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Abstract

This article deals with the global existence and uniqueness of solutions to a fractional-order
SIQR epidemic model, alongside its intricate chaotic and complex dynamics as functions of
the fractional order. The well-posedness of the model solutions, including global existence,
uniqueness, and positivity, is established by constructing appropriate Lyapunov functions.
The local and global stability analyses are conducted for both the disease-free and endemic
equilibria of the model. An asymptotic solution of the system in the form of series is
derived by the Laplace~Adomian decomposition method (L-ADM), and its convergence is
rigorously proved. Subsequently, numerical analysis determines and interprets the optimal
truncation order of this asymptotic solution. Numerical simulations are performed based
on the asymptotic solution, and the dynamics and chaos of the dynamic system with respect
to the fractional order are analyzed and illustrated in terms of the maximum Lyapunov
exponent and structural complexity. Finally, a local sensitivity analysis is conducted for
each state variable with respect to the model parameters.

Keywords: well-posedness; fractional order; dynamic stability; asymptotic solution;
convergence analysis; numerical simulation; chaos and complexity analysis; sensitivity index

1. Introduction

Fractional compartment models have been used to simulate the diffusion of drugs in
the human organ system [1,2]; moreover, fractional derivative models have been used to
study the spread of in factious diseases such as dengue fever, HIN1 and HIV/AIDS [3-5],
and they have been used in the exploration of spatial dynamics in non-local epidemic
models [6], etc. With the outbreak of COVID-19, there has been a surge in research on
the model construction, numerical simulation and prediction of the epidemic with a large
number of fractional-order dynamical systems (see [7-10], for instance, and [11-14] and the
references therein).

However, these fractional-order epidemic models are usually obtained by directly
replacing integer-order derivatives with fractional-order derivatives; while this may be
mathematically interesting, it may lack physical meaning. If fractional derivatives are
not incorporated into the model, it may be difficult to explain the units of the model
parameters and may violate the law of mass conservation. Therefore, in recent years,
there have been various attempts to address these difficulties, and we only refer to the
most successful theoretical work given by Angstmann et al. [15-17]. Such fractional-order
epidemic systems based on the stochastic processes are in line with physical laws. However,
the mathematical derivation is a complicated process involving in Laplace transform and
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its inverse transform, and the governing equations are always expressed in complex forms,
and so the stability analysis and computation of the system become difficult in general
cases. In the literature [18], Wang and Li streamlined the modeling process by directly
selecting a power-law survival function to derive a fractional-order SAIR epidemic model,
which features a more concise expression and simpler computational solution.

Considering the significant role of quarantine measures in the transmission of the
COVID-19 pandemic, influenza A (H1N1), dengue fever and Nipah virus, this study
establishes a fractional-order SIQR epidemic model

r*wD“a><sm§ W) - Ba

T 1EDEI(r) = BSORD — (g + d)I(1), (1)
T 1EDEQ(E) = (1) — (12 +d)Q(1),

ISDER(E) = 111(1) +72Q(1) — dR(),

Here, S = S(t), I = I(t), Q = Q(t), and R = R(t) represent the number of susceptible
individuals, confirmed infectors, quarantine carriers, and recovered individuals, respec-
tively; 7 is the time-scale factor, and § D¥ denotes the Caputo fractional operator on t > 0
with the order a € (0, 1], which is defined via [19].

SDRF(t) = /f )75t > 0. 2)

In addition, § denotes the growth rate, and N denotes the environmental carrying
capacity, f is the contact rate between susceptible individuals and asymptomatic patients,
u represents the isolation rate of confirmed patients, ; denotes the recovery rate among
confirmed patients, v, signifies the recovery rate among quarantine patients, « is the
coefficient for nonlinear contact rate, and d stands for the mortality rate. All the above
parameters are assumed to take non-negative values. The initial value condition for the
model (1) is given as:

5(0) = So,1(0) = Io, Q(0) = Qo, R(0) = Ry, ©)

where Sy, Iy, Qp and Ry are non-negative values and bounded. Thus, we get a forward
problem composed of Equation (1) with the initial condition (3), which is a nonlinear
fractional-order dynamical system, named as FSIQR epidemic model.

For the well-posedness of the FSIQR, we not only prove the existence, uniqueness, and
positivity of the solutions, but also extend the existence and uniqueness to a global scale. Re-
garding the study of the existence and uniqueness of solutions for fractional-order nonlinear
equations, the monograph [20] by Jin and Diethelm’s monograph [21] provide a systematic
exposition. The authors of [22] investigate the existence and uniqueness of analytic solu-
tions for Caputo nonlinear fractional differential equations with multi-order. Study [23]
studies the conditions for the existence and uniqueness of solutions to time-delay fractional-
order nonlinear differential equations. Concerning research on the positivity-preserving
property of solutions for fractional-order nonlinear equations, the authors of [23] present
a comparison theorem; the authors of [24] present a maximum principle for the gener-
alized time fractional diffusion equation. Furthermore, the authors of [25] also analyze
the existence, uniqueness, and positivity-preserving property of solutions for a Caputo
fractional-order SIS model.

Based on the basic reproduction number, the local and global stability of the disease-
free equilibrium point and the endemic equilibrium point of the model have been discussed
in a large number studies in the literature (see [26-29]). However, its dynamic behavior
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seems to be independent of the fractional order. In order to reveal the relationship between
the fractional-order dynamic system and the order of the fractional derivative, we need
to obtain explicit solutions for nonlinear fractional-order dynamic systems. There are
various methods to obtain semi-analytical or asymptotic solutions for nonlinear systems,
such as the Homotopy Perturbation Method (HPM [30]), the Variational Iteration Method
(VIM [31]), the Homotopy Analysis Method (HAM [32]), and the Adomian decomposition
method (ADM [33,34]).

