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Abstract

The development of fractal set theory has been strongly driven by the introduction of new
classes of fractal sets, among which the attractors of iterated function systems (IFSs) play a
central role. In this work, we study a generalization of the classical IFS framework leading
to the construction of fractal interpolation functions (FIFs) in which the standard linear
ordinate scaling is replaced by a nonlinear contraction. This modification gives rise to a
new family of FIFs associated with contractions of the general integral type, offering a
flexible and robust approach for the approximation of experimental and irregular data.
Furthermore, we introduce a class of generalized iterated function systems defined by
mappings acting on product spaces of the form f : X" — X, with m € N*. We prove the
existence and uniqueness of the corresponding attractor, thereby extending several classical
results from the theory of IFS and fractal interpolation.

Keywords: iterated function systems; fractal interpolation function; nonlinear contraction

1. Introduction and Preliminaries

Fractal interpolation functions (FIFs) arise in the framework of self-similar structures
generated by iterated function systems (IFSs). They provide a method for interpolating a finite
data set by means of a continuous function whose graph possesses fractal properties. Instead of
constructing smooth interpolants, this method relies on the existence of an invariant compact
set generated by a suitable family of mappings. Within a complete metric setting, such an
invariant set is obtained as the fixed point of an operator induced by an IFS, and its graphical
representation yields the desired interpolating function. This approach extends classical
interpolation and is particularly adapted to situations where irregular or self-referential
structures are prescribed. We briefly recall below the basic underlying framework.

Let (X, d) be a complete metric space, and denote by (X) the set of all nonempty
compact subsets of X. For two sets A, B € H(X), define the excess of A over B by

D(A,B) =sup infd(x,y),
xcAYEB

and introduce the Hausdorff distance as

dri(A,B) = max{D(A, B), D(B, A)}.

It is well known that (H(X),dy) is complete and becomes compact whenever the
underlying space X is compact [1]. Fix aninteger N > 1 and let | = {l, 2,...,N } Consider
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a finite family of continuous mappings wy, : X — X, n € J. A map w; is called a contraction
in the sense of Banach if there exists a constant a € [0,1) such that

d(wy(x),wa(y)) <ad(xy), VxyeX (1)

These mappings induce an operator W : H(X) — H(X) defined by

N
W(B) = Jwa(B), BeHX), @)

n=1

where w,(B) = {wy(x) : x € B}. The collection I = {X,wy,...,wy} is referred to as
an iterated function system. A compact set G € H(X) satisfying the invariance relation
W(G) = Gis called an attractor of the system. It is known that every IFS admits at least one
attractor [2]. When all the mappings w, satisfy the contraction condition (1), the system
is said to be hyperbolic. In this situation, the operator W itself becomes a contraction on
(H(X),dy), that is,

dy(W(A),W(B)) < cdy(AB), VA BEHX),

for some constant ¢ € (0,1). As a consequence, the attractor is unique and can be obtained

as the limit
G = lim WX(B),
k—ro0

for any initial compact set B € H(X), where W denotes the k-fold iteration of W [2]. The the-
ory of IFSs was developed by Barnsley and Hutchinson [1,3] in the setting of compact subsets
of R". This framework has since been extended to general metric spaces and to more general
classes of contractive mappings. These developments have emphasized the central role played
by IFSs in both theoretical investigations and practical applications [4-7].

The existence of an attractor for an iterated function system follows from fixed point
principles. Within this context, fractal interpolation functions naturally appear as fixed points
of the Read—-Bajraktarevi¢ operator acting on appropriate spaces of continuous functions. This
approach was introduced by Barnsley in 1986 [2] as a method for interpolating finite data
sets, and it was shown to yield interpolation schemes that are particularly well suited for
modeling complex phenomena encountered in physical and applied sciences. Since then,
fractal interpolation has evolved into a flexible and powerful tool with numerous applications.
Various families of fractal interpolation functions have been proposed over the years by
exploiting different extensions of the classical Banach fixed point theorem. These include
constructions based on Rakotch- and Matkowski-type contractions [4,8], as well as approaches
relying on Geraghty-type contractive conditions [9]. Alongside these constructions, many
essential properties of FIFs, such as their fractal dimension, analytical behavior, sensitivity to
perturbations, smoothness, and stability, have been studied in depth [10,11].

More recently, a further generalization was proposed in [12], where fractal interpola-
tion functions were constructed using mappings satisfying contractive conditions of integral
type. To recall this framework, let ® denote the class of functions ¢ : [0,00) — [0, ) that
are non-negative, Lebesgue integrable, locally summable on [0, c0), and satisfy

€
/0 p(t)dt >0, Ve >0.

A mapping f : X — X is said to be a contraction of an integral type, or a Branciari
contraction, if there exist ¢ € ® and a constant ¢ € (0,1) such that
/‘d(f(x),f(lj))

d(xy)
< X.
A p(t)dt < c/o p(t)dt, Vx,ye 3)
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Any mapping satisfying (3) is necessarily continuous and admits a unique fixed point

a € X, with the property that

lim f*(x) = a, Vx eX,

k—o0
as established in [13]. By taking ¢ = 1, one recovers the classical Banach contraction princi-
ple [14,15], showing that Branciari’s condition genuinely extends the standard fixed point
framework. It is also known that contractions of the integral type belong to several other
well-studied classes of contractive mappings. In particular, every Branciari contraction is
a Meir—Keeler contraction [16]. More generally, it has been shown that integral-type con-
tractive conditions can be equivalently rewritten without the explicit use of integrals ([17]
Theorem 2). As a consequence, any Branciari contraction f can be interpreted as a Browder
contraction [18], that is,

d(f(x),f(y) < pldxy), VxyeX,

for some nondecreasing, right upper semicontinuous function ¢ : Ry — R, satisfying
@(t) < tforallt > 0.

