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Abstract

This paper investigates the fractal dynamical behavior of a discrete Caputo fractional-order
hepatitis C virus model. First, we analyze the stability of the system by using spectral
radius and design the fractional-order controller based on coordinate transformation.
Then, a nonlinear coupling controller is constructed to achieve synchronization between
two fractional-order models with different parameters and different fractional orders, and
the synchronization is supported by rigorous mathematical proof. Numerical simulations
are used to verify the effectiveness of control and synchronization.
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1. Introduction

Hepatitis C virus (HCV) infection remains an important global public health problem.
Although blood transfusion screening, the widespread use of disposable medical devices,
and the application of direct-acting antivirals have reduced new infections to some extent
in some regions, HCV transmission continues due to factors such as high-risk behaviors,
disparities in access to treatment, and the accumulation of previous infections [1-3]. In
infectious disease dynamics, the “Susceptible—Acute-Latent” compartmental structure
is commonly used to describe disease processes with chronic characteristics, and key
epidemiological patterns can be revealed through threshold and stability analyses [4]. On
this basis, the existing studies have further introduced mechanisms such as treatment and
recovery and combined them with population risk stratification to evaluate the integrated
effects of interventions including screening and treatment [5-7]. In addition, in order to
systematically characterize the transmission mechanisms of HCV, mathematical modeling
has become an important research tool [8-11].

In addition to classical integer-order models, fractional-order dynamical systems have
received widespread attention in infectious disease modeling in recent years. Fractional-
order operators can introduce memory effects while maintaining a relatively simple model
structure, thereby better capturing typical epidemiological features such as chronic dis-
ease transmission and intervention delays [12-14]. The most important advantage of
fractional differential equations is that they include the characteristics of integer-order
systems within fractional-order systems, and they can better simulate physical processes
and dynamical systems. Moreover, various fractional integrals offer distinct advantages
in theoretical analysis: sharp Hermite-Hadamard bounds are derived using Riemann-—
Liouville fractional integrals [15], the Griinwald-Letnikov fractional PID is used for en-
hanced adaptive cruise control [16], fractional integral inequalities are derived with the
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aid of the Atangana—Baleanu fractional integral operator [17], and the Caputo—Fabrizio
fractional integral facilitates the establishment of Hermite-Hadamard-type inequalities for
non-convex functions [18], thereby enriching the mathematical framework for fractional
integrals. Meanwhile, discretization conforms to realistic data acquisition processes such
as daily or stage-based sampling. Furthermore, with the introduction of fractional-order
operators, fractional difference equations can further reflect complex nonlinear dynamical
phenomena [19-22].

In the theory of dynamical systems, fractals can be described and studied from the
perspective of mathematical methods to investigate complex phenomena. Julia sets reveal
the fractal geometric characteristics of dynamical behaviors from a global perspective,
and they have broad application fields, including the study of infectious diseases. Fur-
thermore, the existing work has extended the research focus to the influence of stochastic
perturbations and other factors on the geometric structures of Julia sets [23], as well as the
control and synchronization of Julia sets [24-26], and has adopted control methods such as
optimal function control [27], state feedback control [28], gradient control [27] and adaptive
synchronization [29] to achieve the regulation and synchronization of fractal structures. In
recent years, extensive studies have carried out on fractional-order fractal sets, and related
results have indicated that variations in the fractional orders and system parameters affect
the morphology and stability regions of fractal structures [30,31].

Based on the above research background, the main work of this paper is summarized
as follows:

(i) The research content of fractional-order fractal dynamical systems is enriched. From
the perspective of fractal dynamics, the three-dimensional fractional-order HCV model
is studied, high-dimensional systems exhibit more complex dynamical characteristics.
Discrete-time modeling conforms to the fact that infectious disease data are obtained
in discrete time and is therefore of greater practical significance, and the influence of
the fractional orders on the system dynamics is analyzed.

(ii) The scope of traditional fractal dynamics analysis is broadened. Based on the spectral
radius of the Jacobian matrix at the fixed point, the stability of the system is analyzed.
By using coordinate transformation, the controller for the three-dimensional fractional-
order model is designed, and the range of the control parameter k is determined when
the controlled model is stable, thereby realizing the control of the Julia set. This control
method broadens the scope of traditional fractal dynamics analysis and can be applied
to other fields.

(iif) A rigorous proof of synchronization for two HCV models with different fractional
orders is provided. A nonlinear coupling controller is constructed to realize the syn-
chronization of Julia sets of two HCV models with different parameters and different
fractional orders. This compensates for the deficiencies of related theoretical work
and can serve as preparatory work for synchronization control of more complex
fractional-order models in future research.

The remainder of this paper is organized as follows: Section 2 introduces the prelimi-
nary knowledge. Section 3 establishes a discrete fractional-order HCV model. Section 4
analyzes the stability of the model and discusses the control method for the Julia set of the
HCV model. Section 5 proposes the synchronization method and provides its theoretical
proof and numerical simulations. Section 6 concludes the paper.

