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Abstract

This paper considers a general three-dimensional ABC fractional dynamical system for-
mulated in a bounded locally compact Hausdorff space. The locally compact Hausdorff
structure ensures that the compact-open topology on the space of continuous functions
coincides with the topology induced by the supremum norm, providing an appropriate
Banach space framework for the analysis of the system. Within this setting we study the
continuity, boundedness, and Lipschitz properties of the nonlinear operators associated
with the fractional model. Based on these properties, the existence of solutions is estab-
lished using Schaefer fixed point theorem, while uniqueness is obtained through Banach
contraction principle under suitable conditions. Furthermore, the Hyers—Ulam stability of
the system is investigated, showing that small perturbations lead to small deviations in the
corresponding solutions. Finally, the theoretical results are applied to the fractional Lorenz
system and the two-dimensional fractional Euler system, illustrating the applicability of
the proposed framework to models arising in chaotic dynamics and fluid mechanics.

Keywords: ABC fractional dynamical system; locally compact Hausdorff space; Lorenz
system; two-dimensional fractional Euler system

MSC: 46B50; 37C10; 34A34; 44A10

1. Introduction

The theory of fractional calculus is a subject of mathematics that extends the usual
ideas of differentiation and integration. It allows real or complex orders and this makes frac-
tional calculus more flexible and useful for modeling many real-world problems. The notion
of fractional differentiation is very old. It can be traced back to 1695, when Leibniz wrote
a letter to L'Hopital and asked about the meaning of a derivative of order 1/2. Later in
the 19th century, Riemann, Liouville, and Grunwald developed the main mathematical

Fractal Fract. 2026, 10, 214

https:/ /doi.org/10.3390/ fractalfract10040214


https://crossmark.crossref.org/dialog?doi=10.3390/fractalfract10040214&domain=pdf&date_stamp=2026-03-26
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0001-5085-4002
https://orcid.org/0009-0006-2467-8942
https://orcid.org/0000-0002-9120-6260
https://orcid.org/0000-0001-5731-3532
https://orcid.org/0000-0002-9513-2895
https://doi.org/10.3390/fractalfract10040214

Fractal Fract. 2026, 10, 214

2 of 25

theory of fractional calculus [1,2]. Their work built the foundation of fractional calculus
and introduced many important fractional operators. Now, there are several types of
fractional operators, such as Caputo-Fabrizio, Hilfer, Katugampola, and ABC derivatives.
These operators are different because they use different kernel functions, which describe
how memory works in the system. Because of this, fractional calculus can model systems
that have memory and hereditary effects. In recent decades, fractional calculus has be-
come an important mathematical tool. It connects classical mathematics with real world
applications. It is especially useful for describing systems where the present state depends
not only on the current situation but also on past states [3]. This memory property makes
fractional calculus more powerful than classical models for many natural and engineering
systems. Different fractional operators use different kernel functions. Some kernels are
singular and follow a power law decay, while others use exponential or Mittag-Leffler
decay. Fractional calculus has become an important and active research field that includes
theory, numerical methods and many practical applications [4]. In viscoelastic materials, it
can describe stress strain behavior more accurately than classical models. In heat transfer
and diffusion, fractional calculus explains abnormal diffusion in complex materials and
biological systems. In control theory, fractional controllers are more stable and flexible
than classical proportional integral derivative controllers. In addition, fractional calcu-
lus has applications in finance to model long term dependence in stock markets and in
epidemiology to describe delayed disease transmission [5]. These applications show that
fractional calculus is a powerful and universal tool for modeling complex systems with
memory and hereditary effects. Partial differential equations (PDEs) are another impor-
tant mathematical tool used to describe physical processes such as heat conduction, wave
propagation, elasticity, and diffusion. Classical PDEs are local, which means the change
at a point depends only on nearby values. This is not sufficient for complex systems that
have memory, long-range interactions, or multi scale behavior. To solve this problem,
fractional partial differential equations (FPDEs) were introduced by replacing integer order
derivatives with fractional derivatives [6]. This allows the equations to include memory
and nonlocal effects, giving a more accurate description of complex systems. FPDEs are
used to model anomalous diffusion, viscoelastic flow, quantum mechanics, turbulence,
and stochastic transport. They are also used in plasma physics to study particle motion,
in geophysics to model pollutant transport, in biology to describe cell movement, and in
finance to model memory driven market changes [7]. Campos and Rodrigues [8] studied
fractional quasilinear problems involving Riesz-type gradients and established analytical
results for such operators. Liang et al. [9] investigated fractional Schrédinger—Poisson
systems with critical nonlinearities and proved the existence of concentrating solutions.
Arik and Araz [10] analyzed delay fractional differential equations and obtained existence,
uniqueness, and applications to chaotic models. Sun et al. [11] developed numerical ap-
proximation schemes for Caputo-Hadamard fractional derivatives and applied them to
fractional Allen-Cahn equations. Several recent contributions have developed fixed point
techniques for fractional differential equations. Wang et al. [1] established new contrac-
tion principles and applied them to fractional models arising in market equilibrium and
economic growth. Balegh and GhezaL [12] provided a theoretical framework for delay
fractional differential equations using fixed point methods to analyze existence results.
Cona and Kocag [13] investigated systems of fractional order differential equations via a
fixed point approach to guarantee solvability. Furthermore, Belhadj et al. [14] generalized
Darbo’s fixed point theorem and applied it to prove the solvability of nonlinear fractional
differential equations.
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Consider now the general three-dimensional ABC fractional dynamical system:

ABEDG (i, 0) = —01(x, 0) + T {r, &, 9, § —v), i, § — O(w(x, §)p(x, )]},
ABEDE 0 (, Q) = —029(x, O) + Ta{x, 3, p(x, T — v), 9[x, T — 8w (x, )p(x, )]},
ABCDE W (,0) = —Osw(x, ) + Ta{K, §,w(x, L —v),w[K, L — 0(p(k,D)p(x, )]}, (D)
Pk, ) = 1(x,0), §(,0) = ¢2(x,0), w(i,0) = p3(x, ) 0<<po
p(x,0) = h(x), @(x,0) =hy(x) w(x,0) = hs(x)

forall (x,0) € Qg := Q x [0, o], where Q) C R is a bounded locally compact in IR, ABCD"‘g
denotes the ABC fractional derivative of order 0 < a < 1, pg = max{v,sup, #(t)} with
po < o,V > 0,613 > 0,9 is a real continuous function mapping into (0, o], ¢1,23 are con-
tinuous and bounded functions and J; » 3 are continuous operators. Our applications focus
on two systems: the fractional order Lorenz system and the two-dimensional fractional
Euler system. Hence, we briefly recall some relevant contributions related to these models.
For the fractional Lorenz system, recent studies have extensively investigated fractional
Lorenz-type systems from both theoretical and applied perspectives. Ahmad et al. [15]
analyzed the fractional order Lorenz system and established existence and uniqueness
results using contraction principles. Awais et al. [16] explored stochastic and hyperchaotic
behaviors in variable order fractional Lorenz systems, incorporating radial basis function
networks to examine complex dynamic patterns. Moreover, Meera and Selvaganesan [17]
proposed a generalized fractional complex Lorenz system and demonstrated its applicabil-
ity in dual layer security enhancement frameworks. For the two-dimensional fractional
Euler system, the two-dimensional Euler equations have been extensively investigated
from analytical and dynamical perspectives. Hui et al. [18] proposed a unified coordinate
system that improves the numerical treatment of the two-dimensional Euler equations.
Chen [19] studied the stability of transonic shock fronts in two-dimensional Euler systems
and provided rigorous analytical results. Wang and Yang [20] established existence and
stability results for planar diffusion waves in damped two-dimensional Euler equations.
Moreover, Dullin et al. [21] analyzed the instability of equilibria for the two-dimensional
Euler equations on the torus, revealing intricate dynamical behaviors in fluid models.

