RN

(Iα ∗ |u + ω|q
∗
s2
(α))|u + ω|q

∗
s2
(α)dx

−(1 − γ)K1−γ(ω)
∫
RN

f (x)|u + ω|1−γdx
]

,

we can choose 0 < ε < ε0 potentially small such that for ω ∈ X with ∥ω∥ < ε,

pKp(ω)∥u + ω∥p
s1,p,V + qKq(ω)∥u + ω∥q

s2,q,V

−2λq∗s2
(α)K2q∗s2

(α)(ω)
∫
RN

(Iα ∗ |u + ω|q
∗
s2
(α))|u + ω|q

∗
s2
(α)dx

−(1 − γ)K1−γ(ω)
∫
RN

f (x)|u + ω|1−γdx > 0,
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that is
K(ω)(u + ω) ∈ N+

λ , for each ω ∈ X, ∥ω∥ < ε.

The proof is complete.

Lemma 9. The functional Jλ is coercive and bounded below on Nλ. Moreover, if
0 < ∥ f ∥ q(N+α)

q(N+α)−2(1−γ)(N−s2q)
< Mλ, then the minimal value mλ = inf

u∈N+
λ ∪N 0

λ

Jλ(u) < 0.

Proof. For each u ∈ Nλ, from (13), (18) and (20), we obtain

Jλ(u) =
1
p
∥u∥p

s1,p,V +
1
q
∥u∥q

s2,q,V − λ

2q∗s2
(α)

∫
RN

(Iα ∗ |u|q
∗
s2
(α))|u|q

∗
s2
(α)dx

− 1
1 − γ

∫
RN

f (x)|u|1−γdx

=

(
1
p
− 1

2q∗s2
(α)

)
∥u∥p

s1,p,V +

(
1
q
− 1

2q∗s2
(α)

)
∥u∥q

s2,q,V

−
(

1
1 − γ

− 1
2q∗s2

(α)

) ∫
RN

f (x)|u|1−γdx

≥
(

1
p
− 1

2q∗s2
(α)

)
∥u∥p

s1,p,V +

(
1
q
− 1

2q∗s2
(α)

)
∥u∥q

s2,q,V

−
(

1
1 − γ

− 1
2q∗s2

(α)

)
∥ f ∥ q(N+α)

q(N+α)−2(1−γ)(N−s2q)
S1−γ

q∗s2 (α)
∥u∥1−γ.

On account of 0 < γ < 1 < p < q < 2q∗s2
(α), Jλ is coercive and bounded from below on

Nλ. Since 0 < ∥ f ∥ q(N+α)
q(N+α)−2(1−γ)(N−s2q)

< Mλ, we have N±
λ ̸= ∅ by Lemma 6, also N−

λ and

N+
λ ∪N 0

λ are two closed sets in X from Lemma 7. Hence infN−
λ

Jλ and infN+
λ ∪J 0

λ
Jλ are well

defined. For each u ∈ N+
λ ⊂ Nλ, we can deduce from (21) that

Jλ(u) =
2q∗s2

(α)− p
2pq∗s2

(α)
∥u∥p

s1,p,V +
2q∗s2

(α)− q
2qq∗s2

(α)
∥u∥q

s2,q,V

−
2q∗s2

(α)− 1 + γ

2(1 − γ)q∗s2
(α)

∫
RN

f (x)|u|1−γdx

<
2q∗s2

(α)− p
2pq∗s2

(α)
∥u∥p

s1,p,V +
2q∗s2

(α)− q
2qq∗s2

(α)
∥u∥q

s2,q,V

−
2q∗s2

(α)− p
2(1 − γ)q∗s2

(α)
∥u∥p

s1,p,V −
2q∗s2

(α)− q
2(1 − γ)q∗s2

(α)
∥u∥q

s2,q,V

= −
(2q∗s2

(α)− p)(p − 1 + γ)

2(1 − γ)pq∗s2
(α)

∥u∥p
s1,p,V −

(2q∗s2
(α)− q)(q − 1 + γ)

2(1 − γ)qq∗s2
(α)

∥u∥q
s2,q,V

< 0

which implies that infN+
λ

Jλ < 0. Moreover, if 0 < ∥ f ∥ q(N+α)
q(N+α)−2(1−γ)(N−s2q)

< Mλ, then

N 0
λ = {0} from Lemma 6. Thus, infN+

λ ∪N 0
λ

Jλ = infN+
λ

Jλ < 0. The proof is complete.

Throughout Lemmas 10–12, {un} denotes the sequence from the proof of Theorem 1.

Lemma 10. There exists a constant C2 > 0 such that the following alternative holds true:

(i) if {un} ⊂ N+
λ , for any n ∈ N, one has

(p − 2q∗s2
(α))∥un∥p

s1,p,V + (q − 2q∗s2
(α))∥un∥q

s2,q,V

+(2q∗s2
(α))− 1 + γ)

∫
RN

f (x)|un|1−γdx ≥ C2;
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(ii) if {un} ⊂ N−
λ , for any n ∈ N, one has

(p − 2q∗s2
(α))∥un∥p

s1,p,V + (q − 2q∗s2
(α))∥un∥q

s2,q,V

+(2q∗s2
(α))− 1 + γ)

∫
RN

f (x)|un|1−γdx ≤ −C2.

