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Abstract

In this paper, we revisit the recent result of Luo, Xu, and Raina on an Erdélyi-type in-
tegral for Saran’s three-variable hypergeometric function Fx. We provide a new proof
of this integral and derive an attractive new integral related to Appell’s function F,. A
further extension on the L-variable Fx function, which appears in physics, is also dis-
cussed. Furthermore, we prove various g-Erdélyi-type integrals for the g-analogue of
the Fx-function. An interesting discrete analogue is also included. We also provide a
valuable compilation of the sources for known Erdélyi-type integrals of many different
hypergeometric functions.

Keywords: Erdélyi-type integral; fractional integration by parts; hypergeometric function;
g-analogue; Saran’s function
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1. Introduction
1.1. Background and Motivation
The Gauss hypergeometric function ,F; is defined by

where o, p € Cand v ¢ Z<o := {0,—1,—-2,--- } (see [1], p. 56 and [2], p. 384). It was
shown by Euler that [1] (p. 59, Equation (10))

E [ﬂé,ﬁ ] /01(1 —zt) "dugq-p(t) (R(y) > R(B) >0), )
2F z| =

T [a- s tan, o 06> 0w > 0) @

Here and throughout the paper, we let i, g be the Dirichlet measure defined by [3] (p. 64,
Definition 4.4-1)

d]’la,ﬁ(t) = m“,/g(t)dt, 3)

where

myp(t) = mtﬂu — )P (min{R(x), R(B)} > 0).

1
Obviously, /0 dy,x,ﬁ(t) = 1. In general, integrals (1) and (2) cannot be directly transformed

into each other, but Riemann [4] indicated that both could be derived from a multiple
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integral. According to the existing literature, Schellenberg [5], Wirtinger [6], Poole [7]
and Erdélyi [8] studied this problem. We are particularly interested in Erdélyi’s and
Poole’s methods.

Erdélyi’s method (see [8], p. 272-273) is to substitute

(=27 = [ (1= 2t9) Tdpayals) (R(a) > R(a) > 0)

into the first integral (1) to obtain the double integral

1,1
| =2t g (e a(s), @

which is symmetric in & and B. If we integrate with respect to ¢ first, then we obtain the
second integral (2). Note that after introducing the new variables x; = s/(1 —s) and
xp = t/(1 —t) and making the substitution z — 1 — z in Erdélyi’s Formula (4), we obtain
the double integral

p

/°° /°° x§xy dx1dx; _ T(B)T(y—B)T(a)T(y —a)
0 Jo (T+x+x+2zx%0)7 111 (T(7))?
2F [a' ﬁ;l - Z] : ®)
Y

The integral on the left-hand side of (5) is also known as the Euler-Mellin integral (see [9,10]).

Poole’s method [7] is to apply the integration by parts to the contour integral represen-
tation of o Fj, which is very delightful. After reading Poole’s paper, Erdélyi [11] realized
that Poole’s method can be generalized by using the fractional derivatives. By inventing
the method of fractional integration by parts, Erdélyi not only gave a simple description of
Poole’s derivation but also reproduced the Bateman integral

2F l“,rg;z] _ /01 2F [‘X;\ﬁ;zx] dup,—a(x)  (R(y) > RN(A) >0). ©)

In [12], Erdélyi further developed his method and proved the following important integrals
for Fy:

»F l“:yﬁ;z] = /01(1 — zx)f”‘,zl-"l [lx _;\Xl' 'B;zx]

2 [f_ A8 )] Qg () (R(y) > R(1) > 0), 7)
e

a+B—AA—y (1—x)z
v—1 " 1—xz

P, ! &, B, 1.
2F1[ ) ,Z] :/o 35[ A ,Zx] dpy—ry—Aq—Atg—vu(X)

(min{R(v),R(A),R(y—A+n—v)} >0). 9)

o F

]dqu(x) (R(7v) > R(7) >0), (8)

In (9), pa,p,y,y is the hypergeometric measure defined by [13] (p. 6, Equation (11))

d.utx,,B,%iy (t) =My By (t)dt, (10)
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where min{R(7), R(y), R(n +v—a—pB)} > 0and

_ T+ ry—a)I(1+7—B) - - B,
b () = TG 1y —a ) 125[ e t]'

1
We have/O dpapyy(t) = Land mg g, (1) = My 0,5 (1) = my, (1)

It is particularly noteworthy that Erdélyi’s integrals are not only of computational interest
but also have many important and profound applications. Gasper [14] has shown that (8)
provides a natural way to the formulas of Dirichlet-Mehler type for the Jacobi polynomials
and the generalized Legendre functions. Virchenko and Fedotova also frequently used
the integrals (7) and (8) in their study of the generalized Legendre functions (see [15-17]).
Sprinkhuizen-Kuyper [18] used (8) to prove a compositional property for her fractional integral
operator I}/ * The integral (8) also plays an important role in the proof of product formula
for biangle polynomials [19]. The proofs of the compositional properties of Saigo’s fractional
integral operators 1P and [P are based on integrals (7) and (8) [20]. Raina [21] showed
that the integral (7) can be used to construct a solution to a certain Abel-type integral equation
involving the Appell hypergeometric function F; in the kernel.

We refer to integrals that have a form similar to integrals (7)—(9) as Erdélyi-type integrals.
More precisely, for a given hypergeometric function, its Erdélyi-type integrals can generally
express it as an integral of the product of two functions of the same type (see [13], p. 2).

Many Erdélyi-type integrals for various kinds of univariate and multivariate hy-
pergeometric functions have been discovered using the technique of Erdélyi’s fractional
integration by parts. For example, Luo and Raina [22] recently extended (8) to a special class
of generalized hypergeometric functions by using the theory of Miller and Paris and then
found their applications in the theory of certain generalized fractional integral operator [23].
The table in Appendix A lists all hypergeometric functions for which Erdélyi-type integrals
and some of their g- and discrete analogues have been established.

1.2. The Plan of the Work

Very recently, there has been a sustained growth in research interest regarding the
three-variable hypergeometric function Fx introduced by Saran [24] and many interesting
results have been achieved (see [13,25-28]). The Fx-function is defined by

Fxlaq, a0, a2, B1, B2, B1; 71, Y2, Y35 X, Y, 2]

— i ("‘1)m("‘2)n+p(,31)1n+p(ﬁ2)nxmynzp (11)

m,n,p=0 (Y1) m(v2)u(r3)pm!ntp!

_ 52 0Py ﬂﬁmx] A
p=0 PH13)p m

1% + pr ﬁZI y] Zp’ (12)
2

where (x,y,z) € Dg == {(x,y,2) € C®: |x| < 1, |y| < 1,|z] < (1 — |x|)(1 — |y}
In 2022, Luo et al. [13] discovered an elegant Erdélyi-type integral for Saran’s
Fx-function.

