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Abstract

This study investigates the dynamics of a delayed fractional-order competition-competition-
cooperative system with Beddington–DeAngelis functional responses. First, we prove the
boundedness and uniqueness of the solutions. We analyze the existence conditions and
local asymptotic stability of various equilibrium points using the stability theory. Second,
by taking the competition time delay τ as the bifurcation parameter, we derive explicit
criteria for the stability of the system and the onset of aHopf bifurcation. Once the delay
surpasses a critical threshold, the system loses its stability and displays periodic oscillatory
behavior. Furthermore, the influence of the fractional order on the system dynamics is also
examined. Finally, numerical simulations are performed to verify the theoretical results,
providing significant insights into ecosystem complexity.

Keywords: fractional-order; delay; Hopf bifurcation; Beddington–DeAngelis functional
response; stability

1. Introduction
The interactions among biological species are a central topic in the field of ecology.

Competition and cooperation are two basic and common types of such interactions. In 1798,
Malthus proposed a differential equation model for population growth in his book “An
Essay on the Principle of Population”. However, this model had a weakness: in reality, no
population can grow without limits, because resources are finite. A total of 40 years later,
Verhulst improved this model and introduced the logistic model, which better describes the
real population growth. In the 1920s, the models introduced by Lotka [1] and Volterra [2]
established a theoretical foundation for interspecific interactions. These interactions are
commonly modeled as competition, cooperation, parasitism, and predator-prey dynamics.
Later, additional factors were added to this model, such as ratio dependence [3], functional
responses [4,5], the Allee effect [6], and prey refuge [3,7], either in combination or separately.

However, most classical models only consider one type of interaction at a time. Pure
competition often leads to competitive exclusion or weak coexistence with limited re-
sources [8]. The competitive–competitive–cooperative structure is an ecologically vital
module, describing two species competing for resources while both cooperating with a
third, niche-dependent species. This pattern is exemplified by grass species competing
yet sharing mycorrhizal fungi, or bacteria competing while relying on cellulose-degrading
actinomycetes. Such mixed interactions stabilize ecosystems, making the competitive–
competitive–cooperative model essential for studying species coexistence and community
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resilience. Recently, researchers have focused more on extended models that combine
multiple interaction types [9–11]. For instance, in 2010, Lv et al. [12] studied the exis-
tence and global attractiveness of periodic solutions to a competitor–competitor–mutualist
Lotka–Volterra system with deviating arguments. In 2019, Wang et al. [13] investigated
the dynamic behavior of a class of three-species of Lotka–Volterra models with feedback
controls and time delays. However, the effects of nonlinear functional responses on the
population dynamics were not considered in this study. Hence, in 2021, Muhammadhaji
et al. [14] studied the dynamic behavior of a ratio-dependent Lotka–Volterra competitive–
competitive–cooperative system. Ratio-dependent models can produce unrealistic dynam-
ics where competition or cooperation remains strong, even at low densities. The present
study employs the Beddington–DeAngelis functional response to avoid this.

Time delays are widespread in ecological environments, particularly in biological
systems. Owing to factors such as gestation, incubation, migration, and resource regenera-
tion [15–17], time delays are often unavoidable. In competitive and cooperative models,
delays may arise from the time required for juveniles to mature into adults capable of
effective resource competition, or from lags in the realization of benefits in cooperative
interactions. Analysis indicates that time delays significantly influence the dynamics
of ecological systems and may induce complex dynamic phenomena. Time delays can
disrupt or promote the stability of ecosystem dynamics [18]. Therefore, it is both theo-
retically and practically essential to account for the effects of time delays on ecological
dynamic behavior.

Recently, fractional calculus has garnered increasing attention owing to its broad
applications across various scientific and engineering disciplines. It has been success-
fully applied in fields such as systems physics [19,20], finance [21,22], chemistry [23], and
biology [24–27]. Studies have revealed that, compared with traditional integer-order sys-
tems, fractional-order systems offer advantages such as long-term memory, long-range
spatial interactions, and hereditary properties. These features allow fractional-order mod-
els to describe dynamic processes with nonlocal characteristics more accurately [28,29].
Berkal et al. [30] highlighted that fractional-order models naturally align with the fractal
structures found in biological systems, making them powerful tools for studying complex
interactions within ecosystems. Therefore, the use of fractional differential equations is ex-
pected to offer deeper insights into the dynamic behaviors and underlying mechanisms of
ecological systems.