2. Preliminaries

Consider a polynomial mapping f : C — C on the complex plane C. According to
references [30,32], the definition of the Julia set is as follows:
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Definition 1. The filled Julia set K(f) of the mapping f is defined as the set of all points that
remain bounded under the iteration of f.

K(f) = {z € C | {f*(2)} is bounded }.
Correspondingly, the Julia set [ (f) is defined as the topological boundary of the filled Julia set.

J(f) = 9K(f).

The Julia set J(f) possesses basic topological properties such as being non-empty,
bounded, and completely invariant, f(J(f)) = J(f) = f1(J(f)).

Definition 2 ([19]). Let function u : N; — R and v > 0, then the fractional sum of order v is
defined as follows:

A;Vu(t) == FL ti(t —6(s) ¥ Vu(s), teNyp,

where a is the starting point, 6(s) = s+1, N, ={a,a+1,...},and Ny, = {a+v,a+v+
1,...}. Furthermore, t\V) is defined by

oy T+l
rt+1—-v)’

Definition 3 ([20]). For v > 0 (v ¢ N), and a function u(t) defined on N, the Caputo difference
is defined by

t—(m—v)
CAYu(t) := Ay AMY (1) = _ t—6(s)) v Ay (s),
(0= A, 0=ty L (=06 ©)

where N, = {a,a+1,...},t € Nypyy—y, and m = [v] + 1.
Lemma 1 ([33]). For the initial value problem of the Caputo fractional difference equation

CAYu(t) = f(t+v—1, u(t+v—1)),
Aku(a) =u, m=[+1 k=0,...,m—1,

the equivalent summation Equation (discrete integral equation) is shown as follows:

W) =)+ 5y T @)L= ), )

where t € N1y, and the initial iteration ug(t) is

up(t) = mz_:l (t_k&'l)(k) Afu(a).
k=0 :

The fractional-order operator has significant non-local characteristics, and its scope of
action covers the entire domain, thereby affecting the overall behavior of the system. This
characteristic enables the fractional-order model to effectively characterize the memory
effects and historical cumulative influences of the system. By adjusting the fractional order,
the memory length can be controlled, thereby more accurately describing the dynamic
behavior of the system.
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3. Fractional HCV Model

Based on the three-dimensional HCV dynamical system proposed in [12], and follow-
ing [34], the total population is normalized and assumed to be 1, so that the equation is
expressed in the following normalized form. Consequently, a dynamic model containing
the mutual transformation relationships among susceptible individuals S(t), acute infected
individuals A(t), and latent infected individuals L(t) is constructed.

The integer-order HCV system is written as

ds

5 ~Bo— BoS(A+ L)+ crA— poS,

dA

ar = BoS(A+ L) — (cr + 60 + po) A, 2)
dL

E - 90A - ]/lOL/

where By is the natural birth rate, § is the transmission parameter, ¢, represents the rate of
spontaneous removal, 6 is the rate of transition from the acute to latent stage, and pg is the
natural removal rate.
Discrete models are more consistent with stage-wise sampled epidemiological data,
so we discretize the continuous-time system (2), referring to [24], and use
dX  X(t+Ah - X(0)
dt At ’
Substitute (3) into (2) and take B = AtBy, B = AtBy, ¢ = Atcy, p = Atug, 0 = Aty,
then the following difference form is obtained,

X € {S,AL}. 3)

Sn+1 — Sy =B— ﬁsn(An + Ln) +cAy — VSn/
Ayy1 —An = ,BSn(An + Ln) - (C +0+ H)An/ 4
Lyy1 — Ly, =0A, —uLy.

The Equation (4) can be rewritten as

VSui1=B—BSn(Ay+Ly) + cAn — uSn,
VAut1=BSu (An + Ln) - (C +0+ I/‘)Anx )
VLyi1 =0A, — uL,.
Fractional-order operators exhibit memory effects in biological systems, among various
fractional-order definitions, the Caputo-type operator is suitable for infectious disease

modeling [12]. On this basis, according to Definition 3 and Lemma 1, the corresponding
integer-order Equation (5) is then extended to its fractional-order form,

CAYS(t) =B —BS(t+a—1)(A(t+a —1)+ L(t+a—1))
+cA(t+a—1)—uS(t+a—1),

CA*A() = BS(t+a—1)(A(t+a—1)+ L(t+a—1)) (6)
—(c+0+wA(t+a—1),

CAYL(t) = 0A(t+a —1) — pL(t+a —1).

According to Lemma 1, system (6) can be transformed into the following discrete
integral form, where « € (0,1], m = [a] +1,t € Nyyq1, Nyy1 =a+1,a+2,..,
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1 I I'(t—s)
= S(a) + Ws:1§l_“m[8—[%S(S—Hx—l)(A(s-Hx —1)+L(s+a—1))
+cA(s+a—1)—uS(s+a—1)],
1 s T(t—s)
= A(a) + ms:1§%m[ﬁs(s+a —1)(A(s+a—1)+L(s+a—1)) )
—(e+0+pAls+a—1)],
= L(a) + l"(la)siéal"(tf(st—k;)—a)wA(Ha —1)—uL(s+a—1)].

