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Abstract

This paper addresses the stabilization problem for a class of fractional-order memristive
reaction–diffusion Cohen–Grossberg neural networks with time-varying delays under an
intermittent boundary control framework. Two scenarios are considered: systems without
parametric uncertainties, for which asymptotic stability is established, and systems with
uncertainties, for which robust asymptotic stability is ensured. By constructing appropriate
Lyapunov functionals and employing Wirtinger-type inequalities, the fractional Razu-
mikhin approach, and key properties of the Mittag–Leffler function, sufficient stability
conditions are derived in terms of linear matrix inequalities with reduced conservatism.
Furthermore, the effects of time-varying delays and control activation intervals on the sta-
bilization performance are systematically investigated. The effectiveness and advantages
of the proposed control methodology are validated through numerical simulations.

Keywords: fractional-order Cohen–Grossberg neural networks; memristive; reaction–
diffusion; uncertain parameters; time-varying delay; intermittent boundary control

1. Introduction
In recent decades, the analysis of the dynamical properties of neural networks (NNs)

has become a prominent research topic due to their extensive applications in science and
engineering, including intelligent robotics, automatic control systems, associative memory,
financial modeling in [1–5], and pattern recognition in [6]. Within this broad class of mod-
els, Cohen–Grossberg neural networks (CGNNs) provide a unified, flexible mathematical
framework that encompasses several well-known neural architectures, including Hopfield net-
works [7], cellular neural networks [8], and recurrent neural networks [9]. Since their seminal
formulation by Cohen and Grossberg in 1983 [10], CGNNs have been extensively investigated
and successfully applied to pattern recognition, parallel computation, and signal and image
processing tasks, demonstrating their strong modeling capability and practical relevance.

Another significant development in neural networks is the use of memristive compo-
nents, which provide memory to the network by encoding activity as resistance states. In
particular, fractional-order CGNNs have demonstrated adaptive learning and associative
memory capabilities when combined with memristive elements that enable the storage and
dynamic modification of weight states [11–13]. Memristors mimic the synaptic plasticity of
real biological organisms, so memristive neural networks can also respond adaptively in
real time. An extensive review of the dynamic analysis and control of memristive neural
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networks was conducted by [14]. They examined several control strategies, including
multistability, stabilization, synchronization, and the impact of fractional-order dynam-
ics. In the present study, memristors are another important component, inspired by the
synaptic plasticity of the human brain, which makes them highly effective in modeling
learning behaviors and memory retention [15,16]. In [17], the authors investigated the
finite-time stability and synchronization of a fractional-order CGNN based on memristors.
By employing Lyapunov functions and a set of control strategies, synchronization and
stability are ensured in finite time, addressing both fractional and memristive dynam-
ics. The deformation of finite-time synchronization and stabilization in fractional-order
memristor-based CGNNs has thus far predominantly concentrated on ensuring finite-time
convergence and robustness with respect to time delays, as seen in the studies by [18,19].

In practical neural network models, reaction–diffusion effects are often incorporated to
describe the spatial–temporal evolution of neuron states caused by diffusion mechanisms.
Such effects arise from the spatial distribution of electrical signals and interactions between
neurons, leading to state variables that depend on both time and space [20–24]. Consequently,
reaction–diffusion neural networks provide a more realistic framework to model complex
neural dynamics. A substantial number of studies have analyzed neural networks with
reaction–diffusion terms, including stabilization and synchronization problems [25–29], as well
as extensions involving memristive elements [30–32]. These investigations have contributed
to a deeper understanding of neural networks under coupled spatial and temporal dynamics.
Moreover, stability analysis of CGNNs delayed in reaction–diffusion settings has been reported
in [33]. The problem of synchronization in memristive Cohen–Grossberg reaction–diffusion
neural networks subject to time-varying delays was further examined in [34]. Subsequently,
fractional-order extensions of these models were considered in [35], where Lipschitz stability
criteria were derived for impulsive delayed reaction–diffusion CGNNs.

Two primary control approaches are commonly adopted for reaction–diffusion Co-
hen–Grossberg neural networks (RDCGNNs), namely distributed control and boundary con-
trol (BC). Building on distributed controllers, researchers have developed event-triggered con-
trollers that achieve practical exponential input-to-state stability of stochastic RDCGNNs [36].
However, distributed control can be difficult to implement in many technical applications
because actuators must be deployed at every location in the spatial domain. To address this
challenge, boundary control has been proposed as an effective alternative for RDCGNNs.
Boundary control has been extensively studied because it only requires actuators to be in-
stalled at the boundary of the spatial domain. For example, a feedback boundary controller
was developed to achieve exponential stability of integer-order RDCGNNs [37]. Despite its
effectiveness, BC remains a continuous-time control method, which requires the controller to
operate continuously and may result in higher resource and mechanical consumption com-
pared to discontinuous-time controllers. Intermittent control, a special type of discontinuous-
time controller [38], can help reduce time costs. Despite these advantages, the stabilization
of fractional-order memristive reaction–diffusion Cohen–Grossberg neural networks under
boundary control remains largely unexplored. The presence of fractional dynamics intro-
duces additional analytical challenges due to nonlocal memory effects, the involvement of
Mittag–Leffler functions, and the need for fractional Razumikhin-type techniques. Moreover,
when time-varying delays, memristive switching behaviors, and parametric uncertainties
are simultaneously considered, the stability analysis becomes significantly more complicated.
Motivated by these challenges, this paper investigates the robust stabilization problem of
uncertain fractional-order memristive reaction–diffusion Cohen–Grossberg neural networks
under an intermittent boundary control framework. The proposed approach establishes delay-
dependent LMI-based conditions that guarantee asymptotic and robust asymptotic stability
in the sense of Mittag–Leffler functions. Intermittent boundary control (IBC) has recently
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been proposed for integer-order stochastic RDCGNNs with and without time delays [39,40].
To facilitate understanding, Table 1 summarizes recent studies on RDCGNNs with different
control strategies and methodologies.

Table 1. Summary of recent studies on RDCGNNs with methodologies and control strategies.

Refs. Methodology Control Strategy

[11]
Fractional-order model; Dirichlet boundary
condition; algebraic inequality approach;
global uniform stability.

State feedback control.

[12]
Fractional-order model; Dirichlet boundary
condition; Lyapunov stability theory; LMI
approach; Mittag–Leffler stability.

Continuous-time sliding
mode control.

[20]

Integer-order model; Dirichlet boundary
condition; Lyapunov stability theory;
algebraic inequality approach;
fixed-time stability.

State feedback control.

[34]

Fractional-order model; memristive term;
Dirichlet boundary condition; Lyapunov
stability theory; algebraic inequality
approach; finite-time stability.

Continuous-time state
feedback control.

[36]
Integer-order model; Neumann boundary
condition; Lyapunov stability theory; LMI
approach; exponential input-to-state stability.

Continuous-time
event-triggered control.

[37]
Integer-order model; Neumann boundary
condition; Lyapunov stability theory; LMI
approach; exponential stability.

Continuous-time
boundary
feedback control.

[38]

Integer-order model; Dirichlet boundary
condition; Lyapunov stability theory;
algebraic inequality approach;
fixed-time stability.

Discontinuous-time
intermittent control.

[39,40]
Integer-order model; Neumann boundary
condition; Lyapunov stability theory; LMI
approach; exponential stability.

Discontinuous-time
intermittent
boundary control.

This study

Fractional-order model; memristive term;
uncertain parameters; Neumann boundary
condition; Mittag–Leffler function; LMI
approach; fractional Razumikhin-type
theorem; robust asymptotic stability.

Continuous-time
boundary control;
discontinuous-time
intermittent
boundary control.

Based on the above discussion, this work investigates the robust stabilization of un-
certain fractional-order memristive reaction–diffusion Cohen–Grossberg neural networks
(FOMRDCGNNs). By integrating Wirtinger-type inequalities, linear matrix inequality
(LMI) techniques and key properties of the Mittag–Leffler function, sufficient conditions
ensuring robust stability are derived.

The main contributions of this paper are summarized as follows:

• The stabilization problem of FOMRDCGNNs with time-varying delays is systemati-
cally investigated under an intermittent boundary control framework.