The phenomenon of Hopf bifurcation has been extensively studied under the classical
framework of integer-order delay differential equations, and systematic theoretical analysis
methods have been established [31–33]. These investigations have illuminated the manner
in which time delays modulate the stability of a system and trigger the generation of
periodic solutions when the delay reaches critical values. However, analytical methods for
Hopf bifurcation in integer-order models cannot be directly extended to fractional-order
differential systems, owing to the nonlocality and memory effects inherent in fractional
calculus. Recently, researchers have begun to focus on the Hopf bifurcation in fractional-
order delay systems. For instance, Huang et al. [34] explored the stability and bifurcation
of a Caputo fractional-order BAM neural network using the time delay and inertia terms.
Li et al. [35] constructed a novel fractionally delayed genetic regulatory model and derived
sufficient conditions.

Despite these significant advances, most studies have focused on integer-order, com-
petitive, and cooperative systems. However, bifurcation phenomena induced by fractional-
order nonlinear dependencies in competitive and cooperative systems have not been
systematically investigated. In both competition and cooperation, species dynamics often
depend on multiple nonlinear factors, such as resource ratios and individual interference.
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Traditional density-dependent models are often inadequate for capturing such nonlinear
dependencies. Therefore, Hopf bifurcation behavior in delayed fractional-order nonlinear
models within competitive–cooperative systems remains an open problem.

This paper is structured as follows: Section 2 presents the model formulation. Section 3
elaborates on the basic definitions associated with fractional order. In Section 4, we explore
the existence and boundedness of solutions to the model. Section 5 is devoted to analyzing
the local stability of the system at various equilibrium points. Section 6 conducts the
Hopf bifurcation analysis. Numerical simulations are provided in Section 7 to validate
our theoretical findings. Finally, Section 8 summarizes the main conclusions derived from
this study.

2. The Model Description
In [12], the researchers explored the following time-delayed competitor–competitor–

mutualist Lotka–Volterra system:

Ṅ1(s) = N1(s)[c1(s)− d11(s)N1(s − τ11(s))− d12(s)N2(s − τ12(s))

+d13(s)N3(s − τ13(s))],

Ṅ2(s) = N2(s)[c2(s)− d21(s)N1(s − τ21(s))− d22(s)N2(s − τ22(s))

+d23(s)N3(s − τ23(s))],

Ṅ3(s) = N3(s)[c3(s) + d31(s)N1(s − τ31(s)) + d32(s)N2(s − τ32(s))

− d33(s)N3(s − τ33(s))],

(1)

where N1(s) and N2(s) represent the densities of the competing species at time s, and N3(s)
denotes that of the cooperative species at the same time. In [12], the authors established
sufficient conditions for the existence and global attractivity of positive periodic solutions
to system (1). In [13], the researchers explored a delayed three-species Lotka–Volterra
competitive–cooperative model:

Ṅ1(s) = N1(s)
[
c1(s)− d1

11(s)N1(s − τ)− d2
11(s)N1(s − 2τ)− d12(s)N2(s − 2τ)

+d13(s)N3(s − τ)− m1(s)u1(s)],

Ṅ2(s) = N2(s)
[
c2(s)− d21(s)N1(s − 2τ)− d1

22(s)N2(s − τ)− d2
22(s)N2(s − 2τ)

+d23(s)N3(s − τ) + m2(s)u2(s)],

Ṅ3(s) = N3(s)
[
c3(s) + d31(s)N1(s − τ) + d32(s)N2(s − τ)− d1

33(s)N3(s)

−a2
33(s)N3(s − τ) + m3(s)u3(s)

]
,

u̇1(s) = e1(s)− f1(s)u1(s) + q1(s)N1(s),

u̇2(s) = e2(s)− f2(s)u2(s)− q2(s)N2(s),

u̇3(s) = e3(s)− f3(s)u3(s)− q3(s)N3(s),

(2)

where Ni(s) (i = 1, 2, 3) denotes the density of each species at time s, and τ is a positive
constant. In this work, the permanence and global attractivity of positive solutions to the
system are discussed. However, this study did not account for the nonlinear functional
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responses among species. Consequently, in 2021, the authors extended system (2) to the
following form:

Ṅ1(s) = N1(s)
[

k1(s)− a1(s)N1(s)−
b1(s)N2(s − τ1)

c1(s)N2(s − τ1) + N1(s − τ1)

+
d1(s)N3(s − τ1)

e1(s)N3(s − τ1) + N1(s − τ1)
− f1(s)M1(s)

]
,

Ṅ2(s) = N2(s)
[

k2(s)− a2(s)N2(s)−
b2(s)N1(s − τ2)

c2(s)N1(s − τ2) + N2(s − τ2)

+
d2(s)N3(s − τ2)

e2(s)N3(s − τ2) + N2(s − τ2)
+ f2(s)M2(s)

]
,

Ṅ3(s) = N3(s)
[

k3(s)− a3(s)N3(s) +
g1(s)N1(s − τ3)

e1(s)N3(s − τ3) + N1(s − τ3)

+
g2(s)N2(s − τ3)

e2(s)N3(s − τ3) + N2(s − τ3)
+ f3(s)M3(s)

]
,

Ṁ1(s) = q1(s)− p1(s)M1(s) + h1(s)N1(s),

Ṁ2(s) = q2(s)− p2(s)M2(s)− h2(s)N2(s),

Ṁ3(s) = q3(s)− p3(s)M3(s)− h3(s)N3(s).