Consequently, the numerical equation can be gained,

S(0) = S(0) + s j=:+1 TS5~ ps(j - 1)(AG - 1) + LG~ 1)
FeA(— 1)~ ps( - 1),

Al =A@ + 75 3 H B G = (A~ 1)+ LG~ 1) ®
e+ 0+ p)AG - 1)

L) = Lio) + 1 j_aiﬂ A - 1) - - )

Referring to [35], take a = 0, since a is the starting point of the accumulation of the
discrete fractional sum, set the initial value of the equation at this starting point, and the
summation starts with j = 1, the model can be written as

~5(0) r&hiEg:;iﬁw—ﬁﬂfﬁxAU—D+LO—UHwAU—H—uﬂfﬂn

= 40) + 15 L T BSG— 1AG = 1)+ LG~ 1) = (e 40+ WAG - ), o
4

- i e A=)~ pi - )

From Equation (9), it can be seen that the current state X(n) € {S(n), A(n),L(n)}

depends on all historical states X(0),...,X(n — 1), and the fractional kernel function
I'(n—j+a)
T(n—j+1)
on Definition 1, if X (1) remains bounded in the sense of iteration, the corresponding initial

reflects the long-term memory characteristic of the fractional-order system. Based

value points belong to the filled Julia set of the three-dimensional discrete HCV system (9),
and its boundary is called the Julia set of the system (9).

To intuitively demonstrate the influence of the fractional order on the dynamic behav-
ior of the system, the escape time algorithm is employed to plot the Julia set while keeping
the window size unchanged. The simulation parameters are set as follows: escape radius
R = 10° and maximum iteration steps st = 100. Additionally, the discrete grid boundaries
are uniformly set to x € [—110,100], y € [—1800,300], and z € [—350,2000], with a grid
resolution of 500. Unlike the cholera modeling study [36], where real epidemiological data
are used for parameter estimation and for RMSE-based comparisons between the integer-
order and fractional-order models, our work focuses primarily on the fractal dynamics
and Julia-set structure of the fractional HCV system. The transmission parameter j, the
natural removal rate y, and the rate of transition from acute to latent stage 6, the rate of
spontaneous removal c are taken to be the same as in reference [12], these numerical values
represent the proportion of individuals undergoing state transitions per unit time, and
B is scaled from reference data to unify the units and then fine-tuned through empirical
observation, set B = 0.0221, § = 0.05, 4 = 0.0158, 6 = 1, and ¢ = 0.27. In addition,
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fractional orders &« = 0.3,0.5,0.7,1 are considered, then the filled Julia sets of system (9)
is shown in Figure 1. The cool blue points represent low values, while the warm yellow
points represent high values.

2000
1500

1000

(b)ax =05

(c)a =07 da=1

Figure 1. Filled Julia sets of system (9) with different fractional orders «.

From Figures 1 and 2, it can be observed that the Julia set of the HCV model presents
a butterfly shape. As the fractional order « increases, the shape of the butterfly’s two wings
also becomes significantly larger, and when « varies from 0.7 to 1, the inner gap within
the left wing becomes progressively deeper and extends inward. These observations
indicate that the fractional-order memory effects have a profound impact on the dynamic
behavior of the HCV system and also confirm the necessity of introducing fractional orders
to study the model. When a = 1, the fractional-order HCV model degenerates into the
corresponding integer-order one.

-1800

1600
1400
-1200
~1000

5 ~800

-600
-400
-200

0

200

100 50 0 =50 =100

(a) Top view of Figure 1c (b) Top view of Figure 1d

Figure 2. Top view of filled Julia sets of system (9) when fractional order « = 0.7 and « = 1.
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4. Control of Julia Sets

First, with the aid of coordinate transformation, let the memory length be a fixed
positive integer N, satisfying (N < n). We transform the three-dimensional system (9) into
an equivalent multi-dimensional system.

zi(n)=S(n+i—N), i€{1,23,...,N},
zi(n) = A(n+i—2N), i€ {N+1,N+2,...,2N},
zi(n)=L(n+i—3N), i€ {2N+1,2N+2,...,3N}.

We can obtainzy(n+1) = S(n+2—N) = z(n),...,zy-1(n+1) = S(n) = zn(n).

zn(n+1)=S(n+1)
1 "HTrn+1—j+a)

+eA(-1) —usS( -1

Similarly, we obtain zy41(n +1) = A(n+2—N) = zny42(n),...,zov-1(n + 1) =
A(n) = zon(n),
zon(m+1)=An+1)
7 1 " rn+1-j+a)
= A0+ T'(a) ]; r(n+2 ) [

—(c+0+wA(j-1)],

BS(—D(AG -1 +L(—1))

and zoy1(n+1)=L(n+2—N) = zpn42(n),...,z3v_1(n+1) = L(n) = z3n(n),

Z3N(Tl + 1) = L(l’l + 1)

1 ”ill"(n+1—j+oc)

= L(0) + [0AG —1) = uL(j—1)].