Following the introduction of contractions of the integral type by Branciari [13], fixed
point theory has witnessed a growing interest in contractive conditions expressed through
integral inequalities. Numerous extensions of Branciari’s original result have since been
proposed. For instance, in [19,20], the authors investigated mappings satisfying more
general inequalities of the form

/d(f(x),f(y))

M(xy)
0 (1) dt < c/o o(hdt, VxyeX,

or
A(f(x).f(y) d(xy)
/ o(f) dt < zx(d(x,y))/ o(hdt, VxyeX,
0 0
wherec € (0,1), ¢ € ®,and a : Ry — [0,1) satisfies limsup,_,, a(s) < 1 for every ¢t > 0.
In this setting, the auxiliary function M is defined by

M(x,y) = max {d(x,y), d(x f(x)), d(y, (1)), 5(d(x f@) +a, ()}, wyexX

Motivated by these developments, and inspired by the recent results in [12], we
propose a new framework for the construction of fractal interpolation functions based on
contractive conditions of the general integral type. The main results of this paper extend and
unify several existing fixed point theorems, including ([21] Theorem 3.1), ([22] Theorem 3.4),
([12] Theorem 5), and the classical attractor theorem for IFS ([2] Theorem 1). To this end,
we introduce the following classes of control functions. Let A be the set of functions
h : Ry — Ry strictly increasing and consider the sets

P, = {4) € Aright upper semicontinuous, ¢(0) =0, ¢(t) < tVt > 0},

and
P, = {1/J € A continuous at 0 and left continuous on (0, ), (0) =0,

nlgr.}o t, = 0 whenever nlgrolo P(ty) = 0}.

Throughout the paper, we denote by N* = {1,2,3,...} the set of positive integers.
Let m € N* and consider a mapping f : X" — X, where the product space X" is endowed
with the metric
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A ((x1, -+, Xm), (Y1, -, ym)) = max{d(x1,y1), ..., d(Xpm, Ym)}. 4)

We say that f satisfies a contraction condition of the general integral type (CGIT) if
there exists a triple (¢, ¢, ) € @ x ®; x ®; such that, for every j € {1,...,m},

P(d(f(u).f(0))) P(d(xpy;))
/ oyt < o [* gt ar), ©

forallu = (xq1,...,xp) and v = (y1,...,Ym) in X",

In the particular case m = 1, any self-mapping f : X — X satisfying (5) admits a
unique fixed point a € X, and the iterates of f converge to a for every initial point xg € X,
that is,

lim f*(xo) = a.
k—o0

This result, established in ([21] Theorem 3.1), may be regarded as a unified gener-
alization of both Banach’s contraction principle and Branciari’s integral-type fixed point
theorem [13,14].

The introduction of contractions of the general integral type is motivated by the
limitations of classical contractive frameworks in fractal interpolation. Banach contractions
impose a uniform linear condition, which excludes many nonlinear mappings arising in
practical applications. Although Branciari contractions [13] extend the Banach framework,
they still require a uniform constant ¢ < 1, and thus cannot handle mappings that are
asymptotically noncontractive at small scales [17,19]. Such situations naturally appear in
fractal interpolation, where nonlinear or saturating behaviors are frequently observed [2,10].
The use of contractions of the general integral type overcomes these limitations by allowing
a functional form of contraction, thereby providing a broader and more flexible framework
consistent with modern fixed point theory [16,18]. To illustrate this framework, we examine
a simple one-dimensional example. Let X = [0,1] equipped with the usual Euclidean
distance and consider the mapping

_ 2x
24

f(x)

A direct observation shows that this mapping does not satisfy the Banach contraction
principle. Indeed, one computes

f(x) = fW)l 4

=sup ——— =1,
iyl S eryety

which excludes the existence of a Lipschitz constant strictly smaller than one. Moreover, since

4

f(x) = PR and in particular f'(0) =1,

we deduce that the contraction behavior degenerates near the origin. This observation
also rules out the possibility for f to be a Branciari contraction. Indeed, for any admissible

) —f ()]
/0 o) dt

lim - 1/

: |x—yl
x,y—0 /O (p(t) gt

@ € P, one obtains
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and hence no constant ¢ € (0,1) can satisfy the integral-type inequality of Branciari.
Nevertheless, the mapping f can be shown to fulfill a more general integral contractive
condition. To this end, define

p(t) =t/"2(1—1nt), t>0, ¢(0)=0,
¢(t) =st, s € (0,1),
P(t) =1, v€(0,1).

With these choices, inequality (5) is satisfied. More precisely, a straightforward com-
putation shows that

() == |vf(x) — yf)| OO < g |qx — qy|lre—wl™
x—y) 0/ rGy) o
‘(11(x><1y+)y>‘ <s|y(x—y)

Since
1 ‘ 1/|v(x=y)l

‘(1+x)(l+y)

and using the elementary estimate

<1 forallx,y €10,1],

2k —yl < (1+x)(1+y),

we conclude that (5) holds for s = /2. This example shows that the CGIT condition strictly
extends both Banach and Branciari contractions.

In this work, we exploit this generalized contractive structure to study a class of
generalized IFSs (GIFS) generated by mappings of the form f : X" — X, withm > 1,
satisfying a contraction condition of the general integral type. In Section 2, we prove that
such a GIFS admits a unique attractor G. In the special case m = 1, we show in Section 3 that
the attractor coincides with the graph of a continuous FIF associated with a prescribed data
set (see Theorem 2). Finally, we consider a perturbed and establish a sufficient condition
ensuring the preservation of continuity, thereby extending the earlier results in [23,24].