Proof. We here only prove the case (i). Since un ∈ N+
λ , from (14) and (21), it is sufficient

to prove

(2q∗s2
(α))− 1 + γ)

∫
RN

f (x)|u0|1−γdx

> lim inf
n→∞

[(2q∗s2
(α)− p)∥un∥p

s1,p,V + (2q∗s2
(α)− q)∥un∥q

s2,q,V ].
(35)

To argue by contradiction, let us assume that

(2q∗s2
(α))− 1 + γ)

∫
RN

f (x)|u0|1−γdx

= lim inf
n→∞

[(2q∗s2
(α)− p)∥un∥p

s1,p,V + (2q∗s2
(α)− q)∥un∥q

s2,q,V ].
(36)

On the other hand, it can be concluded from un ∈ N+
λ and (21) that

(2q∗s2
(α))− 1 + γ)

∫
RN

f (x)|un|1−γdx

> (2q∗s2
(α)− p)∥un∥p

s1,p,V + (2q∗s2
(α)− q)∥un∥q

s2,q,V .

Letting n → ∞ and together with (14), we have

(2q∗s2
(α)− 1 + γ)

∫
RN

f (x)|u0|1−γdx

≥ lim sup
n→∞

[(2q∗s2
(α)− p)∥un∥p

s1,p,V + (2q∗s2
(α)− q)∥un∥q

s2,q,V ]

≥ lim inf
n→∞

[(2q∗s2
(α)− p)∥un∥p

s1,p,V + (2q∗s2
(α)− q)∥un∥q

s2,q,V ].

This is combined with (36) leads to

(2q∗s2
(α)− 1 + γ)

∫
RN

f (x)|u0|1−γdx

= lim
n→∞

[(2q∗s2
(α)− p)∥un∥p

s1,p,V + (2q∗s2
(α)− q)∥un∥q

s2,q,V ].
(37)

Since un ∈ N+
λ ⊂ Nλ, one has

∥un∥p
s1,p,V + ∥un∥q

s2,q,V = λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)dx +

∫
RN

f (x)|un|1−γdx.

Passing to the limit as n → ∞ and together with (14), (37), we have

lim
n→∞

[
λ(2q∗s2

(α)− 1 + γ)
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)dx

]
= lim

n→∞
[(p − 1 + γ)∥un∥p

s1,p,V + (q − 1 + γ)∥un∥q
s2,q,V ].

(38)
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From (26), we deduce that

0 <

Φ(λ)2
−

q(2q∗s2
(α)−1+γ)

2q∗s2
(α)−q − ∥ f ∥ q(N+α)

q(N+α)−2(1−γ)(N−s2q)
S1−γ

q∗s2 (α)

∥un∥1−γ

≤ 1
2

(
2q∗s2

(α)− p
2q∗s2

(α)− 1 + γ
∥un∥p

s1,p,V

×
[

(p − 1 + γ)∥un∥p
s1,p,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |un|q

∗
s2 (α))|un|q

∗
s2 (α)dx

] p−1+γ
2q∗s2

(α)−p

+
2q∗s2

(α)− q
2q∗s2

(α)− 1 + γ
∥un∥q

s2,q,V

×
[

(q − 1 + γ)∥un∥q
s2,q,V

λ(2q∗s2
(α)− 1 + γ)

∫
RN (Iα ∗ |un|q

∗
s2 (α))|un|q

∗
s2 (α)dx

] q−1+γ
2q∗s2

(α)−q


−
∫
RN

f (x)|un|1−γdx.

(39)

Letting n → ∞ in (39) and combining with (37) and (38), we obtain

0 ≤ 1
2

(
2q∗s2

(α)− p
2q∗s2

(α)− 1 + γ
lim

n→∞
∥un∥p

s1,p,V +
2q∗s2

(α)− q
2q∗s2

(α)− 1 + γ
lim

n→∞
∥un∥q

s2,q,V

)
−
∫
RN

f (x)|u0|1−γdx

=
1

2(2q∗s2
(α)− 1 + γ)

[
lim

n→∞

(
(2q∗s2

(α)− p)∥un∥p
s1,p,V + (2q∗s2

(α)− q)∥un∥q
s1,p,V

)
−2(2q∗s2

(α)− 1 + γ)
∫
RN

f (x)|u0|1−γdx
]

= −1
2

∫
RN

f (x)|u0|1−γdx < 0,

which is a contradiction. Thus (35) and hence (i) holds. The proof is complete.

For each 0 ≤ ψ ∈ X, we utilize Lemma 8 with u = un ∈ N+
λ and w = ηψ, η > 0 small

enough, we can find kn,ψ(η) = K(ηψ) such that kn,ψ(0) = 1 and kn,ψ(η)(un + ηψ) ∈ N+
λ .

But, we don’t know if kn,ψ(η) is differentiable. For the purpose of proof, we set

k′n,ψ(0) = lim
η→0+

kn,ψ(η)− 1
η

∈ [−∞,+∞].

If the above limit does not exist, we may choose ηn → 0 (instead of η → 0) with ηn > 0

such that k′n,ψ(0) = lim
n→∞

kn,ψ(ηn)−1
ηn

∈ [−∞,+∞]. Since un, kn,ψ(η)(un + ηψ) ∈ N+
λ ⊂ Nλ,

we have

∥un∥p
s1,p,V + ∥un∥q

s2,q,V − λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)dx −

∫
RN

f (x)u1−γ
n dx = 0, (40)

and

kp
n,ψ(η)∥un + ηψ∥p

s1,p,V + kq
n,ψ(η)∥un + ηψ∥q

s2,q,V

−λk
2q∗s2

(α)

n,ψ (η)
∫
RN

(Iα ∗ |un + ηψ|q
∗
s2
(α))|un + ηψ|q

∗
s2
(α)dx

−k1−γ
n,ψ (η)

∫
RN

f (x)(un + ηψ)1−γdx = 0.