M) & Tit+2—))
1 Tn4+l—j+a) _ nta—j :
From Mo To—) = (anj), we can obtain

zy(n+1)=Sn+1)

+"f(’jlj‘;‘ )16 BSG— (4G~ 1)+ LG~ 1)
+cA(j—1) —pS(j—1)]
—s<o>+"+]};N(ij“ )3 - ps-1(AG-1)+ £ -1)
veai-n-ps-1+ b (ME ) psi-n

j=n+2-N
X (A(j—=1)+L(G—1)) +cA(—1) —uS(j—1)]

= 5(0) +"+;le (350 =psi—D(aG-1+LG-1)

jtra—

, , N (N- 1
rea-n s+ 3 (M- peicn)

X (zjyn(n) +zjpan(n)) + czjyn () — pzi(n)].
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Correspondingly,
zN(n+1) = A(n+1)
n+l— n4oa— ) )
0+ (AT ist - (aG -1 +1G- 1)
N—-j+a-1
(et WAG - D)+ Z (YR e
+zjon(n)) = (c+6+ #)Zj+N(")L
zzn(n+1)=L(n+1)
n+l— nta—j )
-0+ ) (AT aG -1 - pg - )
- 2 QA [ SOl
Therefore, system (9) is transformed into the equivalent system
Z1 (1’1 + 1) Zz(i’l)
zny(n+1) h;(5(0),...,S(n —N),z1(n),...,z3n(n))
zn1(n+1) zN+2(n)
: = : / (10)
zon(n+1) h3(A(0),...,A(n —N),z1(n),...,z3n(n))
N+1(n+1) ZN+2(n)
Z3N(V.l +1) m3(L(0),...,L(n— A}),zl(n), ..., zzn(n))

where

o =so "y (1He)

T BBSG—1)(AG = 1)+ LG~ 1) +AG 1)

j=1
N i

=0+ 1 (YT B - B ) + zpean(n)
j=1 J

+ezjyn(n) — pzi(n)],

n+1-—

=40+ L (1Y BsG-1AG -1+ LG -1)

=1
N ida—

~(erormai-n+ X (NS ) + iain)
j=

—(c+0+p)zjn(n)],

n+1-N (i’l—‘rOL j

B0 =10) + 1T eaG=1) - uLi-1)

=1
+z( Fae 1)[9zj+N<n>—uz,-+2N<n>].

To control the system (9), we aim to design a controller about the fixed point, so we
first need to determine the fixed point. Let (5%, A*, L*) be the fixed point of system (9),
then we have
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* * 1 F(n _j+DC) * * * * *
- — BS*(A*+L A* —
S =5 +r((x)];r(n—j+1)[3 BS*(A* + L*) +cA* — uS*],
* * 1 F(?’l _j+‘x) XAk * *
A" =A"+ - SY(A*+ L") = (c+0+pu)A"],
F(a)];r(n—]+1)[ﬁ ( ) —( V) }
. . 1 ETn—j+a), . .
L*=L"+ - 0A™ —ul™].
F(a)];l"(nf]Jrl)[ WLl
Following the same simplification procedure in [37], one has the identity
1 il"(n—jﬂx)_ I'(n+a)
I'(a) = Fn—j+1) Tm)T(a+1)
therefore, the fixed point equation can be equivalently rewritten as
¥ = G* M — BS*(A* * * QX
$*=S§ +F(n)F(u¢+1)[B BS* (A" + L*) 4+ cA* — uS*],
* A% F(Tl-i-ﬂ() * * *) *
AT=A +7F(n)l"(4x+1)[ﬁs (A*4+L*)— (c+0+pn)A*], (11)
* 1% r(n +D‘) * *
L*=L"+ T+ 1) [A" — uL*].

To solve the above equation, it is equivalent to solve

B — BS*(A* + L*) + cA* — uS* =0,
BS*(A* +L*) — (c+0+pu)A* =0,
A" —uL* = 0.
This yields two types of fixed points (5%, A*, L*):
(i) Disease-free fixed point (S1, A1, L1) = (5,0,0),

.. . . . 0 B—uS
(if) Coexistence fixed point Sy = %, Ay = %ﬂz’ L, = %Az.

Take parameters B, §,c, 0, 4 > 0. For the disease-free fixed point, S > 0,A; =L; =0,
only susceptible individuals are present in the population, which is a very ideal situation

representing the absence of disease. Furthermore, for the coexistence fixed point, under the
2

. L > (c+0+u)

condition B > uSy, whichis B > “Buto)

is that susceptible, acute infected, latent infected coexist, and they can coexist for a long

,then Sy, Ay, Ly > 0. The common phenomenon

time and neither of them will suddenly go to zero. Therefore, the subsequent analysis
focuses on the coexistence fixed point (S*, A*, L*) = (S,, A2, L).

Theorem 1. If the spectral radius p(]) of the Jacobian matrix | of system (9) at the fixed point
(S*, A*,L*) satisfies
e()) <1,

then system (9) is locally asymptotically stable at the fixed point (§*, A*,L*).