In fact, the Adomian decomposition method (ADM) and the Laplace—~ADM method
have been utilized widely in solving of nonlinear differential equations over the past four
decades, as seen in works such as [35-38]. However, the convergence and computability
of the asymptotic solution, and the existence of an exact solution to the forward problem
have not been insufficiently studied. In the early work given by Adomian and Cherruault
(see [33,34,39,40]), some convergence results in abstract forms were given under strong
assumptions on the nonlinear operator and the series in the solution. Recently, Kumar and
their collaborators gave reviews on the ADM method and related semi-analytical methods
for solving of nonlinear differential models [41,42], but the assumptions on the convergence
of the series and the existence of a solution remain. In this work, we will not only prove
the convergence of the solution for fractional-order system (1), but also derive computable
formulas for asymptotic solutions with optimal truncation through numerical analysis. We
will employ the Laplace-Adomian decomposition method (L-ADM) to obtain asymptotic
solutions for the FSIQR system and perform numerical simulations to investigate dynamic
behaviors of the fractional-order system with respect to the fractional order.

Based on the series formula of asymptotic solution, we will further investigate the
chaos and complexity of the FSIQR epidemic system, as conducted in [18,43-45]. However,
our primary objective is to explore the relationship between dynamical behaviors and
the order of fractional-order systems, which distinguishes this work from previous work.
The maximum Lyapunov exponent serves as a crucial indicator for measuring the chaos
intensity in dynamical systems. Stronger chaos corresponds to higher system complexity,
so we additionally measure the Cy complexity for each compartment [46], with numerical
simulations supporting theoretical analysis and computation. Finally, we perform local
sensitivity analysis [47] of state variables concerning parameters, further examining the
role of parameters—including fractional orders—in the system dynamics.

The rest of this study is organized as follows.

In Section 2, the well-posedness of the model solution is analyzed. The existence,
uniqueness, and positivity of the solution are discussed, and its existence time is extended to
infinity. In Section 3, dynamics and stability of the system are given based on the method of
characteristic root and Lyapunov function. In Section 4, the asymptotic solution is deduced
by the Lapace-ADM. The convergence of the asymptotic solution to the exact solution is
proved, and the computability is illustrated by numerical analysis. In Section 5, the Cp
complexity of the system with respect to the order is computed based on the asymptotic
solution, and the chaotic dynamics of the fractional-order epidemic system is analyzed and
illustrated. In Section 6, by using local sensitivity index analysis, we discuss the role of
each parameter in the model during the spread of infectious diseases. The discussion is
given in Section 7 and the conclusions are given in Section 8.

2. The Well-Posedness of the Solution
2.1. Preliminaries

Firstly, we provide the reader with some useful definitions and describe the properties
of fractional derivatives.
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The Riemann-Liouville integral operator of order a € (0, 1] is defined as [19]

1) = £ [ =91y

where I'(+) is the Euler gamma function, and the Laplace transform formula for the Caputo
fractional derivative

L{EDEF(t)} = p*E(p) = p* ' (0),
where F(p) = L{f(t)}, « € (0,1].

Prior to discussing the well-posedness of solutions, we need to conduct some prepara-
tory work. We present the following three lemmas, which are necessary for establishing the
existence, uniqueness, and positivity of solutions to model (1) under initial condition (3).
Lemma 1 is adapted from monograph [20] and the work in [19], while Lemma 2 and
Lemma 3 reference works [24,48], respectively.

Lemma 1 ([19,20]). Consider a system of nonlinear fractional differential equations with Caputo
fractional derivative

{ §Dyy(t) = E(t,y),t > 0, "

]/(O) = Yo,

where y € G is a real-valued vector function, and G is an open bounded set in R" (n > 1), ng‘,
0 < & < 1, is the Caputo fractional operator on t > 0. Let F € C([0,00) x G) be continuous,
and locally Lipschitz in y € G. Then, for any yo € G, there exists a te > 0, such that the initial
problem (4) has a unique solution y € C([0, t¢)).

Lemma 2 ([24]). Let f € W}((0,T)) N C([0, T)) attain its maximum (respectively, minimum)
over the interval [0, T| at the point to € (0, T]. Then, the Caputo fractional derivative of the function
f is non-negative (respectively, non-positive) at the point to for any a € (0,1]:

(ng‘ f) (to) > O(respectively, (SD‘} f) (ty) < 0).

Here WE((0,T)) = {f € C1((0,T]) : f' € L}((0,T))} and L*((0, T)) is the set of func-
tions Lebesgue integrable in (0,T).

Lemma 3 ([48]). Suppose ¢ € [0, T;] N C*(0, Ty] for some Ty > 0. Then, for 0 < a < 1 and any
C! convex function E(-), for all t € (0, Ty], we have

§DFE(@)(1) < E'(9(1))5Dig(t) ©)

2.2. Well-Posedness of Solution

By Lemmas 1-3, it is not difficult to get the following assertion
Theorem 1. Assuming that the model parameters T, 6, x, B, 1, y1, v, d and N (as given in
system (1)) are bounded and non-negative, then for any initial value (S(0),1(0), Q(0), R(0)) €

R%, system (1) has a unique global positive solution for all t > 0.

Proof of Theorem 1. We first prove the global existence and uniqueness of the solution
of (1). Denote X (t) = [S(t), I(t), Q(t), R(t)]" and the FAIQR model (1) can be rewritten as:

§DEX(t) = F(X)(1), (6)

with initial condition X(0) = [So, Ip, Qo, Ro]”. Where F(X) = [f1, fa, f3, fa] T, and
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(x) = os(t) (1- 5) - ES0R7,
fz(X)—’SS “ — (471 + D)),
£(X) = ul(B) - (12 + )Q(E),
fa(X) = 1 I(t) +12Q(t) — dR(t).

It is not difficult to deduce that there exists a constant L > 0, such that VX7, X, and
t > 0, there holds
[F(X1) = F(X2)[leo < LI X1 = X2l 7)

where
L =max{35 +2B,2(B+u+71 +72) +d}. (8)

Therefore, the function F(X) satisfies the locally Lipschitz condition. By Lemma 1,
model (1) has a unique continuous solution on [0, f;), where t. denotes the blow-up time of
the solution. To prove that this solution is global, it suffices to show that t = t,.