Theorem 1 ([13]). Let R(ag +11) > R(A1) > 0, R(B2 + p2) > R(A2) > 0and R(y3) >
R(B1) > 0. Then we have
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1 1 1
Filar, aa, a2, B, Ba, s + 111, Ba + o, v3i %, Y, 2] = /0 /0 /0 (1— ux) (1 —oy) "

- Fxlog, 00 — 172,00 — 172, B1 — A3, B2, 1 — Az; 01 — A1+ 171, Bo — Ao + pio, B1 — Ag; ux, vy, wz]

_ _ . (A-u)x 1-o)y wz
Fic| Av = m1,112,112, A3, A2 = p2, Asi Ay Az Ass 2= 5 — oy (1= )1 —oy)
’ dVM*/\lJr’h,/\l (u)dyﬁzﬂ\fr#z/&z (v)dyﬁlﬁ3*ﬁ1 (w)’ (13)

where (x,y,z) € Dx and dp, g(t) is defined in (3).

However, the initial proof of integral (13) was relatively difficult. In fact, Luo et al.
first established a very general integral involving the Srivastava—Daoust function through
fractional integration by parts, and then reduced it to (13) by specializing the parameters.
In this paper, we shall provide a direct and simple proof of Theorem 1 in Section 3.1. Then
in Section 3.2, we shall derive a curious integral representation for Appell function F, from
Theorem 1. A further extension, which is related to Belitsky’s generalization of Fx [29]
(p. 69), is considered in Section 3.3.

Section 4 devotes to the various g-Erdélyi-type integrals for g-analogue of Fx. Through-
out this paper, we assume that 0 < g < 1. For a € C, we define the g-shifted factorials

as follows :
@q)o=1 (@q)u=]]1—ag) (n€Zs)
j=0
and N
= _adl
(@) = Tm (a;q) j:HO(l aq’).

The multiple g-shifted factorials are defined by (a1, - ,am;9)n = (a1;9)n - (Am; ) n,
where 1 could be an integer or +co. Let f : CK — C be a function. The k-dimensional
g-integral can be defined by (see, for example, [30], p. 1 and [31], p. 241)

fdgx= (1= Y f(g" (14)

[o.1}* neZzo

where x = (x1,--,x¢), ), = Z 2 and (n) = ny + -+ + ny.

neZk>0 ny = =0 np= 0

The g-gamma functionil"q (x) is defined by [32] (p. 20, Equation (1.10.1))

Tyx) = (2= 1 gyt

and the g-beta function is defined by [32] (p. 22, Equation (1.10.13))

Ty (x)Ty(y) —(1- )(q/qXer/'q)oo.

B,(x,y) =
(%) Ty(x+y) (4%, 9% 9) oo

Note that lir? I'j(x) =T(x) and lil’{l B,(x,y) = B(x,y). The g-integral representation for
q—=1" q—=1-
B;(x,y) is given by [32] (p. 23, Equation (1.11.7))

1 tg;
By(x,y) = /O F ((tqquq)) dgt, R(x) >0,y ¢ Z<.
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The g-analogue of Fx can be defined by (see [33,34])
D[y, a2, 02, B1, B2, B1i V1, 12,735, X, Y, 2]
_ i («xl;q)m(zxz;q)n+p(ﬁ1;q)m+p(ﬁz;q)nxmynzp 15)
a0 YL@ Dm (12,39 (73,3:9)p
d t’&z,ﬁb B19?, a1 a2q?, B2 p
- / /x / 7 z 7 ]-6
Z 'ys,q,q) 1[ R b B (16

where |x| <1, |y| <1, |z|] < 1and ,¢; is the basic hypergeometric series defined by [32]
(p. 4, Equation (1.2.22))

ay, - ,4r a (a]/ s,y 5])11 n (") Its—r n
; /Z = _1 2 zZ . ]_7
74)5 [bl,"'/bs q ‘| nZ:O(b]/"'/bS/q;q)n (( ) q ) ( )

For simplicity, we write

Dy (a1, a2, &2, B1, B2, B1; V1, Y2, V350, X, Y, 2]
= &g [qm, 7", 42, q.Bl, qﬁZ, q.Bl; q",q",q"%;q,%,y, Z] (18)

and

~ a1, ,0r, _ ’ /qa’
s |ﬁ11' N ’bs,q,z] rPs [ s ,qbs 79,2
The only g-integral representation (of Bateman type) for ®x is given by Ernst [33]
(p. 10, Theorem 5):

Dy w1, a2, a2, B1, B2, B Y1 V2, V35 G, X, Y, Z)

= 1P Dy [y, a2, a2, B1, B, B1; V1, V2, V3; G, X, Y0, ZW]
e (u; Q)dl‘vzﬁzfvz (v; Q)dl‘vaﬁaﬂ@ (w;q). (19)

Here and in what follows, we define the g-analogue of the Dirichlet measure (3) as follows:

dya,ﬁ(t;q) = m“,ﬁ(t;q)dqt, (20)

where

Lg(@+B) o1 ()

m,xlﬁ(t;q) = T, (@)T (B) (125 )’ min{®(x),R(B)} > 0.

1
Obviously, we have/ dpap(t;q) = 1and lm my g(tq) = myg(t).
0 qg—1-

Actually, in Section 4, we shall first prove a Joshi-Vyas type theorem and derive some
useful corollaries from it. Then a discrete analogue for one of the corollaries is obtained.
Finally, we present a g-analogue of Theorem 1.

In the next section, we will further introduce some results related to g-series.

2. Preliminaries

Gasper [35] discussed the g-analogues of Erdélyi’s integrals (7)—(9) and provided their
discrete analogues. The integral (7) has the following g-analogue [35] (p. 4, Equation (1.13))

https://doi.org/10.3390/ fractalfract10040225
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Y ’ 1 t a,; o T - /r a
201 laryﬁ;q,x] = /0 WZ(P] [lx ; ﬁ;q,xtq ]
L T t; 21
(P q'y /\,q/( )’q’q .u)\,')/—)t( /q)’ ( )

where $t(y) > R(A) > 0and dpu,g(t;q) is defined in (20). Before stating the g-analogue
of (9), we have to first introduce the g-analogue of the hypergeometric measure (10):

dy“,ﬁ,w(t,’q) = m“,ﬁ,w(t;q)dqt, (22)
where min{R (), R(y), R(y +v—a —p)} > 0and

o (q) = Lo+ —a)Ty(n+7—B)
bt TN () T(p+ —a— p)

_ t4;9) oo zx, ’B/t_l —a—
N 1%3% [q qcﬂ st P (23)

1
We have /0 dpy-ay-ry-rtq-vp(tq) = 1and qllr{l_ My g0 (t:q) = Mg, (). Then the
g-analogue of (9) is given by [35] (p. 4, Equation (1.14))

24)1 l ﬁ/ q,x ] = / 347 l ﬁV’?r q, xt] d,‘l/l;,l,)\/,y,)\,,y,)”r”,v,v(t; ‘7)/ (24)
where min{R(A), R(v), R(y+#n —A —v)} > 0. Joshi and Vyas [36] also derived some nice
g-Erdélyi-type integrals, one of which is discussed in Section 4.