Proof. According to the Hartman—Grobman Theorem [38,39], when the spectral radius
p(]) < 1 of the Jacobian matrix J, the linearized system of system (9) at the fixed point
(S*, A*,L*) is stable, and the dynamic behavior of the nonlinear system in the neighborhood
of this fixed point is topologically equivalent to its linearized system; therefore, system (9)
is locally asymptotically stable at the fixed point (S*, A*,L*). O

Noting that system (9) is equivalent to system (10), from Theorem 1, it is known that the
control of the Julia set of system (9) can be achieved by adding a controller on the Julia set
of system (10) at the fixed point F, = (S%,...,S*, A*%,..., A%, L*,...,L*) (3N dimensions).
The Jacobian matrix of the right-hand function of system (10) at the fixed point F, is

https://doi.org/10.3390/ fractalfract10030207


https://doi.org/10.3390/fractalfract10030207

Fractal Fract. 2026, 10, 207 10 of 20

0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
S 1 0 .0
A L N A B - AR
0O 0 ... 0 0 1 ... 0 0 0 .. 0

J=1 0o o ... 0 0 0 - 0 0 0 .. 0 |
O ... 0 0 0 ... 0 1 0 ... 0 0
1 8 - v 8§ & - & & & - &y
Co
0O ... 0 0 0 ....0 o0 0 0 . 1
pr P2 - PN Py P - PN P]OPY o PN

where

N—-—j+a-1 " N—-—j+a—-1 N

g = /V_]. 65" — (c+0+p); g = /V_]. (BS*); (12)
N—j+a—1 N—j+a—1

=" N )O=0 =" %)@

" N*]'er‘*l _ —

j ( N—j (=n) (j=12,...,N)

In order to control the system at the fixed point, a controller [ul, Up, u3] T is introduced
into system (9), the controlled system is

1 ”ill"(nJrlfjJroc)

Sn+1) = SO0+ 5 L sz 1B ASG=D(AG =D +LG-1)

=1
+cA(—1)—uS(G—1)] 4+ uy,

1 ”ill"(nJrlfjthx)

A(n+1):A(0)+r(’x) X Ktz
=

BS(G—1)(AG-=D+L(-1)) (13)
—(e+0+uAG -] +uy,

B 1 "HTn+1-j+a)
L(n+1) = L(0) + () ]; T2 )

[0AG = 1) = uL(j = 1)] + us.

where [u1,up,u3]" is the controller

"y = "ilN (’;i’i‘:j) [B—BS(j—1)(A(j —1) + L(j — 1)) + cA(j — 1)
n+1
—puSG-=1]+ Y, ta(s(i-1) -5,
j=n+2—N
n+1—-N n _ 3
ty = — :; (nii‘_;)[/SS(j—l)(A(j—l)+L(j—1))—(C+9+P‘)A(]'—1)}
n+1
+ ), Ha(AG-1) - AT,
j=n+2—N

n+1—-N 1’l+0(7]' ] ] n+1 " ) .
w=-"x (2SN eaG-v-uG-v+ Y HLa0G-D -1
j=1 J j=nt2-N
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wheret; 1,j € {n+2—N,...,n+ 1} are control parameters. The fractional memory effect
in the controller is decomposed into two parts: the long-memory term and the finite recent
term. The former is used to offset the historical effect, while the latter is regulated by the
finite memory term acting on the most recent N states. This control strategy does not
require storing the entire historical data from the initial time to the current time; instead,
it only uses the system states at the most recent N terms for feedback, thereby avoiding
excessively large control inputs and improving practical feasibility.

Take k] = tn—&-j—Nrk;‘ k// =t (] =1,2,.. .,N), then

n+] N’ n+j—N

n+1-N 7’l+0¢—j
uy = — (

) B SG—(AG= 1)+ L= 1) +eAG=1)

j=1

N
—uS(i -]+ 2’9’(2]‘(”) —5%),
i=

n+l1—
="y (““‘ DIBSG=1(AG -1 +LG=1) = +0+0AG-1] ()

s} n+1
N /
+ Z kj(zj+N(n) —A"),
=i

n+1-N nta—j
Uz = — (

N
Vet - - L= LK)~ L)

j=1

Substituting controller (14) into system (13), we further obtain
+ 1

S(n-+1) = 2n(n-+ +2{< FANRR LBy SOICRME

+zjon(n)) + czjyn(n) — pzj(n)] + ki(zj(n) — S*)},

A(n+1) =z (n +1) = +2{( AL )[ﬁzj<n><zj+N<n>

J (15)
+zjpan (1) = (¢ + 0+ p)zj N ()] + K (zjn(n) — A")},
Ln+1) =z (n+1) = L(O) + 2{( T o) = )]
N —j J+ I+
+ki (zjan(n) = L*)}.
Therefore, the equivalent control system is as follows:
z(n+1) z2(n)
z(n+1) z3(n)
aN(n+1) 5 (S(0),...,S(n—N),z1(n), ..., zan(n))
ZN+1(?’Z + 1) ZN+2(”)
. = . / (16)
zon(n+1) hy(A(0), ..., A(n = N),z1(n),...,z3n(n))
N1 (1 +1) 2N+2(1)
zzn(n+1) I3 (L(0),...,L(n = N),z1(n),...,z3n(n))

where hy, b3y, I}y are the right-hand expressions of S(n + 1), A(n +1),L(n + 1) in
system (15), respectively.
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From controller (14), it can be seen that (S*, A*, L*) is still the fixed point of system (15),
and F, is still the fixed point of the equivalent system (16). The Jacobian matrix of the right-
hand function of the equivalent system (16) at F, is