• Two practical scenarios are addressed: (i) asymptotic stabilization of networks without
parametric uncertainties and (ii) robust asymptotic stabilization of networks in the
presence of uncertain parameters.
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• By constructing an appropriate Lyapunov functional and employing Wirtinger-type in-
tegral inequalities together with the fundamental properties of the Mittag–Leffler func-
tion, new delay-dependent stability conditions are derived in the form of linear matrix
inequalities (LMIs), which effectively reduce the conservatism of the obtained results.

• The effects of time-varying delays and intermittent control activation intervals on the
stabilization performance are explicitly characterized, providing deeper insights for
the design and implementation of boundary controllers.

• Finally, numerical simulation examples are presented to demonstrate the effectiveness
and feasibility of the proposed control strategy.

2. Problem Description and Preliminaries
Consider the following FOMRDCGNNs with time-varying delays:

C
0 D

η
t x(t, ξ) = D ∂2x(t, ξ)

∂ξ2 − α(x(t, ξ))
[
β(x(t, ξ))−P(x(t, ξ)) f (x(t, ξ))

−Q(x(t, ξ))g(x(t −ℑ(t), ξ))
]
. (1)

subject to the following initial and Neumann boundary conditions:

x(θ, ξ) = ϕ(θ, ξ), θ ∈ [−ℑ, 0], (2)

∂x(t, ξ)

∂ξ

∣∣∣∣
ξ=l1

= 0,
∂x(t, ξ)

∂ξ

∣∣∣∣
ξ=l2

= u(t), (3)

where ξ ∈ (l1, l2) and t > 0 are the spatial and time variables. The term C
0 D

η
t x(t, ξ)

is known as the fractional Caputo derivative with respect to time t, and the variable
x(t, ξ) =

(
x1(t, ξ), x2(t, ξ), . . . , xn(t, ξ)

)T ∈ Rn denotes the state of the ith neuron for
i = 1, 2, . . . , n. ϕ(θ, ξ) = ϕ1(θ, ξ), ϕ2(θ, ξ), . . . , ϕn(θ, ξ).

The diffusion coefficient matrix is denoted by D ∈ Rn×n and is assumed to be positive-
definite in accordance with physical principles. The matrices P(x(t, ξ)) = [pij(t, ξ)]n×n

and Q(x(t, ξ)) = [qij(t, ξ)]n×n describe the connection weight structure, while α(·) and β(·)
represent the amplification and behavior functions, respectively.

The neuron activation functions are given by

f (x(t, ξ)) = [ f1(x1(t, ξ)), f2(x2(t, ξ)), . . . , fn(xn(t, ξ))]T

and

g(x(t − ς(t), ξ)) = [g1(x1(t −ℑ(t), ξ)), g2(x2(t −ℑ(t), ξ)), . . . , gn(xn(t −ℑ(t), ξ))]T ,

which are assumed to be nonlinear and smooth. Furthermore,

α(x(t, ξ)) = diag{α1(x1(t, ξ)), α2(x2(t, ξ)), . . . , αn(xn(t, ξ))},

and

β(x(t, ξ)) = [β1(x1(t, ξ)), β2(x2(t, ξ)), . . . , βn(xn(t, ξ))]T

denote the corresponding state-dependent functions. The time-varying delay ℑ(t) satisfies

0 ≤ ℑ(t) ≤ ℑ, ℑ̇(t) ≤ ε,

where ς̄ and ε are known positive constants.
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Motivated by the current–voltage characteristics of memristors, state-dependent pa-
rameters are introduced to more accurately capture memory effects and pinched hysteresis
behavior. Accordingly, the parameters in system (1) are assumed to satisfy the follow-
ing conditions.

Based on the current–voltage characteristic of a memristor, to more accurately describe
its memory function and pinched hysteresis features, the state-dependent parameters in (1)
satisfy the following conditions:

pij(xi(t, ξ)) =


p̃ij, signij

∂ f j(xj(t,ξ))
∂t − ∂xi(t,ξ)

∂t < 0

unchanged, signij
∂ f j(xj(t,ξ))

∂t − ∂xi(t,ξ)
∂t = 0

p̂ij, signij
∂ f j(xj(t,ξ))

∂t − ∂xi(t,ξ)
∂t > 0

(4)

qij(xi(t, ξ)) =


q̃ij, signij

∂gj(xj(t−ℑ(t),ξ))
∂t − ∂xi(t,ξ)

∂t < 0

unchanged, signij
∂gj(xj(t−ℑ(t),ξ))

∂t − ∂xi(t,ξ)
∂t = 0

q̂ij, signij
∂gj(xj(t−ℑ(t),ξ))

∂t − ∂xi(t,ξ)
∂t > 0

(5)

where, p̃ij, p̂ij, q̃ij, and q̂ij are constants associated with memristances. Furthermore, the term
“unchanged” indicates that the memristance retains its current value. Each parameter
can switch between two different constant values: pij(xi(t, ξ)) can be either p̃ij or p̂ij,
and similarly, qij(xi(t, ξ)) can be either q̃ij or q̂ij. Thus, the number of possible combinations

of P(x(t, ξ)) and Q(x(t, ξ)) is 22n2
. These 22n2

scenarios are ordered as follows:

(P1,Q1), (P2,Q2), . . . ,
(
P22n2 ,Q22n2

)
.

At any fixed time t ≥ 0, the functions P(x(t, ξ)) and Q(x(t, ξ)) can take on one of
22n2

possible forms. This means that there exist some k ∈ {1, 2, . . . , 22n2} such that
P(x(t, ξ)) = Pk and Q(x(t, ξ)) = Qk. Based on this analysis, the memristive system
described by Equation (1) can be translated into

C
0 D

η
t x(t, ξ) = D ∂2x(t, ξ)

∂ξ2 − α(x(t, ξ))
[
β(x(t, ξ))−Pk f (x(t, ξ))−Qkg(x(t −ℑ(t), ξ))

]
. (6)

Now, for k = 1, 2, . . . , 22n2
, at any fixed time t, we define the characteristic function of Pk

and Qk as follows:

Ωk(t) =

1, P(x(t, ξ)) = Pk, Q(x(t, ξ)) = Qk

0, otherwise
(7)

and we can easily conclude that ∑22n2

k=1 Ωk(t) = 1. Thus, FOMRDCGNNs (1) can be rewritten as

C
0 D

η
t x(t, ξ) =

22n2

∑
k=1

Ωk(t)
[
D ∂2x(t, ξ)

∂ξ2 − α(x(t, ξ))
[
β(x(t, ξ))−Pk f (x(t, ξ))

−Qkg(x(t −ℑ(t), ξ))
]]

,

=D ∂2x(t, ξ)

∂ξ2 − α(x(t, ξ))
[
β(x(t, ξ))−P(t, ξ) f (x(t, ξ))

−Q(t, ξ)g(x(t −ℑ(t), ξ))
]
, (8)

where the functions P(t, ξ) and Q(t, ξ) are expressed as convex combinations given by
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P(t, ξ) =
22n2

∑
k=1

Ωk(t)Pk, Q(t, ξ) =
22n2

∑
k=1

Ωk(t)Qk,

with Ωk(t) being known weighting functions. In order to derive the main theoretical results,
the following definitions, lemmas, and assumptions are introduced.

Due to the state-dependent switching property of the memristive synaptic weights,
the system dynamics exhibit piecewise behavior. For analytical convenience, the switching
system can be represented in an equivalent convex combination form, where the coeffi-
cients Ωk(t) satisfy Ωk(t) ≥ 0 and ∑m

k=1 Ωk(t) = 1. These coefficients are introduced to
characterize the convex hull of the possible subsystem dynamics and are used purely for
analysis purposes.

Definition 1 ([1]). The FOMRDCGNNs (1) are said to be asymptotically stable if the following
condition holds:

lim
t→∞

∥x(t, ξ)∥2 = 0.

Definition 2 ([29]). If FOMRDCGNNs (1) are asymptotically stable for all admissible uncertain-
ties (i.e., ∆P(t, ξ) and ∆Q(t, ξ)), then FOMRDCGNNs (1) are robust asymptotically stable.