Fractional differential systems play an important role in modeling real phenomena
with memory and hereditary effects. However, many existing studies mainly focus on
numerical simulations or particular models, often without providing a general theoretical
framework within an appropriate topological setting. Motivated by this gap, we study a
general three-dimensional ABC fractional dynamical system defined on a bounded locally
compact Hausdorff space under the compact-open topology. The locally compact Hausdorff
property plays a crucial role in our analysis, since it guarantees the existence of compact
subsets and ensures that the compact-open topology on the space of continuous functions
coincides with the topology induced by the supremum norm. This property allows the
associated function space to be treated as a Banach space and enables the use of classical
fixed point techniques to analyze the fractional system.

The main contributions of this paper are as follows: First, the assumption that the
underlying domain is a bounded locally compact Hausdorff space plays a fundamental
role in the analysis. This property ensures that the compact-open topology on the space of
continuous functions coincides with the topology induced by the supremum norm, allowing
the function space to be treated as a Banach space. Within this framework, we establish the
continuity, boundedness, and Lipschitz properties of the nonlinear operators associated
with the fractional system. Second, we prove the existence of solutions using Schaefer
fixed point theorem and establish the uniqueness of solutions by applying Banach fixed
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point theorem under suitable conditions. Third, we investigate the Hyers-Ulam stability
of the system, showing that small perturbations in the system lead to small deviations
in the corresponding solutions, which demonstrates the robustness of the model. Finally,
we apply the obtained abstract results to two important models, namely the fractional
Lorenz system and the two-dimensional fractional Euler system, illustrating the flexibility
and applicability of the proposed approach. The remainder of the paper is organized as
follows. In Section 3, we first recall the role of the locally compact Hausdorff property of
the underlying domain, which ensures that the compact-open topology on the space of
continuous functions coincides with the supremum norm topology. This property allows
the operator analysis to be carried out within a suitable Banach space framework. We then
study the continuity and compactness properties of the associated operators. Section 4 is
devoted to establishing the existence, uniqueness, and Hyers-Ulam stability results for the
considered fractional system. Finally, in Section 5, the theoretical results are applied to the
fractional Lorenz system and the two-dimensional fractional Euler system.

The novelty of the present work lies in the development of a topological-functional
framework for ABC fractional dynamical systems defined on locally compact Hausdorff
spaces. In particular, we establish the equivalence between the compact-open topology and
the supremum norm topology on the associated function space, which allows the effective
application of Banach space fixed point techniques. This approach provides a unified and
rigorous setting for analyzing existence, uniqueness, and Hyers-Ulam stability of solutions
for a broad class of nonlinear fractional systems.

2. Preliminaries

Let ¢ be any continuous function on ()7, where (¢ > 0. The ABC integre operator [22],
of Y(x, {) for order « > 0 is given by

_ e
MLy p(6D) = T 9D+ e b G- 0" ke 0<a<1 @

and the ABC derivative operator of (x, {) for order « > 0 is given by

S A 1(4 —e)"‘) (n)
— E,x< Yo' (k,0)do, n—1<a<n
ABCDS‘,glP(K/ ) = 1—a /0 1—a 0

wé’,f)(ic,g), a:=n€ceN,

€)

where E,(+) is the Mittag—Leffler function and A’ is a condition referred to as the nor-
malization function with A = A! = 1. For { > 0 and for n—1 < a < n we have

ABCsz ABCIaglP(K é’) lP(K,O ABCDaggﬁ r(gii_la g& L

ABCIocéABCDO élp(K C: Z k'l/J / gzo, (4)

whered > —1landn € N.

Theorem 1 ([23]). Let (E, || - ||) be a Banach space and let O : E — E be a contraction mapping.
Then O admits a unique fixed point eg € E such that O(epeg) = eg. Moreover, for any initial point
eo € E, the iterative sequence defined by e, 11 = O(ey) converges to e.

Theorem 2 ([23]). Let E be a Banach space with compact continuous operator O : E — E. Assume
that the set
E={ecE:e=10(e), A €[0,1]}
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is bounded in E. Then O has at least one fixed point in E.

Theorem 3 ([24]). Let E be a metric compact space with metric function d. Assume F C C(E) is
a family of real-valued continuous functions on E. Then F is relatively compact in (C(E), || - ||c0)
if and only if:

1. Fis uniformly bounded.

2. Fisequicontinuous.

3. Continuity and Compactness of the Associated Operators

This section studies some the properties of the operators related to our fractional
system. We prove their continuity, Lipschitz condition, and compactness. These results
help us apply fixed point theorems in the next section. A subset S is called locally compact
in a topological space X if every point x € S, there is an open set O containing x such
that the closer set O is a compact in X. Consider R%o denote to the set of all real valued
functions on ()7, and B := Cq, x Cq, X Cq, denote to the Banach space under the norm

1, ¢, @)l 3 = max{[w(xc,0)|, ¢ (x, D), | (x, O] : (x,0) € Qg, },

where Cq, := C(Q2 x [0,p]) C R®%o denote to the collection of all continuous maps of Oz,
into R. We observe that the collection of all open sets in any metric space forms a subbase
for topology on this apace. So, the family of all balls B(xkj, r) in the space R, equipped with
the metric function d(x, {) = |x — {|, forms a subbase for the a topology on R, called the
usual topology on R. Since Q)¢ is a Hausdorff subspace of the product usual topological
space R?, the collection

{(C,B(xo,7)) : C is compact setin Q) , o € R, r > 0}
forms a subbase for topology on Cq,, called the compact-open topology on Cn,, where
(C,B(xo,r)) = {¢ € Cq, : ¢(C) C B(xo,7)}-

Since () C R is assumed to be bounded and locally compact, the set Q)7 is compact.
Consequently, on the space Cq,, the compact-open topology equips with the topology
induced by the supremum norm

[9lleo = sup{[9(x, )| : (x,0) € Ogy }-

Hence the notions of continuity, compactness and convergence proved under the
compact-open topology coincide with those derived from the supremum norm topology.
This equivalence validates the application of fixed point Theorems 1 and 2 in Banach spaces
equipped with the supremum norm throughout this study.