0 1. 0 0 0 ... 0 0 0 ... 0
0 0 0 0 0 0 0 0 0
: : 1 E E 0 I I
fitk Rtk oo futke A A o R A A
0 0o .. 0 0 T .. 0 0 0 ... 0
J= 0 0 ... 0 0 o 0 0 0 ... 0
0 e 0 0 0 e 0 1 0 e 0 0
81 g e stk otk ogytky & & 8%
' ' ' ' ' ' ' ' 0 1 0
0 0 0 0 0 0 0 0 1
P PPN 2 Pr o PN PIERD prtky o pREE

The parameter values in this section are the same as those in Figure 1b. The fixed point
of system (13) is calculated to be (0.4000, 0.0155,0.9832), which means that the fixed point
of system (16) is F, = (0.4000, . .., 0.4000,0.0155, ...,0.0155,0.9832, . ..,0.9832). To simplify
the calculation, take

kj=—fi, kK=-g K =-p, (=1.. ,N-1)
kn=—fn+k ky=—gn+k Ky=-pl+k

where k is the control parameter. Substitute the fixed point (0.4000, 0.0155,0.9832) into
system (12) to obtain numerical expression of the Jacobian matrix, then the spectral radius
is calculated.

The change of the spectral radius p(J(k)) of system (16) at the fixed point F, with
respect to the control parameter k is calculated. To examine the influence of the memory
length, we compare the spectral-radius curves for N = 40, 60 and 80, as shown in Figure 3.
When p(J) < 1, system (9) is stable. Numerically, the stable k-interval becomes wider for a
smaller memory length (approximately (—0.8708, —0.1583) for N = 40), but it represents
a shorter effective memory and thus weakens long-memory effects; in contrast, a larger
memory length incorporates more past states yields a narrower admissible k-interval
(approximately (—0.8667, —0.6375) for N = 80), resulting in a more restrictive control
range. Therefore, we adopt the intermediate choice N = 60, for which the numerical stable
range is k € (—0.8667, —0.4167). From Theorem 1, it is known that system (16) is stable
at the fixed point F,, so the fixed point (0.4000, 0.0155,0.9832) of system (13) also remains
locally stable within this k value range. Therefore, by adjusting the parameter k, the Julia
set of system (13) is controlled.

Figure 4 illustrates the filled Julia sets of system (13) for different values of the control
parameter k within the stability region, and Figure 5 presents the top view of Figure 4a,d
and provides a clearer visualization of the fractal structure. It can be found that as the
control parameter k gradually decreases, the relatively irregular boundary structure of the
filled Julia set gradually reduces its fractal details, and the overall coverage range of the
filled Julia set shrinks accordingly, reflecting the effectiveness of the control method.

Ecologically, control studies of infectious disease model aim to drive the system
toward stable and sustainable evolutionary states, maintaining stability and reducing
the risk of ecological imbalance due to outbreaks. Epidemiologically, the contraction of
the filled Julia set implies that, within this range of the control parameter, the system’s
bounded dynamical region becomes smaller, constraining the trajectories of disease-related
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variables to a narrower range, offering an intuitive characterization of the disease’s long-
term controllability and manageability.

1.7 T T T T

1.6

1.5

1.4

1.3

pJ(K)

1.2

1.1

09 1 1 1 1
-1.5 -1 =-0.5 0 0.5 1

Figure 3. Spectral radius p(J(k)) at the fixed point F, versus k for system (16) with different N.

k=-045 k =-0.60

50

40
y 60 40 x y 60 40 x

(a) k = —0.45 (b) k = —0.60

k=-0.70 k=-0.85

y 60 40 x y 60 40 x

(¢) k= —0.70 (d) k= —0.85

Figure 4. Control of filled Julia sets of system (13) under different parameters k.
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40 20 0 =20 -40 -60 40 20 0 -20 -40 -60
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(a) Top view when k = —0.45 (b) Top view when k = —0.85

Figure 5. Top view of Figure 4a,d.

5. Synchronization of Julia Sets

The previous section studied the control problem of the Julia set of the HCV system (9).
However, how to design control terms to make one Julia set tend to another Julia set is
also worth studying. In this section, we study the synchronization of Julia sets between
two discrete fractional-order systems with the same structure but different parameters and
different fractional orders, by taking different values of B and « in the HCV system (9).

Considering that only B differs in the biological parameters of the two systems,
and other parameters B, c, 0, u remain consistent, for X € {S, A, L} and system number
i €{1,2}, let i be

LN = B BiSi(j — DA — 1) + Li(j = 1)) +cAi(j— 1) — uSi(j— 1),
ol =BiSii— DA = 1)+ Li(j = D)) = (c+0+ 1) Ai(i— 1),
E];,«l =0A;(j—1) —uLi(j—1).