Lemma 1 ([11]). As for a differentiable vector x(t) ∈ Rn, we have

C
0 D

η
t

[
xT(t)x(t)

]
≤ 2xT(t)C

0 D
η
t x(t), ∀ 0 < η < 1, t ≥ 0.

Lemma 2 ([37]). Let x ∈ W1,2([l1, l2];Rn) be a vector-valued function that satisfies x(l1) = 0 or
x(l2) = 0. For any symmetric positive-definite matrix M ∈ Rn×n,

∫ l2

l1
xT(s) M x(s)ds ≤ 4(l2 − l1)

2

π2

∫ l2

l1

(
dx(s)

ds

)T
M
(

dx(s)
ds

)
ds.

Razumikhin-type condition: For the Lyapunov functional V(t, x(t, ·)), suppose that there
exists a scalar constant µ > 1 such that for all t ≥ 0, the following condition holds:

V(t + θ, x(t + θ, ·)) ≤ µV(t, x(t, ·)), ∀θ ∈ [−τ, 0].

Under this Razumikhin-type condition, the stability analysis can be carried out using the
Lyapunov approach.

Lemma 3 ([24]). The continuous function V(t, x(t, ·)) : [0,+∞) × Rn → R+ satisfies that,
for t > t0, continuous function ϕ, the following inequality holds:

C
0 Dη

t V(t, ϕ(0, ·)) ≤ ϵV(t, ϕ(0, ·)), ϵ ∈ R, η ∈ (0, 1),

whenever V(t + θ, ϕ(θ, ·)) ≤ V(t, ϕ(0, ·)) for all θ ∈ [−ℑ, 0]. Then

V(t, x(t, ·)) ≤ sup
−ℑ≤θ≤0

V(0, ϕ(θ, ·))Eη

(
ϵ(t − t0)

η), t ≥ t0.

Lemma 4 ([26]). For any value of η such that 0 < η < 1, one has

Eη(−λωη) ≤ N
1 + λωη ≤ N

λ
ω−η , t ≥ 0,

where N is a positive constant and independent of ω.
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Lemma 5 ([28]). Let 0 < ℘ < 1. The Mittag–Leffler function E℘(ω) is non-negative. Moreover,
for any ω1 ≥ ω2 ≥ 0, we have Eη(−ω1) ≤ E℘(−ω2) and E℘(ω1) ≥ E℘(ω2).

Assumption 1. There exist positive constants αi and αi such that, for all xi ∈ R and i = 1, 2, . . . , n,
the amplification functions satisfy

0 < αi ≤ αi(xi) ≤ αi.

Assumption 2. There exist positive constants ωi (i = 1, 2, . . . , n) such that, for any x, y ∈ R,
the behavior functions satisfy

(x − y)
(

βi(x)− βi(y)
)
≥ ωi(x − y)T(x − y).

Assumption 3. There exist positive constants C1 and C2 such that, for all x, y ∈ Rn, the activation
functions satisfy the following Lipschitz-type conditions:

(i)
[ f (x)− f (y)]T[ f (x)− f (y)] ≤ C1(x − y)T(x − y),

(ii)
[g(x)− g(y)]T[g(x)− g(y)] ≤ C2(x − y)T(x − y).

In addition, it is assumed that the initial values are given by β(0) = f (0) = ρ(0) = 0,
which implies that system (1) has a trivial solution.

3. Main Results
This section deals with two cases: Section 3.1: There is no uncertainty in the FOM-

RDCGNNs. Section 3.2: There is uncertainty in the FOMRDCGNNs. Initially, an IBC is
designed under boundary measurements. Then, some sufficient criteria are obtained (i.e.,
Theorems 1 and 2) such that FOMRDCGNNs (1) and uncertain FOMRDCGNNs (27) are
asymptotically stable and robust asymptotically stable, respectively.

For simplicity, we use the following notations:

A = diag{ff1, ff2, . . . , ffn}, A = diag{ff1, ff2, . . . , ffn}, B = diag{!1, !2, . . . , !n}.

3.1. Stabilization of FOMRDCGNNs

To realize the stabilization of FOMRDCGNNs (1), an IBC based on boundary measure-
ments is designed as follows:

u(t) =

L1
∫ l2

l1
x(t, ξ) dξ + L2x(t, l2), t ∈ (mγ, mγ + δγ]

0, t ∈ (mγ + δγ, (m + 1)γ).
(9)

Here, L1 = diag{L11,L12, . . . ,L1n} and L2 = diag{L21,L22, . . . ,L2n} denote the
boundary control gain matrices, where Lij ∈ Rn×n. The index m is a non-negative integer
taking values m = 0, 1, 2, . . .. The parameters γ and δ represent the control period and
the control duty ratio, respectively, satisfying γ > 0 and 0 < δ < 1. The objective is to
appropriately select the control gains L1 and L2, together with the parameters γ and δ,
such that the FOMRDCGNNs described in (1) are stabilized.

Remark 1. Consider the Lyapunov functional

V(t, x(t, ·)) =
∫ l2

l1
xT(t, ξ)x(t, ξ) dξ.
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It is easy to verify that V(t, x(t, ·)) ≥ 0 for all admissible states x(t, ·) and V(t, x(t, ·)) = 0
if and only if x(t, ξ) = 0 for all ξ ∈ [l1, l2]. Moreover, V(t, x(t, ·)) is continuous and radially
unbounded with respect to the L2-norm of the state. Therefore, V(t, x(t, ·)) satisfies the positive
definiteness condition and can be considered a valid Lyapunov functional for the stability analysis of
the considered reaction–diffusion system.

Theorem 1. Under Assumptions 1–3 and IBC (9), if there exist positive constants γ, δ, and matri-
ces L1,L2 ∈ Rn×n that satisfy the conditions

(C1) Ξ =

(
Ξ11 Ξ12

∗ Ξ22

)
≤ 0 (10)

(C2) δγ > ℑ (11)

(C3) Eη(−λ3(δγ −ℑ)η)Eη(λ4(γ − δγ)η) < 1 (12)

where Ξ11 = Φ + ε2 In + sym(DL1) +
(

1
l2−l1

)
sym(DL2), Φ = −2AB + APkPT

k A +

AQkQT
k A + ε1 In, Ξ12 = −LT

1 D −
(

1
l2−l1

)
sym(DL2), Ξ22 =

(
1

l2−l1

)
sym(DL2) −

π2

2(l2−l1)
D + ε2 In, λ4 = λ2 + ε2, λ2 and −λ3 are the maximum eigenvalues of matrices Φ and Ξ,

then the FOMRDCGNNs (1) are asymptotically stable.

Proof. Take V(t, x(t, ·)) =
∫ l2

l1
xTx dξ. Hereafter, for simplicity, the variable (t, ξ) is omitted

and denoted as xℑ = x(t −ℑ(t), ξ).
Case I: When t ∈ (mγ, mγ+ δγ), then Lemma 1 gives

C
mγD

η
t V(t, x(t, ·)) =

∫ l2

l1

C
mγD

η
t

(
xTx

)
dξ ≤ 2

∫ l2

l1
xTC

mγD
η
t x dξ

=2
∫ l2

l1

22n2

∑
k=1

Ωk(t) xT
{
D ∂2x

∂ξ2 − α(x)
(

β(x)−Pk f (x)−Qkg(xℑ)
)}

dξ. (13)

Employing the integration-by-parts formula together with the boundary conditions of (1),
we obtain

∫ l2

l1
xTD ∂2x

∂ξ2 dξ = −
∫ l2

l1

∂xT

∂ξ
D ∂x

∂ξ
dξ + xTD ∂x

∂ξ

∣∣∣∣ξ=l2

ξ=l1
= −

∫ l2

l1

∂xT

∂ξ
D ∂x

∂ξ
dξ + xT(t, l2)D u(t).

To apply Lemma 2, define the following transformation

x̃(t, ξ) = x(t, ξ)− x(t, l2), ξ ∈ [l1, l2].