So throughout this paper the space R%o is considered with the compact-open topology.
Define the operators Oy, Oy, Oy, : O, X R% x R% x R%0 — R by

Oy, 8,9, ¢, w) = =019, O) + Ti{x, &, (e, C —v), Plie, § — 8w, O, 0}, )

Op (1,8, 9, ¢, w) = =020, 0) + Ta{x, {, ¢(x, § —v), ¢, § — B(w (i, D)p(x, 0))]}, ()

and

Ou(x, 8,9, ¢, w) = =b30(x, &) + Ta{K, {, w(x, & —v), i, T = 8(p(x, D) (x, 0))]}. (7
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Apply the ABC integral operator of (1) and use (4) to get that

_ g
P60 = M)+ Oy(6 L9 9w) + e [(@= 0" Oyl e g e, @)
1-—- ¢
$(5,0) = hal0) + 5 0.8, 0,0) + s [1(€— 0 Oplia, 9.9, w)de, ©)
and
1— ¢
(k€)= () + gz Ol &, 9,9 0) + gz [ (€= @) Oulo g9 w)de (10)

Define the operators Ky, Ky : R% x R%0 x R% — R%o by

1—
K, 0)(,8) = I () + —= Oy, 2, 4,9, 0)

i ﬁ ./f(é — )" Oy(x,0, 9,9, w)do, "
Ko 0,w)(5,0) = ha(o) + -2 0p (.8, 9,9, ) ;
+ A -0 Oylr0 b0, -
and
Kaol, 0,@)(1,) = () + T 0,8, 4, ) »
!

i 60 Oula g w)de
We say Oy has Lipschitz property if there is constant vy > 0 such that
|0y (, 0, 9, ¢, w) = Oy, 5, 1,91, w1)| < 1pll (W, 0, 0) = (1,1, 01) |15
forall (x,) € Q.
Theorem 4. If Oy has Lipschitz property, then KCy has Lipschitz property.
Proof. Since Oy has Lipschitz property, then there is 7y > 0 such that
|0y (5,5, 9, ¢, w) — Oy (i, 3, 91, ¢1, w1) | < 1yll (¥, ¢, w) = (Y1, P1, w1) || 5-

Hence

Cp,0,@)(5,0) — Ky, 91, 01) (,0)| < " [0p(6,8,9,,0) — Oy, g, pr,01)|
A
7 -
ﬁ /0 (€= 0)*" Oy(x, 0,9, 9, w)do —/0 (£ =)™ Oy(x,0 91,1, w1)do

1—
< (A#H(lp,cp,w) — (¥1,91,@1)l 5

_|_

¢ _
v 160l (005 849, ) ~ Ol 1, 01)| e

l . (44
< Q2% 4,0, 0) — (1 pron) s + P 00) = (g, o)l

Then we have
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1— 13
Iicot.0) — Ko g < [ S22+ I T1,0,0) = (g onls 19

1-— «
Since [( A";)')"P + r%g?z“} > 0, then Ky has Lipschitz property. []

Remark 1. Similar for Theorem 4 and its proof, if Oy and Q, have Lipschitz property, then Ky
and Ky, have Lipschitz property, respectively. That is, there are two constants vy > 0and 7y, > 0

such that

1Ko (9,9,00) = K1, 91,01)]| < {(1 e, rf,i?;’; 19,9,) = (W1, 1, @1)l5 (15)
and

Kl )~ Kt ol < | F87 4 S5 L1000~ (g wnls 6)

Define the operators Ly, Ly, Lo : B — R%0 as
Ly, ¢, w) = =019 + Ti[m1, mo, o (m x n(v)), Yo (m xn(do(pw)))], (A7)

Lo, ¢, w) = —b¢p + D[, ma, o (1 x 1(v)),po (m xn(do (pw)))],  (18)
and
Lo(§,,w) = —b30 + o[y, mp,w o (1 X n(v)),wo (my x (8o (¢¢)))], (19

where 711, are the usual projection maps and 7 (v)(x,{) = { — v. For the Lipschitz continu-
ity of the operators Ly, Ly, and L,,, note that if Oy, Oy, and Q,, have Lipschitz property,
then we have

Ly, w) — Ly (1, P, 1), (¥, ¢, @) — (1, 1, w1))] < vyl (¢, w) — (Y1, ¢1,01) |13,
(Lo, w) — Lo(Wr, p1,01), (Y, ¢, @) — (P1,¢1,01))] < 1ol (. ¢, ) — (1,1, 01) |3

and
(Lo (W, ¢,@) = Lo (W1, 41, @1), (1, ¢, @) = (1,41, 01))] < Y| (%, ¢, @) = (1, p1, 1) |-

Theorem 5. If Oy is continuous, then Ly is continuous.

Proof. Let Oy be continuous operator. We prove that £, L((C, B(ko,7))) is open in B for
every subbasic open (C, B(xo,r)) of R%. Note that

£,((C,B(xo,)) = { (6,6,6") € B: Ly(6,6,6")(C) C B(xo,7) }

={(6,0,0") € B: 0y({(6,0,0")} x C) C B(xo,7) }.

Fix (69,0}, 6y) € £¥1(<C, B(xo,r))). Then Oy (60,6, 6y,h) € B(xo,r) forallh € C,
ie., {(60,6p,65)} xC C (D)qjl(B(Ko,r)). Since (O)lzl(B(Ko, r)) C Qg, x Bis open and Oy is
continuous, then for each I € C there exist open neighborhoods O}, C B of (6, 6), 0, ) and
My, C Qg, of h such that M, x O, C @l;l(B(Ko,r)). The family { M}, }cc is an open cover
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of the compact set C, so choose g1,...,8,» € CwithC C U, Mg, and set O := N’ Oq,.
Then O is an open neighborhood of (6, 6, 6 ) in B and hence for any (6,6’,6"”) € O and
any k € C, there exists i with k € Mg, such that

(h,k) € Mg, x O, C Q;l(B(Ko/T))-

Then @¢(C,6,9’,6”) C B(xo,r); equivalently, Ly(6, ¢',0") € (C,B(xo,7)). Hence
OcC £¥1(<C, B(xp,7))), that is, £¥1(<C, B(xo,7))) is open. Therefore Ly is continuous. [

Theorem 6. If the operator Ly is continuous and ) is locally compact set in R then the restriction
Oy on Qg x B is continuous.

Proof. Let £y be a continuous and () be a locally compact set in R. We prove that
@l;l(B(K,r)) is open in Qg x B for every open ball B(x,7) C R. Let B(xo,7) C R
be an arbitrary open ball. Take a point (x(,{;,00,0(,0;) € @;1(3(1{0,1’)),‘ that is,
Ly(60,60, 67 ) (0, C5) € B(xo,r). Since Q) is locally compact in R and so its is Hausdorff,
then ()¢, is locally compact Hausdorff. Hence, there exists an open neighborhood M of
(), Ch) such that M is compact containing (k, {}), where M is the closure set of M. Set
C := M; then C is compact and ({, () € M C C. Since Ly(6o,6),6()(x}, 54) € B(ko, 1)
and (xg, ¢, 07) € C, it follows that Ly (6o, 6),607)(C) C R intersects B(ko,r) at least at
((, Cp)- Define the subbasic open set

(C,B(xo, 7)) = {(6,6") € R%0 x R%0 : £,,(6,6')(C) C B(xo,7)}-

Since Ly is continuous and (C, B(x, 7)) is open set in R%%, then there exists an open
neighborhood N C B of (6, 6), 6y ) such that Ly(N) C (C, B(xo, r)). Equivalently, for every
x € N wehave Ly(x)(C) C B(xo, ). Now consider the product open set

MXNCQ&OXB.

If (x,0,0,0',6") € M x N and since (x,{) € M C Cand Ly(0,60',6")(C) C B(xo, 1),
then we get
0y(6,2,0,0,0") = Ly(6,0,0")(x,0) € B(xo, 7).
Therefore N x M C O, Y(B(xo,7)). We have found, for the arbitrary (x}, ), 60,6, 6l/) €
0, (B(xo, 7)), an open neighborhood M x N of (k{, {4, 80,0}, 04 ) with N x M C @l;l(B(KO, r);

¥
hence Oy, Y(B(xo, 7)) is open. Since B(xo,r) C R is arbitrary, then Oy is continuous. [

Remark 2. Similar for Theorems 5 and 6 and their proofs:

1. IfOp and Oy, are continuous, then Ly and L, are continuous, respectively.
2. If the operators Ly and L, are continuous with Q) is locally compact set in R then the
restriction Qp and O, on Qg X B are continuous, respectively.