In the same paper [35], Gasper also found the following discrete g-analogue of (24):

s w,ﬁfﬂf”.q al = (@2 @)n v~ WD/ (AV); @)k nk
v6 "V (e = @O @90k

. ‘u/)\r)//)\qk'rl 1—k “,‘B, ,q
3¢2lwu/<kv> T /”]4¢3l Av,d ALQ]- 25)

Finally, we also need the following g-hypergeometric function of three variables
(see [37], p. 96 and [38], p. 35):

(a) 5 (0); (81); (6" : () (e): (")
@ww@xy»@@:wxwxmwﬂ“”“]
B B’ B”

&ﬁm%dz¢@[

A
0o H(ﬂr?Q)ernﬂﬂ H(br;q)mHI H(b;?‘i)nﬂ) H(b;l?Q)erm
_ Z r=1 L r=1 r=1 r=1
m,n,p:O E G GI GH
H(er; Q)m+n+r’ H(gﬁ Q)m+n H(gr/ q)n+p H gr ; p+m
r=1 r=1 r=1 r=1
C C//
H CV/ m H r/ H rﬂ])p m n
= .t AL 26)
H H” (@ )m (3:0)n (7:9)p

r/ m H 1’/ H h”; ’7)17
r=1

:1

<

where x| <1, |y| <1land |z|] < 1.
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3. Theorem 1 Revisited
3.1. An Alternative Proof of Theorem 1

For convenience, let I denote the triple integral in (13). By (12), the first Fx-function in
the integrand can be expanded as

Fxlay, a0 — 12,0 — 12, B1 — A3, B2, B1 — Az; 1 — Ay + 171, B2 — Ag + po, B1 — As; ux, vy, wz]

_ Z (062 - ’72>m21—_~1 ,Bl — Az +m, ocl;ux JF ay — o +m, ‘32; oy (wz)m @7
m! ap— A +m B2 —Ax+ 12

m=0

Since Dy is a Reinhardt domain, we have immediately (ux, vy, wz) € Dk (u,v,w € (0,1))
and thus the region of convergence of the series in (27) is clear. For the second Fx-function
in the integrand, we have

1—u)x (1—o)y wz }

Fy [)\1 — 12,2, Mg Ar — 2, A3 A, A2, A S oy ' (= ux) (1 —oy)

_ i (772)7121;1

Az+n, A —np (1 —u)x]

=0 M "1 —ux
. ’72+1’l,/\2—]/12' (1—?})]/ ) wz n
2h Az " 1-oy (1—ux)(1—oy) |~ (28)
Note that
(1—u)x 1—u (1—-o)y 1—v <1
1—ux 1—ulx| 1—oy 1—oly|
and
| =) o _ wlz|
(1—\%”(1—\%}) (1= ux| = (A =w)[x[)(|1 —oy| = (1 = 2)y])
2|
< <1,
T (= x)(X = y])
namely,

(1—u)x (1—-0)y wz
7 ’ € ]D)K
1—ux " 1—ovy " (1—ux)(1—oy)
Thus the region of convergence of the series in (28) is also fully characterized. In the subse-
quent calculuations, we may safely interchange the order of integration and summation, as
well as the order of summation, by Fubini’s theorem.
Now we have

O (v — 00 1
I — Z ( 2 Uz)mzm 2 (W;!)"Zn/o merndVﬁl,’Ys—ﬁl (w)
n=

|
=0 m:

1 —
: / (1—ux) "R Pr—As+m, al;ux
0 a1 —A+m

Az +n, A — 1M (1 — u)x
)\1 rm dyb‘tlfft1+7]1,)\1 (1/[)

1 _

2F

0 B2 —Ax+ o
m+nA—p (1-0o)y
2F Ay ; W d}“ﬁzf)\zjtyz,/\z (0). (29)
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m,n=0

(B1)m+n (a2 — 172)m(12)n

Note that

/medeﬁl% ﬁl( w) = Ei;;:i: (30)

where R(y3) > R(B1) > 0. By lettinga’ — Az +n, f — a1, A = ag — Ay +11, & —
B1+m+nand y = a; + 71 in the Erdélyi integral (7), we obtain

./0.1(1—u )Ry

:81 A3 +m, 061’”]

—M+m
)\3+n,)\1—171_(1—u)x ,81—1—m+nvc1
2F1 /\l 7 1— ux d]/llxlf/\lﬁﬂll,/\]( ) 2 M + m X, (31)

where %(0&1 + 171) > %(/\1) > 0. By letting ol — My +n, ﬁ — ‘32, A= ‘Bz — Ay + M2,
& — ap +m+nand vy — B2 + yp in the Erdélyi integral (7), we obtain

1 ay —1p+m,p
1—oy) 2, |©2 72 2.0
/0( 2 [/32/\2+V2 Y

p |2t A= (1-0)y
1 ;T
Ao 1—oy

ay +m+mn, By
B2+ 12

]di‘ﬁz—Asz,Az(Z’) =2k ;y] , (32)

where R(B2 + pz) > R(Az) > 0. With the help of (30)—(32), (29) can be simplified to

B2 + u2 (33)

To simplify the double series in (33), we first use the familiar series transformation for-
mula [39] (p. 56, Lemma 10)

(73)mtnm!n! a1 +m

ﬂ1+m+n X1 x] E

a+m+mn, By ]me

i Q(n,m):ii()nm—n (34)
m,n=0 m=0n=0

to obtain

-

ar+ 1 B+’ = (m—mn)n!

131 +m, Oél,x] JFy

22 +m,,32_y] B e AL TR

Then the use of the Chu-Vandermonde identity

(a+b)m i( ) n(b)n

gives

i (D‘Z _772)m—n(772)n . (“2>m. (36)

= (m —mn)in! m!

The result (13) now follows by substituting (36) into (35).

Remark 1. Joshi and Vyas [40] have shown that the Erdélyi integrals (7)—(9) can be derived by
using the series manipulation technique. Thus, inspired by the proof presented in this section, we
can also write down a proof using only the series manipulation technique. However, such a proof is
quite complicated, so we choose to omit it here.
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3.2. A Curious Integral Representation for F»

In this subsection, we derive a neat and interesting integral from Theorem 1. To the best
of our knowledge, this integral has not been explicitly mentioned in the existing literature.