2. GIFS Generated by Contractions of General Integral Type

Let (X, d) be a complete metric space and let m € N*. Consider a finite family
of mappings
fn: X" — X, nej,

each satisfying a contraction condition of the general integral type (CGIT). The collection
I={X" fi,fo....fN}
as a GIFS. To this system we associate a set-valued operator
F:HX)" — H(X),

defined for any (By, ..., By) € H(X)™ by

N
F(Bi,...,Bw) = |J fu(B1,--., Bm). (6)

n=1

A compact set G € H(X) is said to be an attractor of the GIFS if it satisfies the
invariance relation
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Before addressing the existence of such an attractor, we establish a fundamental fixed
point property. More precisely, we prove that any mapping f : X" — X fulfilling a
contraction condition of general integral type admits a unique diagonal fixed point, namely
a point x € X such that

This result is stated in Proposition 1 and extends earlier fixed point theorems obtained
in ([21] Theorem 3.1) and ([22] Theorem 3.4). This result will be used to prove that the
associated GIFS admits a unique attractor (Theorem 1).

Proposition 1. Let (X, d) be a complete metric space and let m € N*. If the mapping f : X" — X
satisfies the contraction condition of general integral type (5), then f admits a unique fixed point.

Proof. Define a self-mapping T : X — X by
T(x) = f(x,...,x), xeX

When m > 1, applying condition (5) with u = (x,...,x) and v = (y,...,y) yields

p(d(T(x),T())) p(d(xy))
/0 (p(t)dt§<p(/0 q)(t)dt), VayeX,

for some (¢, ¢, ) € ® x &1 x ;. Thus, the mapping T itself satisfies a contraction
condition of general integral type. By the fixed point theorem of ([21] Theorem 3.1),
T admits a unique fixed point a € X. It follows immediately that f(a,...,a) = 4, and
uniqueness is inherited from thatof T. O

Example 1. In this example we take m = 2 and consider the metric space

X = [0,1] U {4}

equipped with the Euclidean distance. We define a mapping f : X2 — X by

3 frye),
D B A
flx,y) = gm/ fx=4andy # 4,
0, ify =4,
together with the auxiliary functions
! 0<t<1
3’ - = 1, 0<t<d,
o =130 9(t) = { t
—, t>1, e, t>1,
1+t

and

Loo<i<t,
Pp(t) =142
2, t>1.

We verify that f satisfies the contraction condition of the general integral type (5). Let
u = (x,y) and v = (x',y') be arbitrary elements of X2. Since the situation y = y' = 4 is
immediate, we restrict to the case (y,y') # (4,4) and analyze the remaining configurations.
(i) Both points in [0,1]%. In this case f(u) = x/3 and f(v) = x'/3, and hence
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@) f(u) = %% and f(v) = 0. This occurs when x = 4,y # 4 and y' = 4 (the symmetric

confiquration is analogous). Then,

/ll’(d(f(u)rf(v)))
0

o(t)dt < /Ow(z) o(t)dt = %.

Since ¢ is strictly increasing on (1, co) and satisfies

o(t) > % forallt >1,

and since |y — y'| > 2, we deduce

/2 w(ly=y') ¥(d2(u,0))
% < ¢(e\yfyl +1 —e) = 4></0 Y o(t) dt) < 4></0 @(t) dt).

(iii) f(u) = 37% and f(v) = %pyrly,. This corresponds to x = x' = 4 with y,y’ # 4, we obtain

P(d(f(u).f(0))) #(3ly—y'l) 1
< = Zly—1/|.
I pnydr< | p(t)dt = ¢y~

As before, this quantity is controlled by the right-hand side of (5).
(iv) f(u) = x/3 and f(v) = 0. This occurs when x,y # 4 and y' = 4, then which yields

/'#J(d(f(u),f(v)))
0

N =

otyit= [ gipyar <

Using again the growth of ¢ on (1, 00), the desired inequality follows.
() f(u) = 5 and f(v) = %%y, This occurs when x,y # 4 while x' = 4 and y' # 4. Then

PA(F().f(2))) 9(3 ,
/ e (t) dt g/ (%) p(t)dt <1+ sl ¢,
0 0

which is again dominated by the right-hand side of (5).
Combining all cases, we conclude that f satisfies the contraction condition of the general

integral type.

Remark 1. The fixed point conclusion of Proposition 1 may fail if either the positivity of  or the
strict inequality ¢(t) < t is not satisfied; see Example 2.

Example 2. 1. This example illustrates that although condition (5) may hold when 1 takes
negative values, it may become degenerate and fail to ensure the fixed point conclusion of
Proposition 1; hence the assumption § € Oy is essential. Let X = R, endowed with the
Euclidean metric, and let m = 1. Define f : X — X by

f(x):x+2r

https://doi.org/10.3390/fractalfract10030178
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and consider the functions ¢, ¢, : R, — R given by

o) =a>0, o) =st,  p(t)=t,

where s € (0,1). Then for all x,y € X, we have
p(d(f(x).f( If(x
[ at= [ wdt = —a|f(x) - f(y)]
= —ad(x,y) < —sad(x,y)

= gadow) = o [ grar).

Hence, the inequality (5) is satisfied. However, the mapping f is a translation on Ry and
therefore admits no fixed point. This example shows that allowing 1 to take negative values
destroys the fixed point property, which justifies the assumption 1 > 0 in the definition of
contractions of general integral type.

2. In this example we illustrate that the condition (5) may hold even when ¢(t) = t (so that the
strict inequality ¢(t) < t is violated), while the fixed point conclusion of Proposition 1 fails.
Let m = 2 and X = [0,1], endowed with the Euclidean metric, and define f : X*> — X by
f(x,y) = x. Consider the functions ¢, ¢, : Ry — R given by

p()=1, ¢t)=t  yt) =t

Consequently, we have
P(d(f(u),f(0))) ¥(d(x1,x2))
/ o0yt = sy =l =o [ gtoyar),

and hence the inequality (5) is satisfied. However, any point (x,y) € X2 with x arbitrary
satisfies f(x,y) = x, so every x € [0,1] is a fixed point of f. Therefore, f admits infinitely
many fixed points, and the conclusion of Proposition 1 fails. This shows that the strict
contractivity condition ¢(t) < t is essential in Proposition 1.