It is easy to verify that x̃(t, l2) = 0. Therefore, the boundary condition required in Lemma 2 is

satisfied. By taking x = x − x(t, l2), it follows that x(t, l2) = 0 and
∂x
∂ξ

=
∂x
∂ξ

. Then, we have

∫ l2

l1
xTD ∂2x

∂ξ2 dξ =
∫ l2

l1
xT(t, l2)DL1x dξ + xT(t, l2)DL2x(t, l2)−

∫ l2

l1

∂xT

∂ξ
D ∂x

∂ξ
dξ

≤
∫ l2

l1

[
xT(t, l2)DL1x +

(
1

l2 − l1

)
xT(t, l2)DL2x(t, l2)

− π2

4(l2 − l1)2 xTD x
]

dξ. (14)

According to Assumptions 1 and 2, we obtain
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−2xTα(x)β(x) =− 2
n

∑
i=1

xiαi(xi)βi(xi)

=− 2
n

∑
i=1

αi(xi)[xiβi(xi)]

≤− 2
n

∑
i=1

αiωix2
i

≤− 2xTABx. (15)

By Assumption 3, it follows that

2xTα(x)Pk f (x) =xTα(x)Pk f (x) + f T(x)PT
k αT(x)x

≤xTα(x)PkPT
k αT(x)x + f T(x) f (x)

≤xT[ APkPT
k A+ ε1 In

]
x (16)

and similarly

2xTα(x)Qkg(xℑ) ≤xTAQkQT
k Ax + ε2xT

ℑxℑ. (17)

Substituting the inequalities (14)–(17) into (13), one has

C
mγD

η
t V(t, x(t, ·)) ≤

∫ l2

l1

22n2

∑
k=1

Ωk(t)
[

xT[− 2AB +APkPT
k A+AQkQT

k A+ ε1 In
]
x

+ 2xT(t, l2)DL1x +

(
2

l2 − l1

)
xT(t, l2)DL2x(t, l2)

− π2

2(l2 − l1)2 xTDx
]

dξ + ε2

∫ l2

l1
xT
ℑxℑ dξ

≤
∫ l2

l1

22n2

∑
k=1

Ωk(t)
[

xT[− 2AB +APPTA+AQQTA+ ε1 In
]
x

+ 2(x − x)TDL1x +

(
2

l2 − l1

)
(x − x)TDL2(x − x)

− π2

2(l2 − l1)
xTDx

]
dξ + ε2

∫ l2

l1
xT

r xℑ dξ

≤
∫ l2

l1

22n2

∑
k=1

Ωk(t)

(
x
x

)T

Ξ

(
x
x

)
dξ + ε2

∫ l2

l1
xT
ℑxℑ dξ

where

Ξ =

 Ξ11 −LT
1 D −

(
1

l2−l1

)
sym(DL2)

∗
(

1
l2−l1

)
sym(DL2)− π2

2(l2−l1)
D


where

Ξ11 = −2AB +APkPT
k A+AQkQT

k A+ ε1 In + sym(DL1) +
1

l2 − l1
sym(DL2).

Let −λ1 and −λ3 denote the maximum eigenvalues of the matrices Ξ and Ξ, respectively.
From Ξ ≤ 0 and Ξ = Ξ − ε2 I < 0, it follows that −λ3 ≤ 0 and

−λ1 = −λ3 − ε2 < 0.

Consequently, the following inequality holds:
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C
mγD

η
t V(t, x(t, ·)) ≤ −λ1

∫ l2

l1

(
xTx + xTx

)
dξ + ε2

∫ l2

l1
xT
ℑxℑ dξ

≤ −λ1

∫ l2

l1
xTx dξ + ε2 sup

−ℑ≤s≤0

∫ l2

l1
xT(t + s, ξ)x(t + s, ξ)dξ.

The above inequality implies that

V(t + s, ξ(mγ + s, ·)) ≤ V(t, x(mγ, ·)),

for all t > mγ and s ∈ [−ℑ, 0].

C
mγD

η
t V(t, x(mγ, ·)) ≤ −λ1

∫ l2

l1
xT(mγ, x)x(mγ, ξ)dξ

+ ε2 sup
−ℑ≤s≤0

∫ l2

l1
xT(mγ + s, ξ)x(mγ + s, ξ)dξ

= −λ1V(t, x(mγ, ·)) + ε2 sup
−ℑ≤s≤0

V(t + s, ξ(mγ + s, ·))

≤ −(λ1 − ε2)V(t, x(mγ, ·))
= −λ3V(t, x(mγ, ·)).

By applying Lemma 3, it can be concluded that, whenever t ∈ (mγ, mγ + δγ],

V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(mγ, x(mγ + s, ·))Eη(−λ3(t − mγ)η) (18)

Case II: When t ∈ (mγ + δγ, γ(m + 1)], Lemma 1 gives

C
mγ+δγD

η
t V(t, x(t, ·)) =

∫ l2

l1

C
mγ+δγD

η
t V
(

xTx
)

dξ ≤ 2
∫ l2

l1
xTC

mγ+δγD
η
t Vx dξ

= 2
∫ l2

l1

22n2

∑
k=1

Ωk(t)xT
[
D ∂2x

∂ξ2 + Pk f (x) +Qkg(xℑ)
]

dξ

≤
∫ l2

l1

22n2

∑
k=1

Ωk(t)
[

xTΦx + ε2xT
ℑxℑ

]
dξ

≤ λ2

∫ l2

l1
xTx dξ + ε2 sup

−ℑ≤s≤0

∫ l2

l1
xT(t + s, ξ)x(t + s, ξ)dξ

where λ2 denotes the maximum eigenvalue of the matrix Φ.
From the above, we can write V(t + s, x(mγ + δγ+ s, ·)) ≤ V(t, x(mγ + δγ, ·)) for

t > mγ + δγ, s ∈ [−ℑ, 0]

C
mγ+δγD

η
t V(t, x(mγ + δγ, ·)) ≤ λ2

∫ l2

l1
xT(mγ + δγ, ξ)x(mγ + δγ, ξ) dξ

+ ε2 sup
−ℑ≤s≤0

∫ l2

l1
xT(mγ + δγ + s, ξ)x(mγ + δγ + s, ξ) dξ

= λ2V(t, x(mγ + δγ, ·)) + ε2 sup
−ℑ≤s≤0

V(t + s, x(mγ + δγ + s, ·))

≤ (λ2 + ε2)V(t, x(mγ + δγ, ·))
= λ4V(t, x(mγ + δγ, ·))

Applying Lemma 3, we obtain that, for all t ∈ (mγ + δγ, (m + 1)γ],
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V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(mγ + δγ, x(mγ + δγ + s, ·))Eη(λ4(t − mγ − γδ)η). (19)

Using (18) and (19) together with mathematical induction, we prove that the following
inequalities hold for all t ∈ (mγ, mγ + δγ], where m = 0, 1, 2, . . ..

V(t, x(t, ·)) ≤ sup
−ℑ≤θ≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)

]m

×
[
Eη(λ4(γ − δγ)η)

]mEη(−λ3(t − mγ)η) (20)

and for t ∈ (mγ + δγ, γ(m + 1)], m = 0, 1, 2, . . .

V(t, x(t, ·)) ≤ sup
−ℑ≤θ≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)

]m+1

×
[
Eη(λ4(γ − γδ)η)

]mEη(λ4(t − mγ − δγ)η) (21)

First, we verify that the statement holds for m = 0. By applying (18) and (19), together with
Lemma 5 and condition C2 in (11), it follows that for t ∈ (0, δγ],

V(t, x(t, ·)) ≤ sup
−ℑ≤θ≤0

V(0, x(θ, ·))Eη(−λ3tη)

and for t ∈ (δγ, γ]

V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(γδ, x(δγ + s, ·))Eη(λ4(t − δγ)η)

≤ sup
−ℑ≤s≤0

V(0, x(s, ·))Eη(−λ3(γδ + s)η)Eη(λ4(t − δγ)η)

≤ sup
−ℑ≤s≤0

V(0, x(s, ·))Eη(−λ3(γδ −ℑ)η)Eη(λ4(t − δγ)η).