Theorem 2. Let R(cq) > R(dy) > 0and R(cy) > R(by) > 0. Then we have

Lol a; —az,¢c1 —by —d v
. . _ _ _ —a 1 2,C1 1 1, v
Fylaq, by, by;c1, 02,9, 2] /0 /0 (1 —wz —ovy) "2k l o —di oyt wz—1
ay, by +dy—c1. (1-0)y
: ZFl [ d] s 1— oy — wz dl’lclfdl,ﬁﬁ (v)d}’lbz,CZ*bz(w)' (37)

Proof. Letting x = 0 in (13), it reduces to

Ex[aa, Ba, B1; B2 + M2, 735 Y, 2]

1 41
:/o /0(1—vy)*’72F2[062—772,/32,/31—Ag;ﬁz—/\2+yzlﬁl_/\3;vy,wz]

1-v)y wz
1—ovy "1—wy

) [772/ Ay — Yo, As; A, As; dpg,—Agtup s (0)AMB, s —p, (). (38)

Next, letting ap — a1, B2 — b1, B1 — ba, o — ¢1 — by, v3 = c2, Ao — dq1, A3 — dp and
712 — ap in (38) gives

Fylay,b1,by;¢1,¢2y, 2]

S
N /0 /o (1 —oy)™™holar —az,by, by = dyseq — dy, by — da; vy, we]

1—v wz
: F2 |:112, dl —C + bl/dZ; dl/dZ; (1 — v])/y/ 1— vy:| dl/lcl_dl,dl (v)d;’lbz,Q—bz (w) (39)
Then, by using [41] (p. 306, Equation (109))
Bla,b,b;c,V;y,z) = (1 —2)""F [a,cb; 1 KZ] , (40)

we have

- 1-v wz
(1—oy) ™k {ﬂz/dl —c1+ by dy;dy, dy; (1_01);, T vy}

(41)

=(1—vy—wz) ",k [az, bytdi—cy, (1—v)y] )

dq "1—vy—wz

Note that d, is merely an auxiliary parameter introduced for the transformation step and
does not appear in our final result. By using (40) and the Pfaff transformation [41] (p. 300,
Equation (79)), we have

Bylay —ap, by, by — dp; ¢ — dy, by — do; vy, wz]

— (1 _ wz)—u1+ﬂ22Fl [al — ay, bl' Uy ]

ci—d; '1—wz

(42)

_ (1 ~wz— vy)—uﬁ-azz]:l |fl1 —az, 01— b1 — dl. oy ]

c1—dq "oy+wz—11"

Substituting (41) and (42) into (39) leads us to (37). O
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Remark 2. We can prove (39) directly by using the method described in Section 3.1. In addition,
the integral (37) can also be derived from Manocha’s integral [42] (p. 239, Equation (13)):

1 41 ,
Fla,b,c;d, ey, z] :/ / (1 —oy —wz) " FKla—d,b,cA,n;y0,zw]
0 Jo

ety (= 0w
le:ll,b A, 7’]/d Ae qfl_vy_wz’l_vy_wz

]dP‘/\,dA (0)dpy,e—y(w), (43)

where R(d) > R(A) > 0and R(e) > R(y) > 0. In fact, if we set § — c in (43) and then use the
two transformation formulas as in the proof above, we obtain

1 1 B a—a,A—b v
1—"2[cl,b,c;d,e;y,z]:/0 /0 (1—vy —wz) azFll 1 '.vy—i—izZz—l

a,b—A (1-v
ﬁ[ (-0

d—A ' T—oy— wz] dpra—r(v)dpce—c(w). (44)

Letting further A — c1 —dy, b — by, a — ay, a' — ay, ¢ — by, d — ¢1 and e — ¢y in (44) leads
us again to the integral (37).

3.3. A Further Extension of Theorem 1

As usual, the discrete convolution product of two sequences a := a(m,n) and
b := b(m, n) is defined by

(axb)(m,n):= ﬁ ia(m —i,n—j)b(i,j).

i=0j=0

Let us consider the function of the following form:

. o
F2 a, P “Z’ﬁz;xl,xz,xg,m = Z a(m,n)2F1 . +m”81;x1
Y172 m,n=0
o P

Functions of this type appear frequently in many situations and have properties similar to
Saran’s Fx-function.
If we take
(21)n(@2)n
a(m,n) = n(y3)n
0, m#£ n,

then the function (45) reduces to Saran’s function:

PK [ﬁl/ Xy, &, K1, 52/ X171, Y2, Y37 X1, X2, x3x4]'

Another significant example originates in physics. In 2018, Belitsky [29] (p. 69)
generalized Saran’s Fgx-function of three variables to L variables, i.e.,

ay, by, - /bL—llﬂz_Z

FK 721,00 S2L
Cl/ t ICL
_ oy Oy Oy (D 2
nl,---,nL:O (Cl)nl T (CL)TZL nl! nL!
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Then Rosenhaus [43] employed the function (46) in his study of n-point conformal blocks in
the comb channel. More recently, Ferrando et al. [44] used a rescaled version of this function
in evaluating the conformal integral associated with the n-point conformal partial wave in
the comb channel. Taking L = 4 in (46), we obtain

ai, bl/ b2/ b3/ ap
F

721,22,23,24
C1,€2,C3,C4

i (al)m (bl)n1+”2 (bZ)ﬂz+”3(b3)n3+n4 (“2)714 ££££
Hy o =0 (€1)n, (€2)ny(€3) 5 (Ca)ny ny! np! ns! ny!

(1) ny (52)ny+15 (D3) s E 01/b1+n2,zl R, ﬂz,bs+n3,z4 27 47)
o, 113=0 (Cz)n2(63)n3n2!1’l3! C1 ! Cyq ! 2737

which also has the form of (45). The region of convergence of (47) is determined by

|22 |z3|
<1.
T—|z1] 1 — |z

|z1] <1, |z4] <1 and

Here it is worth mentioning that Khichi has introduced the multivariate hypergeometric
functions H 1(3”) ([41], p. 308, Equation (123)), which appears quite similar to the function (46),
although they are different in nature.

By using the method from Section 3.1, we have the following theorem.

Theorem 3. Let R(7;) > R(vj) >0(j=1,---,4). Then we have

A, By Ao, 1,1 1 1
SRELUSRL N ﬁz; X1, X2, X3, x4] = / / / / (1- ulxl)_/\l (1- MZXZ)_AZ
T 0 Jo JOo JO

fC

. ga | Priaa B2
72

Y10y
b [/\1,[31 —m Ay Bo—12 (I—u)xy (1—up)xo  u3x3 UgXy ]

s X1U1, XoUp, X3U3, x4u41

T—71:T—7 | l—uxy " 1—uxy "1—uxy 1 —upxp
4
11 dpty; 5, (15), (48)
j=1

where

_ (r3)m (va)n ax
c(m,n) = () (T4)n( b)(m,n). (49)

Proof. Since the proof is very similar to the one given in Section 3.1, we omit the details and
retain only key steps. Let us denote the right-hand side of (48) by I. Then, by using (45),
we have

00 (e )
I= ¥ % alm,my)b(m,n)ey et
1y, i =0 11,11, =0

1
: /0 (1—uyxp) M "yF

a1 +m
1 1”31,'3(]1/!]
T

MAny,Br—71 (1 —up)x

'ZFl 7 1
T1T—" —uixy

‘| d.u%,ﬁ*'h (ul)
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1
. / (1 —upxy) 2725 “2t 'Bz; xz“z]
0 T2
Ay 412, By — 72 (1 —up)x2
oF ;——==1d _
2H T — 72 1— toxo o2 (12)
1 1
+
’ /0 ”gll " dV’Ya,Taf’Ys (u3) /0 uzzz+n2dy,y4ﬁ47w (”4)~ (50)