(3)

They derived several sufficient conditions pertaining to the permanence, existence of
periodic solutions, and global attractivity of system (3). Nevertheless, previous studies
have been predominantly confined to integer-order differential equations.

Inspired by the aforementioned analysis, we propose a fractional-order competitive–
cooperative model incorporating Beddington–DeAngelis functional responses, formulated
as follows:

cDξ
t x1(t) = x1(t)

[
r1 − a1x1(t)− b1x2(t−τ)

1+c1x2(t−τ)+x1(t−τ)
+ φ1x3(t)

]
,

cDξ
t x2(t) = x2(t)

[
r2 − a2x2(t)− b2x1(t−τ)

1+c2x1(t−τ)+x2(t−τ)
+ φ2x3(t)

]
,

cDξ
t x3(t) = x3(t)[r3 − a3x3(t) + φ3x1(t) + φ4x2(t)],

(4)

subject to the initial conditions x1(θ) > 0, x2(θ) > 0, x3(θ) > 0, for θ ∈ [−τ, 0].
The Beddington–DeAngelis functional response extends Holling-type responses with

interspecific interference terms c1, c2, enabling realistic descriptions of species resource
utilization in natural ecosystems. Distinct from density-dependent competition mod-
els, c1, c2 characterize the mutual interference of competing species x1, x2 in competition,
with their values dictating the saturation rate of the competitive functional response and
precisely capturing the nonlinear interspecific competition in the competitive–competitive–
cooperative system.

The biological interpretations of the parameters in system (4) are summarized in
Table 1.

Remark 1. In system (4), time delay is introduced only in the competition terms. τ reflects the
lag in resource consumption and metabolic feedback between populations. In contrast, cooperative
interactions are usually treated as instantaneous because their benefits (e.g., enhanced defense or
growth) directly affect current growth rates. This paper focuses on the effect of competitive delay on
system stability; hence, delay in cooperation is not considered.
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Table 1. Biological interpretations of the parameters in system (4).

Parameter Biological Interpretation

x1(t) The population density of species x1 at time t.
x2(t) The population density of species x2 at time t.
x3(t) The population density of species x3 at time t.

r1, r2, r3 The intrinsic growth rates of x1, x2, and x3 respectively.
a1, a2, a3 The intra-specific competition coefficients of x1, x2, and x3 respectively.

b1 The inter-specific competition coefficient of x2 on x1.
b2 The inter-specific competition coefficient of x1 on x2.

c1, c2
Saturation constants and quantify interspecific interference intensity
during resource competition.

φ1 The cooperative coefficient of x3 on x1.
φ2 The cooperative coefficient of x3 on x2.
φ3 The cooperative coefficient of x1 on x3.
φ4 The cooperative coefficient of x2 on x3.
τ The time delay generated by competition.

3. Preliminaries
Definition 1 ([36]). For t > 0, the fractional-order integral of order ξ ∈ R+ of a function f (t) is
defined as:

Iξ
t f (t) =

∫ t

0

(t − τ)ξ−1

Γ(ξ)
f (τ)dτ,

where Γ(·) denotes the Euler gamma function, which is defined as Γ(s) =
∫ +∞

0 ts−1e−tdt.

Fractional calculus generalizes integer-order derivatives and integrals to non-integer
orders, critical for memory-dependent systems. In this work, we employ the Caputo
fractional derivative, which is defined below.

Definition 2 ([36]). The Caputo fractional-order derivative can be defined in the following form:

cDξ
t f (t) =

1
Γ(n − ξ)

∫ t

0
(t − τ)n−ξ−1 f (n)(τ)dτ,

where n − 1 < ξ < n, n ∈ Z+. In the case when 0 < ξ < 1, the Caputo fractional-order derivative
simplifies to: cDξ

t f (t) = 1
Γ(1−ξ)

∫ t
0

f ′(τ)
(t−τ)ξ dτ.

The Caputo-Fabrizio fractional integral, a non-singular integral, is key to the Hermite-
Hadamard type inequality for non-convex functions-this inequality provides integral
bounds and lays the theoretical foundation for our fractional-order system analysis.

Definition 3 ([37]). The Laplace transform of the Caputo fractional-order derivatives is defined
as follows:

L{cDξ
t f (t); s} = sξF (s)−

n−1

∑
i=0

sξ−i−1 f (i)(0),

where F (s) = L{ f (t)} , which means the Laplace transform of f (t). Additionally, when
f (i)(0) = 0, (i = 0, 1, . . . , n − 1), it satisfies L{cDξ

t f (t); s} = sξF (s).