(41)

Lemma 11. Let {un} ⊂ N±
λ . Then k′n,ψ(0) is uniformly bounded for each ψ ∈ X with ψ ≥ 0.
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Proof. We here only give the proof of the case {un} ⊂ N+
λ . From (40) and (41), we

deduce that

0 = [kp
n,ψ(η)− 1]∥un + ηψ∥p

s1,p,V + [kq
n,ψ(η)− 1]∥un + ηψ∥q

s2,q,V

−λ[k
2q∗s2

(α)

n,ψ (η)− 1]
∫
RN

(Iα ∗ |un + ηψ|q
∗
s2
(α))|un + ηψ|q

∗
s2
(α)dx

−[k1−γ
n,ψ (η)− 1]

∫
RN

f (x)(un + ηψ)1−γdx + [∥un + ηψ∥p
s1,p,V − ∥un∥p

s1,p,V ]

+[∥un + ηψ∥q
s2,q,V − ∥un∥q

s2,q,V ]−
∫
RN

f (x)[(un + ηψ)1−γ − u1−γ
n ]dx

−λ
∫
RN

[(Iα ∗ |un + ηψ|q
∗
s2
(α))|un + ηψ|q

∗
s2
(α) − (Iα ∗ |un|q

∗
s2
(α))|un|q

∗
s2
(α)]dx

≤ [kn,ψ(η)− 1]

{
kp

n,ψ(η)− 1

kn,ψ(η)− 1
∥un + ηψ∥p

s1,p,V +
kq

n,ψ(η)− 1

kn,ψ(η)− 1
∥un + ηψ∥q

s2,q,V

−λ
k

2q∗s2
(α)

n,ψ (η)− 1

kn,ψ(η)− 1

∫
RN

(Iα ∗ |un + ηψ|q
∗
s2
(α))|un + ηψ|q

∗
s2
(α)dx

−
k1−γ

n,ψ (η)− 1

kn,ψ(η)− 1

∫
RN

f (x)(un + ηψ)1−γdx


+[∥un + ηψ∥p

s1,p,V − ∥un∥p
s1,p,V ] + [∥un + ηψ∥q

s2,q,V − ∥un∥q
s2,q,V ]

−λ
∫
RN

[(Iα ∗ |un + ηψ|q
∗
s2
(α))|un + ηψ|q

∗
s2
(α) − (Iα ∗ |un|q

∗
s2
(α))|un|q

∗
s2
(α)]dx.

Dividing above inequalities by η > 0 and passing to the limit as η → 0+, we obtain by
using (21) that

0 ≤ k′n,ψ(0)
{

p∥un∥p
s1,p,V + q∥un∥q

s2,q,V − (1 − γ)
∫
RN

f (x)u1−γ
n dx

−2q∗s2
(α)λ

∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)dx

}
+p⟨un, ψ⟩s1,p + p

∫
RN

V(x)|un|p−2unψdx

+q⟨un, ψ⟩s2,q + q
∫
RN

V(x)|un|q−2unψdx

−2q∗s2
(α)λ

∫
RN

(Iα ∗ u
q∗s2

(α)
n )u

q∗s2
(α)−2

n unψdx

= k′n,ψ(0)
{
(p − 2q∗s2

(α))∥un∥p
s1,p,V + (q − 2q∗s2

(α))∥un∥q
s2,q,V

+(2q∗s2
(α)− 1 + γ)

∫
RN

f (x)u1−γ
n dx

}
+p⟨un, ψ⟩s1,p + p

∫
RN

V(x)|un|p−2unψdx

+q⟨un, ψ⟩s2,q + q
∫
RN

V(x)|un|q−2unψdx

−2q∗s2
(α)λ

∫
RN

(Iα ∗ u
q∗s2

(α)
n )u

q∗s2
(α)−2

n unψdx,

(42)

from which it follows that k′n,ψ(0) ̸= −∞ based on Lemma 10 (i). Now we prove that
k′n,ψ(0) ̸= +∞. If not, we assume that k′n,ψ(0) = +∞, then kn,ψ(η) > 1 for n sufficiently
large and η > 0 small. Making use of condition (ii) (which appears in the proof of
Theorem 1) with z = kn,ψ(η)(un + ηψ) result in

1
n
[kn,ψ(η)− 1]∥un∥+

η

n
kn,ψ(η)∥ψ∥

≥ 1
n
∥un − kn,ψ(η)(un + ηψ)∥ ≥ Jλ(un)− Jλ[kn,ψ(η)(un + ηψ)].

(43)
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Thus, it follows from un ∈ N+
λ ⊂ N , (18) and (43) that

∥ψ∥
n

kn,ψ(η) ≥
kn,ψ(η)− 1

η

{
−∥un∥

n
−
(

1
p
− 1

1 − γ

) kp
n,ψ(η)− 1

kn,ψ(η)− 1
∥un + ηψ∥p

s1,p,V

−
(

1
q
− 1

1 − γ

) kq
n,ψ(η)− 1

kn,ψ(η)− 1
∥un + ηψ∥q

s2,q,V

+λ

(
1

2q∗s2
(α)

− 1
1 − γ

)
k

2q∗s2
(α)

n,ψ (η)− 1

kn,ψ(η)− 1

∫
RN

(Iα ∗ |un + ηψ|q
∗
s2
(α))|un + ηψ|q

∗
s2
(α)dx


−
(

1
p
− 1

1 − γ

)∥un + ηψ∥p
s1,p,V − ∥un∥p

s1,p,V

η

−
(

1
q
− 1

1 − γ

)∥un + ηψ∥q
s2,q,V − ∥un∥q

s2,q,V

η

+λ

(
1

2q∗s2
(α)

− 1
1 − γ

)

×
∫
RN

(Iα ∗ |un + ηψ|q
∗
s2
(α))|un + ηψ|q

∗
s2
(α) − (Iα ∗ |un|q

∗
s2
(α))|un|q

∗
s2
(α)

η
dx.