Assume that my is sufficiently large such that both S(0) and I(0) lie in the interval
[mio, mo} . For any integer m < my, define:

ty = inf{t €10,t) : S(t) ¢ (;,m>orl(t) ¢ (jn,m> },

Clearly, as m — o, t,; is increasing with respect to m. Let teo = lin}) Ly, then to < fe. If
m—

we can prove that te, = oo, then t, = co, and thus (S(t), I(t)) € R for all t < 0. Otherwise,
there exists a constant M > 0, such that f.o < M. Then, there exists an integer m, > my,
such that t,;, < M for all m > m;.

Define a non-negative C? function V : RZ — R

V(S,I):(S—a—alni)—i—([—l—lnl), )

where 4 is a positive constant. Since x —a —aln % > 0, the function V'(S, I) is non-negative.
According to Lemma 3, we have:

a 1
§DFV <(1- S)§DFS + (1 - )5 DAL,
2
g 08 5, @08 apl
N ‘N " 14+«N
_ __PBS

Leta = %(y + 91 +4d)(1+4 «N), then we have

) )
DV <— 2824 (042 - P )S+ (u+71 +d) —as,

N N 1+«N
N&(1+«N) 4 ad(1+xN) — NB\?

< e

_( 25(1 + N +(u+m+d) =K

where K is a positive constant, we have
§D{V < K. (10)

Applying the Riemann-Liouville fractional integral of order a« to both sides of
Equation (10) over the interval [0, M], we get:
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V(S(M), I(M)) < V(S0),10)) +

T +a) h

Let Qy = {tm < M}, m > my. Note that at least one of S(t,) or I(t,) equals m or

m’
and therefore, V(S(ty), I(tn)) is not less thanm — 1 —Inm or 1 — 1 —In 1. Consequently

KM* 1 1
V(5(0),1(0)) + T+a) > Max{m —1 —lnm,a —1-In E}'
let m — oo, we have
V(5(0),1(0)) + LMQ > o0 (12)
’ I(1+a) ’

which is contradiction. Therefore, t.c = 00, meaning that S(¢) and I(t) do not blow up in
a finite way.
For the third equation in model (1), Q(t) can be expressed as:

1ot Yo+d

t 1 o
Q(t) = Q(0)e T+ +ir(1f‘_";a) /O om0 1) (p _ 5)e 1] (5)ds,

Since I(t) is a global solution, Q(t) is also a global solution. Similarly, R(t) can be
shown to be a global solution. Next, we will prove the positivity of the solutions.
Firstly, according to the initial value conditions (3), we know when ¢ close 0,

Jim (S(8), (), Q(#), R(#)) = (So, o, Qo, Ro) = 0,
then (S(t),I(t), Q(t), R(t)) are non-negative when ¢ close 0.

By way of contradiction, suppose that t; > 0, such that at least one of 5(t), I(t), Q(t),
and R(t) is non-positive. The continuity of the solution implies that there exists to, such
that at least one of S(t), I(tp), Q(to), and R(tp) is equal to zero. Without loss of generality,
we assume that tg is the minimal time with such property.

If S(tg) = 0, then §D¥S(t9) = 0, implies that S(ty) = C, C > 0 is constant; this is
a contradiction. If S(ty) > 0,I(ty) = 0, then D¥S(ty) = T'%65(to) (1 - %) > 0, which
implies that there exists ¢ > 0, such that S(¢) is strictly monotone increasing in interval
(to — &, to+¢). Lettp € (tg — ¢, fg), then S(tp) < S(tp) = 0, which implies that there exists
t3 € (0,tp), satisfied S(t3) = 0; this is a contradiction. Thus, S(t) > 0. Similarly, we have
1< (t)>0,Q(t) > 0and R(t) > 0.

So, system (1) has a unique global positive solution forall ¢t > 0. O

3. Qualitative Behaviors of the Model
3.1. Local Stability Analysis of the Equilibria

The model (1) has a disease-free equilibrium Ey = (N, 0,0,0) and an endemic equilib-
rium E4 = (S,; As; L; Ry), where

S+ = o

L=5(1-&)1+xN),

o, _ﬁu; ( - L) (13)
Ro= (7 +22) (1- &)1+ ),

and Ry is the basic reproductive number,

BN

Ry = .
07 A+ xN)(u+ 71 +d)

(14)
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For the sake of studying the local stability of model (1), we introduce the Lemma 4
(see [21]).

Lemma 4 ([21]). Consider the n-dimensional fractional differential equation system (th"‘X) (t) =
AX(t), where A is an arbitrary constant n x n matrix and « € (0,1).

(i) The solution X (t) = 0 of the system is asymptotically stable if and only if all eigenvalues
Ai(i =1,2,--- ,n) of the matrix A satisfy |arg(A;)| > arm/2.

(ii)  The solution X (t) = 0 of the system is stable if and only if the eigenvalues satisfy |arg(A;)| >
a7t/2 and any eigenvalue with |arg(A;)| = art/2 has a geometric multiplicity that coincides
with its algebraic multiplicity (i.e., an eigenvalue that is an I-fold zero of of the characteristic
polynomial has | linearly independent eigenvectors).