The above corresponds to (20) and (21) when m = 0. Now, suppose that (20) and (21) are
satisfied for m = n − 1, that is, for t ∈ ((n − 1)γ, (n − 1)γ + δγ].

V(t, x(t, ·)) ≤ sup
−ℑ≤θ≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)

]n−1

×
[
Eη(λ4(γ − δγ)η)

]n−1Eη(−λ3(t − (n − 1)γ)η), (22)

for the second interval t ∈ ((n − 1)γ + δγ, nγ]

V(t, x(t, ·)) ≤ sup
−ℑ≤θ≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)

]n

×
[
Eη(λ4(γ − δγ)η)

]n−1Eη(λ4(t − (n − 1)γ − δγ)η). (23)

From (18), (19), (22) and (23) with by Lemma 5, we get t ∈ (nγ, nγ + δγ]

V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(nγ, x(nγ + s, ·))Eη(−λ3(t − nγ)η)

≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)

]n

×
[
Eη(λ4(ω − δγ)η)

]n−1Eη(λ4(nγ + s

−(n − 1)ω − δγ)η)Eη(−λ3(t − nγ)η)

≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)

]n

×
[
Eη(λ4(ω − δγ)η)

]nEη(−λ3(t − nγ)η),

https://doi.org/10.3390/fractalfract10030206

https://doi.org/10.3390/fractalfract10030206


Fractal Fract. 2026, 10, 206 12 of 26

and for t ∈ (nγ + δγ, (n + 1)γ]

V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(nγ + δγ, x(nγ + δγ + s, ·))Eη(λ4(t − nγ − δγ)η)

≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)

]n[Eη(λ4(ω − δγ)η)
]n

× Eη(−λ3(nγ + γδ + s − nγ)η)Eη(λ4(t − nγ − δγ)η)

≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)

]n+1

×
[
Eη(λ4(ω − δγ)η)

]nEη(λ4(t − nγ − δγ)η).

This implies that (20) and (21) are valid for m = n. Hence, by mathematical induction, (20)
and (21) hold for all m = 0, 1, 2, . . ..

Furthermore, according to condition C3 given in (12), for t ∈ [mγ, mγ + δγ), equiva-
lently, (t/γ)− δ < m ≤ t/γ. By Lemma 5, one has

Eη(−λ3(t − mγ)η) ≤ Eη(−λ3(mγ − mγ)η) = 1.

Therefore, it follows that

V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)Eη(λ4(γ − δγ)η)

]m

≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)Eη(λ4(γ − δγ)η)

] L
γ −δ

also, t ∈ (mγ + δγ, (m + 1)γ], it gives (t/γ) < m + 1 ≤ (t/γ) + 1− δ, Eη(λ4(t − mγ − δγ)η)

≤ Eη(λ4(γ − δγ)η)

V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)Eη(λ4(γ − δγ)η)

]m+1

≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)Eη(λ4(γ − δγ)η)

] t
γ

≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)Eη(λ4(γ − δγ)η)

] t
γ −δ.

From the above,

V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(0, x(θ, ·))
[
Eη(−λ3(δγ −ℑ)η)Eη(λ4(γ − δγ)η)

] t
γ −δ, t ≥ 0

which means that

∥x(t, ·)∥2 ≤ sup
−ℑ≤s≤0

∥φ(s, ·)∥2[Eη(−λ3(δγ −ℑ)η)Eη(λ4(γ − δγ)η)
] I

γ −δ → 0 as t → ∞

from condition C3. According to Definition 1, the FOMRDCGNNs (1) are asymptotically
stable under IBC (9).

Remark 2. By setting δ = 1 in the controller (9), the IBC is transformed into the following
continuous-time boundary control law:

u(t) = L1

∫ l2

l1
x(t, ξ)dξ + L2x(t, l2). (24)
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As a consequence, a corollary concerning the stabilization of the FOMRDCGNNs (1)
under boundary control can be directly derived from Theorem 1.

Corollary 1. Under Assumptions 1–3 and BC (24), if there exist matrices L1,L2 ∈ Rn×n such
that condition (25) holds, then the FOMRDCGNNs (1) are asymptotically stable.

Proof. Take V(t, x(t, ·)) =
∫ l2

l1
xTx dξ. Then, Lemma 1 gives

C
0 D

η
t V(t, x(t, ·)) =

∫ l2

l1

C
0 D

η
t

(
xTx

)
dξ ≤ 2

∫ l2

l1
xTC

0 D
η
t x dξ

= 2
∫ l2

l1
xT
{
D ∂2x

∂ξ2 − α(x)
(

β(x)−P f (x)−Qg(xℑ)
)}

dξ. (25)

By employing arguments similar to those used in the preceding proof, one obtains

C
0 D

η
t V(t, x(t, ·)) ≤

∫ l2

l1

[
xT[− 2AB +APPTA+AQQTA+ ε1 In

]
x + 2xT(t, l2)DL1 x

+

(
2

l2 − l1

)
xT(t, l2)DL2x(t, l2)−

π2

2(l2 − l1)2 xTDx
]

dξ + ε2

∫ l2

l1
xT
ℑxℑ dξ

≤
∫ l2

l1

[
xT[− 2AB +APPTA+AQQTA+ ε1 In

]
x + 2(x − x)TDL1 x

+

(
2

l2 − l1

)
(x − x)TDL2(x − x)− π2

2(l2 − l1)
xTDx

]
dξ + ε2

∫ l2

l1
xT

r xℑ dξ

≤
∫ l2

l1

(
x
x

)T

Ξ

(
x
x

)
dξ + ε2

∫ l2

l1
xT
ℑxℑ dξ

where

Ξ =

 Ξ11 −LT
1 D −

(
1

l2−l1

)
sym(DL2)

∗
(

1
l2−l1

)
sym(DL2)− π2

2(l2−l1)
D


where Ξ11 = −2AB +APPTA+AQQTA+ ε1 In + sym(DL1) +

(
1

l2−l1

)
sym(DL2). Let

−λ and −λ denote the maximum eigenvalues of the matrices Ξ and Ξ, respectively. Since
Ξ ≤ 0, it follows that −λ ≤ 0. Moreover, noting that Ξ = Ξ − ε2 I < 0, we obtain
−λ = −λ − ε2 < 0. Consequently, it follows that

C
0 D

η
t V(t, x(t, ·)) ≤ −λ

∫ l2

l1

(
xTx + xTx

)
dξ + ε2

∫ l2

l1
xT
ℑxℑ dξ

≤ −λ
∫ l2

l1
xTx dξ + ε2

∫ l2

l1
xT
ℑxℑ dξ. (26)

From the above, we have V(t + s, ξ(s, ·)) ≤ V(t, x(0, ·)) for t ≥ 0, s ∈ [−ℑ, 0]

C
0 D

η
t V(t, x(0, ·)) ≤ −λ

∫ l2

l1
xT(0, ξ)x(0, ξ)dξ + ε2 sup

−ℑ≤s≤0

∫ l2

l1
xT(s, ξ)x(s, ξ) dξ

= −λV(t, x(0, ·)) + ε2 sup
−ℑ≤s≤0

V(t + s, ξ(s, ·))

≤ −
(
λ − ε2

)
V(t, x(0, ·))

= −λV(t, x(0, ·)).
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By using Lemmas 3 and 4, we can get

V(t, x(t, ·)) = sup
−ℑ≤s≤0

V(0, x(s, ·))Eη(−λtη)

= sup
−ℑ≤s≤0

V(0, φ(s, ·))Eη(−λtη)

≤ sup
−ℑ≤s≤0

V(0, φ(s, ·))N
λ

t−η , t ≥ 0

which means that

∥x(t, ·))∥2 ≤
[

sup
−ℑ≤s≤0

∥φ(s, ·)∥2 N
λ

t−η

]
→ 0 as t → ∞

where N is constant not depending on x. Therefore, the FOMRCGNNs (1) are asymptoti-
cally stable under BC (24).

Remark 3. The parameter δ represents the operation ratio of the intermittent boundary controller
within each control period. Specifically, the controller is activated only during a fraction δ of the
total period, while it remains inactive during the remaining interval. By choosing δ < 1, the number
of control activations is reduced, which decreases the frequency of controller operation.