Letting η → 0+, we use the continuity of kn,ψ(η), (21), Lemmm 10 (i) and ∥un∥ ≤ C1 to
obtain the following inequality

∥ψ∥
n

≥ k′n,ψ(0)
{
− ∥un∥

n −
(

1 − p
1−γ

)
∥un∥p

s1,p,V −
(

1 − q
1−γ

)
∥un∥q

s2,q,V

+λ

(
1 −

2q∗s2
(α)

1 − γ

) ∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)dx

}
−
(

1 − p
1 − γ

)(
⟨un, ψ⟩s1,p +

∫
RN

V(x)|un|p−2unψdx
)

−
(

1 − q
1 − γ

)(
⟨un, ψ⟩s2,q +

∫
RN

V(x)|un|q−2unψdx
)

+λ

(
1 −

2q∗s2
(α)

1 − γ

) ∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)−2unψdx

= k′n,ψ(0)
{
−∥un∥

n
+

1
1 − γ

(
(p − 1 + γ)∥un∥p

s1,p,V + (q − 1 + γ)∥un∥q
s2,q,V

−λ
(
2q∗s2

(α)− 1 + γ
) ∫

RN
(Iα ∗ |un|q

∗
s2
(α))|un|q

∗
s2
(α)dx

)}
−
(

1 − p
1 − γ

)(
⟨un, ψ⟩s1,p +

∫
RN

V(x)|un|p−2unψdx
)

−
(

1 − q
1 − γ

)(
⟨un, ψ⟩s2,q +

∫
RN

V(x)|un|q−2unψdx
)

+λ

(
1 −

2q∗s2
(α)

1 − γ

) ∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)−2unψdx

≥ k′n,ψ(0)
{
−C1

n
+

C2

1 − γ

}
−
(

1 − p
1 − γ

)(
⟨un, ψ⟩s1,p +

∫
RN

V(x)|un|p−2unψdx
)

−
(

1 − q
1 − γ

)(
⟨un, ψ⟩s2,q +

∫
RN

V(x)|un|q−2unψdx
)

+λ

(
1 −

2q∗s2
(α)

1 − γ

) ∫
RN

(Iα ∗ u
q∗s2

(α)
n )u

q∗s2
(α)−2

n unψdx,

(44)

that cannot occur due to the fact that k′n,ψ(0) = +∞ and −C1
n + C2

1−γ > 0 for n large enough.
Thus, k′n,ψ(0) ̸= +∞. To sum up, |k′n,ψ(0)| < +∞. Furthermore, Lemma 10 (i) combining
with ∥u∥ ≤ C1, (42) and (44) also implies that

|k′n,ψ(0)| ≤ C3, (45)
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for n sufficiently large and a suitable positive constant C3. This completes the proof.

Lemma 12. Let λ > 0 and {un} ⊂ N±
λ . Then, for each ψ ∈ X, it holds

⟨un, ψ⟩s1,p +
∫
RN

V(x)|un|p−2unψdx + ⟨un, ψ⟩s2,q +
∫
RN

V(x)|un|q−2unψdx

−λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)−2unψdx −

∫
RN

f (x)|un|−γψdx

:= H(un, ψ) = on(1),

(46)

as n → ∞.

Proof. Let t > 0 small enough, ψ ∈ X. From (43), it follows that

1
n
[kn,ψ(t)− 1]∥un∥+

t
n

kn,ψ(t)∥ψ∥

≥ 1
n
∥un − kn,ψ(t)(un + tψ)∥ ≥ Jλ(un)− Jλ[kn,ψ(t)(un + tψ)],

(47)

and

Jλ(un)− Jλ[kn,ψ(t)(un + tψ)]

=
1 − kp

n,ψ(t)

p
∥un∥p

s1,p,V +
1 − kq

n,ψ(t)

q
∥un∥q

s2,q,V

+λ
k

2q∗s2
(α)

n,ψ (t)− 1

2q∗s2
(α)

∫
RN

(Iα ∗ |un + tψ|q
∗
s2
(α))|un + tψ|q

∗
s2
(α)dx

+
k1−γ

n,ψ (t)− 1

1 − γ

∫
RN

f (x)|un + tψ|1−γdx

+
kp

n,ψ(t)

p
(∥un∥p

s1,p,V − ∥un + tψ∥p
s1,p,V) +

kq
n,ψ(t)

q
(∥un∥q

s2,q,V − ∥un + tψ∥q
s2,q,V)

+
λ

2q∗s2
(α)

∫
RN

[Iα ∗ |un + tψ|q
∗
s2
(α))|un + tψ|q

∗
s2
(α) − Iα ∗ |un|q

∗
s2
(α))|un|q

∗
s2
(α)]dx

+
1

1 − γ

∫
RN

f (x)[|un + tψ|1−γ − |un|1−γ]dx.