4. Analysis of Existence and Stability

In this section, we prove the existence and uniqueness of solutions for the fractional
system. We use Banach and Schaefer fixed point Theorems 1 and 2. We also study the
Hyers—Ulam stability of the solution. To proceed we define the operator K : B — B as

K, ¢,w)(x,8) = (Ky (4, ¢, w)(x,8), Ko (9, ¢, 0) (K, ), Ko (3, ¢, ) (x, 0))

for all (x,{) € Qg,. To study the existence and uniqueness of solutions for system (1),
consider the following conditions:

https:/ /doi.org/10.3390/ fractalfract10040214
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R1: Equip the space Cq, with the compact-open topology, where () is a bounded and
locally compact subset of R, and assume that ¢, ¢, w € Cq,.
R2: There exist positive real numbers vy, vy, and v, such that

‘©¢(K1€/¢/¢/w)| < Vip, @¢(K1€/¢,¢/w)’ < Ve, |©w(K,§,¢,¢,wN < V.

R3: The operators Oy, Oy, and O, have Lipschitz property, with corresponding Lipschitz
constants vy > 0, 7y > 0, and 1y, > 0, respectively.

Lemma 1. If the condition R1 holds, then the operators Ly, Ly and L, are continuous.

Proof. From R1, we have 1, ¢, w are continuous. Since [J7,3 are continuous, then the
operators Qy, Oy, and O, are continuous. By Theorem 5 and the part (1) in Remark 2, Ly,
Ly and L, are continuous. [

Theorem 7. If the conditions R1 and R2 hold, then (1) has at least one solution.

Proof. To solve the system (1), we will use Schaefer fixed point Theorem 2. For any
€>0,let

Me = {(, ¢, w) € B:|[(§, ¢, w5 < €}

First: For the continuity of I, we will prove that || IC(¢n, ¢n, wn) — K(¢, ¢, w)| g — 0
when the sequence (¢, ¢n, wn) converges to a point (¢, ¢, w) in B. Let (Y, pu, wy) —
(1, ¢, w). By the continuity of 9, ¢, ¢ and w we have the following pointwise convergences:

n(x,0) = ¥(x,0), ¢n(K,0) — ¢(x,0), wn(x,§) = w(k,{),
Pu(,C—v) = P, 0 —v), 8(Pu(x, Qwn(x, 7)) = 8(¢p(x,Dw(x, )

and

Y (1, 0(Pn (1, O)ewn (x,€))) = (e, 8(p(x, ) (x, £)))-

By the continuity of J; we have
T, 8, pu (1, § =), Pu(ic, § — O(pn(x, O)wn(x, 0))))
= T, 8 p(x, & = v), ¥(x, & = (¢ (x, §w(k, 0))))-

For any (x, ) € Qg we have

Ko (Y, wn) (K, 8) — Ky (i, ¢, 0) (1, 0) |

1—
< AU(“‘@#’(K’g’lpnlcpnlwn) _@#J(Klgl lp/¢/w)|

o
4+ —

¢
FaiaE |y €0 [Oos 0 pnnn) ~ Oyl o ppw)ldel )

— X

1
< |0y (%, 2, Yo, pu, wn) — Oy (%, 2,9, ¢, )|

o

Z
+ W/o (C—0)" 1 |Oy(K, 0, Yn, n, wn) — Oyp(x, 0,9, ¢, w)|do.

By Lemma 1, £y is continuous. Since () is a locally compact Hausdorff, then by
Theorem 6, Oy is continuous. Hence for any (x, {) € Q7 we have

|©1/J(K/€r ¢n,¢n,wn) - @1/,(1(,@, lpf¢/w)| — 0.
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Since (Y, Pun, wy) — (P, ¢, w) in the Banach space B with respect to the supremum
norm, it follows that the convergence is uniform on ng. Moreover, by Lemma 1 and
Theorems 5 and 6, the operator Oy is continuous as a mapping on ()7 X B with respect to
the supremum norm topology. Therefore,

sup |OIIJ(K1 5/ l/?n,qbn,wn) - OI,U(K/ é/ l[J, ¢/w)| — 0.
(K,g)EQ('O

Hence, the convergence of Oy is uniform on Q. That is, ¥, — ¥ uniformly in M.
Hence for all n € N and for any (x,{) € Qg,, || < Cy and [¢p| < Cy for some constants
Cyp. So by using the by uniform convergence on the compact interval, we get

SUP . ¢)ccry, 1o (. s o) (1, 0) = Koy (i, 9, ) (1, O) || = 0.

Similar, we have

SUP g0y, [1Kg (s i, ) (1,0) = Ky (9,4, ) (1, 0) || = 0
and
Sup o 0) e, 1o (W, P 0n) (x,8) = Ko (9, ¢ ) (x, 8) || = 0.

Hence || IC(¢n, pn, wn) — K(¢, ¢, w)|| 3 — 0. That s, K is continuous.

Second: We prove that the boundedness property of the set space is preserved as a
topological property under the action of the continuous operator K. Let (¢, ¢, w) € Me.
Then

1Ky, ¢, w0) (x,0)|
¢
0

1_
< |h1(1c)|+A—;|©¢(K,§,¢,q>,w)| +ﬁ/ (€= )" |Oy(k, 0, 9, ¢ w)]|do 1)

(1—a)vy Covy
Ad T(x)A’

< [ha ()| +

Ko (.9, ) (x,0))|
1-— ¢
< |h2(x)[ + A““|@¢(K,§,¢,¢,w)| + 1"(%)14’"/0 (€= 0)* " |Oy(x, 0, 9,9, w)|do (22)
(1 — 0()1/4; ggllq)
AT T T(a)An

< |ha(x)| +
and
(Koo, ¢, w)(x, )|

1— e
< (9] + g 100 (& &0, 0) |+ gz [ (€0 Buli e pw)lde (g

— &)V gng
A [(a)Ax

< ()| + &

Hence (M) C M, where

1— & 1- 0
e = max{|h1 ()| + ( A‘;‘)Vll’ r(ggé;/j:‘a' ha (i) | + ( A‘;‘)WJ F(CE;/ZW
sty + L= rfi’fﬁa }

Since €’ is independent on (¢, ¢, w) then K(Me) is uniformly bounded set.
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Third: For satisfying the equicontinuity property of K, let (x1,1), (x,{) € Qg, be
arbitrary points. Note that

|Kl/1(ll]/ 4)/ (U) (K/ (-) - IClP(lp/ 4)/("]) (Kll gl)’ < 114_704“’@1/’(1(’ C/ l/J,(P,(U) - @lP(Kl/ Cl/ l/’z (P/w)‘

¢
* ﬁ/o (€= = (@ = "] [0y (k09 ¢, 0) = Oyl 09, )|
1—
< Alxlx |©¢<K’ g’ 1P, (P,(U) - @IIJ(Kl/ gl/ 170/ (P/ (U) ’
g (24)
+ ﬁ/o [(é— Q= (G - e)“‘l} [|Oy(x, 0,9, ¢, )| + |Op(x1, 0,9, ¢, ) |]do
1 _
< e |0p(6. 9,6, @) — Oy (1,01, 9,9, )|

2¢' ¢ a—1 a—1
+W/0 ’(g—Q) —(C1—0) ‘dQ-
Since the kernels are integrable, it follows that

Ky (9, ¢, w0) (5, 0) — Ky (9, ¢, w0) (k1,81)| = 0 as  (x,8) — (k1,81)

Similar, we have

Ko (9,9, w)(x,0) = Ko, ¢, w)(k1,01)| = 0 as (1,0) = (x4, 81).

and

(Ko (¢, 0)(x,8) = Ko (§,¢,w)(x1,81)[ = 0 as (x,0) — (k1,81)-

Hence,

1K, ¢, w)(x,0) = K(¢, ¢, w)(k1,01) || = 0 as (x,0) = (xk1,01).