Lemma 1 ([37]). Consider the following Caputo fractional-order system:

cDξ
t x(t) = f (t, x(t)), x(0) = x0,

in which f (t, x(t)) is an n-dimensional real-valued continuous vector function with 0 < ξ ≤ 1
and x ∈ Rn. The equilibrium points of the above system are calculated by solving the following
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equation: f (t, x(t)) = 0, where f = [ f1, f2, . . . , fn]T . These points are locally asymptotically
stable if all eigenvalues λi of the Jacobian matrix J = ∂ f

∂x evaluated at the equilibrium points satisfy:
|arg(λi)| > ξπ

2 . Otherwise, the equilibrium point is unstable.

Lemma 2 ([38]). Suppose that f (t) is a continuous function defined on the interval [0,+∞) and
fulfills the following condition(s): {

cDξ
t f (t) + ι f (t) ⩽ κ,

f (0) = κ0,

where 0 < ξ < 1, (ι, κ) ∈ R2 and ι > 0, one has

f (t) ≤ { f (0)− κ

ι
}Eξ,1{−ιtξ}+ κ

ι
.

Considering the following n-dimensional fractional-order system with multiple time delays [39]:
cDξ1

t x1(t) = a11x1(t − τ11) + a12x2(t − τ12) + · · ·+ a1nxn(t − τ1n),
cDξ2

t x2(t) = a21x1(t − τ21) + a22x2(t − τ22) + · · ·+ a2nxn(t − τ2n),
...

cDξn
t xn(t) = an1x1(t − τn1) + an2x2(t − τn2) + · · ·+ annxn(t − τnn),

(5)

where ξi ∈ (0, 1], i = 1, 2, . . . , n , τmax = max1≤i,j≤n
{

τij
}

and −τmax ≤ t ≤ 0, i = 1, 2, . . . , n .
The corresponding characteristic equation of system (5) is defined as:

det


sξ1 − a11e−sτ11 −a12e−sτ12 · · · −a1ne−sτ1n

−a21e−sτ21 sξ2 − a22e−sτ22 · · · −a2ne−sτ2n

...
...

. . .
...

−an1e−sτn1 −an2e−sτn2 · · · sξn − anne−sτnn

 = 0.

4. Existence and Uniform Boundness
Theorem 1. For any non-negative initial condition, system (4) has a unique solution for in
Π = {x = (x1, x2, x3) ∈ R3, max{|x1|, |x2|, |x3| ≤ M}}.

Proof. To prove the theorem, we introduce a mapping

f (x) = ( f1(x), f2(x), f3(x)),

where x = (x1, x2, x3), x̂ = (x̂1, x̂2, x̂3) and

f1(x) = x1(t)
[
r1 − a1x1(t)− b1x2(t−τ)

1+c1x2(t−τ)+x1(t−τ)
+ φ1x3(t)

]
,

f2(x) = x2(t)
[
r2 − a2x2(t)− b2x1(t−τ)

1+c2x1(t−τ)+x2(t−τ)
+ φ2x3(t)

]
,

f3(x) = x3(t)[r3 − a3x3(t) + φ3x1(t) + φ4x2(t)].
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For any x, x̂ ∈ Π, we have

∥ f (x)− f (x̂)∥
= ∑∑∑3

i=1 | fi(x)− fi(x̂)|
=

∣∣∣x1(t)
[
r1 − a1x1(t)− b1x2(t−τ)

1+c1x2(t−τ)+x1(t−τ)
+ φ1x3(t)

]
−
{

x̂1(t)
[
r1 − a1 x̂1(t)− b1 x̂2(t−τ)

1+c1 x̂2(t−τ)+x̂1(t−τ)
+ φ1 x̂3(t)

]}∣∣∣
+
∣∣∣x2(t)

[
r2 − a2x2(t)− b2x1(t−τ)

1+c2x1(t−τ)+x2(t−τ)
+ φ2x3(t)

]
−
{

x̂2(t)
[
r2 − a2 x̂2(t)− b2 x̂1(t−τ)

1+c2 x̂1(t−τ)+x̂2(t−τ)
+ φ2 x̂3(t)

]}∣∣∣
+|x3(t)[r3 − a3x3(t) + φ3x1(t) + φ4x2(t)]
−{x3(t)[r3 − a3x3(t) + φ3x1(t) + φ4x2(t)]}|

≤
(

r1 + 2a1M + c1b1+2b1 M2

c1
2 + φ1M + 2b2 M2

c2
2 + φ3M

)
|x1(t)− x̂1(t)|

+
(

2b1 M2

c1
2 + r2 + 2a2M + c2b2+2b2 M2

c2
2 + φ2M + φ4M

)
|x2(t)− x̂2(t)|

+{r3 + (φ1 + φ2 + φ3 + φ4)M}|x3(t)− x̂3(t)|
≤ L ∥ x − x̂ ∥,

where L = max{r1 + 2a1M + c1b1+2b1 M2

c1
2 + φ1M + 2b2 M2

c2
2 + φ3M, 2b1 M2

c1
2 + r2 + 2a2M +

c2b2+2b2 M2

c2
2 + φ2M + φ4M, r3 + (φ1 + φ2 + φ3 + φ4)M}. Therefore, f (x) satisfies the local

Lipschitz condition and proves system (4) has a unique solution x(t).