We linearize the model (1) into the form

TG DES () = myS(t) + mal(t),

TG DRI(t) = myS(t) + nal (1),

TG DFQ(E) = ul(t) — (12 +d)Q(1),

T IEDER(t) = 11I(t) + 12Q(t) — dR(¢),

(15)

where

kN M2 = —11%N~ (16)

I S
ny = 1-l|3-KN’n2 = 15—1{1\] - (’7 +tmn +d)'

Taking Laplace transform of both sides of (15), one obtains

{ my = 5(1 . 2&) Bl BSs

)\"‘Xl(A) — /\"‘_150 = Tl_“ﬂ’llxl ()\) + Tl_"‘szz(/\),
)\aXZ()L) — /\a_llo = Tl_"‘le ()\) + Tl_aﬂz}(z()\),

A X3(A) = A% 1Qo = T (1 Xa(t) — (12 +d)X3(1),
A*X4(A) = A*TIRo = T (1 Xa(t) + 12 X(8) — dXu (1)),

(17)

where, X;(A), Xp(A), X3(A), and X4(A) are Laplace transform for S(t), I(t), Q(t), and R(t),
respectively. Equation (17) can be expressed in a matrix form

X1(A) ki(A)
X2(A) ka(A)
A(A = , (18)
I %0 k()
X4(A) ka(A)
where
A — ey, 1%, 0 0
—tl-ayy AY — lay, 0 0
A(A) = ,
) 0 Lty AR gy, 4 d) 0
0 —T17“71 _Tlftx,)/z A% —‘,—Tlfad
and

ki(A) = A*1S0,ka(A) = A%,
k3(A) = A% 1Qo, kg(A) = A*~IRy.
Here, A(A) and det (A(A)) are the characteristic matrix and characteristic polynomial

of (1), respectively. The properties of eigenvalues of characteristic equation indicate the
stability of system (17). Multiplying both sides of (18) by A, one obtains
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AX1(A) Ak1(A)
AXa(A) Ak (A)

A(A = . 19

M A% As(A) 4
AXy (M) Akg(A)

Therefore, if all roots of the equation det (A (A)) = 0 lie in open left complex plane,
i.e., Re(A) < 0, then we consider (19) in Re(A) > 0. In this restricted area, system (19) has
a unique solution (AX3(A),AX5(A),AX3(A),AX4(A)), so that

lim  AX;(A\) =0,i=1,2,3,4.
A—0,Re(1)>0

Based on the assumption of all roots of the equation det (A(A)) = 0, and Final-Value
Theorem (FVT) [24], one can obtain

lim S(t) = lim  AX;(A) =0,

t—o00 A—0,Re(1)>0

lim I(t)= lim AXp(A) =0,

t—> oo A—0,Re(A)>0 (20)
li = 1l AX3(A) =0,

tﬁn}kloo Q( ) /\—>O,Il{1el(1/\)20 3( )

lim R(t) = lm  AX4(A) =0,

t—+o0 A—0,Re(A)>0

which provides that the stability results for the fractional-order system (15). Therefore, we
arrive at the following Theorem.

Theorem 2. If all the roots of the characteristic equation det (A(A)) = 0 have negative real
parts, satisfying the condition |arg A;| > %%, then the positive equilibrium points of system (1) are
asymptotically stable.

Substituting the disease-free equilibrium point Ej into the characteristic matrix A(A),
we obtain the characteristic equation as follows:

(A“ +T 7 (2 + d)) (/\“ + Tl_”‘d) (A"‘ + rl—“(s) (/\“ + T (g + 1 +d) (Ro — 1)) =0 (21)

((/\”‘)2 + A

Obviously, the characteristic Equation (21) has three negative eigenvalues, —7!7%¢,
T1=%(y, +d), —1t'~*d. We know that, when Ry < 1, the fourth eigenvalue Tl’“(n + 71+
d)(Rg—1) < 0is negative, and the disease-free equilibrium is stable. Conversely, when R >
1, T 7%(7 + 91 +d)(Rg — 1) > 0, meaning the characteristic Equation (21) has one positive
eigenvalue, and the disease-free equilibrium becomes unstable. Therefore, regarding the
stability of the disease-free equilibrium, we can conclude the following theorem.

Theorem 3. The disease-free equilibrium Ey is local stability when Ry < 1, and it becomes unstable
when Ry > 1, where Ry is the basic reproduction number given by Equation (14).

Now, we discuss the local stability at an endemic equilibrium. Substituting the disease-
free equilibrium point E into the characteristic matrix A(1), we get

1-a
e A+ DR =) ) + T T (kD) =0, (@

Obviously, Equation (22) has two negative roots, —7!~%d and —1!~%(7, + d). There-
fore, in order to judge stability of the disease-free equilibrium, we only need to analyze the
characteristic roots of the following equation
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Q2+ T =2 Ly 4 (Ro 1) = 0 (23)
Ro Ro
We know that Tl_“]% > 0. When Ry > 1, (Tl_"‘)zl%(iy +71+4d)(Rp—1) >0, and by
Vieta’s formulas, it follows that Equation (23) has two negative roots, implying the endemic
equilibrium is locally stable. Conversely, when Ry < 1, (Tl_"‘)%%0 (m+7+d)(Ro—1) <0,
indicating that Equation (23) has at least one positive root, which means the endemic
equilibrium is unstable. Therefore, we have established the following theorem.

Theorem 4. The endemic equilibrium E is local stability when Ry > 1, and it is unstable when
Ro < 1.
3.2. Global Stability

Now, we study the global stability of the disease-free equilibrium Ey and the endemic
equilibrium point E, using using Lyapunov functional. For the disease-free equilibrium
Eop, we have established the following theorem.

Theorem 5. If S < N and 6S > d(I + Q + R), then the FSIQR model (1) is globally asymptoti-
cally stable at the disease-free equilibrium point Ey = (N,0,0,0).

Proof of Theorem 5. Let x(t) = S(t) — N, we define the non-negative definite function at
a disease-free equilibrium point Eg of (1) as

[x(t) + I(t) + Q(t) + R(1)]* (24)

N =

Vi(x(8),1(8), Q(¢), R(t)) =

Clearly, Vq(x(t),I(t),Q(t), R(t)) is a regular function if and only if V1(0,0,0,0) =
(0,0,0,0). Taking a fractional-order derivative on both sides, using Lemma 3, yields

§DfV1 < (x+1+Q+R)§Df (x +1+Q+R),
:Q+I+Q+m¢ﬂx+w%de+Q+my

S

= (-N+S+T1+Q+R)(6(1 -

)S —d(I+Q+ R)).