Combining this with (40) and (47), dividing by t > 0 and passing to the liminf as t → 0+,
based on the continuity of kn,ψ(t) and Fotou’s Lemma, we obtain

|k′n,ψ(0)∥un∥+ ∥ψ∥
n

≥ −k′n,ψ(0)
[
∥un∥p

s1,p,V + ∥un∥q
s2,q,V

−λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)dx −

∫
RN

f (x)|un|1−γdx
]

−⟨un, ψ⟩s1,p −
∫
RN

V(x)|un|p−2unψdx − ⟨un, ψ⟩s2,q −
∫
RN

V(x)|un|q−2unψdx

+λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)−2unψdx

+ lim inf
t→0+

1
1 − γ

∫
RN

f (x)
(un + tψ)1−γ − u1−γ

n
t

dx

≥ −⟨un, ψ⟩s1,p −
∫
RN

V(x)|un|p−2unψdx − ⟨un, ψ⟩s2,q −
∫
RN

V(x)|un|q−2unψdx

+λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)−2unψdx

+
∫
RN

f (x) lim inf
t→0+

(un + tψ)1−γ − u1−γ
n

(1 − γ)t
dx
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= −⟨un, ψ⟩s1,p −
∫
RN

V(x)|un|p−2unψdx − ⟨un, ψ⟩s2,q −
∫
RN

V(x)|un|q−2unψdx

+λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)−2unψdx +

∫
RN

f (x)u−γ
n ψdx.

Thus, for ψ ∈ X with ψ ≥ 0, we derive that

⟨un, ψ⟩s1,p +
∫
RN

V(x)|un|p−2unψdx + ⟨un, ψ⟩s2,q +
∫
RN

V(x)|un|q−2unψdx

−λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)−2unψdx −

∫
RN

f (x)u−γ
n ψdx

≥ −
|k′n,ψ(0)∥un∥+ ∥ψ∥

n
.

(48)

Since the above inequality holds for −ψ, it follows that

⟨un, ψ⟩s1,p +
∫
RN

V(x)|un|p−2unψdx + ⟨un, ψ⟩s2,q +
∫
RN

V(x)|un|q−2unψdx

−λ
∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)−2unψdx −

∫
RN

f (x)u−γ
n ψdx

≤
|k′n,ψ(0)∥un∥+ ∥ψ∥

n
.

(49)

From ∥un∥ ≤ C1 and |k′n,ψ(0)| ≤ C3 (Lemma 11) uniformly in n large, we know by (48) and
(49) that (46) holds. The proof is complete.

For convenience, let

cλ =
α + qs2

q(N + α)
λ
− N−qs2

α+qs2 S
N+α

α+qs2
H − K∗ − (2 − 22−q)

α + qs2

q(N + α)
,

where K∗ as shown in (8).

Lemma 13. If {un} ⊂ N±
λ is a (PS)c sequence of Jλ with c < cλ, then the sequence {un} has a

convergence subsequence.

Proof. Since {un} is a (PS)c sequence of Jλ, the coerciveness of Jλ on Nλ shows that {un}
is bounded. Up to a subsequence, there exists u0 ∈ X such that

un ⇀ u0 in X,
un → u0 in Lr(RN) for any 1 ≤ r < q∗s2

,
un → u0 a.e. in RN , un ≤ g a.e. in RN ,

(50)

as n → ∞, with g ∈ Lr(RN) for a fixed r ∈ [1, q∗s2
). From (31), (32), (14) and Lemma 4,

we obtain
∥un∥p

s1,p,V = ∥un − u0∥
p
s1,p,V + ∥u0∥

p
s1,p,V + on(1), (51)

∥un∥q
s2,q,V = ∥un − u0∥

q
s2,q,V + ∥u0∥

q
s2,q,V + on(1), (52)∫

RN
(Iα ∗ |un|q

∗
s2
(α))|un|q

∗
s2
(α)dx =

∫
RN

(Iα ∗ |un − u0|q
∗
s2
(α))|un − u0|q

∗
s2
(α)dx

+
∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)dx + on(1),

(53)

and ∫
RN

f (x)|un|1−γdx =
∫
RN

f (x)|un − u0|1−γdx +
∫
RN

f (x)|u0|1−γdx + on(1). (54)
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Taking the test function ψ = un − u0 in (46), we deduce from (50) to (53), and Lemma 3
that, as n → ∞,

on(1) = ∥un − u0∥
p
s1,p,V + ∥un − u0∥

q
s2,q,V

−λ
∫
RN

(Iα ∗ |un − u0|q
∗
s2
(α))|un − u0|q

∗
s2
(α)dx −

∫
RN

f (x)u−γ
n (un − u0)dx + on(1).

Hence

lim
n→∞

∥un − u0∥
p
s1,p,V + lim

n→∞
∥un − u0∥

q
s2,q,V

= λ lim
n→∞

∫
RN

(Iα ∗ |un − u0|q
∗
s2
(α))|un − u0|q

∗
s2
(α)dx + lim

n→∞

∫
RN

f (x)u−γ
n (un − u0)dx.

(55)

Let

lim
n→∞

∫
RN

(Iα ∗ |un − u0|q
∗
s2
(α))|un − u0|q

∗
s2
(α)dx := I2q∗s2

(α). (56)

Since by (50) one has u1−γ
n ≤ g1−γ a.e. in RN , by Lebesgue dominated convergence theorem

lim
n→∞

∫
RN

f (x)u1−γ
n dx =

∫
RN

f (x)u1−γ
0 dx. (57)

Moreover, we obtain by Fatou’s lemma that∫
RN

f (x)u1−γ
0 dx ≤ lim inf

n→∞

∫
RN

f (x)u−γ
n u0dx. (58)

It follows from (55) to (58) that

lim
n→∞

∥un − u0∥
p
s1,p,V + lim

n→∞
∥un − u0∥

q
s2,q,V ≤ λI2q∗s2

(α). (59)

It is clear that I ≥ 0. If I = 0, then by (59) one yields that un → u0 in X as n → ∞,
concluding the proof. Hence, let us assume by contradiction that I > 0. By (11), we have

∥un − u0∥
p
s1,p,V + ∥un − u0∥

q
s2,q,V ≥ [un − u0]

q
s2,q ≥ SH Iq. (60)