Theorem 2. If µi > 0 (i = 1, 2, 3), then any solution of system (4) with initial conditions
x1(θ) > 0, x2(θ) > 0, x3(θ) > 0, for θ ∈ [−τ, 0] remains uniformly bounded in the region Γ,
where µi (i = 1, 2, 3) will be defined in the proof and

Γ =

{
(x1, x2, x3) ∈ R3

+ : V(t) ≤ 3(r + λ)2

4µλ
+ ϱ, ϱ > 0

}
.

Proof. Let us consider the function V(t) = x1(t) + x2(t) + x3(t). Then we have

DξV(t) = Dξ x1(t) + Dξ x2(t) + Dξ x3(t)

= x1

[
r1 − a1x1 − b1x2

1+c1x2+x1
+ φ1x3

]
+x2

[
r2 − a2x2 − b2x1

1+c2x1+x2
+ φ2x3

]
+x3[r3 − a3x3 + φ3x1 + φ4x2]

≤ r1x1 + r2x2 + r3x3 − µ1x1
2 − µ2x2

2 − µ3x3
2,

where µ1 = a1 − φ1+φ3
2 , µ2 = a2 − φ2+φ4

2 , µ3 = a3 − φ1+φ2+φ3+φ4
2 . Now, we consider a real

number λ > 0. Thus,

DξV(t) + λV(t) ≤ (r1 + λ)x1 − µ1x1
2 + (r2 + λ)x2 − µ2x2

2 + (r3 + λ)x3 − µ3x3
2

≤ (r1+λ)2

4µ1
+ (r2+λ)2

4µ2
+ (r3+λ)2

4µ3
.

If µ1, µ2, µ3 > 0, r = max{r1, r2, r3} and µ = min{µ1, µ2, µ3}. Then, from the above formula,
we obtain

DξV(t) + λV(t) ≤ 3(r + λ)2

4µ
= G.

Applying Lemma 2 to our inequality with ι = λ and κ = G, we obtain

V(t) ≤ V(0)Eξ,1(−λtξ)− G
λ

Eξ,1(−λtξ) +
G
λ

,
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where Eξ,1(.) is the two-parameter Mittag-Leffler function. Since the Mittag-Leffler function
Eξ,1(−λtξ) → 0 as t → ∞ for λ > 0 and 0 < ξ < 1, then we obtain

V(t) ≤ G
λ

=
3(r + λ)2

4µλ
, as t → ∞.

Therefore, any solution of system (4) initiating from an interior point of R3
+ is uniformly

bounded in

Γ =

{
(x1, x2, x3) ∈ R3

+ : V(t) ≤ 3(r + λ)2

4µλ
+ ϱ, ϱ > 0

}
.

5. Local Stability of Equilibrium Points
We now analyze the steady states of the proposed system (4). By definition, a steady

state corresponds to a constant solution of the system, which is also referred to as an
equilibrium point. In this section, we investigate the biologically feasible equilibria of
system (4) and assess their stability characteristics. The equilibrium points of system (4)
are derived as follows:

(i) The trivial equilibrium point E0 = (0, 0, 0) always exists.
(ii) The axial equilibrium point E1 = (x̃1, 0, 0) exists with x̃1 = r1

a1
, and is independent of

the parameters.
(iii) The planar equilibrium point E2 = (ẍ1, 0, ẍ3) exists if a1a3 > φ1 φ3, where

ẍ1 =
r1a3 + φ1r3

a1a3 − φ1 φ3
, ẍ3 =

r3a1 + φ3r1

a1a3 − φ1 φ3
.

(iv) E3 = (x∗1 , x∗2 , x∗3) is the positive equilibrium point, if the following conditions:

r1 − a1x∗1 −
b1x∗2

1+c1x∗2+x∗1
+ φ1x∗3 = 0,

r2 − a2x∗2 −
b2x∗1

1+c2x∗1+x∗2
+ φ2x∗3 = 0,

r3 − a3x∗3 + φ3x∗1 + φ4x∗2 = 0.

Solving the third equation of the above system for x∗3 , we can obtain x∗3 = m1 + m2x∗1 +
m3x∗2 , where m1 = r3

a3
, m2 = φ3

a3
, m3 = φ4

a3
.