Theorem 1. Let (X, d) be a complete metric space and let m € N*. Assume that, for every n € J,
the mapping f, : X" — X satisfies the contraction condition of the general integral type (5).
Then the associated generalized

I={X" fi,f2, ..., fn}

admits a unique invariant compact set G € H(X), which is the attractor of the system.

Proof. Let A = (Aj,...,An) and B = (By, ..., By,) be two arbitrary elements of #(X)".
Fixanindexj € {1,...,m} and select a triple (¢, $, ) € ® x ®1 x D, for which the general
integral contractive condition (5) is satisfied by each mapping f,,. We first show that the
associated set-valued operator F : H(X)" — H(X) fulfills the inequality

/w(dH(F(A),F(B))) o() di < (P(/O‘P(dH(AjrBj)) o(t) dt>. (7)

0

Once inequality (7) is proved, F satisfies the CGIT condition on (#(X), dy). Proposition 1
then guarantees the existence of a unique fixed point G € H(X), which coincides with the
unique attractor of the GIFS.

https://doi.org/10.3390/fractalfract10030178
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We now verify inequality (7). Let z be an arbitrary element of F(A). By definition of F,
there exist an index n € | and points x; € A; (i =1,...,m) such that

z= fu(x1,..., Xm).

Since B]- is compact, there exists y;‘ €B i satisfying
d(x],y]*) = ;éll[;] d(x], y)

Consequently,
d(x]-,y]’f) < D(A]-, B]-) < dH(Aj/ Bj)-

Using the monotonicity of ¢ and ¢, we obtain

/w(d<z,F<B>>) /w(d(z,fn(B)))
0

pt)dt < | (t)dt
Y{d(fn (x1seXm) frr (YT eetin))
g/o( D)

< (P(/OlP(d(x]-,y,*)) o (1 dt)
o )

where y; = x; for i # jand d(z, F(B)) := inf cp(p) d(z,y) denotes the distance from the
point z to the set F(B) induced by the metric d on X.

Since F(A) is compact and the mapping z — d(z, F(B)) is continuous, taking the
supremum over z € F(A) yields

¥ (D(F(A)E(B)) ¥ \dn(A;.B))
/0( )(P(t)de(I?(/O(H ]])(p(t)dt>.
By symmetry, an analogous inequality holds with A and B interchanged, namely,

(F(B),F(A)) du(A;,Bj)
/01/’(DFB F(A )fP(t)dtS‘P(/olp( A;,B )(p(t)dt>.

Combining these two estimates and recalling the definition of the Hausdorff metric dy, we
obtain (7), which completes the proof. [J

In the following, we relate the CGIT condition to a generalized Lipschitz frame-
work. In particular, when the control function ¢ is linear, the CGIT condition reduces
to a generalized Lipschitz-type inequality, and the associated fractal operator preserves
the corresponding contractive constant. Consider the case m = 2 and, for a mapping
f: X2 — X, define the associated operator Fp: H(X) x H(X) = H(X) as

Ff(Bl,Bz) = f(B1, Bz) = {f(xl,JQ) X1 € B, xp € Bz}. (8)

Let (¢, ¢) € ® x ®,. We introduce the following Lipschitz-type constant associated
with f:

Y(d(f(u).f(0)))
/ o(t) dt
Lip(f) = sup sup : ” ' ©
je{1,2} u=(x1,%2), v=(y1.y2) /lp(d(xj,y])) @(t)dt
U+v 0

https://doi.org/10.3390/ fractalfract10030178
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whenever the denominator is nonzero. Similarly, we define the Lipschitz-type constant
associated with the set-valued operator Fy : H(X)? — H(X) by

dy (Fr(A),F¢(B))
/w(H (A)Fy >(p(t)dt

Lip(Ff) = sup sup 0 . (10)
je{1,2} A=(A1,Az), B=(By,By) /w<dH(Aj'Bj)) (t)dt
A#B 0 ¢

Proposition 2. Consider the mapping f : X? — X such that Lip(f) < +oo. Then the operator
Fy defined in (8) satisfies

Lip(Fy) < Lip(f)-
In particular, if we assume that Lip(f) < 1, then the mapping Fy is a contraction of general integral
type with ¢(t) = Lip(f)t.

Proof. Let A = (A1, Ay) and B = (By, By) be elements of #(X)?, and fix j € {1,2}.
Let z € Fr(A1, Az). Then there exists (x1,x2) € Aj X A such that

z = f(x1,x2).
Since B; is compact, there exists y]’-‘ € B; satisfying

A(xj47) = jnf 45y

Define x; = x; for i # j. Then (x},x}) € By x By and

d(x],y]*) < D(A]', B]) < dH(Aj, B])
Using the monotonicity of ¢ and the definition of Lip(f), we obtain

/OlP(d(Z'Ff(Bl,Bz))) o(t)dt < A¢(d(f(x1rxz),f(xf'x§)))

Y(d(x7)

< Eip(f)/

0
P(du(A;B)))
<cip(h) [ ety

0

where
d(z,F¢(By,By)) := inf d(z,
BB = it d(zy)
denotes the distance from the point z € X to the set F¢(By, By) with respect to the metric
d on X. Since Ff(A) is compact and the map z — d(z, F¢(B)) is continuous, taking the
supremum over z € Ff(A) yields

/ll’(dH(AjfBj))

@(t)dt < Lip(f) A

P(D(EF(A)F(B)))
/O e o(t) dt.