Combining (59) and (60), we get

λI2q∗s2
(α)−q ≥ SH . (61)

Substituting (61) into (60), we have

lim
n→∞

∥un − u0∥
p
s1,p,V + lim

n→∞
∥un − u0∥

q
s2,q,V ≥

S
2q∗s2

(α)

H
λq

 1
2q∗s2

(α)−q

. (62)

From (46), (51), (52) and (54), we derive

Jλ(un)− 1
2q∗s2 (α)

H(un, un)

=

(
1
p − 1

2q∗s2 (α)

)
∥un∥p

s1,p,V +

(
1
q −

1
2q∗s2 (α)

)
∥un∥q

s2,q,V

−
(

1
1−γ − 1

2q∗s2 (α)

) ∫
RN f (x)|un|1−γdx + on(1)
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=

(
1
p − 1

2q∗s2 (α)

)
∥un − u0∥

p
s1,p,V +

(
1
q −

1
2q∗s2 (α)

)
∥un − u0∥

q
s2,q,V

−
(

1
1−γ − 1

2q∗s2 (α)

) ∫
RN f (x)|un − u0|1−γdx

+

(
1
p − 1

2q∗s2 (α)

)
∥u0∥

p
s1,p,V +

(
1
q −

1
2q∗s2 (α)

)
∥u0∥

q
s2,q,V

−
(

1
1−γ − 1

2q∗s2 (α)

) ∫
RN f (x)|u0|1−γdx + on(1)

≥
(

1
q −

1
2q∗s2 (α)

)
(∥un − u0∥

p
s1,p,V + ∥un − u0∥

q
s2,q,V)

−
(

1
1−γ − 1

2q∗s2 (α)

) ∫
RN f (x)|un − u0|1−γdx

+

(
1
q −

1
2q∗s2 (α)

)
(∥u0∥

p
s1,p,V + ∥u0∥

q
s2,q,V)

−
(

1
1−γ − 1

2q∗s2 (α)

)
∥ f ∥ q(N+α)

q(N+α)−2(1−γ)(N−s2q)
S1−γ

q∗s2 (α)
∥u0∥1−γ + on(1).

(63)

Note that from (25), we have

∥u0∥
p
s1,p,V + ∥u0∥

q
s2,q,V

≥ 21−p(1 + ∥u0∥s1,p,V)
p + 21−q(1 + ∥u0∥s2,q,V)

q − 2
≥ 21−q[(1 + ∥u0∥s1,p,V)

p + (1 + ∥u0∥s2,q,V)
p]− 2

≥ 22−p−q(2 + ∥u0∥s1,p,V + ∥u0∥s2,q,V
)p − 2

= 22−p−q(2 + ∥u0∥)p − 2 ≥ 22−p−q∥u0∥p + 22−q − 2.

(64)

We define

Q(t) =

(
1
q
− 1

2q∗s2
(α)

)
22−p−qtp

−
(

1
1 − γ

− 1
2q∗s2

(α)

)
∥ f ∥ q(N+α)

q(N+α)−2(1−γ)(N−s2q)
S1−γ

q∗s2 (α)
t1−γ.

It is easy to check that

Q(t) ≥ − p−1+γ
p

(
2q∗s2

(α)−1+γ

2(1−γ)q∗s2 (α)
∥ f ∥ q(N+α)

q(N+α)−2(1−γ)(N−s2q)
S1−γ

q∗s2 (α)

) p
p−1+γ

×
(

2(1 − γ)qq∗s2
(α)

(2q∗s2
(α)− q)p22−p−q

) 1−γ
p−1+γ

= −K∗.

(65)

Substituting (64) into (63) and using the estimate (65), we obtain

Jλ(un)−
1

2q∗s2
(α)

H(un, un)

≥
(

1
q −

1
2q∗s2 (α)

)
(∥un − u0∥

p
s1,p,V + ∥un − u0∥

q
s2,q,V)

−
(

1
1−γ − 1

2q∗s2 (α)

) ∫
RN f (x)|un − u0|1−γdx

−K∗ − (2 − 22−q)

(
1
q −

1
2q∗s2 (α)

)
+ on(1).

Letting n → ∞, it follows from (50) and (62) that

c ≥ α + qs2

q(N + α)
λ
− N−qs2

α+qs2 S
N+α

α+qs2
H − K∗ − (2 − 22−q)

α + qs2

q(N + α)
,

https://doi.org/10.3390/fractalfract10040263

https://doi.org/10.3390/fractalfract10040263


Fractal Fract. 2026, 10, 263 23 of 28

which contradicts the assumption c < cλ. This concludes the proof.

Remark 2. If 0 < λ < λ∗ (λ∗ as in (7), then cλ > 0.

The proof of the main result of this paper is given below.

Proof of Theorem 1. Employing Ekeland variational principle to construct a minimizing
sequence {un} ⊂ N+

λ satisfying

(i) Jλ(un) < inf
N+

λ

Jλ +
1
n

,

(ii) Jλ(z) ≥ Jλ(un)−
1
n
∥un − z∥, ∀z ∈ N+

λ .