Since =N + S5+ 1+ Q + R < 0, based on the assumptions: S < N and 65 > d(I +
Q+ R), we know that §(1 — §)S —d(I + Q+R) > 0, then

5 1S _d(I+Q+R))<0.

DV < (=N+S+T1+Q+R)(6(1 -5

Finally, the proof is completed, the FSIQR model (1) is globally asymptotically stable
at the disease-free equilibrium point Ey. [J

Similarly, for the endemic equilibrium point E.., we have established the following theorem.

Theorem 6. If 6 < Rg(lﬁiKN) and 1-6;51\] > % + u + 71 +d, the FSIQR model (1) is globally

asymptotically stable at the endemic equilibrium point E; = (Ss, L, Q«, Ry).

Proof of Theorem 6. We define the non-negative definite function at an endemic equilib-
rium point E of (1) as

Vo (S(t),I(t), Q(t), R(t)) =(S — S« — S« In Si) +(I—IL — L lnli)
—I—(Q—Q*—Q*ln%)—l—(R—R*—R*lnRi*), (25)
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when t > 0, the function y(t) — ¢y — ¢4l ny () > 0, where c, is non-negative constants. Then,
Va(S(t),I(t), Q(t), R(t)) is a regular function. Taking a fractional-order derivative on both

sides, using Lemma 3, yields

DIz < Sss*a“s+ I*a‘;‘uQQQ* sg 4 R- R*aa
— Seyv__PI BSI
== 5T (=57 = (5 -8)(6(1 - 37) TN T TN
1iKN_(y+71+d)l+(ﬂ+7l+d)l*+y(l—%)
R, R,
_(,)/2+d)(Q_Q*)+(1_ﬁ)711+(1_ﬁ)72Q—d(R—R*),
s s (s_sas1_ Ly BSL QR
A (88000 Ro) 14+ xN (VQ+71R)I
r Gt mrd— L5 L R0 ar—Rr)—d(1+ Q)
" HErm TN 2R . ’
_—é — No_ 1o . T o
=-y(8-5)+50 RO)) + N(s Ro(l—l-KN)) (MQ—'_%R)I
! BS R.
+(ﬁ+ﬂ+71+d—1+KN)I*—’yziQ_d(R_R*)_d(I_i_Q)'

Based on the assumptions: § < Ro(lﬁiKN) and 1f§N > % +pu+ 71 +d, we can get

9;V, <0, the FSIQR model (1) is globally asymptotically stable at the endemic equilibrium
point E, the proof is completed. [J

4. Convergence and Computability of Asymptotic Solution
4.1. The Asymptotic Solution
Firstly by performing the Laplace transform on ¢ > 0 for the model (1), there holds

L{s(n} =%+ 71 LL{es(0 (1 - ) - B,
Lt} = IOJrTl alL{ﬁlJmNt (V+’Yl+d) (1)},
LIQ()} = @ + D LL{uI(D) — (v2-+ D),

}=
L{R()} = 2 + T L L{nI(t) + 72Q(t) — dR(1)}.

(26)

Next, by the ADM method, the solutions of the model (1) are assumed to be expressed
in the form of infinite series given below:

=Y sk I(6) =Y i, Q(t) = Y qu R(t) = Y _ 7k, (27)
k=0 k=0 k=0 k=0

and we need to work out s, iy, g and 1 fork =1, - - -, respectively.
For the terms S?(t) and S(#)I(t) in (26) are decomposed in the following forms:

=Y Ak s =Y AL, (28)
k=0 k=0
where All‘, Aé, k=1,---,are the so-called Adomian polynomials, which are given by

k e
{ Al = S0Sk + S1Sk—1 + -+ sxSo, (29)

A]2< = Sqig + S1dg_1 + - -+ + Sklo.

By substituting (27) and (28) with Adomian polynomials (29) into (30), we have
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B = 3wt E g b - )
goL{ik} S z 1 L{HKN (4 + 71 +d)ii ), "
EOL{%} = % L kgo L L — (12 + d)ai),
koéo L{ry} = % 4+l ki} %L{ylik + Yaqi — dr}.

Based on (30), an iterative algorithm for the computation of each term in (27) is

L(sg) = %,

Lisgi1} =775 L{d(sk — §A) — 1+;<N} k=01,

L(io) = %,

L{ig} =77% % L{1+KN (h+m+d)ih k=01, (31)

L(q0) = S,
L{gxa} = Tl eL{pic = (2 +d)qt k=01,

L(T ) = p’
L{rgpa}y = T G L{mix + y2qc — dri}, k= 0,1, - .
Finally, by performing the inverse Laplace transform for (31) term by term, we get
so = So,i0 = Io,q0 = Qo,70 = Ro (32)

and there holds for any ¢ > 0

1—aq

(s1,i1,q1,71) = m(cnf Co1,C31,Ca1), (33)

where

Cip = 0So(1 — 39) — £,
Co = fi%(\]r —(p+71+d), (34)
Ca1 = plo — (72 +4)Qo,
Ca1 = 71lo +72Qo0 — dRo.
Similarly, we can work out sy, iy, g and 7, for k=2, 3, - - - based on (31). For example,
there holds for k = 2

TZ —2u t20¢

T2at1) (Ci2,Ca2,C32,Cyp), (35)

(521 in QZ/ 72) -

where

2Cq11S C1110+50C
Cpp = 6(Cyy — 250 — B( lot % 21),

Cypp = B(Cllllfgijoczl) _ ("Ll +m —l—d)Cz], 36)
Ca2 = uCo1 — (72 +4d)Ca1,
Cy = 711Co1 + 712C31 — dCy1.