Consequently, K fulfills the equicontinuity requirement. Together with the previously
established boundedness properties, the Arzela—Ascoli Theorem 3 ensures that K is a
compact operator.

Final: We prove that theset ® = {(¢, ¢, w) € B: (¢, ¢,w) = cK(¢,¢,w), ¢ € [0,1]}
is bounded in B. let (¢, ¢, w) = ¢K (¢, ¢, w) for some ¢ € [0,1]. Then we have

[p(x,0)| = |cKyp (9, ¢, ) (x,0)| = |y (9, p, ) (x, )|

_ « (25)
<clmoor+ 2 4 )

Similar, we have

1 _ o
00, 0)] < [ ra(e) + E 2 4 5] 26)
and
0] < ot + Lot e ], @)

Hence © is bounded in B. Therefore by Schaefer fixed-point Theorem 2, the operator
IC possesses at least one fixed point in M, which yields a solution to system (1). O
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Theorem 8. If R1-R3 hold and

8 A

— <a-—1
Cla)  rp+79 + 7w

then the system (1) has unique solution.
Proof. From the condition R3 and Theorem 4 we get that for (i, ¢, w), (Y1, $1, w1) € B,

1- wo
1Ky (. ¢, 0) = Ky (1, 1, w1)]| < {( AO:c)%P + r%gc;jfxa_

(¢, ¢, w) — (1,91, w1) |5,

1-—- o 1
1Ko (s 0) = Ko (pr, g1, on)| < {( e r%i;yfm_

(¥, ¢, w) — (Y1, ¢1, 1) 5

and
1_ w 5 w |
1Kt 9rc0) = K, )| < | B2 o 83T — (g ) s

Hence

1_ [
K 9r0) — Kl g0 =[S 1 L8 T g, 0,0) — (g,

1 — o
S B T gw) — g nl

1_ w 5 w
+[( A{i)ry +F%XAJ|’(¢r¢/w)—(¢1r¢1,w1)|8

= [+ g T g 0,0) — (g o) s

Hence , whenever the condition

® AIX
<1, ie, S <a-—1.
Cla)  yp+79 + Y0

o 17y 79+ 70
R

is satisfied, then the operator K becomes a contraction mapping. An application of the
Banach fixed point Theorem 1 then guarantees the existence and uniqueness of the solution
to the system. O

Next, we investigate the stability of solutions to the fractional nonlinear system (1).
In particular, we examine the Ulam-Hyers stability, which guarantees that small pertur-
bations in the initial conditions or system parameters result in only small deviations in
the corresponding solutions. This property demonstrates the robustness and reliability of
the proposed fractional model. The obtained results provide solid theoretical justification
for the stability of the system within the adopted topological and functional framework.
Let (1, §, @) be an approximate solution of (1) satisfying

’ABCDSC[II}(K/ g) - @lﬁ(K/ gl ll}/ 431(;]) S Al/

4D, 8) — Ol 8, §. 6, @)| < o, 08)

‘ABCDS(,((D(K/ C) - (DOJ (K/ €, l)l,}/ 43/(2))‘ < AS/
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forall (x,0) € Oy, where A1, Ay, Az > 0. Following [25], the nonlinear system (1) is said to
be Hyers—Ulam stable if there is a unique solution (¢, ¢, w) of (1) such that

[§— || <A1A1, [|§— @ < MM and  [|@ —w]| < A3A;

where A}, A}, Ay > 0 are constants independent of Ay, Ay, Az, and || - || represents the
supremum norm on Cq,.

Theorem 9. If R1-R3 hold and

& A°

— <a-—1
T(a) Y9 +79+70

then the system (1) is Hyers—Ulam stable.

Proof. Let (¢, §, &) be approximate solution and (¢, ¢, w) be unique solution of (1). For the
approximate solution (¥, $, @) with satisfying the inequalities (28), there are three continu-
ous functions g, ¢’ and ¢ on Q) such that

g(1, D) < &1,

g,(K/ g)‘ S €2,/

§"(k,0)| <e3,

¥, ¢, @) +8(x, ),
P, @) +¢'(x,0),

APEDE p(x, §) = Oy (x

¢
ABCDS‘,g‘f’(K/@): (%,

and

ABCDO Cw( , g) = @w(K/ '’ ll}/ 43/ (I]) + g”(K’ g)’

forall (x,{) € O, where ey, €2,e3 > 0. Here the approximate solution (¢, , @) will be as

P5,0) = () + T [0y, @) + 8(x,0)]

[44

+W/ (€= 0" Oy(k, 0P, ¢, @)+ gz (oc) /(g 0)* ! g(x,0)do,

$k,2) = ha00) + - [Op(, 8, @) +8(,0)]
o

¢ A 7 )
+ () A" /0 (C—0)* " Op(k, 0, p,@)do+ ﬁ/{) (-0 ¢ (x,0)do

and

o

@(8,8) = ha(0) + 3 [Qu( 8, $.6,0) +5" ()]
+W/(€ )" Ou(x 0§, ¢, @)de+ 5~ (m) /(g 0)* ! §"(x,0)do

for all (x,7) € Q,. Then by Theorem 8 for all (x,{) € Q, we have
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o 1-— N oA

[B(0,0) = 9, 0)| < " [|0y (0,9, $,@) — Oy(x, 0. 4,¢,)| + Ig(x, )]
g ~ ~

+I‘(0;XW/O (g_Q)’X71 H@l/}(K’Q’lP’(P’d))_@lP(K/QIlPI¢Iw>|+|g(K/Q)|]dQ

1—«n

< = [1ll@.6,@) = (9,9, w)| g + 1]

g o
i €= 0 [rell(5,910) — (9, 0) g +er)de

: [lAl“ * rfm] [rpll (B f @) = (9 ¢ 0) | 5 + 1]

That is,

1§ = ¢l < F*[7y[|(§, 6, @) = (.9, @) | g +&1].