From Jλ(|un|) = Jλ(un) and Lemma 9, we may assume that un ≥ 0. The coerciveness
of Jλ on Nλ shows that ∥un∥ ≤ C1 for some positive constant C1. Thus, there exists a
subsequence of {un} (still represented by {un}) and u0 ∈ X such that un ⇀ u0 in X and
un → u0 a.e. in RN . As a consequence, applying Lemma 9 with c = mλ < 0 < cλ (by
Remark 2), we yields that un → u0 in X, up to a subsequence. Moreover, by the weakly
lower semi-continuity of the norm, (14) and (53), we obtain

Jλ(u0) =
1
p
∥u0∥

p
s1,p,V +

1
q
∥u0∥

q
s2,q,V − 1

1 − γ

∫
RN

f (x)|u0|1−γdx

− λ

2q∗s2
(α)

∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)dx

≤ lim inf
n→∞

[
1
p
∥un∥p

s1,p,V +
1
q
∥un∥q

s2,q,V − 1
1 − γ

∫
RN

f (x)|un|1−γdx

− λ

2q∗s2
(α)

∫
RN

(Iα ∗ |un|q
∗
s2
(α))|un|q

∗
s2
(α)dx

]
= lim inf

n→∞
Jλ(un) = inf

N+
λ

Jλ < 0,

(66)

which implies that u0 ≥ 0 and u0 ̸= 0. Moreover, Lemma 10 show that u0 ∈ N+
λ . Now, we

will prove that u0 is a solution of problem (4). For any v ∈ X and ε > 0, set ψε = u0 + εv
and Ωε = {x ∈ RN : ψε ≤ 0}. Applying inequality (48) with ψ = ψ+

ε , we deduce that

0 ≤ 1
ε

{
⟨u0, ψ+

ε ⟩s1,p +
∫
RN

V(x)|u0|p−2u0ψ+
ε dx + ⟨u0, ψ+

ε ⟩s2,q

+
∫
RN

V(x)|u0|q−2u0ψ+
ε dx

−λ
∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0ψ+

ε dx −
∫
RN

f (x)u−γ
0 ψ+

ε dx
}

.

(67)

By direct calculation, we obtain

⟨u0, ψ+
ε ⟩s1,p =

∫∫
(RN\Ωε)×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(ψε(x)− ψε(y))
|x − y|N+ps1

dxdy

+
∫∫

(RN\Ωε)×Ωε

+
∫∫

Ωε×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(ψ+
ε (x)− ψ+

ε (y)
|x − y|N+ps1

dxdy

≤
∫∫

RN×RN

|u0(x)− u0(y)|p
|x − y|N+ps1

dxdy + ε⟨u0, v⟩s1,p

−ε
∫∫

Ωε×Ωε

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+ps1

dxdy

+2
∫∫

Ωε×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(ψ−
ε (x)− ψ−

ε (y))
|x − y|N+ps1

dxdy.

(68)
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Similarly, we have

⟨u0, ψ+
ε ⟩s2,q ≤

∫∫
RN×RN

|u0(x)− u0(y)|q
|x − y|N+qs2

dxdy + ε⟨u0, v⟩s2,q

−ε
∫∫

Ωε×Ωε

|u0(x)− u0(y)|q−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+qs2

dxdy

+2
∫∫

Ωε×(RN\Ωε)

|u0(x)− u0(y)|q−2(u0(x)− u0(y))(ψ−
ε (x)− ψ−

ε (y))
|x − y|N+qs2

dxdy.

(69)

Moreover, we deduce that∫
RN\Ωε

V(x)|u0|p−2u0ψεdx =
∫
RN\Ωε

V(x)|u0|pdx + ε
∫
RN\Ωε

V(x)|u0|p−2u0vdx

≤
∫
RN

V(x)|u0|pdx + ε
∫
RN

V(x)|u0|p−2u0vdx − ε
∫

Ωε

V(x)|u0|p−2u0vdx,
(70)

∫
RN\Ωε

V(x)|u0|q−2u0ψεdx

≤
∫
RN

V(x)|u0|qdx + ε
∫
RN

V(x)|u0|q−2u0vdx − ε
∫

Ωε

V(x)|u0|q−2u0vdx,
(71)

−λ
∫
RN\Ωε

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0ψεdx

= −λ
∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0ψεdx + λ

∫
Ωε

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0ψεdx

= −λ
∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)dx − λε

∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0vdx

+λ
∫

Ωε

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0ψεdx,

(72)

−
∫
RN\Ωε

f (x)u−γ
0 ψεdx = −

∫
RN

f (x)u−γ
0 ψεdx +

∫
Ωε

f (x)u−γ
0 ψεdx

= −
∫
RN

f (x)u1−γ
0 dx − ε

∫
RN

f (x)u−γ
0 vdx +

∫
Ωε

f (x)u−γ
0 ψεdx,

(73)

∫∫
Ωε×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(ψ−
ε (x)− ψ−

ε (y))
|x − y|N+ps1

dxdy

=
∫∫

Ωε×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(−ψε(x))
|x − y|N+ps1

dxdy

≤
∫∫

Ωε×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(−ψε(x) + ψε(y))
|x − y|N+ps1

dxdy

=
∫∫

Ωε×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))[−(u0(x)− u0(y))− ε(v(x)− v(y))]
|x − y|N+ps1

dxdy

= −
∫∫

Ωε×(RN\Ωε)

|u0(x)− u0(y)|p
|x − y|N+ps1

dxdy

−ε
∫∫

Ωε×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+ps1

dxdy

≤ −ε
∫∫

Ωε×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+ps1

dxdy

≤ ε
∫∫

Ωε×(RN\Ωε)

∣∣∣∣ |u0(x)− u0(y)|p−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+ps1

∣∣∣∣dxdy,
(74)

and ∫∫
Ωε×(RN\Ωε)

|u0(x)− u0(y)|q−2(u0(x)− u0(y))(ψ−
ε (x)− ψ−

ε (y))
|x − y|N+qs2

dxdy

≤ ε
∫∫

Ωε×(RN\Ωε)

∣∣∣∣ |u0(x)− u0(y)|q−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+qs2

∣∣∣∣dxdy.
(75)
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Substitute equations (68)–(75) into (67), we obtain