Similarly, we can get for k = 3,4, - - -

. Th(1—a) gha
(Sk/ ik, qrr k) = Tka 1 1) (Cik, Coks Ca, Cag), (37)

where the coefficients Cyx, Coi, Car and Cyy are given as in (34) and (36). Thus, we get
a solution of the forward problem (1), (3) in the form of the series:
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(1—a) pha
S(t) = o + 21 Cut T ary
(1—a) gk
I( ) =I+ Z Cox I’(kaJri)
k(1—a) pka (38)
Q( ) QO + Z C?)k T(ka+1) ’

k(1—a) gha

R( ) Ro + ): C4k T (ka+1)

4.2. Convergence of the Asymptotic Solution

Firstly we prove the convergence of the series in (38), and we need an assertion on the
asymptotic property of Gamma function given in [49].

Lemma 5 ([49]). Fora € (0,1] and k € N there holds
. [(ka)
khf-}o T(ka+a)

Theorem 7. Let the initial values Sy, Iy, Qo and Ry, and the model parameters are all positive and
bounded. Then, the four infinite series in (38) are convergent for any given finite time t > 0, and
the asymptotic solution is well-defined.

Proof of Theorem 7. Without loss of the generality, let us consider the series in the solution
of 5(t). Under the conditions of the theorem, there exists a positive constant M > 0

independent of k such that % < M. Note s, = CytF kK %, we have
st _ Cikrn 1w HTe)  Cin k!~ T (ka)t"
Sk Cix T((k+1a+1) Ci k+1T(ka+a)

By Lemma 7 and the condition % < M, there holds for any given finite time
€ (0,7

Skt I (ka)
<M
lse] — T(ka+a)

Henceforth, the series in the solution of S(t) is absolute convergent. The proof
isover. [

< 1,ask — oo,

Now, we show that the asymptotic solution is just the solution of the model (1).

Theorem 8. Under the conditions of Theorem 7, the asymptotic solution given by (38) is the
solution of the model (1) with the initial values (3).

Proof of Theorem 8. Let us take S(t) as example, and we are to testify the series solution
of S(t) in (38) satisfies the first equation in the model (1).

By the iterative scheme (31), and adding up all terms at the both sides of (31), respec-
tively, we have

1

- So v o 1al k BAS
L = L{d(sp — =A7) — . 39
kg) ol p +k§0T p o= g4 ~ TN 39

By the conditions of the theorem, the series ) sy and ) i are all convergent, and
there holds -
L{) s} = L{S()}- (40)
k=0
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Follows we are to prove that the series ]EO A’f and kgo AL are convergent to S%(t) and
S(t)I(t).
e}
By the convergent of the series ) sy there holds sy — oo as k — oo. Then, for

k=0
sufficiently large K € N, by direct computations based on (29), we can deduce that

K 2 K 5
k _ O(sn)/Kzzn_lf
<E Sk) —k:ZOAl = { Olsyen) K = 21, (41)

k=0

for n € N. In fact when K = 1, obviously, there hold

1 2 .
k=0 k=0
and when K = 2, we can get
2 2 ) ,
Z Sk — Z Al = 2515 + 85 = O(Sz),
k=0 k=0

which shows that (41) is valid for n = 1.
Furthermore, when K = 2n + 1, we have

w1 \ 2 2ntl . , )
Y osk| — AL =Suq1+ o 59,1+ 25189, 11 + 252(S20 + 520 41) + -
k=0 k=0

+25p(Spa2 + -+ Sopt1) + - -+ 25251 (S2n + S2n41)

+ (san + S2n41)* = O(S%H)

and when K = 2n + 2, we get

mi2 \2  2n42 . , ,
Y oos) — AT =5y 5+ +5on° 425155, 5 +250(S2p+1 + Sonq2) + -
k=0 k=0

+255(Spq3 + -+ Sop2) + - 4+ 25,41(Spq2 + S2n42),
:O(Sn—i-Z)

Thus, the estimation (41) is valid for any K € N. Noting s, — 0as K — oo, it follows that

2
Y Al = (Zsk> = S%(t)
k=0

k=0

Similarly, we have Y. A5 = S(#)I(t). So, noting to (40), the identity (39) is transformed to:
k=0

_ _ > ) BAL
a—1(,u | _ _ Y opk 2
(LS}~ pS0) L{kz_owsk Al 1+KN>}
_ 0o BSI
= L{os NS 1+xN

} (42)

By performing the inverse Laplace transform on the both sides of (42) follows that the
first equation on S(f) in the model (1) is valid.

Similarly, the other three equations in (1) are valid, too. Therefore, the asymptotic
solution given by (38) is just the solution of the model (1), with the initial values of (3). O
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4.3. Computable Solution and Simulations

It is noted that the truncated dimension of an asymptotic solution by the ADM method
is always small on concrete numerical examples, but there seems to be little theoretical
analysis in the known literature. Here, we aim to demonstrate this point by numerical
analysis, by which a computable formula for the asymptotic solution is obtained.

For any given time, T > 0, the period (0, T] is divided into some small time periods of
(tj, tHﬂ forj=0,1,---,] —1and ty = 0, t; = T, and the value corresponding to the time
of tj,1 is worked out from the value of ¢; successively based on (38).

Leth = ti1 =t be the uniform time step, and K > 1 be the truncated dimension of
the asymptotic solution. Then, a computable asymptotic solution of the system (1) at the
time tjzl,j =0,1,- -, can be expressed by:

h(1—a) pka
SK(tj41) = Clo+ Z (kwﬁ) ’

yi k(1—a) pka
K(ti) = Chy + Z Cszr( kat1) ’
(43)

k(1— ahkzx

j
QX(tj11) = Cao"’ 2 C3kT1"lm7+1)

k(1— ahktx

K j
R*(tj41) = C4o+ Z C4kTrl«T1)

where Cljk,i = 1,2,3,4,k = 0,1,---, are the coefficients at the time t]-,j =0,1,---,
which are determined by the initial values and the model parameters similarly as given
in (34) and (36), and here CY; = S(0) = Sy, C3, = I(0) = Ip, C§y = Q(0) = Qo
CJy = R(0) = Ry.