where F% := 1-a + 4 . Similar, we have
A% I'(a)Ax

16 = ¢l < F* [14]|(#, , @) — (9,9, )| g + 2]
and
@ = coll < F* [y | (@) = (4, 0,0) | €3]
Hence
[ =9l <F* (1]l (9§, @) = (9.0, )|+ 1]
< F® By max{ey, e, €3} | +Fe
- 1— (Fﬂl('ylp+’)’¢+')’w)) i v
16—l < T[]l (9.6 @) = (9.0, w0) | +22]
< ¢ max{e, ez, 63} | + Fley
- 1-— (F“(7¢+’Y¢+'Yw)) Y
and
& — @] <F[v0 (@, @) = (¢, w)]| 5 + €3]
< e max{ey, ez,e3} | + Fles
= T g + 79 - 7)) o '
In particular, if we set € := max{ej, €3, €3}, then
A [ Fy _
— || <eF* +1y,
Hlp IPH _1_(Fa(7¢+7¢+7w))
. [ Fvg _
_ <e I +1
H‘P (PH _1—(F“(7¢+’Y¢+')’w))
and
i ' F 70 _
& —w S e ]FIX + 1 .
I I _1— (F“(’Y(p—f—’)’(p‘f")’w))
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Take

/

IEVX
, €= T

7y "
1— (F*(yp + 79+ 70))

(Xll—(w(’m+7¢+7w)) 1

+1

"
g :=F

and

/

€3 1=

“ e +1].
1= (F*(vyp + 79 +70))
The Hyers—Ulam stability constants €/, ¢, and ¢/, present how close the approximate
solution is to the exact solution. These constants depend on the denominator

1- F“(W + 7y + Yw),

which describe the contraction property of the operator. If the values of F*, 7y, ¢, and
Yw are smaller, the denominator becomes larger and the constants 8’123 become smaller.
This leads to stronger stability. To improve the stability, it is important to ensure that

& A*

— <wa—1.
T(a) Y9 +79+70

F*(vp + 719 +70) <1, e,

This can be achieved by choosing a smaller domain length (o, reducing the Lipschitz
constants or increasing the fractional order a. Therefore, the system (1) is Hyers—
Ulam stable. [

5. Applications to Fractional Models

In this section, we apply our main results to two important models: the fractional
Lorenz system and the two-dimensional fractional Euler system. We verify the required
conditions and show that the systems admit a unique and stable solution.

5.1. Lorenz System

Here we apply Theorems 7 and 8 to the ABC fractional Lorenz system (29). The sys-
tem is rewritten in an abstract operator form suitable for the fixed-point framework by
introducing the unknown vector (u, v, w) and the associated nonlinear operators O,, Oy,
and Q. We work in a bounded space C([0, to], R) and consider a closed bounded subset
with uniformly bounded norms. Conditions R1 (regularity), R2 (uniform boundedness)
and R3 (Lipschitz continuity) are verified, and the corresponding constants v, vy, v, and
Yu, Yo, Yo are explicitly determined. The model represents a fractional extension of the
classical Lorenz system, incorporating memory effects via the ABC fractional derivative
and describing spatiotemporal chaotic dynamics. The ABC fractional Lorenz is given by

ABCDE w(t) = u(t)o(t) — pu(t), (29)

u,v,w € C([0,t],R)

where u represents the intensity of convective motion, v represents the horizontal tempera-
ture variation, w represents the vertical temperature variation, ¢ is a time variable, ¢ is the
Prandtl number, p is the Rayleigh number, § is a geometric factor.
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From the system (1), we observe that 6; = ¢, 6, = 1 and 63 = B. The the nonlinear
operators O, Oy, and Oy, are given by

Ou(u,v,w)(t) := o(v(t) —u(t)),
Oo(u,0,w)(t) :=u(t)(p —w(t)) —ov(t),
Ow(u,v,w)(t) == u(t)o(t) — Bw(t).

Step 1: Satisfying the continuity property for the operators Qp, O, and Q: Since u, v, w €
C([0, o], R) then the operators L,, L,, and L are continuous. Since [0, t] is a locally
compact then by Theorem 6 and Remark 2, O,, O, and O, are continuous, respectively.
Step 2: Satisfying the boundedness property for the operators O, O,, and Oy, to satisfy
condition R2 on (29): Let

B := C([0, fo], R) x C([0, o], R) x C([0, fo], R)

with the norm
[ (1, 0, w) || := max{||ul[co, V|0, [|w]|c0 },

where || f|oo := sup,c[o 4,1 If(£)|. Since the functions u, v, w € BC!'(Qy) in the system (29),
then there are positive constants d;, dy, 6, > 0 such that ||u||gc1 < 6y, [|7]|ger < b0, and
lw||gcr < dw. Fix & > 0 and define the closed bounded set

M :={(u,v,w) € B: ||(u,v,w)|p <5}

We observe that M is nonempty, closed, bounded, and convex in B.
(1) For (u,v,w) € M, we have ||u|s, [|?]|c0, ||| < 6 and

10w (u, v, w) (£)] = |ol[o(t) —u(®)] < |el(fo(t)| + [u(t)]) < 2|e]d.

Take v, := 2|c|d > 0.
(2) For (u,v,w) € M, we have

|00 (u, 0,w) (1)] = [u(t) (o — w(t)) —v(t)] < [u(t)|lp — w(t)| +[o(t)] < 3(lo] + [w(t)]) + o

< 3(|p| +0) + 4.

Take v, := (|p| +9) + 0 > 0.
(3) For (u,v,w) € M, we have

0w (1,0,w)(1)] = |u(t)o(t) — w(t)] < [u(®)[[o(t)] + |Bllw(t)] < 6%+ |ple.

Take vy := 02 + |B|6 > 0. Hence, R2 holds on M with the positive constants vy, vy, V.
Step 3: On the Lipschitz conditions for the operators O, Q,, and Qy: Let (1, v, w) and
(4,7, w)bein M. Set Au =u— i, A\v=v—7, Aw = w — W.
(1) For all (u,v,w), (i1, 9, ®) € M,

Ou(u,v,w) — O, (u,7,w) = c(Av — Au).

Hence

10w (1, 0,w) = Ou(it, B, )]0 < |o] ([|A0]|eo + [[Ant]|eo) < 2|0 ||, 0,0 — i1, T, @ 5.
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Take 7, :=2|o| > 0.
(2) For all (u,v,w), (i1, 9, ®) € M,

Qo (1,0, w) — Oy (11,0, W) = u(p —w) — ii(p — W) — Av = p Au — (uw — uw) — Av.
Use
uw —uw = (u —w+u(w — ) = Auw + i Aw.

Since ||w||ee < é and ||ilcc < 6 0on M,
[uw — ]| < 6| Aut]|oo + 8[| At -
Hence
100 (1,0, w) = O (i, 0, ) [0 < o[l A]lo + bl[Att][eo + b]| Ao + [| Av]|0 <

(lp| +04+6+1)||u,0,w—u,0,@|p.
Take v, := |p| +26 +1 > 0.
(3) For all (u,v,w), (i1, 9, ®) € M,
Ow(u,v,w) — Oy (11,0, w) = uv — v — PAw.
Use
uv — v = (u —u)v+ (v —70) = Auv+u Av,
and ||v]|eo <6, ||#]|ec < 5 on M, hence
4t — Tl < 8]t + 8140
Hence
10w (1, 0, w) = O (i, 0, @) [eo < 8[| Attf|oo + 8[| AV|eo + [ B] | Art]]co
< 26+ |B)|lw, v, w — i, 0, @||p.

Take 7, := 25 + |B| > 0. Hence, R3 holds on M with the explicit Lipschitz constants
Yu, Yor Yw- Let Tyow := Yy + Yo + Yw- The Theorem 8 condition

t An

— <a-—1
C(a) vy +79 + Y0

becomes, for system (29), rt(?x) - r’:lf"w < & — 1, equivalently, Fa) < F’:Z’)"w — (1 —w). Assume
rff»u > (1 —w). Then r’j;w > 0 and choosing tg > 0 such that

o

0<ty< <F(0¢) (FA - oc)))

Therefore Theorems 7 and 8 hold for the system (29). That is, the system (29) has a
unique solution.