0 ≤ 1
ε

{
∥u0∥

p
s1,p,V + ∥u0∥

q
s2,q,V − λ

∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)dx −

∫
RN

f (x)u1−γ
0 dx

}
+

{
⟨u0, v⟩s1,p +

∫
RN

V(x)|u0|p−2u0vdx + ⟨u0, v⟩s2,q +
∫
RN

V(x)|u0|q−2u0vdx

−λ
∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0vdx −

∫
RN

f (x)u−γ
0 vdx

}
−
{∫∫

Ωε×Ωε

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+ps1

dxdy

+
∫

Ωε

V(x)|u0|p−2u0vdx

+
∫∫

Ωε×Ωε

|u0(x)− u0(y)|q−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+qs2

dxdy

+
∫

Ωε

V(x)|u0|q−2u0vdx
}

+
1
ε

{
λ
∫

Ωε

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0ψεdx +

∫
Ωε

f (x)u−γ
0 ψεdx

}
+

2
ε

∫∫
Ωε×(RN\Ωε)

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(ψ−
ε (x)− ψ−

ε (y))
|x − y|N+ps1

dxdy

+
2
ε

∫∫
Ωε×(RN\Ωε)

|u0(x)− u0(y)|q−2(u0(x)− u0(y))(ψ−
ε (x)− ψ−

ε (y))
|x − y|N+qs2

dxdy

≤
{
⟨u0, v⟩s1,p +

∫
RN

V(x)|u0|p−2u0vdx + ⟨u0, v⟩s2,q +
∫
RN

V(x)|u0|q−2u0vdx

−λ
∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0vdx −

∫
RN

f (x)u−γ
0 vdx

}
−
[∫∫

Ωε×Ωε

|u0(x)− u0(y)|p−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+ps1

dxdy

+
∫

Ωε

V(x)|u0|p−2u0vdx
]

−
[∫∫

Ωε×Ωε

|u0(x)− u0(y)|q−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+qs2

dxdy

+
∫

Ωε

V(x)|u0|q−2u0vdx
]

+2
∫∫

Ωε×(RN\Ωε)

∣∣∣∣ |u0(x)− u0(y)|p−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+ps1

∣∣∣∣dxdy

+2
∫∫

Ωε×(RN\Ωε)

∣∣∣∣ |u0(x)− u0(y)|q−2(u0(x)− u0(y))(v(x)− v(y))
|x − y|N+qs2

∣∣∣∣dxdy.

Letting ε → 0+ to the above inequality and employing the fact |Ωε| → 0 as ε → 0+, we can
deduce that

⟨u0, v⟩s1,p +
∫
RN

V(x)|u0|p−2u0vdx + ⟨u0, v⟩s2,q +
∫
RN

V(x)|u0|q−2u0vdx

−λ
∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0vdx −

∫
RN

f (x)u−γ
0 vdx ≥ 0, ∀v ∈ X.

This inequality remains true for −v. Therefore, we conclude

⟨u0, v⟩s1,p +
∫
RN

V(x)|u0|p−2u0vdx + ⟨u0, v⟩s2,q +
∫
RN

V(x)|u0|q−2u0vdx

−λ
∫
RN

(Iα ∗ |u0|q
∗
s2
(α))|u0|q

∗
s2
(α)−2u0vdx −

∫
RN

f (x)u−γ
0 vdx = 0, ∀v ∈ X.

(76)

Owing to (76), it is easy to know that

(−∆)s1
p u0 + (−∆)s2

q u0 + V(x)(|u0|p−2u0 + |u0|q−2u0) ≥ 0. (77)
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Suppose that there exists x0 ∈ RN such that u0(x0) = 0, then from (77), we have that
(−∆)s1

p u0(x0) + (−∆)s2
q u0(x0) ≥ 0. On the other hand, since u0 ≥ 0, u0 ̸≡ 0, p > 1+ s1 and

q > 1 + s2, we obtain from Lemma 5 that

(−∆)s1
p u0(x0) + (−∆)s2

q u0(x0)

= −
∫
RN

|u0(x0 + y)− u0(x0)|p−2(u0(x0 + y)− u(x0))

|y|N+s1 p dy

−
∫
RN

|u0(x0 − y)− u(x0)|p−2(u0(x0 − y)− u0(x0))

|y|N+s1 p dy

−
∫
RN

|u0(x0 + y)− u0(x0)|q−2(u0(x0 + y)− u(x0))

|y|N+s2q dy

−
∫
RN

|u0(x0 − y)− u(x0)|q−2(u0(x0 − y)− u0(x0))

|y|N+s2q dy

= −
∫
RN

|u0(x0 + y)|p−2u0(x0 + y) + |u0(x0 − y)|p−2u0(x0 − y)
|y|N+s1 p dy

−
∫
RN

|u0(x0 + y)|q−2u0(x0 + y) + |u0(x0 − y)|q−2u0(x0 − y)
|y|N+s2q dy

< 0,

which is a contradiction. Thus, u0 > 0 in RN and u0 ∈ N+
λ is a solution of problem (4)

with Jλ(u0) = infN+
λ

Jλ when 0 < ∥ f ∥ q(N+α)
q(N+α)−2(1−γ)(N−s2q)

< Mλ. The proof of Theorem 1

is completed. □

Remark 3. From [40], we know that the Critical exponent problem involving the p-Laplcian and
Choquard terms is an important question, but until now, it is unknown whether the optimal constant
SH in (11) can be achieved, and if it can be achieved, the form of u is also unknown (see open problem
3 in [40]). Therefore, according to the existing methods [41,42], we are currently unable to obtain a
second solution in N−

λ .
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