In what follows, we also take S(f) as an example; it is idealistic to determine an optimal
truncated dimension K, such that for Ve > 0, there holds

S(tj11) — S (k1) <e (44)

On concrete calculations, then, Ve > 0, it is sufficient to determine a dimension K > 1,

such that
K(1—a)pKa

15K (tj31) = S5 (t141) | = [Cr ] <e (45)

I'(Ke+1) —
Therefore, an optimal truncated dimension K can be solved from (45) for given
precision ¢ in theory. However, it is very difficult to work out the coefficient C{K for

an unknown K in practice. Fortunately we can give a reverse analysis by specific computa-
tions based on (45).

Example 1. Considering the transmission patterns of infectious diseases, without loss of generality,
let the model parameters be N = 1000, x = 0.01,6 = 0.5,  =0.1, 1 = 0.05, 7, = 0.2, u = 0.2
and d = 0.001. Without loss of generality, take the fractional order & = 0.6, the time-scale factor
T = 0.7, and the final time T = 60, and the initial values are given as Sy = 100, Iy = 30, Qp = 20
and Ry = 0, and the time step h = 0.2.

By the above parameters, the truncated errors of the asymptotic solutions with the
truncated dimension K can be estimated, which are listed in Table 1.

From Table 1, it can be seen that the maximal error of the four asymptotic solutions
between K = 4 and K = 5 is less than % x 1074, Further computations show that the
truncated errors become smaller rapidly as the truncated dimension goes to large. Therefore,
for the precision ¢ = % x 107%, we can say that an optimal truncated dimension is K = 4
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for the asymptotic solution of the forward problem, and the solution is expressed by (43)
with K = 4 in the following computations and analysis.

Table 1. The truncated error estimates of the asymptotic solutions.

K |SK _ sK—ll |IK _ IK—ll |QK _ QK—1| |RK _ RK—ll
1 0.8930 0.6523 0.2830 3.8944
2 0.0364 0.1045 0.0502 0.0075
3 0.0083 0.0012 0.0023 0.0033
4 1.39 x 1074 520 x 1074 132 x107% 7.55 x 1075
5 3.76 x 107> 258 x 10°° 1.27 x 107> 8.59 x 10~°

By the computable asymptotic solution, we can investigate the impact of the fractional
orders on the fractional-order system.

Example 2. Furthermore, take the time T = 60, and the time step h = 0.1, and the other parameters
are the same as those used in Example 1. Numerical solutions of S(t), I(t), Q(t) and R(t) with
o = 0.4 (blue line), « = 0.6 (red line) and « = 0.8 (black line) are plotted in Figure 1, respectively.

From Figure 1, we can see that the outbreak of the infectious disease is a quasi-periodic
process. The peak time of S, I and I are successively delayed, which coincides with the
transmission law of the infectious disease, and as infectious disease outbreaks recur, the
amplitude of epidemic waves gradually diminishes, eventually stabilizing. Moreover, we
also find that the fractional order is related with the outbreak cycle of the infectious disease,
and the larger of the fractional order, the longer the outbreak cycle of the infectious disease.

120 T T T T 150
a=0.4

a=0.6
a=0.8

80 100

60

S()

40 [ 50

20

L . L . L 1 1 1 1 1
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

(a) Solution of S() (b) Solution of I(t)

90
' ' ' ' a=0.4 R p———

a=0.6 —a=06
a=0.8

2500
2000 -
Z 1500
1000 F

500

1 1 1 1 1 . . . . .
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

(c) Solution of Q(¢) (d) Solution of R(t)
Figure 1. Solution of S(t), I(t), Q(t) and R(t) with « = 0.4,0.6,0.8 in Example 2.
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Example 3. By taking the same parameters as in Example 2, the phase portraits of SI, SQ and
QI with the factional orders & = 0.4,0.6,0.8 are plotted in Figure 2, and the phase diagrams
of SAI with the fractional orders « = 0.25,0.35,0.50, and o« = 0.65,0.80,0.95 are plotted in
Figure 3, respectively.

From Figure 2a—c, we can see that the orbits form an attractor resembling a limit
cycle cone, which has the property of transition from period-doubling bifurcation to
weak chaos through a certain law, and the smaller the factional order, the stronger the
attraction. That is, the spread of infectious diseases obeys certain regulations rather than
being completely random.

150

100 fi

o 20 40 60 80 100 120 0 20 40 60 80 100 120
s s

(a) SI phase diagram (b) SQ phase diagram (c) QI phase diagram
Figure 2. The phase diagrams with & = 0.4,0.6,0.8 in Example 3.

From Figure 3a—f, we can see that, as the fractional order & varies, the SAI phase por-
trait oscillates between its maximum value and two minimum values, forming two stable
limit-cycle conical attractors. Moreover, with an increase in &, the attraction strength of one
attractor strengthens while that of the other weakens. Overall, as the fractional order in-
creases, the oscillations diminish, indicating that the behavior of fractional-order dynamical
systems is far richer than that of integer-order dynamical systems.

(d) Phase diagram for « = 0.65 (e) Phase diagram for « = 0.80 (f) Phase diagram for « = 0.95

Figure 3. The phase diagrams of SIQ with fractional orders in Example 3.

5. Complexity and Chaos

By the numerical simulations in Section 4.3, we can see that the orbits form an attractor
resembling a limit cycle cone, which has the property of transitioning from period-doubling
bifurcation to weak chaos through a certain law. In what follows we are to investigate the
relationship between the fractional order and the chaotic behavior of the system in terms of
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Lyapunov exponents and Cy complexity based on the asymptotic solution of the system,
further illustrating the role of the fractional order in the fractional-order dynamic system.

The maximum Lyapunov exponent is a standard criteria to verify existence of chaos
for a dynamical system. The maximum Lyapunov exponent of the system (1) is plotted
in Figure 4. It can be observed that the positivity of the maximum Lyapunov exponent
confirms the chaotic trait with « € (0.15,1).

0.015

°
=

o
=}
S
s

o

i
I
o
S
a

Maximum Lyapunov exponent
S
'o o
= o
o 2

I
S &
o b
n (=]
(4] N

-0.03

-0.035
0

Figure 4. The maximum Lyapunov exponent with the fractional order.