By symmetry, the same estimate holds with A and B interchanged. Hence,

¥(du (Ff(A) Fr(B))) , #(dn(A)B)))
I o< cip(H) [ gy,

which proves the claim. This proves that Lip(Ff) < Lip(f). Now consider the IFS
I= {Xz S f2, - ,fN} and the operator F defined by (6). Then

Lip(F) < max Lip(fn).

https://doi.org/10.3390/fractalfract10030178
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Indeed, let cr := max, Lip(fy,). Then

N N
du(F(A),F(B)) = du(|J fu(A1,A2), | fu(B1, B2))

n=1 n=1

maxdp (fu(A1, A2), fa(B1, B2))
CF mnax(dH(Al, Bl)/ dH(Az, Bz))

IN

A\

O

3. Fractal Interpolation Functions Under General Integral-Type Contractions

Let A = {xp < x1 < --- < xN} be a partition of a compact real interval I = [xg, xn].
We denote by C(I) the Banach space of real-valued continuous functions defined on I,
endowed with the uniform norm. Throughout this section, we consider a finite data set

{(xp,yn) €I xR:n=0,1,...,N},

where the ordinate values satisfy y, € [a,b] for some real numbers a < b. The ambient
space I x [a,b] is viewed as a compact metric space equipped with the metric defined in (4).

3.1. Construction of a Fractal Interpolation Function

Foreachn € [ ={1,2,...,N}, let I, = [x,_1, x,]. We associate to every subinterval
I, a contractive homeomorphism L, : I — I, satisfying

Ln(xO) = Xn—1, Ln(xN) = Xn,

(11)
Ln(c1) = La(e2)| Iy —caf, Ve €l

for some constant 0 < I < 1. The family {Ly },cj induces a self-similar decomposition of
the interval I that is consistent with the prescribed interpolation nodes. We next introduce
a collection of continuous mappings F, : I x [a,b] — R satisfying the endpoint conditions

Fu(x0,Y0) = Yn—-1, Fi(XN,YN) = Yn, (12)

which guarantee that the interpolation constraints are met at each partition point. In
addition, we impose a nonlinear contractive condition of the general integral type on the
second variable. More precisely, we assume that

W (| Fn(xy)—Fn(xy')] (ly=y')
/0 ( ) p(t)dt < 4)(/0 o(t) dt), x€l, yy €lab], (13)

for some triple (¢, ¢, ) € ® x P; x P,. Condition (13) provides a nonlinear control of the
vertical variation of the maps F, and replaces the classical affine scaling assumption com-
monly used in standard fractal interpolation schemes. As such, it allows the construction
of a broader class of fractal interpolation functions governed by contractions of the general
integral type.

Example 3. Consider the following system:

Ly(x) = apx + kg,
Y

Fu(x,y) = -~ i qn(x),
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where the real constants a,, ky, and the function q,, are chosen so that conditions (11) and (12) are
satisfied. This class of functions introduces a nonlinear dependence on the vertical variable y, while
preserving the interpolation constraints. Let

t
o) =1 ¥B=t () =2t
Then, forall x € Iand y,y' € [a,b] C [0, +00), we compute

p(t)dt = 2t dt

(| Fa(xy)—Fa(xy')]) | Ea(2y) —Ea(xy)]
J i = |
0

0

:<J/_ y' ) =y

1+y 1+v 1+y)2(1+y')?
(y — y’)z B Y(ly—y'l)

<aiy =L e w).

Hence, condition (13) is fulfilled for this choice of (¢, ¢, ). On the other hand, if one replaces ¢ by
a linear function of the form ¢(t) = ct with 0 < ¢ < 1, then (13) fails. Indeed, this would require

1 /
>
(e

which is clearly impossible. This example therefore illustrates that the nonlinear choice of ¢ is
essential and cannot, in general, be reduced to a linear contraction.

Now, we consider the function wy, : I x [a,b] — I, x R defined by
wn(x,y) = (Ln(x),Fn(x,y)),

foralln € JandletI: {I x [a,b], w,, n =1,2,...,N} be the associated IFS. Our main
result in this section is the following.

Theorem 2. Suppose that the functions F, satisfy the integral-type contractive condition (13).
Then, the Il introduced above admits a unique attractor G. Moreover, this attractor is the graph of a
continuous function f : I — [a,b] interpolating the prescribed data set, that is, f(x,) = yy for all
n=0,1,...,N.

Condition (13) allows the construction of a broad class of interpolation schemes
adapted to various approximation problems, thereby enhancing the flexibility of the fractal
interpolation approach. The function f obtained in Theorem 2 is referred to as the fractal
interpolation function (FIF) associated with the system I. To formalize the fixed point
framework, we introduce the closed subset

G={fect : f1)Clabl, f(x0) =yo flxn) =yn},

which naturally encodes the interpolation constraints and is endowed with the uniform
norm. Given the families {L, }V_, and {F,})_,, we define the Read-Bajraktarevi¢ operator

T:G—Gby
(TH(x) = Ba(Ly (%), f(Ly' (%)),  x€lL,n=1,...,N. (14)

Lemma 1. Assume that each mapping F,, : I x [a,b] — R satisfies (13). Then:

1. The operator T is a contraction of the general integral type on G;
2. The unique fixed point of T interpolates the data set A.
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Proof. 1. Fixn € {1,...,N} and let x € I,. For arbitrary f,¢ € G, applying (13) with
y = f(L;"(x)) and y’ = g(L; " (x)) yields

(1 (L (), f (L () —Fn (L (2),8 (L ()] p(IF (L () gLy (0))])
/O ot dt < ¢ | g(t)dt).