By using (7) and (30), we obtain

= i i a(m] m2)b(1’l1 nz)xm1+n1xm2+n2 (73)m1+n1 (’)/4)11124*712
mq,mp=0 nq,1,=0 ' ’ 3 4 (73)m1+n1 (74)m2+n2

a1+ A+ my +Tl1,ﬁ1.x1‘| JF, Ny + Ay + my +n2,ﬁ2_x21
T ’ T A

oF

Next, interchanging the order of summation and using the series transformation Formula (35),
as done previously in Section 3.1, we obtain

[= i i a(my, my)b(ny, ny)xy xR (Y3)my+m (Ya) my+ny
111,111=0 1, 1=0 ’ ! () my+my (Ta)mytn,
a“‘_)\ +m +71, 0(2+)\2+m2+n2/ o
L [T Em ﬁl;xll JFy B
T )
= i x5 a2 (v3)m (74)”‘221:1 a1+ M Jr’”flll,Bll,x1 JF 062+)\2+m2,,32;x2
mq,mpy=0 3 4 (T3)m1 (T4)WL2 Tl T
mq my
’ Z Z a(my — ny, my — ny)b(ny, ny)
7’!1:01’12:0
=y oy m)
1y, iy =0 (T3)m1 (74)7112
A A
oF a1+ 1T+ ml/ﬁl;xl‘| JF xy + 2T+ Mo, ﬁz; le x;”le”,
1 2

which upon using the notation (49) leads us to the desired result. [

4. Some g-Erdélyi-Type Integrals
4.1. A Joshi—Vyas-Type Theorem

Inspired by the formula [40] (p. 133) of Joshi and Vyas and its useful g-analogue [36] (p.
646), we establish—using the measure in (22)—the following theorem of Joshi-Vyas type.

Theorem 4. Let ®(zy,- - -, zx) be defined by
qD(Zl,... /Zk) = Z C(nlr"' /nk)zgll ...ZZk

nl,w,nk:O

where {c(ny,- -+ ,ny)} is a suitable sequence so that the series converges absolutely and uniformly
in a certain region. Then
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0 k JJ
L el It

m 1 @,9";q)n,

- / thlr e ,Zktk) jlj]l:d#ﬂj—/\]',')’]'—)Lj,’yj—/\j-i-ﬂ]'—l/j,vj' (t]/ 11) (51)

Proof. The result follows by the moment formula

v AL
(", 97:q)¢ (52)

1
-—_ K / -
Iy -—/0 Edpy-an-ry-asg-vw(t:q) = @7, q%:9)

which can be proved by evaluating the g-integral directly. Here, for the sake of completeness
and to facilitate readers’ understanding, we briefly present the derivation of (52).
In view of (22) and (23), we have

1 . n—A ,y—A =1
_ i1 (M@ AT Ay
I, = C/o t (th’AJrW’V;q)oos(Pl l gr-A+v ;q,tq dgt,

where
Ty (1) (1)

Fq(/\)l"q(v)l"q('y —A4n—v)
Then, using (14), (17) and (34), we obtain

C:=

oo 1+k. —A —-A —k
k) (45 q)e qraT AT Ak
o q) kg()q (0 (q'y—)\+17—v+k;q) 31 [ q'yf/\+r]7v /49,9 v

L (4" 9)oo i (@5 g)m
k=0 (g7 A oo = (@A, 05 q)

. (_1)mqkm+(/\—v)m—(2)

—k.

_ = @) @M g )
=C(l—9q) Z (q'yf/\+177v+k+m;q)oo (q'y—/\-‘ri]—v’q;q)m

k,m=0
. (_1)mq(k+m)(v+é)+(k+m)m+(/\fv)m7(gz)‘

By noting that (57" +1;9) 0 (375" ) = (7175 9)e(—1)"gkm=2(m+1)m the above ex-
pression can be further simplified to

1+k.

_ - (1775 9)w (97" A‘fr S Dm kml+kAm
=ct-a) L (q”*“” VR ) (T g )

k,m=0

—A = 1+k.
m(0+A) A4 )m k(£+v) (175 q)e
Z 7" q7 A= V.0 0)m Z q ! (qv—A+ﬂ—v+k+m;q)w’ (53)

where the inner sum can be evaluated via the g-beta function as

§ g0 0e 1 /1 AR 7 ) SR
&’ (qr-Atn—vikim gy 1—qJo (gAY )
B <q’ q7+177)\+m+é/. q)oo
o —A—v+m. : (54)
(qv+€,q7+l7 + /Q)oo
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(@M D e
(@712, 4 0)m
nN—A ,7—A

T AL
[qwnﬁer‘%q i ]

Substituting (54) into (53) gives
(2,977 e

= CO =) Gt g, )
_ (4,97 M e
=C(1—q) (g, q"/+17—)\—1/,.q)002¢1

(55)

The 2¢1 in (55) can be easily evaluated by using the g-Gauss sum [32] (p. 354, Equation (I1.8))

_ (9%9%9)

and the result is
@ e
(97, 9":9).

Iy =C(1-9q) (g +0, A qrHi=A=v; g

This completes the proof. [

Remark 3. When k = 1, the Formula (51) reduces to Joshi and Vyas’ result
1
= /0 q)<2t>d}‘17—/\,'y—)\,'y—)x+17—v,v(t/ 4) (56)

i ) (@05 )n
#=0 G
where ®(z) = Y _ c(n)z". We observe that if we take
=0 1, n=¢
C(n) — 4 7
0, n#/4

in (56), then ®(z) reduces to 2! and thus (51) reduces to the moment Formula (52). The Formula (51)
can also be considered as Ernst’s g-analogue for Exton’s result (see [45], p. 189, Theorem 3.1).

Letting k = 3 and
(9°0, 4" @) (4P2, 47 9)n (97;.9)p
(a1, 0™, 4 0)m(4%2,9™2,9;9)n (33,97, 4; 9)

c(m,n, p) = (4" Q)nsp (P 9) p+
in Theorem 4 gives the following corollary.

Ai =), R(A), R(v;)} > 0 (i = 1,2,3), we have

Corollary 1. When min{R(-y; + #;

Dy (a1, a2, a2, B1, B2, B1, V1, V2, V350, X, Y, Z)
—;00; B1 1 a1, 115 B2, 125 13 :q, Xt yta, 2t

V1, A1 V2, A0, 3, A3

@)
[0,1)3 (P [ L= =
3
T LA (8:) (57)
j=1

where $®) is defined by (26).
Remark 4. This integral (57) is clearly a q-analogue of the integral by Luo et al. [13] (Theorem 1)

In particular, when x = 0, (57) reduces to
ay : Bo, 772;[51,773; 0yt zts

— 1V, A2 13, A3

x1:2;2
q)0:2;2 [

0,1]2
(58)

[

D[, B2, P15 12, V359, Y, 2] = /
AjYj—AjFni—vj,v; (t]’q)’

3
) H dl"ﬂj—A
i=2
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which is the g-analogue of Koschmieder’s integral representation for F, ([13], Corollary 1). Here,
D, and CI%%% denote the q-Appell function [32] (p. 283, Equation (10.2.6)) and the q-Kampé de
Fériet function [41] (p. 349), respectively.