Substituting x∗3 into the first two equations yields:

d1 + d2x∗1 + d3x∗2 =
b1x∗2

1 + c1x∗2 + x∗1
,

e1 + e2x∗1 + e3x∗2 =
b2x∗1

1 + c2x∗1 + x∗2
,

where

d1 = r1 + φ1m1, d2 = φ1m2 − a1, d3 = φ1m3,

e1 = r2 + φ2m1, e2 = φ2m2, e3 = φ2m3 − a2.

Given the difficulty in analytically determining x∗1 and x∗2 , we verify their existence via
numerical simulations, as illustrated in Figure 1.
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Figure 1. The unique intersection point at (x∗1 , x∗2 ) demonstrates stable coexistence of both populations.

Although the closed-form solutions of x∗1 and x∗2 are intractable, the existence and
uniqueness of the positive equilibrium E3 = (x∗1 , x∗2 , x∗3) can be theoretically guaranteed
by Krasnoselskii’s fixed-point theorem for compact operators on convex closed sets in
R2
+ [40]. Let the mapping F : (x1, x2) → (F1(x1, x2), F2(x1, x2)) be defined by the implicit

equations of E3 after substituting x∗3 = m1 + m2x1 + m3x2. Under the conditions that all
model parameters (ri > 0, ai > 0, bi > 0, φi > 0, ci > 0) are strictly positive and the
boundedness of the Beddington–DeAngelis functional response (ensuring F is bounded
and continuous), F is a compact mapping on a sufficiently large convex closed set K ∈ R2

+.
By Krasnoselskii’s theorem, F has at least one fixed point in K, corresponding to a positive
(x∗1 , x∗2). For uniqueness, the algebraic resultant method [41] can be applied to eliminate
variables from the implicit equations, yielding a univariate polynomial whose simple
positive real root (guaranteed by the model’s ecological parameter constraints) ensures a
unique positive (x∗1 , x∗2). Numerical simulation (Figure 1) further validates this theoretical
result and gives the explicit coordinate of E3.

Since, r3, a3, φ3, φ4 > 0, we have m1 = r3
a3

> 0, m2 = φ3
a3

> 0, m3 = φ4
a3

> 0. Thus, the
condition m1 + m2x∗1 + m3x∗2 > 0 is automatically satisfied. Hence, the positive equilibrium
E3 exists.

Theorem 3. The trivial equilibrium point E0 = (0, 0, 0) is unstable.

Proof. The eigenvalues of the J(E0) are λ1 = r1 > 0,λ2 = r2 > 0 and λ3 = r3 > 0. Hence

|arg(λ1,2,3)| = 0 <
πξ

2
. (6)

Based on Lemma 1, the trivial equilibrium point E0 is unstable.

Theorem 4. The axial equilibrium point E1 = (x̃1, 0, 0) is unstable.

Proof. The Jacobian matrix for system at E1 is given by

J(E1) =

−r1 − b1r1
a1+r1

φ1r1
a1

0 r2 − b2r1
a1+c2r1

0
0 0 r3 +

φ3r1
a1

,
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the characteristic equation of J(E1) is given by

(λ + r1)

(
λ − r2 +

b2r1

a1 + c2r1

)(
λ − r3 −

φ3r1

a1

)
= 0. (7)

Since r3 +
φ3r1
a1

> 0, Equation (7) possesses one eigenvalue that is a positive real number.
By Lemma 1, we can obtain E1 is unstable.

Theorem 5. The planar equilibrium point E2 = (ẍ1, 0, ẍ3) is locally asymptotically stable if one of
the following conditions holds:

(1) r2 + φ2 ẍ3 < b2 ẍ1
1+c2 ẍ1

, ϵ1 ≥ 0, ϵ0 > 0.

(2) r2 + φ2 ẍ3 < b2 ẍ1
1+c2 ẍ1

, ϵ1 < 0, ϵ2
1 − 4ϵ0 < 0, | tan−1(

√
4ϵ0−ϵ2

1
ϵ1

)| > πξ
2 .

where the parameters ϵ1 and ϵ0 are defined in the proof.

Proof. For the system under consideration, the Jacobian matrix corresponding to equilib-
rium E2 is presented below:

J(E2) =

β1 β2 β3

0 β4 0
β5 β6 β7

,

where

β1 = r1 − 2a1 ẍ1 + φ1 ẍ3, β2 = − b1 ẍ1
1+ẍ1

, β3 = φ1 ẍ1,
β4 = r2 − b2 ẍ1

1+c2 ẍ1
+ φ2 ẍ3, β5 = φ3 ẍ3, β6 = φ4 ẍ3, β7 = r3 − 2a3 ẍ3 + φ3 ẍ1.