Since | f(L; '(x)) — g(L; (x))] < ||f — gllo and both ¢ and ) are increasing, we obtain

lP(\(Tf)(x)*(Tg)(x)l) Pl f—8llo)
/ oty <o | o)),

Taking the supremum over all x € I, and since ¢ is left continuous, leads to

ITF-Tglle (1f=8lleo)
/Ow( Tf-Tg )q)(t)dtg(p(/olp f-8 q)(t)dt),

which shows that T is a contraction of the general integraltype.

2. By the previous step and the completeness of G, the operator T admits a unique fixed
point f € G. By construction, f satisfies the functional Equation (14). Denoting by
Gr={(x f(x)): x € I} the graph of f, we compute

N N
U wn(Gy) = UL(La(x), Falx, f(x))) s x € I}
n=1 n=1
N
= UL Fu(Ly ' (0), f(Ly 1 (%)) = x € I}
n=1
N
= U{(x f(x) 1x € L} = {(x, f(x)) : x € I}
n=1

Hence, Gy is invariant under the and coincides with its attractor. Finally, the interpola-
tion property follows directly from the boundary conditions imposed on the functions
F,. Indeed, fori =0,1,...,N — 1, we have f(x;) = y; and f(xy) = yn. Therefore, the
unique fixed point f of the operator T is a FIF whose graph interpolates the prescribed
data set A and coincides with the attractor of the corresponding IFS.

O

Example 4. Let A := {(O, 0),(1/4,1),(1/2,-1),(2/3,1/3),(1, 0)} be a prescribed interpola-
tion data set. We consider the following:

Li(x) = ix, Fi(x,y) =&1(y) +x,

Ly(x) = %x‘i‘ %/ R(xy) =g(y) —2x+1, (15)
L3(x) = %x‘F %1 F?)(xry) :g3(y) 4x_ L

Ly(x) = 3x+ 3, Fy(x,y) = ga(y) — 3% + 3.

When the functions g, coincide, we simply denote them by a single function g. Figure 1
illustrates the corresponding FIFs obtained for different choices of §. The choice of the nonlinear
function g affects the geometric reqularity of the corresponding FIF. The geometric complexity is
measured by the box-counting dimension

— lim log N;
r—0 —logr’
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where N, denotes the minimal number of r X r squares required to cover the graph of the FIF.
The box dimension is a widely used and effective tool for describing the geometric irregularity of
fractal curves. In particular, the transition between smoother and more irregular FIFs is strongly
governed by the choice of the function g.

We now compare this situation with the classical affine case introduced by Barnsley [2], where
each F,, is a Banach contraction with respect to the second variable. Specifically, we take g, (y) = any
with parameters o, € (—1,1), n = 1,2,3,4. The constants a,, are referred to as vertical scaling
factors, and the corresponding FIF is usually denoted by f*, with « = (x1, &y, a3, ag) (Figure 2).

1.0

}A /‘/A ‘\ 075 /\//\\\
001 @ k //’] A/J 0.0 \N »Z:: \ /
-05 "V u 4 -0.5 -0.50 \\\ f\/
o : v

-1.0

0.0 0.2 0.4 0.6 08 1.0 0.0 02 0.4 0.6 0.8 1.0

(@) (b) (c)
Figure 1. FIFs associated with system (15) for three different nonlinear vertical transformations g.
3 3
y L 1Y
= ; b = — ; = — .
@g(y) 212y (b)g(y) = 5 153 ©8ly) =3 153

Since the interpolation points are uniformly distributed and are not collinear, one can apply
the results of [25] to conclude that the box-counting dimension of the function f* is given by

lo 4 4
=1+ M, whenever Y |a,| > 1. (16)
log(4) =
10
1
00 02 04 06 08 10 ) 00 0.2 04 06 08 10
@) (b)
- 10
05 05
- 0.0 0.2 0.4 0.6 0.8 10 B 0.0 02 04 0.6 08 10
(c) (d)

Figure 2. Affine fractal interpolation functions associated with system (14) for different vertical scaling
parameters ay,. (@) a1 = ap = a3 = ag = 0.75, D = 1.789; (b) a1 = 0.15, o = —0.1, a3 = —0.35,
ng = 0.65,D = 1.196; (c) a1 = ap = a3 = g = —0.5, D = 1.492; (d) ay = 0.65, ap = —0.3, a3 = —0.05,
ag = 0.15,D = 1.164.

A natural question arising from this comparison is whether, in the general nonlinear setting,
the box dimension of a FIF depends only on ||g||ce. The examples displayed in Figure 1 suggest that
this is not the case. Indeed, despite the fact that the norms of the functions involved are proportional,
the resulting box dimensions exhibit distinct and non-monotonic behaviors. This indicates that the
box dimension depends on finer properties of g than its uniform norm.
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3.2. Proof of Theorem 2

Consider the {I X [a,b], w,, n € ]} and assume that each mapping w, satisfies a CGIT
condition on the compact metric space I x [a, b]. Under these assumptions, the associated
Hutchinson operator satisfies the same CGIT condition, which ensures the existence of a
unique invariant set.

Proposition 3. Let (¢, ¢, 1) € O x & x Oy and assume that, for every n € J,

¥ (d(wn (u),wn (v)) (dm(u,0))
/ ( )q)(t)dt§<p</¢ cp(t)dt), Yu,0 el xa,b).
0 0

Then the {I x [a,b], wy,, n € ]} admits a unigue attractor G € H(I X [a,b]).

Remark 2. The conclusion of Proposition 3 remains valid if the mappings wy, are defined on an
arbitrary compact metric space instead of I x [a, b].

The proof of Theorem 2 relies on the next two lemmas. Together, they show that
the attractor obtained above is the graph of a continuous function and that it is uniquely
determined. Continuity follows from Lemma 1, while uniqueness is a direct consequence
of the fact that the union of two attractors is again an attractor. Let I denote the projection
of G onto the horizontal axis, that is,

I'={xel: Jye€ [ab]suchthat (x,y) € G}.
Lemma 2. The projection of the attractor satisfies I = I.