Letting A1 = a1, A2 = B2 and A3 = #3 in (57), we obtain the following corollary.

Corollary 2. When min{R(y1 +#1 — a3 —v1), R(a1), R(v1)} > 0, min{R(y2 + 172 — 2 —
1), R(B2), R(v2)} > 0and RN(y3) > N(v3) > 0, we have

&SK [“11 X, X2, ABl/ ,BZr ﬁl/ Y1, 72,73, 9, %, Y, Z]
= [0 1]3 EIV)K [1711 xp, X2, ,Bll 172/ ,Bll v1,V2,V3,; q/ thl }/tZ/ Zt3]

’ dV’il —&1,71—®1,Y1— &1~V (tl; Q)dﬂnzfﬁz,'yzfﬁz/yzf/%+1127v2,1/2 (tZ; q)dVV3,73 —V3 (tS; ‘7)' (59)

Remark 5. This integral is the g-analogue of the integral by Luo and Raina [28] (p. 14,
Theorem 4.1).

In the next subsection, we shall show that Corollary 2 has a nice discrete analogue.

4.2. A Discrete q-Analogue of Corollary 2

Based on Gasper’s Formula (25), we obtain the following results.

Theorem 5.
- q“z gPr g™, g7 g2, g%
T T I
r s t
=YY Y wili,q)wa(j,s; q)wa(k, t;4)
i=0j=0k=0
_ B1 - —i. Ay 4—j. 4~k
o) T (R e Y Y 0
l — = — qyllél;qy2,52;qﬂ3,53 ’q’q’q’q]’ ( )
where
1 g T+AM—a1—p. (a1 q).
wi(i,riq) = PO (T f,q)r-z (g":9)
(971, 9" 9)y (@3)r (4:9)i
A —w ® i—r
q 1 1 q')’l 1 q e .
o L%“‘l i glere "‘Vq/ql l ’“]‘7(7 "
o (@R gq)s (@R (9125 );
wz(],s,q) T (gr2 gha . . .
(972,92, q)s (7:0)s—j (2:9);
A—B2 g12—B2 gi— . )
q q g 1—i _
.34) |ﬂ72+)\2 Bo—1in ql s— ﬁz,q,q ] ?‘2‘|q(s 2
and

(@) (@77 0)k (0" Dk -k
k t;q) := s,
OB = s e @
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Proof. For convenience, we denote the right-hand side of (60) by S. By (26), it is not difficult
to see that

<i>(3) . _.qzxz.qﬁl LM, g g2 ,q—j;q—k
— =g, 01,912, 02,9, 03

azlqﬁl’q ,q) q,31+p’ q/\l’q—i‘ qaz-ﬁ-]ﬂ, q/\zrq—j‘
p;o qy3 53, 2:q ) q (P qyllél 79,9 3(P2 qyzré‘z 4,9 -

:4,9,4, q]

Then

= (9",33,9;9)p

B1+pr A i a+p Ay =]
q q-.9 ;%q]wh[q 9.9 ;q,ql

LS k(%2907 q)
ZZZ (i,r;9)wa(j, s; 9)ws(k, ;) Y Lq
=0 :O =0 p

[ qyl,él

qﬂzl 52
k

(9°2,9P1,97%;9),
= k,t;q) P
kgo b9 ,,Zzo (4,8, 3:0)p |

r Brtp g =i
= mq9-.9
Liwliri 3<le s, ,LM]
) a+p gha =]
sz(J/S?LI)MPZ [q qﬂjfszq ?M] (61)

j=0

Letting « — g%, B — gP1P, v — g7, 8 — 5, 4 — g™, A — ¢ and v — g in (25),
we have

r Bitp M i ar gPitp g—r
. q g9, _ q-.,9 g .,
gzm(l,r,q)e@z [ a5, ;4 6]] =3¢ [ a1 ;4 6]]

r vq q,Bl —r.q) (qﬁl-&-i;q)pqi'
= 6/71 ougq)i (Pa)p

(62)

M

Letting & — ¢2*F, B — g2, ¢y — q72,8 — &, u — g2, A — g2 and v — ¢#2 in (25),

we obtain
s Ww+p gA2 g w+p gbo g=s
HEP q ’q ’q . _ q /q /5] .
];)wz(],S,q)gqbz [ 7,5, 349, q] =32 [ .5 549, q]
v @97,07%59) (975 a), ©3)
= @eq9))  (4%49)p
Now, substituting (62) and (63) into (61) gives
—r. ). Q. B —5.4).
s_y @ a e g (00 )
5 @uovgai T 5 (472,60,449);
t k (qlxz-l‘j qﬁl-‘ri q—k.q)
ws(k, t; ’ 1 TP, (64)
k;) 3( Q)pgo (0,05, 4:9),
Letting « — g*2%/, B — gP1ti, o — q73,5 — 83, u = A and v — ¢ in (25) gives
t k (th2+j qﬁr‘ri q—k.q) qDé2+j q,31+i qft
wa(k, t; P = ! g a]. (65
k:ZO i q)p; @, sq0, e gr,o5 :
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Substituting (65) into (64), we obtain

t

(q“%qﬁ%q”;q%q 'y (9°2,qP2,97° /17 'Z (=, 0P, 75 )k &
o @ onaa) T = (47,602,4:9) (972,03, 4;9)k

|
™-

1

k=
st ay (ﬁz ) —t. o
(¢P (g1, 97" )z 47%59)i @59k ik
;; Tkl D (q“,fh,q, )i (472,02,4;9); (472,03, 4; )k '

I
i M\

Interpreting the above triple sum as the ¢(®)-function leads us to the Formula (60). [

By letting i — r—1i,j —s—jk—t—k 6 —q"7"/x, 60 = q7/y, 65 — ¢ /z
in (60), we have

— = B1 . g1 B2
3) 9°2qP ", g P, 7% q 7!
¢ [_ . q'y] ql r/x; q’yz 1- S/y ‘773 1— t/zrq/%%q
r s t
= ZZ Z Wi (r —i,r;q)wa(s — j,5;9)ws(t — k, £q)
i=0 j=0 k=
:Bl ]
(3 .- ,qlxz q q q q q ,q
¢ [ qﬂl 1- r/x qVZ 1- S/y qﬂ3 1- t/Z’q’q’q/q . (66)
Note that
lim wl( —i r.q) — (q%,qm,-q)oo (q71+)\17a1*141;q)iqiy1
e @,a" e (g:0)i
M—ay gr1—a1 g—i ]
.34)1 lq q’th)Zfzx]fy? ;qlqal_ﬂl+l], (67)
. A= ot ).
lim wa(s — j,5;q) = (4P2,4; q)o0 (q72 727 P2 m’q)qum
5—>+00 (q'yzlq)\z;q)oo (4?‘7)]‘
A=PB2 gr2—B2 =i ,
q72r,q g7, _
.B(Pll grtha—hamin 'qlqh ”ﬁ]] (68)
and

(9" 9)e0 (472715 9)k &
lim ws(t—k,¢; ks,
.l D= rie @k |
Letting r,5,t — +0c0 in (66) and making use of (67)—-(69), we obtain

(69)

D[y, a2, 22, B1, B2, BLi Y1, V2, V359, X, Y, 2]
_ (gt g T T ) (92,972, g7 R TR T ) (910, 47T )
(971,9M,4;9)o0 (972,92, 9;9) (972,4; )0

oy (7" )o0 (1" 9)e0 @5 Do it
i o (q71+/\1—0¢1—}‘1+i;q)00 (q72+)\2—l32—ﬂz+]';q)00 (q%*ﬂfrkl-q)ooq

A —w -0y i . A—=B2 g12—PB2 5=
q 1 1,5]71 1,q . _ q 2 ’q ’q
. 3§b1 q71+)\1_“1_141 ,q,qu‘l V1+l] 3¢1 l q'YZ+/\2_ISZ—]42 ;q, qﬁZ H

Dy Ay, a0, a2, B, Ao, Bu; 1, M2, 13:9, X9, yg!, 2q").