For J(E2), the associated characteristic equation is formulated as below:

(λ − β4){(λ − β1)(λ − β7)− β3β5} = 0. (8)

Obviously λ1 = β4, then λ1 > 0 if r2 + φ2 ẍ3 > b2 ẍ1
1+c2 ẍ1

. See that

|arg(λ1)| = 0 <
πξ

2
. (9)

Therefore, regardless of the signs of the other two eigenvalues, E2 is always unstable. Now,
assuming the condition r2 + φ2 ẍ3 < b2 ẍ1

1+c2 ẍ1
is satisfied, the remaining two eigenvalues are

obtained from solving the following quadratic equation:

(λ2 + ϵ1λ + ϵ0) = 0, (10)

where ϵ1 = −(β1 + β7), ϵ0 = β1β7 − β3β5. By solving (10), we have

λ2,3 =
−ϵ1 ±

√
ϵ2

1 − 4ϵ0

2
. (11)

Case I: Assume ϵ1 ≥ 0 and ϵ0 > 0. There are three sub-cases to consider here.

(a) If ϵ1 = 0, the roots of Equation (10) are two complex conjugate eigenvalues λ2 =
√

ϵ0i, λ3 = λ2 and Re(λ2) = Re(λ3) = 0. Obviously

|arg(λ2,3)| =
π

2
>

πξ

2
. (12)
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(b) If ϵ1 > 0 and ϵ2
1 − 4ϵ0 ≥ 0, then the eigenvalues are negative real values λ2 < 0 and

λ3 < 0. Hence

|arg(λ2,3)| = π >
πξ

2
. (13)

(c) If ϵ1 > 0 and ϵ2
1 − 4ϵ0 < 0, we obtain a pair of complex conjugate eigenvalues

λ2 = − ϵ1
2 +

√
4ϵ0−ϵ2

1
2 i, λ3 = λ2 and Re(λ2) = Re(λ3) < 0. Then we have

|arg(λ2,3)| >
πξ

2
. (14)

According to Lemma 1, the planar equilibrium point E2 of system (4) is locally asymptoti-
cally stable as ϵ1 ≥ 0 and ϵ0 > 0. Case II: For the conditions ϵ1 < 0, ϵ2

1 − 4ϵ0 < 0 ensure
that the eigenvalues are complex numbers with strictly positive real parts. To determine

the local stability of E2, it is also satisfy the last condition | tan−1(

√
4ϵ0−ϵ2

1
ϵ1

)| > πξ
2 . We

can obtain

|arg(λ2,3)| = | tan−1(

√
4ϵ0 − ϵ2

1

ϵ1
)| > πξ

2
. (15)

6. Hopf Bifurcation
In this section, we aim to establish the thresholds for Hopf bifurcation with time

delays employed as bifurcation parameters. For the sake of convenience, we introduce the
following transformation:

y1(t) = x1(t)− x∗1 , y2(t) = x2(t)− x∗2 , y3(t) = x3(t)− x∗3 ,

and system (4) turns into:

cDξ
t y1(t) = (y1(t) + x∗1)

[
r1 − a1(y1(t) + x∗1)−

b1(y2(t − τ) + x∗2)
1 + c1(y2(t − τ) + x∗2) + (y1(t − τ) + x∗1)

+ φ1(y3(t) + x∗3)
]
,

cDξ
t y2(t) = (y2(t) + x∗2)

[
r2 − a2(y2(t) + x∗2)−

b2(y1(t − τ) + x∗1)
1 + c2(y1(t − τ) + x∗1) + (y2(t − τ) + x∗2)

+ φ2(y3(t) + x∗3)
]
,

cDξ
t y3(t) = (y3(t) + x∗3)[r3 − a3(y3(t) + x∗3) + φ3(y1(t) + x∗1)

+ φ4(y2(t) + x∗2)]. (16)

Let E∗ = (x∗1 , x∗2 , x∗3 , ) be the positive equilibrium of system (16). We linearize the nonlinear
vector field around E∗ by computing the Jacobian matrix

J =
( ∂Fi

∂yj

)
i.j=1,2,3.

Using the structure of the Beddington–DeAngelis functional response and evaluating at E∗,
we obtain the partial derivatives step by step:

For the first equation:

∂F1

∂y1
= −a1x∗1 +

b1x∗1 x∗2
(1 + c1x∗2 + x∗1)

2 ,
∂F1

∂y2
= −

b1(x∗1 + 1)x∗1
(1 + c1x∗2 + x∗1)

2 ,
∂F1

∂y3
= φ1x∗1 .

https://doi.org/10.3390/fractalfract10030176

https://doi.org/10.3390/fractalfract10030176


Fractal Fract. 2026, 10, 176 12 of 20

For the second equation:

∂F2

∂y1
= − b2(x∗2 + 1)x∗2

(1 + c2x∗1 + x∗2)
2 ,

∂F2

∂y2
= −a2x∗2 +

b2x∗1 x∗2
(1 + c2x∗1 + x∗2)

2 ,
∂F2

∂y3
= φ2x∗2 .