5.2. Two-Dimensional Euler System

Here, we apply Theorems 7 and 8 to the two-dimensional fractional Euler system (30).
The system will be rewritten in the abstract operator form required by the fixed-point
framework by identifying the unknown vector (p,u,v, E) and defining the associated
nonlinear operators Oy, O, O, and Op. We work in a bounded BC(Q x Q x [0, t], R)
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space and introduce a closed bounded subset with uniformly positive density p > pmin > 1.
In this setting, we verify condition R1 (regularity), condition R2 (uniform boundedness
of the nonlinear operators) and condition R3 (Lipschitz continuity on the bounded set).
Explicit constants vy, vy, vy, Ve and 7p, vu, Yo, YE are constructed accordingly. The two-
dimensional Euler system describes the motion of a compressible inviscid fluid. It is
derived from the fundamental conservation laws of mass, momentum in two spatial
directions, and energy. The model is widely used in gas dynamics, aerodynamics, and
multidimensional shock wave theory. The ABC fractional 2D Euler system is given by

F)
1
D = | o)+ 5 (00)]| = o+ p) = g pwo)|
1
D0 = [o[Fpw) + (00| = G lowo) = 5 (00? + )]

(30)

p(x,,0) = h(
v(x,y,0) = h3(x
o,u,v € CH{Qy) := CH{Q x Q x [0,t],R).

Here Q) C R is a bounded and locally compact subset and ty > 0. The unknown p(x,y,t) > 1
denotes the mass density, u(x,y,t) and v(x,y,t) denote the velocity components in the x-
and y-directions, respectively, and E(x, y, t) is the total energy density defined by E = pe +
30 (u* + v?), where e(x, y, t) is the internal energy per unit mass, which is bounded continuous
function. The variables x and y are spatial coordinates and ¢ is the time variable. To close
the system, an equation of state is required. For an ideal gas, the pressure p(x,y,t) is given
by p = (7 — 1)pe, where v > 1 is the adiabatic index. By C!(Q)) we mean the space
of all bounded, continuously differentiable real-valued functions on Q x Q) x [0, to] whose
first-order derivatives are bounded and continuous.

According to the system (1), we observe that 6; = 8, = 63 = 04 = 0. The nonlinear
operators Q,, Oy, Oy, and O are given by

Oplo, 1,0, E) = — - (pow) = =),

Oulpr,0,B) 1= (o) + 52 (00)] = 500l + ) = 51 owo),

Oolpr0,E) = ;(”[aax(P”) + ;},(Pv)] - 2 (ouo) - ;y(va 7)),
Oc(p,1,0,E) 1= ~5L (u(E+p)) - fy(v@ +p)).
Note that

ha(x) = E(x,0) = h1(x)g(x) + %h(X)[(hz(X))z + (h3(x))?].

Step 1: Satisfying the continuity property for the operators O,, Oy, @, and O: Since
0,U,0 € BC! () and e is continuous then the operators Cp, Ly, Ly, and L are continuous.
Since () is a locally compact then by Theorem 6 and Remark 2, Q,, Oy, Oy, and Of are
continuous, respectively.
Step 2: Satisfying the boundedness property for the operators O, Oy, Oy, and O to satisfy
condition R2 on (30): Let

B := BC'(Qy) x BCY(Qy) x BC' () x BCY(Qy),
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with norm
[(p,u,v, E)|| 5 := max{|lpl[gc1, [lullgcr, [0l gcr, IE| per }s

where

0 0
I llgcr := 1 flloo + 152 flleo + H@flloo-

Since the functions p, u,v € B C(Qp) and e is bounded in the system (30), then there are
positive constants &y, &y, 6pde > 0 such that [|p||zc1 < &p, [|ullpcr < 6u, ||0]lpcr < 6y, and
llellgcr < de. Fix 6 > 0 and pmin > 1 be constant. Define

M= {(pu,E) € B lpllgcr, [ull g lollact, IEll et <8, p > prmin -

We observe that M is nonempty, for example if iy > pmin and hy, h3 are bounded, pick a
constant in time extension at the level of the fixed-point setup. It is easy to see that M is
closed, bounded, and convex in B.

(1) For (p,u, E) € M, we have

|0p| < 20% + 282 = 46°.

Take v, := 452 > 0.
(2) For the bound of p and its first derivatives: On M, we have

Pl < (r=D(IEI+ 510162 +2)) < (v = 1) (54 5525)) = (v = 1)(5+ &),

Also 3 3 13
oy — _ Y -7 2 2
—p=(1=1)(52E— 53-(o( +0%))).
Now
2 (o +0%)) = (20) (12 + %) + p (u + 0?)
ox ox ox
K s b h)
= (gp)(u +0 )+29(ugu+v$v),
SO a
|£(p(u2 +02))| <8(26%) +26(6-6+06-08) =28° + 46 = 66°.
Hence

—pl < (v — Z. = (v — .
52pl < (r=1)(0+5-60%) = (7= 1)(3 +35%)
Similar, |a%p| < (y—1)(6+35%).
(3) For the operator OQ,: Write O, = :)/\/'u where
0 0 0 5 J
Ny =u [g(Pu) + @(pv)] a(P” +p) @(P”U)-

Since p > Pmin o0 M, we have |1/p| < 1/pmin. Since

[l 0w+ 5 (00)]| < Il (155 (o) + 57 e0)]) < 0(20% +20%) = 40°

and

d 2 d 2 0 2 3
— = |(— ZDl<s. 5.5 —

| x(pu ) = |( xp)u +2pu(axu)| §-0°4+25-6-6 =236,
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then 3
|£(pu2+p)| <38% + (v —1)(6 +38%).
Hence
d J 0 J 3 3 3 3
I@(Puv)\=I(@p)uv+p(@u)v+pu(@v)| <B+8+6 =358
Combining

INi| <40%+ (30% + (v — 1) (6 +36%)) +36% = 108° + (77 — 1) (6 + 38°).

Hence |0y < % (1053 +(y-1)(6+ 3(53)). Take

min

Vy 1=

(108 + (v =1)(6 +35%)) >0,

min

(4) For the operator Q,: Similar, writing O, = ;N » with

0 d 9 I
Noi= o[ (ou) + 5 (p0)] = 5 (puo) = 5. (00" + p),
we have

9 9 2\ 0s2) — asd
ol (00) + 5, (00| < 0207 +26%) =46,

9 3 0 2 3 3
< < _
|55 (o)l = 357, Iay(pv +p)| <367+ (v —1)(6+35%),

and hence [Ny| < 1083 + (v — 1) (6 4 35%). Hence

1

min

0,| < (1053+(7—1)(5+353)).

Take

vy 1= ! (1053+(7f1)(5+353))>0.

Pmin

(5) For the operator Or: We have

O = — 52 (u(E+p) = 5 (0(E-+p)).