Take the target system (i = 1, parameters a1, $1) as

n
_ jtar) -1
S1(n) = 51(0 grn—]ﬂ)E
]
_ = T(n—j+ay) 1
Ar(n) = A1(0 ; T 1) (17)
n
_ jtar) -1
Li(n) = Ly(0 ; nﬂH)E
Take the response system (i = 2, parameters ay, B2) as
_ I(n—j+a2) j-1
SZ(”)_S ;Fn—]—&—l)E +M5()
],
Asx(n) = Ay( - E ) T u 18
2(n) = Az(0 ]; (n—]+1) A(n), (18)
n
—j+ap) j-1
Ly(n) = Ly(0 ; n_]+1) ELZ +ur(n).

where a1 # ap and B1 # Bo, and ux(n) (X € {S, A, L}) is the coupling term. To achieve the
synchronization of the Julia sets between system (17) and system (18), take the synchro-
nization controller uy (1) as

el — it =2\ i1 n—j+ar—2\ i1
ux<n>:zl[2<( v )E]X,l—( Py )Efm)
j=1

n—1
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_ _ 1 — ity —2\ i n—j+oar—2\ __i—
+ (B~ Ei)] — o 21 {( ’ 2 )EfX; _ ( e )Efx;]. 19)
]:

where 1, I, are control parameters.

Theorem 2. When Il — 1, I — 1, |Xp(n) — Xy(n)| — 0 holds, that is, the synchronization
between system (17) and system (18) is achieved, thereby achieving the synchronization of the

Julia sets.
Proof. Let Fx(n) = Xa(n) — Xq(n), and X;(0) = X»(0). Substituting Equation (19) into
system (18), since (1)1{"”7;1'3 =" {:”]‘._1), then

B <n*]+06'172)E]}‘;11]

h=]

o m—jtay—1 n—j+ay—2 i—1 n—j+a;—1
R (I ()
(" S e (T

_(n—jtar—2) -1 B nl n—j+ay—1\ _j-1

( nflfj ))Ex1]+(1 ll)];[ n—j Exz

n—j+a;—1\ i _

o GRS = FRCEATE S- Y
m— 4 an -2\ i1 n—j+ayg —2\ j-1

_122{( L )E]X,z—( L )Eém].
=1 ] ]

Forany 0 < a < 1, ("7/Haly _ (n=jta=2y _ (n=/+8=2). his, we can obtain

Y n—j n—1—j n—j

=l itay—2\ i1 n—ji+a;—2\ -1
Fx(ﬂ)th[( T )E]X,27< /T )Egm]

n—j

=l om—itay—1\ i n—j+a;—1\ i
+(1—11)2[( JT >E]X,21—( JTi >E]x,11]

n—j

_ 1 m— 4y —2\ i
+ (1 1)(EY 1E§,11>—122[( s )E]X,zl

Here, to simplify notation, let Fg(_l E] ! . +Xi(j—1), then Elt— E;‘(_ll =Fl -
Xo(n—1) = (Fgy' = Xa(n = 1)) = Fi,' — F;"ml Fx(n—1),

=l —ibay —2\ i n—j+a;—2
Fx<n>=<zl—lz>z[( e )EJX;—( Jm )EJXE]
= j n—j '

i j4ap—1\ n—j+a—1\ .j—
ca-m (" e (T T e
=
+ (1= 1) (Fi5" = Figt) + (b = DFx(n 1),
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From the expression of Fx(n), Fx(n — 1) can be obtained; thus,

1 jta . +aq =2
Fx(n) — Fx(n—1) = (I — 1) Z ( jAa = )ijlzlf( —jta- )ijlll}
2

n—j n—j
o n—jtay =3\ j-1 (n—jt+a—3\ 1
(11 l2) 1[( Yl*l*] )EX,Z ( }’Z*l*] EX,l]

j

+(1-10)

gl

n—j+ay—1 n—j+ay—2 i1
»1“( n—j )‘( w-1-j )k
]

o (n—jtag =1\ (m—jta; =2\, i1
() (e
+ (1= h)(Fy,' = Fg) + (h = 1)Fx(n—1).

nfjJrafl) (n jHa— 2) (n7j+a72

Similarly, noting that (" " J 1 nei ), then we can obtain

n-1 — 4+ ar — i n—j+wa — i
FX(n)—FX(n—l):(l—lz)Z[(n It Z)EJX,;—( I+ Z)E]X,ll}

Tl*]‘l’ﬂ(g 3\ Lj-1 n—j+ar —3\ j-1

+(1- 11)(P§,21 —Fi) + (= DFx(n—1).

n—j+a—2) _ (n—jta=2)(n—j+a—3)--(a—1)

n—j ) <0

Since for any 0 < a« < 1, we have (

(n ja— 3) (n—j+a—=3)(n—j+a—4)---(a—1)
n—1—j (n—1—j)!

< 0, and we can obtain

i —ia — 2\ i
O R IRD il G [
j:

n—j+a —2\, i +ar =3\, -
+( jtm )\E’x —ul—zz\z< A )|Efx,§

n—j
]+IJ(1 1 1
+( R )\E [+ 11— hIFSt - Fi.