Using definition (14) of the multiple g-integral, the expression can be further reduced to (59).

https://doi.org/10.3390/ fractalfract10040225


https://doi.org/10.3390/fractalfract10040225

Fractal Fract. 2026, 10, 225 18 of 24

4.3. A Q-Analogue of Theorem 1

Let f : C — C be a function of one variable. We define the g-shift operator [E; by
E;f(x) = f(qx) (0 < g < 1) [46] (Definition 1.3). Inductively, for any n € Z>1,

ELf(x) = £(g"x)

and in particular, ]Eg f(x) = f(x). Inaddition, 1ir{1 Ej f(x) = f(x) . For k-dimensional case,
q—1

we use the notation E, »; to denote the operator acting on the i-th variable of f, namely,

Eq,x,-f(xlf'“ S X, ’xk) :f(xl’... ,qxil... lxk)’ 121, ,k_

We shall frequently use the formula
Eo By f(x,y) = f("x,q"y), (n,m) € 2. (70)

If £(x) = ) aux" (|x| < R) is an analytic functions, then
n=0

E(tEqo)f(x) = io at" ("), |H <R,

where f(x) is also assumed to be bounded (or, in many situations, analytic) in a neighbor-
hood of 0. We have

Jim £(t By f(x) = £(f (x).

The limit helps overcome the difficulty in deriving the g-analogue of Theorem 1.

Theorem 6. Let R(a1+171) > R(A1) > 0, R(Ba+p2) > R(A2) > 0and R(y3) > R(B1) > 0.
Then we have

5 . . _ (uxg™, 0yg"; q) oo
Dy [ag, an, a2, B1, B2, P11 + 11, B2 + M2, Y354, X, Y, 2] = /[0,1]3 (0%, 9y oo

— = q”/l;q)\S : q/\lfi’/l’u*l; q/\27742,v*1- _

7

o .
P g/ (ux)i, q/ (0y)s uxg, vy,

q,9,9,wzq"? " PEgxEq

D [ar, a0 — 112,00 — 112, B1 — Az, Bo, 1 — Az;er — Ay + 11, B — Ao+ o, B — Az
4 uxq)‘3, qu’h, wz] dyﬂél —A1+11,M (u; q)dl’lﬁz*/\frﬂzﬂz (v; q)dﬂuﬁl,%*/ﬁ (w; "7)' (71)

Proof. We use the method from Section 3.1. Let I denote the triple g-integral in (71). By the
definition (26) of the ¢(3)-function, we have

. Ny —
Ay7 99,9, WZq 2 Wz]Eq,xEq,y

3) — gt My ghe b
(P — =y, q/\lr Q/(”x), q)lzl q/(vy)/ uxq)L:;, quqz, q

i (972 9)x gtk g,y
= 2 )\3 n. 3¢2 Al /
= (uxqs, oyq'2; q)x q*1,q/ (ux)
s q’72+k,q/\2—ﬂzlv_l' (wzq“Z—UZEq,xEq,y)k.
q*2,q/(vy) ' (4 9)k

;4.9

Then, in view of (70) and (16), we have
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1= / (uxq’, qu’” i (9" )
13 (ux,vyiq)eo = (uxghs, 0yq"2; )k
)\3+k, /\fﬂllufl '72+k, /\2*#2,0*1 wzg®2 M2k
32 1 Alq 79,9392 I /\217 79,9 L
q",q/ (ux) 7'2,q/(vy) (7:9)x
Dy (g, 0 — 112,00 — 112, B1 — Az, B2, B1 — Azsar — A+ 171, B2 — Ax + o, B1 — As;
uqu+A3/ Uqu-HD’ ZUZ] dyl"l—/\l +11.M (M} q)d.uﬁz—)tz-‘r]iz,/\z (’0,' Q)dﬂﬁms—ﬁl (w; Q)
-/ v (475 )i (x40, 004 Qe (s
0173 = (7:9)k (ux, 0Y; 9)oo
As+k A1— -1 +k Ay— -1
geTr, gt n oy q'72 ,q' 22,0
3¢ ;49,9302 ;4,9
[ g, q/ (ux) ] [ q'2,q/ (vy)
o (3"279)¢ ~ |B1—As+ L ktas |+ (@2 =12+, B K+
. ~tr S/ ; qu 3 .4, 12
E:ZO @0 S AT B Y R AL
(wz) dyﬂll =M+, )\1(” Q)dﬂﬁz Axtpiz, Az(v q)d‘uﬁl r3—P1 (w;q)
o (@7 Dk g—mk v @2 59)e g o,
= zg*2 e / wtd w;
,;0 G ) Eo (@:9) Fprimapy (074)
'/1 (qu/\3+k 7)o B1—As+ 4,1 4, quA3+k
0 (UxX;q)e ay — A+
Atk A=y -1
q 3 ,q] 7/1,u ) )
: 3¢)2 [ q/\l/‘]/<ux) 74 q‘| d]’lN]*/HJriﬁ,/\l (M, ‘7)
'/1 (Uyqﬂerk;q)oo ~ ey =12+ 4, ,Bz.q U]/l]’?ﬁk
0 (v 9)e B2 — A2+ 2
q"/Z"‘k q/\Z H2 U_
: ;4,9 dug,— ;q). 72
34’2[ %0/ (oy) 78, | dHpy Ay t0,0, (05 9) (72)

By lettinga — B1+k+{(, 8 — a1,y > a1+1n, A = ay— A +yranda’ — A3+ k
in (21), we have

/-l (uqu3+k ) '81 )t3+ s . uqu3+k
0 7 7

(ux;q) oo —M+m
)\3+k )\171’]1 -1
AT P T v g |Bitk+la
302 Pa/(ux) T Aptay Ay +,0, (9) = 21 ot | (73)

where (a1 +71) > R(A1) > 0. Similarly, let o — ap +k+ ¢, B — B2, v — B2+ 2,
A= PBa— A+ pupand &’ — 15 + kin (21), then

U (oyg™ " q)e0 ~ |02 =12+ 4, B2, "
/O ;4,099

(v 9)oo P2 —Ax+pi2
gt gl o7t G a2 tk+ B
: 4,9 | dpp,— q) = syl (74
34’2[ A g/ (oy) V| B Aot o (V1) = 261 Byt Y (74)
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where R(B2 + p2) > R(A2) > 0. Substituting (73) and (74) in (72) gives

agk

[y @ ) ) i 427" 0)¢ (9P ke e

(M)k De (@7 @ kse

k V4
Br+k+6a1 ]~ ay+k+10,B ]

i
o

x
a1+ 1 21 B2 + u2

B1+k o ~ lax+k, B2
;q,x ;4
&+ q, x| 201 Bo + 112 9,y

v @Dk (@2750) 0 wy—py k-t
EO G @ 4

B1+k as ~ |ax 4k, Bo
74, ;9,1 75
& +m q,x |21 By + 1 4y (75)

(9P 9)k
q73;9)x

e

224)

k=0

> (g2 qﬁl

-y

& (g, M) o

By interpreting the last series in (75) as the g-Saran function g, we obtain the desired
result (71).