3.2. Robust Mittag–Leffler Stabilization of Uncertain FOMRDCGNNs via IBC

In real-world applications of NNs, the performance of the system tends to be affected
by parameter fluctuations, measurement errors, and external disturbances. For example,
in the electronic implementation process, electronic component tolerances can cause varia-
tions in some critical parameters such as the weights of interconnections between neurons,
communication delays, and neuron activation or release rates. Such uncertainties can com-
promise the performance of the system and even result in instability. Therefore, making
sure that the NN shows stable behavior when subjected to such uncertain conditions is an
essential demand.

This section focuses on the robust stabilization of uncertain FOMRDCGNNs. It is
shown that the proposed IBC strategy continues to guarantee asymptotic stability even
in the presence of system uncertainties. To this end, we consider the following class of
uncertain FOMRDCGNNs with time-varying delays:

C
0 D

η
t x(t, ξ) = D ∂2x(t, ξ)

∂ξ2 − α(x(t, ξ))

[
β(x(t, ξ))− {P(x(t, ξ)) + ∆P(t, ξ)} f (x(t, ξ))

− {Q(x(t, ξ)) + ∆Q(t, ξ)}(x(t, ξ))g(x(t −ℑ(t), ξ))

]
, (27)

where ∆P(t, ξ) and ∆Q(t, ξ) denote admissible parametric uncertainties, which are as-
sumed to take the following form:[

∆P(t, ξ) ∆Q(t, ξ)
]
= HF (t, ξ)

[
E1 E2

]
.

Here, F (t, ξ) is an unknown time-varying matrix satisfying the norm-bounded condition
FT(t, ξ)F (t, ξ) ≤ I, while H, E1, and E2 are known constant matrices.

Based on conditions (4)–(7), the uncertain FOMRDCGNNs (27) can be equivalently
expressed as follows:
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C
0 D

η
t x(t, ξ) =

22n2

∑
k=1

Ωk(t)
[
D ∂2x(t, ξ)

∂ξ2 − α(x(t, ξ))
[
β(x(t, ξ))− {Pk + ∆P(t, ξ)} f (x(t, ξ))

− {Qk + ∆Q(t, ξ)}g(x(t −ℑ(t), ξ))
]]

= D ∂2x(t, ξ)

∂ξ2 − α(x(t, ξ))
[
β(x(t, ξ))− {P(t, ξ) + ∆P(t, ξ)} f (x(t, ξ))

− {Q(t, ξ) + ∆Q(t, ξ)}g(x(t −ℑ(t), ξ))
]
. (28)

Then, one has the theorem on the robust stabilization of FOMRDCGNNs (27) via IBC
from Theorem 1.

Theorem 2. Under Assumptions 1–3 and IBC (9), if there exist positive constants γ, δ, and matrices
L1,L2 ∈ Rn×n that satisfy the conditions

(C1) Π =

(
Π11 Π12

∗ Π22

)
≤ 0 (29)

(C2) δγ > ℑ (30)

(C3) Eη

(
−λ3(δγ −ℑ)η

)
Eη

(
λ4(γ − δγ)η

)
< 1 (31)

where Π11 = Ψ + ε2 In + sym(DL1) +
(

1
l2−l1

)
sym(DL2), Ψ = −2AB + APkPT

k A +

AQkQT
k A + ε1 In, Π12 = −LT

1 D −
(

1
l2−l1

)
sym(DL2), Π22 =

(
1

l2−l1

)
sym(DL2) −

π2

2(l2−l1)
D + ε2 In, λ4 = λ2 + ε2, λ2 is the eigenvalue of Ψ and −λ3 is the eigenvalue of Π,

then the uncertain FOMRDCGNNs (27) are robust asymptotically stable.

Proof. Take V(t, x(t, ·)) =
∫ l2

l1
xTx dξ. When t ∈ (mγ, mγ+ δγ), then Lemma 1 gives

C
mγD

η
t V(t, x(t, ·)) =

∫ l2

l1

C
mγD

η
t

(
xTx

)
dξ ≤ 2

∫ l2

l1
xTC

mγD
η
t x dξ

=2
∫ l2

l1

22n2

∑
k=1

Ωk(t) xT
{
D ∂2x

∂ξ2 − α(x)
(

β(x)−
(
Pk + ∆P) f (x)

−
(
Qk + ∆Q)g(xℑ)

)}
dξ. (32)

From the definition of uncertain parameters ∆P and ∆Q, and using Assumption 3, we can get

2xTα(x)∆P f (x) =2xTα(x)HFE1 f (x)

≤xTα(x)HHTαT(x)x + f T(x)ET
1 FTFE1 f (x)

≤xT[ AHHTA+ ε1λmax(ET
1 E1)In

]
x (33)

and similarly

2xTα(x)∆Qg(xℑ) ≤xTAHHTAx + ε2λmax(ET
2 E2)xT

ℑxℑ. (34)

For the proof, see Appendix A.

Consequently, a corollary on the robust stabilization of the FOMRDCGNNs (1) under
boundary control can be established based on Theorem 2 and Corollary 1.
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Corollary 2. Under Assumptions 1–3 and BC (24), if there exist matrices L1,L2 ∈ Rn×n such
that condition (29) holds, then the uncertain FOMRDCGNNs (27) are robust asymptotically stable.

Remark 4. The stability properties of the proposed models are determined by control parameters such as
the control period γ, the control-time ratio δ, and the delayed upper bound in time ℑ. These parameters
are important because they help to satisfy the sufficient stability conditions provided by Conditions (C1)

and (C2) of Theorem 1, and for Conditions (C̄1) and (C̄2) of Theorem 2. In conjunction with Lemma 5,
we observe that the stabilization process is more straightforward when the time delay ℑ is smaller and
the δγ is larger. This implies that stabilization is more likely to occur as the controller continues to
operate. This conclusion is in accordance with the practical applications of engineering. In Section 4,
a simulation will be conducted to verify the results of this analysis.

Remark 5. The conditions outlined in Theorems 1 and 2 are sufficient. This statement implies
that the control law can stabilize the FOMRDCGNNs (1) if feasible solutions to the LMIs (10) and
(29) exist. Specifically, control gain matrices L1 and L2 are available. Use the Matlab LMI toolbox
(R2021a) to solve LMIs (10) and (29) and obtain control gain matrices L1 and L2.

For a more detailed explanation of the implementation of the control approach proposed
in this paper on the specific model, we have presented the algorithm in a flowchart (Figure 1).

Figure 1. Flowchart algorithm of the developed control scheme.

4. Numerical Simulation
In this section, two numerical examples are provided to demonstrate the applicability

and effectiveness of the theoretical results developed in this paper. Through simulation
studies, these examples verify the feasibility of the proposed control strategy and highlight
its capability in ensuring the desired stability performance of the considered systems.

Example 1. Consider a FOMRDCGNNs (1) with the parameters: n = 3, η = 0.95, ξ ∈ (0, 1),
where the functions are specified as α(x(t, ξ)) = x(t, ξ), β(x(t, ξ)) = 3x(t, ξ), f (x(t, ξ)) = 0.8
tanh(x(t, ξ)), g(x(t −ℑ(t), ξ)) = 0.4 tanh(x(t −ℑ(t), ξ)), ℑ(t) = 0.1 + 0.2 sin t,
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D =

 0.9 0 0
0 2 0
0 0 1

, P(x(t, ξ)) =

 −1 p12(x1(t, ξ)) p13(x1(t, ξ))

p21(x2(t, ξ)) −0.1 p23(x2(t, ξ))

p31(x3(t, ξ)) p32(x3(t, ξ)) 0.3

, and

Q(x(t, ξ)) =

 1 q12(x1(t, ξ)) q13(x1(t, ξ))

q21(x2(t, ξ)) −2.2 q23(x3(t, ξ))

q31(x3(t, ξ)) q32(x3(t, ξ)) −0.1

,

with

p12(x1(t, ξ)) =


0.8,

∂ f2(x2(t, ξ))

∂t
− ∂x1(t, ξ)

∂t
< 0,

0.6,
∂ f2(x2(t, ξ))