Proof. Since G = UY_; w,(G), projecting onto the first coordinate yields
~ N ~
= La(]).
n=1

The family {L,},c; defines a hyperbolic IFS on I whose unique attractor is the whole
interval I. Hence T = . OJ

Lemma 3. Under the assumptions of Theorem 2, the following assertions hold:

1. The attractor G is the graph of a function f : I — [a, b];
2. Theattractor G is unique.

Proof. 1. Since I = I, for every x € I there exists at least one y € [a,b] such that
(x,y) € G. We show that this ordinate is unique.
Forn =0,...,N, define

Xp={(x,y) € G: x =x,}.

Case x = xg. Because w,(Xy) N Xg = @ for all n # 1, it follows that w;(Xg) = Xp.
Moreover, the CGIT condition implies that w; admits a unique fixed point on the
compact set Xo. Hence, Xg = {(x0,0) }

Case x = xy. A similar argument yields Xy = {(xn,yn) }-

Case x = x4, 1 < n < N —1. Using the self-similar structure of G, we obtain
Xn = wy41(Xo) Uwn(Xn) = {(xn,yn)}-
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Case x € I\ {xo,...,xn}. Assume that (x,yy), (x,1;) € G. Let ¢ € I be a point where
the maximum of |y, — y}| is attained. There exists n € ] such that ¢ € (x,_1,x,) and
points u = (L;1(&),t), v = (L;1(&),t') in G satisfying

Ye = Fn(Lrjl(C)’t)’ yé = Fn(Lgl(‘:)rt/)'

Applying the CGIT condition and using ¢(t) < t for t > 0, we obtain yz = y’é, and
hence yx = y%. This proves that G is the graph of a function f.

2. Let A € H(I x [a,b]) and denote by A; = {x € I : (x,y) € A} its projection
onto I. Define

N
L(B) = {J Lu(B), ~ L"(B) = L(L""'(B)).

Since {L, })_, is a hyperbolic IFS with attractor I, we have dy (L™ (A;),I) — 0. Let f
be the unique fixed point of the Read—Bajraktarevi¢ operator and set

Tm ={(x, f(x)): x € L"™(A])}.

By the uniform continuity of f, one obtains dy (T, G) — 0. Define

Pd((xf(x)),(xy)))
Y = SUp {/O ptydt: (x,y) € W(A)}.
Using the self-referential equation satisfied by f and the CGIT condition, we
obtain v, < ¢(ym-1). Since ¢(t) < t for t > 0, it follows that v, — O.
Consequently, diy (W™ (A), G) — 0, which proves that G is the unique attractor.

O

Example 5. Let xg < x1 < --- < x be a subdivision of the compact interval I = [xo, xx] and
consider the nonlinear function g : Ry — R defined by g(y) Let K be a compact subset
of the domain of g, and assume that a data set

_ ¥V
= T+y-
{(xn,yn) € IxK: n=0,1,...,N}

is prescribed. Denote by C(I, K) the Banach space of continuous functions from I into K, endowed
with the uniform norm. Let b : C(I,K) — C(I, K) be a bounded linear operator which is not the
identity and satisfies the endpoint invariance condition

b(f)(x0) = f(x0),  b(f)(xn) = f(xn), V[ eC(LK). (17)

Our objective is to construct a new FIF, denoted by f, which approximates the fractal interpolant
f* introduced in Example 4. More precisely, we shall prove that there exists a constant v > 0 such
that 1
£ «
I1F = Flle < )
To this end, we consider the IFS generated by the mappings L, defined in (15) together with
the functions F,, : I x K — R given by

16(f*) = f*lleo- (18)

Fao(x,y) = g(y) + f*(Ln(x)) = g(0(f*)(x)), ~ n=1,...,N. (19)
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One verifies that conditions (11) and (12) are satisfied. Moreover, the contractive condition of the
general integral type (13) holds with the choice

p(t) = t/172(1 —Int), t>0, ¢(0)=0,

Consequently, the associated IFS admits a unique attractor, which is the graph of a continuous
function f : I — K interpolating the given data, that is,

PN

f(xﬂ):yn/ n=0,1,...,N.

Furthermore, f is characterized as the unique fixed point of the corresponding Read—Bajraktarevic
operator T, and therefore satisfies the functional equation

f) =g(fola') )+ f*(x) = g(b(f) oLy ) (x),  x €L (20)
Since the function g is continuously differentiable on R, there exists a constant v > 0 such that

If = f e < lgof—goflleo+llgob(f*) —go flle

1 F_ W\ g
oy (I = £l 107 = £l
Rearranging the above inequality yields the estimate (18), which completes the construction. This es-
timating provides a stability bound for the constructed fractal interpolant. It shows that the difference
between f and f* is controlled by the deviation of b(f*) from f*. In particular, small bounded
perturbations of the identity operator produce only small changes in the resulting fractal interpolant,
ensuring robustness of the construction.

IN

3.3. Continuity Preservation Under Perturbations of the IFS

Fractal interpolation schemes are known to be sensitive to modifications of their
defining mappings. In particular, perturbations of the vertical component may destroy
the matching conditions at interpolation nodes, leading to a loss of global continuity of
the attractor. It is therefore natural to investigate under which conditions continuity is
preserved when the IFS is perturbed. In this subsection, we establish explicit criteria
ensuring that nonlinear vertical perturbations do not affect the continuity of the resulting
fractal interpolant.