From the Definition 1, points inside the filled Julia set of (17) and (18) remain
bounded throughout the iteration process. Hence, there exists a constant R > 0, such

that [S;(j)|, |A:i(j)|, |ILi(j)| < R,i€ {'1,2}. Consequently, each E])‘(_,illis bounded and there
exists constants M ; > 0, such that |E])€il| § My ;. Moreover, since Fg(jl E] ! C X 1),
there exists constants Ny ; > 0 such that |F;l| < Nx . Therefore, we have

n—itap—2
)] < l1Fen = 1) = 1= (" 727 vy
j=1

n—j+a;—2 "2 m—j+ap—3
+( 0 )Mx,ﬂ—|ll—lz|]; W1 Mx,

n—j+a;—3
+( n]—li] )MX1}+|1*11|(NX2+NX1)

Since for any 0 < a < 1, we have

- jta—2 n—2+a "2 —j+a—3 n—3+a
L (5= RO =005

=1 j=1
n—24+a\ m—-24a)(n—3+a)...a
( n—1 )_ (n—1)! >0,
n—3+a\ m—-3+a)n—4+a)...a
( n—2 )7 (n—2)! > 0.
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Therefore, we can obtain

n—1 _ s _ n—2 _ _
O<—Z(” Jte 2)<1, 0<72(n ]+“,3><1.

= n—j pct n—1-—j
Thus
|Fx(n)| < [h||Fx(n = 1)+ (|11 = | + [lh — [)(Mx2 + Mx1) + [1 = [ (Nx2 + Nx 1)

When!ly — 1, I =+ 1, wehave |1 —I| =0, |l =] =0, |1 —11| — 0, from this we
can obtain |Fx(n)| < |Fx(n —1)| < --- < |Fx(0)|. Given Fx(0) = 0, then it can be deduced
that |Fx(n)| — 0, and further from Definition 1, it is known that the synchronization of the
Julia sets between system (17) and system (18) is achieved. [

Next, the effectiveness of this synchronization scheme is illustrated through numer-
ical simulation. Set the common parameters of the target system (17) and the response
system (18) as B = 0.0221, 4 = 0.0158,60 = 1,c = 0.27, the parameters of the target
system (17) as B1 = 0.05,a; = 0.7, and the parameters of the response system (18) as
,32 = 0.07, Ny = 0.5.

As shown in Figure 6, it can be found that as the values of the control coefficients /;
and [, gradually approach 1, the two wings of the butterfly shape of the Julia set of the
response system (18) continue to expand, gradually approaching the morphology of the
Julia set of the target system (17), which are referred to in Figure 1c.

2000

1500
~ 1000
S

= 500 -

0
> -
-1500 42/ 100
-50
-1000
/ 0
-500
50

A) 0 100 S(0)

@l =011 =02 (b) 1y = 03,1, = 0.4

2000 2000
1500

1000

L(0)

500

-100 -100

-1500

-1000

-500 o -500 S //50/ ’
AQ) 0 100 S(0) A0) 0 \ﬁ) 8(0)
()1 =0.6,I, =07 (d)}; =09,1b=09

Figure 6. The synchronization between the Julia sets of system (17) and system (18) when parameters
I3, 1, change.

Comparing Figure 2a with Figure 7b, it can be seen that when the control coefficients
I1,1; are close to 1, the Julia set of the response system (18) is basically consistent with
the Julia set of the target system (17) in terms of the details and morphology of the but-
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terfly’s two wings, intuitively achieving the synchronization of the Julia sets between the
two systems.

From a biological and ecological perspective, the synchronization of epidemic systems
reflects the coordinated evolution of disease dynamics among different populations or
spatial regions under coupling effects such as migration and environmental interactions. In
fractional-order epidemic models, synchronization further indicates that heterogeneous
populations with different memory effects and transmission characteristics may still exhibit
coherent epidemic behaviors. Such results provide insights into the propagation mecha-
nisms of infectious diseases in ecological systems and offer theoretical support for epidemic
control strategies.

—1800 —-1800
—1600 —1600 [
—1400 1400
—1200 =1200
—1000 —-1000
§ —800 [ § —-800 [
< 4
600 - -600 -
—400 —400 [
—200 [ —200 [
or 0r
200 f ) 200 o
100 50 (; —5;0 —160 100 5‘0 6 ;5‘0 *1‘00
S(0) S(0)
(a) Top view when l; = 0.1,1; = 0.2 (b) Top view when l; = 0.9, = 0.9

Figure 7. Top view of Figure 6a,d.

6. Conclusions

This paper investigates the fractal dynamical behavior of the three-dimensional
fractional-order HCV model and explores the control and synchronization of its Julia sets.
The stability of the system is examined by evaluating the spectral radius of the Jacobian
matrix at the fixed point. Based on the coordinate transformation, suitable control terms
are then designed to regulate the system. In addition, a nonlinear coupling controller is
developed to realize synchronization between two HCV systems with different parameters
and different fractional orders. Rigorous theoretical analyses and numerical simulations
are provided to validate the proposed results. The proposed control and synchronization
methods are applicable to models in other fields. Moreover, the fractal-fractional operator
can be considered as an alternative to the Caputo operator, enabling a tighter integration of
fractional-order calculus with fractal dynamics.
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