∂t
− ∂x1(t, ξ)

∂t
> 0,

p13(x1(t, ξ)) =


0.4,

∂ f3(x3(t, ξ))

∂t
− ∂x1(t, ξ)

∂t
< 0,

0.2,
∂ f3(x3(t, ξ))

∂t
− ∂x1(t, ξ)

∂t
> 0,

p21(x2(t, ξ)) =


−0.4,

∂ f1(x1(t, ξ))

∂t
− ∂x2(t, ξ)

∂t
< 0,

−0.6,
∂ f1(x1(t, ξ))

∂t
− ∂x2(t, ξ)

∂t
> 0,

p23(x2(t, ξ)) =


−0.1,

∂ f3(x3(t, ξ))

∂t
− ∂x2(t, ξ)

∂t
< 0,

−0.3,
∂ f3(x3(t, ξ))

∂t
− ∂x2(t, ξ)

∂t
> 0,

p31(x3(t, ξ)) =


−0.8,

∂ f1(x1(t, ξ))

∂t
− ∂x3(t, ξ)

∂t
< 0,

0.4,
∂ f1(x1(t, ξ))

∂t
− ∂x3(t, ξ)

∂t
> 0,

p32(x3(t, ξ)) =


−0.4,

∂ f2(x2(t, ξ))

∂t
− ∂x3(t, ξ)

∂t
< 0,

0.8,
∂ f2(x2(t, ξ))

∂t
− ∂x3(t, ξ)

∂t
> 0,

q12(x1(t, ξ)) =


−0.1,

∂g2(x2(t −ℑ(t), ξ))

∂t
− ∂x1(t, ξ)

∂t
< 0,

−0.5,
∂g2(x2(t −ℑ(t), ξ))

∂t
− ∂x1(t, ξ)

∂t
> 0,

q13(x1(t, ξ)) =


−0.1,

∂g3(x3(t −ℑ(t), ξ))

∂t
− ∂x1(t, ξ)

∂t
< 0,

0.3,
∂g3(x3(t −ℑ(t), ξ))

∂t
− ∂x1(t, ξ)

∂t
> 0,

q21(x2(t, ξ)) =


0.4,

∂g1(x1(t −ℑ(t), ξ))

∂t
− ∂x2(t, ξ)

∂t
< 0,

−2.3,
∂g1(x1(t −ℑ(t), ξ))

∂t
− ∂x2(t, ξ)

∂t
> 0,

q23(x2(t, ξ)) =


0.5,

∂g3(x3(t −ℑ(t), ξ))

∂t
− ∂x2(t, ξ)

∂t
< 0,

1,
∂g3(x3(t −ℑ(t), ξ))

∂t
− ∂x2(t, ξ)

∂t
> 0,

q31(x3(t, ξ)) =


−1,

∂g1(x1(t −ℑ(t), ξ))

∂t
− ∂x3(t, ξ)

∂t
< 0,

1.4,
∂g1(x1(t −ℑ(t), ξ))

∂t
− ∂x3(t, ξ)

∂t
> 0,

q32(x3(t, ξ)) =


−1.4,

∂g2(x2(t −ℑ(t), ξ))

∂t
− ∂x3(t, ξ)

∂t
< 0,

−0.2,
∂g2(x2(t −ℑ(t), ξ))

∂t
− ∂x3(t, ξ)

∂t
> 0,

and an initial condition, for θ ∈ [−0.3, 0]
x1(θ, ξ) = 0.05(2 − cos(2πξ))(sin(πθ − 0.1)),

x2(θ, ξ) = 0.02(2 − cos(3πξ))(sin(1.1πθ − 0.1)),

x2(θ, ξ) = 0.08(1.5 − cos(1.5πξ))(sin(0.8πθ − 0.2)).
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A direct calculation gives A = A = diag{1, 1, 1}, B = diag{3, 3, 3}, ε1 = 0.64, and
ε2 = 0.16. Using the MATLAB LMI Toolbox to solve the matrix inequality (10) presented in
Theorem 1, the following control gain matrices are achieved:

L1 =

 −39.0305 0 0
0 −39.0305 0
0 0 −39.0305

, L2 =

 −26.2065 0 0
0 −26.2065 0
0 0 −26.2065

.

The control period and the control-time ratio are chosen as γ = 1.2 and δ = 0.45, re-
spectively. The feasibility of Theorem 1 confirms that the FOMRDCGNNs described by (1)
achieve theoretical stabilization under the designed controller (9). The state responses
xi(t, ξ), (i = 1, 2, 3) and the state norm ∥x(t, ξ∥2 under the controller (9) are depicted in
Figure 2, which ensures that the FOMRDCGNNs (1) achieve stabilization. Let u(t) = 0
be illustrated that the controller (9) is effective. Figure 3 illustrates the responses of the
uncontrolled state and the corresponding state norm, demonstrating that the FOMRD-
CGNNs (1) are unable to achieve stabilization. Thus, the proposed controller is valid.
The time response of the control input (9) is presented in Figure 4.
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Figure 2. State responses x(t, ξ) and state norm ∥x(t, ·)∥2 of FOMRDCGNNs (1) with IBC (9).

To understand the impact of fractional-order η, the system is configured for η = 0.95
and η = 0.97, keeping all other parameters fixed. As illustrated in Figure 5a, the speed
of convergence improves with larger values of η. Next, to assess control-time length,
δ is set to 0.6 with γ being 1.2. Figure 5b shows the evolution of the state norms over
time with control-time ratios of δ = 0.3 and δ = 0.5. The state norm is observed to
drop more rapidly when δ = 0.5, as opposed to when δ = 0.3. This shows that a longer
control time contributes positively to the stabilization performance of FOMRDCGNNs (1).
Therefore, the figure shows that the extension of the control time improves the stabilization
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capabilities of FOMRDCGNNs (1) with respect to the expected performance. Finally,
to analyze the impact of time delay, the delay function is taken as ℑ(t) = 0.8 + 0.4 sin(t)
with ℑ = 1.2, while the other parameters remain the same. In this case, the stability
conditions in Theorem 2 are not satisfied. The variation in the state norm for the two time
delay functions with ℑ(t) = 0.1 + 0.2 sin(t) and ℑ(t) = 0.8 + 0.4 sin(t) is illustrated in
Figure 5c. The system with the smaller delay reaches stability quickly, whereas the system
with the larger delay does so slowly and remains unstable. This confirms that shorter time
delays enhance the stabilization performance of the FOMRDCGNN system.
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Figure 3. Time responses of IBC (9) with FOMRDCGNNs (1).
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Figure 4. State responses x(t, ξ) and state norm ∥x(t, ·)∥2 of FOMRDCGNNs (1) without control.
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Figure 5. State norm ∥x(t, ·)∥2 of FOMRDCGNNs (1): (a) different parameter η, (b) different control-
time length, and (c) different delays.

Remark 6. The feasibility of the derived stability conditions is verified by solving the corresponding
LMIs using the MATLAB LMI Toolbox. Once feasible solutions are obtained, numerical simulations
are carried out in MATLAB to generate the state trajectories and graphical results presented in this
section. These simulations illustrate the effectiveness of the proposed control scheme.