Since
[E+pl <[E|[+|pl <5+ (v —1)(5+8°),

d d d X
— < |=— < _
57 (E+ P <[5 El+52pl <0+ (v = 1)(6 +367),

and 3
afy(Eer)l <6+ (y—1)(5438)

Then by using the product rule, we get

(2 (E+ p)I < [l [E pl 4l | (E+ )| < 8(6 -+ (r = 1)(6+8%) +3(5+ (v~ 1)(5+36%)),

and similar

Efy@(Eﬂo)) <O+ (Y —1)(6+06%) +8(6+ (7 —1)(6 +38%)).
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Hence
0] <2[8(6+ (v = 1)(6+6%) +6(6+ (v = 1)(6+38%)) |.
Take
VE = 2[5(5 F(y—1)(0+8))+5(0+ (y—1)(0+ 353))} > 0.
Step 2: Satisfying the Lipschitz property for the operators Q,, O,, O, and O to satisfy

condition R3 on (30): Forallm = (p,u,v,E) and i = (p,4,9,E),Irt Ap = p — 0, Au = u — 1,
Av =v—9,AE = E — E. Then

0 0
s ||y s ||y OOS — 17 7
189l 35801 | 5580l < I =

and similarly for Au, Av, AE.
(1) Lipschitz constant for OQ,: We have

Oy (m) = Op(11) = — 5o — i) = - (o — o)

d 3 d -
= —a(Apu—kpAu) - @(Apv—i-pAv).

By using the product rule and ||u|gc1, ||9||gc1, |16]l ger < 6, we have

0

—(p OO< — 1M ’
9 (p ) oo < 201 — 5

d
= w0 < — 1|,
|5 (Ap )l < 28] — s, |

and similar

d

0
= 00 < — 1, [|5-(p o < — 1||g.
Hay(APv)ll < 26|m — 1t ||ay(PAU)|| 26m — 1t 5

Hence
Q@ (m) — Op (111) [0 < 83||m —1it| 5.

Take 7, := 86 > 0.
(2) Lipschitz constants for O, and OQ,: Write

1 B PV
Oy (m) = E/\/u(m) and O, (i11) = ﬁNu( ).
Then

Ou(m) — Ou (1) = ;(Nuon) — Nau(1i)) + Ny (1) (:) - ;)

Since p, 0 > Pmin 0N M, then H 2 H < % and hence
0 'min

0
ol.-
P Plle

Since N, is uniformly bounded on M, that is, sup,,c v [ NVu(11)]|ec < Cn,u(J,7), and by

ﬁ_pH < 1 |A < L |m — |
- 0 > - B-
v 1Ap]l 7| |

Pmin min

product-rule estimates together with ||p(m) — p(111)||gc1 < Cp||m — 7it|| g, then there exists
Ly 4 (d,7) > 0such that

[N (m) = Ny()]loo < Lu(8,7)|lm — it .
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Hence

min

1 1
10 (1m) = Ou ()| < <p : LN,u(‘sf'Y)"‘zCN,u(5r7>>||m_m||B-

min

Take

1
LN,u(ér ’7) + TCN,u (§r 7) > 0.

min

Yu =

min

The same argument applies to O, yielding constants Cn,(6,7) and Ly, (d,) and
hence take

1 1
LN,Z)(5/ r}’) + TCN,U(él ,Y) > 0

Pmin min

Yo 1=

(3) Lipschitz bounds for the pressure map: Define p(m) = (v — 1) (E — p(u? + v?)) and
p(1). On M we have [p]e, ]l 2] | Ellw < 5. Then

|u? — i < (Ju| +|a])|u — | < 25|Au],
and [0 — 7| < 26|Av| give a constant C, = Cp(6,7) > 0 such that
[p(m) = p(m)||pc1 < Cpllm — it .
(4) Lipschitz constant for Or: We have

Ok (m) ~ O () = — - (u(E+ p(m) — 7(E + p

N
Nt
SN—

|
g
—

(s}
~

™

+
AN
—~

3
N—
SN—

|

(e}
—

mh

+
AN
—

N
SN—
S~—
S—

and
u(E+p(m)) —a(E+ p(in)) = du (E+ p(m)) + @ (AE + (p(m) — p())).

By using the product rule and the bound ||p(m) — p(7it)||gc1 < Cp||m — 7it|| 3 then there is a
constant yg = yg(6,y) > 0 such that

|Oe(m) — O ()|l < yElIm — 17| 5.

Let LpuoE := Yo + Yu + 7o + VE- The Theorem 8 condition becomes, for system (30), % —

Ay _ - f A _ (] — Ay _ Ay
Toup < & 1, equivalently, & < TomE (1 — ). Assume Toug > (1—a). ThenrmE

and choosing ¢y > 0 such that

>0

0<ty< (F(w)(ri; -1 _“)>> g

Therefore, Theorems 7 and 8 hold for the system (30). That is, the system (30) has a
unique solution.

For example, if Q) is any closed interval in the system (29) with o =10, p =28, 8 = %,
A% = 1 and with initial conditions hy = hy = h3 = 1, then by using the expansion new
iterative method,[26], the solution is

u(t) =1+ o o (31)
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26 % 73 2

o)~ 14 T T 3 T D)

+o-- (32)
e 274 2

5
WA= 3t T 9 T D)

+o- (33)

This solution is graphically presented in four cases, « = 0.25,2 = 0.5, & = 0.75,and & =1,
see Figure 1. () is any closed interval.

a=075

Figure 1. Solution of (29) witho =10, p =28, = %, A% = 1 and with initial conditions | = hy =
hy =1.

In the system (29), if ) = [1,2] is a closed interval with A* =1, ¢ = 2, and initial con-
ditions p(x,y,0) = x?, u(x,y,0) = v?, v(x,y,0) = xy, e(x,y,0) = xy in the system (30),
then by using the expansion new iterative method [26], the solution is

X3 + 2xy?) o
( y

~ 2

p(x,y,t) = x Ta+ 1) + (34)
oo sy

u(x,y,t) =~y @t 1) + (35)

(y® +x%y + x) t*

v(x,y,t) =~ xy — Ta+1) (36)
1 1 (6x2y% + xy® + Zx3y* + dxty 4 3x5y2) 1
U SR S S R S N 2 2
E(x,y,t) =~ x Y+ XY 52y T +1) + (37)
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This solution p, u, and v of (30) (with A* =1, 4 = 2, t = 1) is graphically presented in two
cases, « = 0.25 and & = 0.75, see Figure 2.

pata=0.25 uata=0.25 vata =025

uata =0.75 vata=0.75

Figure 2. Solution p, u, and v of (30) with A* = 1, v+ = 2, t = 1 and with initial conditions
p(x,y,0) = 2%, u(x,y,0) = y?, v(x,y,0) = xy, e(x,y,0) = xy.

6. Conclusions

In this paper, we studied a two-dimensional ABC fractional dynamical system in a
Banach space. Using fixed point theorems, we proved the existence and uniqueness of
solutions and established Hyers-Ulam stability. We then applied our theoretical results to
the fractional Lorenz system and the two-dimensional fractional Euler system. For the ABC
fractional Lorenz model, the analysis was mainly based on time-dependent nonlinear terms
with explicit Lipschitz constants. In contrast, the two-dimensional ABC fractional Euler
system involved spatial derivatives and more complex nonlinear interactions. Despite these
structural differences both models satisfied the required conditions, confirming the strength
and flexibility of our abstract framework. Future research may extend this study to more
general fractional operators and higher-dimensional systems. Numerical simulations and
computational methods can also be developed to support the theoretical results. In addition,
other nonlinear fractional models arising in physics and engineering may be analyzed
using the same framework.
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