We consider first a reference acting on I x [a,b], defined by the mappings

Ly(x) = apx + ey,

Fu(x,y) = gn(y) + qn(x),

n=1,...,N, (21)

where the coefficients a,, ¢, satisfy the geometric constraints (11), and where each function
F, is continuous and fulfills the interpolation and contractive assumptions (12) and (13).
We now introduce a perturbed version of this system by modifying only the vertical
component. More precisely, we define a new family of maps

Ly(x) = apx + ey,

~ n=1,...,N, (22)
Fu(x,y) = gn(y) + qn(x) + Au(x),
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where each g, satisfies a contraction condition of general integral type, namely (5), and
where A, : I — R represents an additional perturbation term. To quantify the deviation
between the original and perturbed systems, we introduce the auxiliary functions

on(y) =&n(y) —8n(y),  vn=An(xn) — An(x0),

defined for all y € [a,b] and n = 1,...,N. The perturbed system is said to satisfy the
continuity matching condition if the vertical components coincide at adjacent interpolation
nodes, that is, if

Eu(xn,yn) = Fuy1(x0,v0), n=1,...,N—1. (23)

In the classical affine setting where g, (y) = any and g, (y) = a},y, this condition was
analyzed in [24], where constant perturbations A,, were sufficient. More recently, extensions
allowing spatially dependent scaling factors were investigated in [23,26]. In the present
nonlinear framework, we assume that the perturbation terms satisfy, for every 1 <n < N,

the recursive relation
n—+1

Aut1(x0) Z Selyn) — Y 0k(yo) + Z Yk + A (x0)- (24)
k=2 k=1

Theorem 3. Under assumption (24), the perturbed IFS defined by (22) satisfies the continuity
matching condition (23).

Proof. Fix anindex n € {1,..., N — 1}. The continuity requirement (23) is equivalent to
the identity

8n(yn) + qn(xN) + An(xn) = n+1(Y0) + gnr1(x0) + Aus1(x0)-

Using the fact that the original system satisfies the interpolation conditions (12), the terms
involving g, cancel, yielding

Ant1(x0) = &n(YN) — &n+1(Yo) + 8n+1(Y0) — §n(yn) + An(xn).
Rewriting this identity in terms of 6, and -y, we obtain

Ang1(x0) = 6n(YN) — Ony1(y0) + vn + An(x0).

Iterating this relation backward from # down to 1 leads exactly to Equation (24), which
proves that the continuity condition (23) is satisfied foralln =1,..., N—1. O

Example 6. In this example, we consider the sets of data points
A= {(0,0),(1/3,1),(2/3,-1),(1,0) },

Let us and we consider the IFS defined by (21) where

x n-—1
Ly(x) = 3t N q1(x) =x, qa(x)=1-2x, g3(x) =x—1and g,(y) = —0.5y.

Now, we consider the system (22) where g(y) = with B > 0. Since yny = yo = 0 then

- 1+ﬁy
Ang1(x0) = 61(0) — 6,41(0) + Z Ye = 2 M(1) =

So buy choosing Ay (x) = x + n — 1, the system (22) satisfies the continuous condition.
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4. Conclusions

Given a finite collection of interpolation nodes A = {(x;,y;) }X,, FIFs constitute a flex-
ible framework for modeling data exhibiting irregular or non-smooth behavior. Such func-
tions naturally arise as invariant sets generated by appropriate s. In this work, we establish
new existence and uniqueness results for the attractors associated with IFSs governed
by contraction conditions of the general integral type. Within this framework, we in-
troduce a new class of nonlinear FIFs, which are characterized as fixed points of the
Read-Bajraktarevi¢ operator. More precisely, the interpolating function f satisfies the
self-referential equation

flo) = (L (x), (L' (x)),  x €I,

thereby revealing the recursive structure underlying the proposed generalized interpolation
scheme. This framework extends the classical affine theory and provides greater flexibility
for modeling complex and irregular data. The results obtained in this work naturally lead
to several directions for further investigation.

1.  Consider the generated by the mappings
Wn(xry) = (an(x) =+ en, Oén(x,y) + qn(x)), n=1,...,N,

under assumption (13). A natural continuation of the present work is to investigate
quantitative error estimates arising from small perturbations of the nonlinear vertical
component &, (x,y). The particular case where a, (x,y) = Bn(x) y has already been
addressed in several contributions, including [23,27]. In this linear setting, fractal
interpolation systems have been extensively studied; see, for instance [10,26,28,29].
It is well known that the collection of vertical scaling factors plays a central role in de-
termining both the geometric structure and the analytical properties of the associated
FIF. In particular, the smoothness and regularity of FIFs can be characterized in terms
of these scaling functions [27,29], which makes them a powerful tool for accurately
modeling highly irregular or rough curves. Extending such a sensitivity and regular-
ity analysis to the more general nonlinear and integral-type dependence encoded in
ay(x,y) constitutes an interesting and largely open problem, and is expected to reveal
new phenomena beyond those observed in the linear case.

2. Recent studies on fractal interpolation functions generated by generalized IFSs have
shown that extending the classical Banach framework through alternative contractive
mechanisms leads to richer and more flexible models. In particular, Suzuki-type
contractions [30], given by

%d(x, Tx) <d(x,y) = d(Tx,Ty) <cd(x,y), VxyeX,

for some constant 0 < ¢ < 1, provide a conditional extension of Banach’s principle
that has proved effective in fixed point theory. Since Suzuki-type conditions and
generalized integral-type contractions with a y-transformation are, in general, in-
dependent, a natural and nontrivial perspective for future research is to investigate
FIFs whose associated operator T satisfies a generalized integral contraction under
a Suzuki-type conditional assumption. More precisely, one may aim to establish an
analogue of Theorem 2 under the hypothesis that, for all x,y € X,

1 Pd(Tx,Ty)) P(d(x))
S0 Ty) <d(xy) — /0 (1) dt < ¢(/0 (1) dt),

for some (¢, ¢, ) € O x Py x Ps.
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