Example 2. Consider uncertain FOMRDCGNNs (27) with the details of the uncertainties
∆P(t, ξ) and ∆Q(t, ξ) expressed as follows:

H =

 0.05 0 0
0 0.05 0
0 0 0.05

, E1 = E2 =

 0.4 0 0
0 0.2 0
0 0 0.2

,

F (t, ξ) =

 cos(t) sin(t) 0
− sin(t) cos(t) 0

0 0 ξ

,

and the remaining parameters are the same as in Example 1. Solving the LMI (29) in
Theorem 2 gives the following control gain matrices:

L1 =

 −38.8763 0 0
0 −38.8763 0
0 0 −38.8763

, L2 =

 −26.1007 0 0
0 −26.1007 0
0 0 −26.1007

.
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The control-time period γ = 1, and the control-time ratio δ = 0.56. We see that
Theorem 2 holds, which ensures that uncertain FOMRDCGNNs (27) are theoretically sta-
bilized under the controller (9). Figure 6 shows the state responses xi(t, ξ), (i = 1, 2, 3),
and the state norm ∥x(t, ξ)∥2 under the controller (24), which ensures that the uncertain
FOMRDCGNN (27) is robustly stabilized. The effectiveness of the designed controller is
confirmed by its time-response performance. Figure 7 illustrates the dynamic behavior of
the controller in (9) with uncertain FOMRDCGNNs described in (27).
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Figure 6. State responses x(t, ξ) and state norm ∥x(t, ·)∥2 of uncertain FOMRDCGNNs (27) with
IBC (9).
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Figure 7. Time responses of IBC (9) with uncertain FOMRDCGNNs (27).
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5. Conclusions
This paper investigated the robust stabilization problem of FOMRDCGNNs with time-

varying delays under an intermittent boundary control (IBC) framework. The proposed
IBC strategy effectively reduces control effort by requiring actuation only over limited time
intervals and at the boundary of the spatial domain. By constructing appropriate Lyapunov
functionals and integrating the IBC mechanism, sufficient conditions were derived to
guarantee asymptotic stability for the nominal system (Theorem 1) and robust asymptotic
stability in the presence of parametric uncertainties (Theorem 2). Numerical simulation re-
sults confirmed the theoretical analysis, and two illustrative examples further demonstrated
the feasibility and effectiveness of the proposed control scheme. The developed results
provide a practical and efficient approach for stabilizing fractional-order reaction–diffusion
neural networks and may be extended to more complex network structures and control
constraints in future studies.
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Nomenclature

Notation Description
R The set of real numbers
R+ The positive real number space
Rn Euclidean space of dimensional n
Rn×n Real-valued matrix of dimensions n × n
In Identity matrix of dimension n
diag{·} Diagonal matrix
A > 0(< 0) Positive (negative) definite matrix A
AT Transpose of a matrix A
A−1 Inverse of a matrix A
λmin(·) Minimum eigenvalue of matrix
λmax(·) Maximum eigenvalue of matrix
∗ Symmetric term of matrix
sym(A) A + AT

W1,2([l1, l2];Rn) Sobolev space of absolutely continuous functions
∥x(t, ξ)∥2 ∫ l2

l1
xT(t, ξ)x(t, ξ)dξ

Appendix A
From Theorem 1 substituting the inequalities (14)–(17), (33) and (34) into (32), one has
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C
mγD

η
t V(t, x(t, ·)) ≤

∫ l2

l1

22n2

∑
k=1

Ωk(t)
[

xT[− 2AB + 2AHHTA+APkPT
k A+AQkQT

k A

+ ε1λmax(ET
1 E1)In

]
x + 2xT(t, l2)DL1x +

(
2

l2 − l1

)
xT(t, l2)DL2x(t, l2)

− π2

2(l2 − l1)2 xTDx
]

dξ + ε2λmax(ET
2 E2)

∫ l2

l1
xT
ℑxℑ dξ

≤
∫ l2

l1

22n2

∑
k=1

Ωk(t)
[

xT[− 2AB +APPTA+AQQTA+ ε1 In
]
x

+ 2(x − x)TDL1x +

(
2

l2 − l1

)
(x − x)TDL2(x − x)

− π2

2(l2 − l1)
xTDx

]
dξ + ε2λmax(ET

2 E2)
∫ l2

l1
xT

r xℑ dξ

≤
∫ l2

l1

22n2

∑
k=1

Ωk(t)

(
x
x

)T

Π

(
x
x

)
dξ + ε2λmax(ET

2 E2)
∫ l2

l1
xT
ℑxℑ dξ

where

Π =

 Π11 −LT
1 D −

(
1

l2−l1

)
sym(DL2)

∗
(

1
l2−l1

)
sym(DL2)− π2

2(l2−l1)
D


with Π11 = −2AB+ 2AHHTA+APkPT

k A+AQkQT
k A+ ε1λmax(ET

1 E1)In + sym(DL1)+(
1

l2−l1

)
sym(DL2). Let −λ1 and −λ3 denote the maximum eigenvalues of the matrices Π

and Π, respectively. Then we have −λ3 ≤ 0 and −λ1 = −λ3 − ε2 < 0, since Π ≤ 0 and
Π = Π − ε2 I < 0, and it follows that

C
mγD

η
t V(t, x(t, ·)) ≤ −λ1

∫ l2

l1

(
xTx + xTx

)
dξ + ε2

∫ l2

l1
xT
ℑxℑ dξ

≤ −λ1

∫ l2

l1
xTx dξ + ε2 sup

−ℑ≤s≤0

∫ l2

l1
xT(t + s, ξ)x(t + s, ξ)dξ.

From the above, we can get V(t + s, ξ(mγ + s, ·)) ≤ V(t, x(mγ, ·)) for t > mγ, s ∈ [−ℑ, 0]

C
mγD

η
t V(t, x(mγ, ·)) ≤ −λ1

∫ l2

l1
xT(mγ, x)x(mγ, ξ)dξ

+ ε2 sup
−ℑ≤s≤0

∫ l2

l1
xT(mγ + s, ξ)x(mγ + s, ξ)dξ

= −λ1V(t, x(mγ, ·)) + ε2 sup
−ℑ≤s≤0

V(t + s, ξ(mγ + s, ·))

≤ −
(
λ1 − ε2

)
V(t, x(mγ, ·))

= −λ3V(t, x(mγ, ·)).

For t ∈ (mγ, mγ + δγ], we get

V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(mγ, x(mγ + s, ·))Eη

(
−λ3(t − mγ)η

)
. (A1)

Similarly, when t ∈ (mγ + δγ, γ(m + 1)], Lemma 1 gives
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C
mγ+δγD

η
t V(t, x(t, ·)) =

∫ l2

l1

C
mγ+δγD

η
t V
(

xTx
)

dξ ≤ 2
∫ l2

l1
xTC

mγ+δγD
η
t Vx dξ

= 2
∫ l2

l1

22n2

∑
k=1

Ωk(t)xT
[
D ∂2x

∂ξ2 +
(
Pk + ∆P

)
f (x) +

(
Qk + ∆Q

)
g(xℑ)

]
dξ

≤
∫ l2

l1

22n2

∑
k=1

Ωk(t)
[

xTΨx + ε2xT
ℑxℑ

]
dξ

≤ λ2

∫ l2

l1
xTx dξ + ε2 sup

−ℑ≤s≤0

∫ l2

l1
xT(t + s, ξ)x(t + s, ξ)dξ

where λ2 denotes the maximum eigenvalue of the matrix Ψ.
From the above analysis, it follows that V(t + s, x(mγ + δγ+ s, ·)) ≤ V(t, x(mγ +

δγ, ·)) for t > mγ + δγ, s ∈ [−ℑ, 0]

C
mγ+δγD

η
t V(t, x(mγ + δγ, ·)) ≤ λ2

∫ l2

l1
xT(mγ + δγ, ξ)x(mγ + δγ, ξ) dξ

+ ε2 sup
−ℑ≤s≤0

∫ l2

l1
xT(mγ + δγ + s, ξ)x(mγ + δγ + s, ξ) dξ

= λ2V(t, x(mγ + δγ, ·)) + ε2 sup
−ℑ≤s≤0

V(t + s, x(mγ + δγ + s, ·))

≤
(
λ2 + ε2

)
V(t, x(mγ + δγ, ·))

= λ4V(t, x(mγ + δγ, ·))

For t ∈ (mγ + δγ, γ(m + 1)], we get

V(t, x(t, ·)) ≤ sup
−ℑ≤s≤0

V(mγ + δγ, x(mγ + δγ + s, ·))Eη

(
λ4(t − mγ − γδ)η

)
. (A2)

Following the analytical procedure established in Theorem 1, one can derive

∥x(t, ·)∥2 ≤ sup
−ℑ≤s≤0

∥φ(s, ·)∥2[Eη(−λ3(δγ −ℑ)η)Eη(λ4(γ − δγ)η)
] I

γ −δ → 0 as t → ∞.

According to Definition 2, the uncertain FOMRDCGNNs (27) are robust asymptotically
stable under IBC (9).
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