It is known that, the higher chaoticity of the system, the more complex the dynamic
behavior of the dynamical system is. Here, we use the Cy Algorithm 1 measure the structural
complexity of the state variables S, I, and Q, which are plotted in Figure 5a—c, respectively.
We introduce the Cy complexity Algorithm 1 for completeness of this research [46].

From Figure 6a—c, it can be seen that the structural complexity of the state variables
firstly increases and then decreases with the fractional order, which is basically consistent
with that of the maximum Lyapunov exponent illustrated in Figure 4. This also implies
that the dynamical system (1) has weak chaotic dynamic behavior.

Algorithm 1 Cy Algorithm
Step 1. Assume that {X(k),k =0,1,---, N — 1} with the mean square value

N-—1
Gy == ¥ IX(0) (46)
N k=0

By introducing an auxiliary parameter 7, let

oo | XK),|1X(K)]* > rGy,
X (k) = { 0, |X(k)|* < rGy. : 47)

Step 2. Perform the inverse Fourier transform on the sequence X (k), we have

l N-1 ~ 21T k
x(n) = N Y X(k)e N, (48)
k=0

wheren =0,1,--- ,N — 1.
Step 3. Calculate the Cy complexity by the expression:

N-1 N-—1
Co(r,N) = Y |x(n) = 2(m)[/ Y |x(n)[. (49)
n=0 n=0
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Figure 5. The Cy complexity of S, I and Q with the fractional order.
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Figure 6. Sensitivity index with time in Example 4.

6. Sensitivity Analysis

When determining how to better reduce human mortality and morbidity caused
by diseases, it is necessary to understand the relative importance of different factors
contributing to disease transmission and epidemic spread. This understanding can be
achieved through sensitivity index calculated from computational models. These sensitivity
indices indicate the relative importance of each parameter in disease transmission and
epidemic spread. Sensitivity index measure the relative change in state variables when
parameters are altered. Assuming Y represents the original output value of a state variable,
X; denotes the original value of parameter i, and AY signifies the change in the output
result, and AX; represents the change in parameter i, then the local sensitivity index for

a parameter can be defined as:
_AY/Y
AX/ X

where Y = [S(t), I(t),Q(t),R(t)] and X; = [4,%, T, B, 71, Y2, M, &].

S; (50)
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Example 4. By taking the same parameters as in Example 2, and with the factional orders o = 0.6,
AX; = 0X;, where 0 = 0.05. Plot the sensitivity index of each state variable with respect to each
parameter X; over time in Figure 6, and plot the average sensitivity index in Figure 7.

From Figure 6a—d, we can see that the sensitivity index of the fractional order «
exhibits significant fluctuations and exerts the greatest influence on each state variable.
This further demonstrates that the inclusion of the fractional order greatly enriches the
dynamical behavior of the system, conferring substantial advantages over integer-order
systems in terms of dynamic characteristics. Additionally, it is evident that the presence
of the time-scale factor also plays a notable role in the system, which provides further
justification for its introduction into fractional-order epidemic models.

From the average sensitivity index in Figure 7a—d, we observe that the transmission
rate B and the quarantine rate y exert the most significant influence on the system. Ap-
propriately increasing the quarantine rate can help reduce the transmission rate, thereby
protecting susceptible individuals from infection. This also underscores the necessity of
implementing quarantine measures in infectious disease prevention and control. Further-
more, an effective approach is medical intervention, such as enhancing the recovery rate,
which contributes to mitigating and controlling the spread of the epidemic.

0.5

Sensitivity Index of S
1)
Sensitivity Index of |

Parameter Parameter

(a) Sensitivity index average of S(t) (b) Sensitivity index average of Q(t)

o

Sensitivity Index of Q
S
[

Sensitivity Index of R

|
o
~

|
=4
o

|
=3
=)

!
L
o

Parameter Parameter

(c) Sensitivity index average of I(t) (d) Sensitivity index average of R(t)

Figure 7. Sensitivity index average in Example 4.

7. Discussion

The highlights and findings of this study are given below:

Firstly, for the well-posedness of the FSIQR model, we not only prove the existence,
uniqueness, and positivity of the solutions, but also extend the existence and uniqueness to
a global scale. Secondly, we employed the L-ADM to solve the model. Through theoretical
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analysis, we proved the convergence of the asymptotic solution and derived a computable
formula for its truncation dimension. These are important in mathematics for utilization of
the ADM algorithm. Thirdly, the system complexity and chaos induced by fractional-order
derivatives were analyzed, and the role of the fractional order in epidemic dynamics was
investigated. To our knowledge, research on the role of the fractional order in dynamics is
scarce in related fields.

This study primarily focuses on theoretical analysis and numerical simulation, which
imposes limitations on research that integrates actual infectious disease data. Although the
exploration of the role of fractional orders in the model presents notable strengths, relevant
studies still require further in-depth investigation. In light of the existing limitations,
we aim to conduct further research on the model and the role of fractional orders by
incorporating actual infectious disease data in future work.

8. Conclusions

This article investigates a fractional-order SIQR epidemic model. The existence, unique-
ness, and positivity of the solution to the model are proved, and extend the existence and
uniqueness to a global scale. By employing the characteristic root method and constructing
appropriate Lyapunov functions, both the local and global stability of the equilibrium
points of the model are established. We give a proof of the convergence of the ADM
algorithm for a nonlinear fractional epidemic system, and give a computable expression
of the asymptotic solution. This study utilizes the maximum Lyapunov exponent and
Cp complexity to reveal the relationship between the fractional order and chaos based
on the asymptotic solution. We find that the complexity and the chaotic behaviors of the
fractional-order system weaken as the fractional order becomes large, which is the main
contribution of this study. Finally, the relative roles of parameters in the model are analyzed
using local sensitivity indices, further illustrating the advantages of the fractional-order
model over its integer-order counterpart and providing a reference basis for infectious
disease prevention and control measures.
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