Note that in the above calculations, the interchange of order of integration and sum-
mation, as well as the order of summation, is also justified by Fubini’s theorem. O

Remark 6. The Formula (71) obtained here involves the q-shift operators Eg x and Ky, which
makes it appears slightly different from the familiar integrals associated with »¢. It would, therefore,
be interesting to explore whether alternative g-Erdélyi-type integrals for O can be derived through
a different approach. We conjecture that the use of g-fractional integration by parts [47] (p. 159,
Theorem 5.14) may offer a viable path for addressing this problem.

Finally, we show that in some cases, the integrand in (6) can be simplified so that the
operators [E; » and E; y do not appear any more.

Corollary 3. When min{R(«1), R(171), R(B2), R(p2)} > 0and R(y3) > R(B1) > 0, we have

5 . . _ [ (uxgPL oy g)e
q)K [0‘1/ X, X2, ﬁl/ ,821 ﬁl/ X1 + M1, ,32 + W2,73:,9,%,Y, Z] == ./[0,1}3 (le, Uy/'q)oo
7200 d .q)d .q)d ~ 76
: 34)2 quﬁl, Z)yqqu q, Wz | Apay iy (u/ ‘7) HBo,uo (U/ ‘1) HB1,v3—B1 (w/ ‘7) ( )

Proof. By letting A1 — 77 and Ay — yp in (71), we obtain

~ (uxq™s, 0yq"; )0
@ 7 7 7 7 7 ; + 7 + 7 ; 7 7 7 :/
klo1, a2, a0, B1, Bo, Brser + 11, B2 + M2, 73:9, %, Y, 2] 01 (1%, 0 9)es
K(g:x,y,zu,0, w)dl/‘alrﬂl(”;q)dﬂuﬁzfﬂz(v;q)dﬂﬁl,%*&(W;q)’ (77)
where
' ' . q7,0,0 _
K(q/ X, Y,zZ,U,0, ZU) = 3¢2 [uqu3,qun2/ q, wquxz WZEq,xEq,y

(uqugllqutxz;q)oo q”‘z_’72,0,0 .
(uqua,quﬂz;q)oo uxqﬁllquﬂézl q, .
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To evaluate K(q; x, v, z; u, v, w), we first note that

B gl (ugh oy )
= uxq“ vyq"2,q;q)k
i (q272; q) p (wz)?

K(g;x,y,z;u,0,w) (
(uxgPrik, vygeatk, g;q),

uxq)\3+k, Uyqﬂ2+k, q)oo

p=0
_ (uxqﬁl qu”‘z q) i i qﬂz qazfﬂz-q) qk(ﬂézfﬂz)( )kﬂ’

(uxq’s, 0yq"; q)eo (=0 =0 uxqf‘l oyq*2; Q)i+ p(9:9)k(9:9)p
( Joo
( q)oo

uxqﬁl,qu”‘2,q i (wz)*
uxq’s, vyq'z; = (uxgPr,oyq"2, 4;q)x

k
) H (7 Q)k—p (2 72;q) pg kP 0272),
p=0 P q

where [k] denotes the g-binomial coefficient [32] (p. 24). Then the use of the g-binomial

q
theorem [32] (p. 25) gives

(9°2; 9)x (wz)*
0 (uxqPr,vyq®, q;q)x

q"2,0,0
; . 7
2 [uxqﬂll oyq*2’ q wz] (78)

xqP1, 099" q
uxq's, oyq;

Mg

K(g;x,y,z,u,0,w) =
k

RS

3

e}

(u )oo
( 7)o
~ (uxgP,vy";9) 0
~ (uxqhs,vyq™2;q)

Substituting (78) into (77) we obtain (76). O

5. Conclusions

In this paper, we continue the recent work of Luo, Xu, and Raina on Erdélyi-type inte-
grals for Saran’s function Fg, providing a new proof of one of their main results (Theorem 1).
The new proof is based on the direct series manipulation technique and the well-known
integral (7) (without resorting to fractional integration by parts and the Srivastava—Daoust
function), which actually offers a new approach to deriving formulas. Building on this, we
obtain an important generalization, which is applicable to the L-variable Fx function (46)
that arises in physics. Furthermore, some interesting g-analogues and discrete analogues
are also discussed.

By reviewing the literature on Erdélyi-type integrals of various hypergeometric func-
tions over the past century, this paper compiles the table in Appendix A, which reflects the
overall landscape of research in this direction. As already clarified in Section 1, whether
out of computational interest or due to their usefulness, it is highly valuable to continue
exploring Erdélyi-type integrals for other hypergeometric functions not yet included in
this table.
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Appendix A

Type of Function Reference

1 variable 2k Erdélyi (1939) [11,12]

Joshi-Vyas (2003) [40]

pFq Joshi-Vyas (2003) [40]
Luo-Raina (2017) [22]

g-analogues Gasper (2000) [35]
Joshi-Vyas (2006) [36]
Vyas (2024) [48]

discrete analogues Vyas-Bhatnagar-Fatawat-Suthar-Purohit (2022) [49]
Bhatnagar-Vyas (2022) [50]

others Laine (1982) [51]
Virchenko-Rumiantseva (2008) [52]
Virchenko-Ovcharenko (2011) [53]

n variables Appell Fi  Manocha (1967) [42]
(n>2) Mittal (1977) [54]
F,  Koschmieder (1947) [55]
Manocha (1967) [42]
Mittal (1977) [54]
F  Mittal (1977) [54]
F,  Manocha (1965) [56]
Mittal (1977) [54]
Lauricella F4  Manocha-Sharma (1969) [57]
Chandel (1971) [58]
Fg  Chandel (1971) [58]
F-  Chandel (1971) [58]
Fp  Koschmieder (1962) [59]
Manocha-Sharma (1969) [57]
Chandel (1971) [58]
Khudozhnikov (2003) [60]
Saran Fyp Manocha-Sharma (1969) [57]
Fx  Luo-Raina (2021) [28]
Luo-Xu-Raina (2022) [13]

g-analogues the present paper
others Volkodavov-Nikolaev (1993) [61]
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