For the third equation:

∂F3

∂y1
= φ3x∗3 ,

∂F3

∂y2
= φ4x∗3 ,

∂F3

∂y3
= −a3x∗3 .

We denote these partial derivatives evaluated at E∗ by

qij =
∂Fi
∂yj

∣∣∣∣
E∗

, i, j = 1, 2, 3.

Then the linearized system corresponding to (16) is given by

cDξ
t y1(t) = q11y1(t) + q12y1(t − τ) + q13y2(t − τ) + q14y3(t),

cDξ
t y2(t) = q21y1(t − τ) + q22y2(t) + q23y2(t − τ) + q24y3(t),

cDξ
t y3(t) = q31y1(t) + q32y2(t) + q33y3(t),

(17)

where each coefficient qij is explicitly expressed in terms of the equilibrium values x∗1 , x∗2 , x∗3
and model parameters. This completes the transparent derivation of the linearized system.
With respect to the Hopf bifurcation of system (17), we first present the following lemma.

Lemma 3. When τ = 0, if one of the following assumptions is satisfied:

(H1): D(p) > 0, Λ1 > 0, Λ3 > 0 and Λ1Λ2 > Λ3.
(H2): D(p) < 0, Λ1 ≥ 0, Λ2 ≥ 0, Λ3 > 0, ξ < 2/3.
(H3): D(p) < 0, Λ1 > 0, Λ2 > 0, Λ1Λ2 = Λ3 for all ξ ∈ [0, 1).

Then the positive equilibrium point E3 = (x∗1 , x∗2 , x∗3) is locally asymptotically stable, where
p(λ) = λ3 + Λ1λ2 + Λ2λ + Λ3, D(p) is the discriminant of a polynomial p(λ),

D(p) = −det


1 Λ1 Λ2 Λ3 0
0 1 Λ1 Λ2 Λ3

3 2Λ1 Λ2 0 0
0 3 2Λ1 Λ2 0
0 0 3 2Λ1 Λ2


= 18Λ1Λ2Λ3 + (Λ1Λ2)

2 − 4Λ3Λ2
1 − 4Λ2

2 − 27Λ2
3,

and

Λ1 = − (q11 + q12 + q22 + q23 + q33),

Λ2 = (q11 + q12)(q22 + q23) + (q11 + q12)q33 + (q22 + q23)q33

− q24q32 − q13q21 − q14q31,

Λ3 = − (q11 + q12)(q22 + q23)q33 + (q11 + q12)q24q32 + q13q21q33

− q13q24q31 − q14q21q32 + q14q31(q22 + q23).

Proof. For τ = 0, the coefficient matrix Ψ of system (17) is given by:

Ψ =

q11 + q12 q13 q14

q21 q22 + q23 q24

q31 q32 q33

,
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the characteristic equation is

λ3 + Λ1λ2 + Λ2λ + Λ3= 0,

If any one of the assumptions (H1–H3) holds, it can be verified via the Routh-Hurwitz
criterion that all eigenvalues of system (17) have strictly negative real parts. Consequently,
the equilibrium point E3 is locally asymptotically stable.
Then, by Definition 3, taking Laplace transform in system (17) yields:

sξL[y1(t)]− sξ−1ϕ1(0) = q11L[y1(t)] + q12e−sτ
(
L[y1(t)] +

∫ 0
−τ e−stϕ1(t)dt

)
+q13e−sτ

(
L[y2(t)] +

∫ 0
−τ e−stϕ2(t)dt

)
+ q14L[y3(t)],

sξL[y2(t)]− sξ−1ϕ2(0) = q21e−sτ
(
L[y1(t)] +

∫ 0
−τ e−stϕ1(t)dt

)
+ q22L[y2(t)]

+q23e−sτ
(
L[y2(t)] +

∫ 0
−τ e−stϕ2(t)dt

)
+ q24L[y3(t)],

sξL[y3(t)]− sξ−1ϕ3(0) = q31L[y1(t)] + q32L[y2(t)] + q33L[y3(t)],

which becomes

sξF1(s) = (q11 + q12e−sτ)F1(s) + q13e−sτF2(s) + q14F3(s),

sξF2(s) = q21e−sτF1(s) + (q22 + q23e−sτ)F2(s) + q24F3(s),

sξF3(s) = q31F1(s) + q32F2(s) + q33F3(s),

(18)

in which,
F1(s) = L[y1(t)], F2(s) = L[y2(t)], F3(s) = L[y3(t)].

The characteristic matrix ∆(s) of linear system (17) is

∆(s) =

sξ − q11 − q12e−sτ −q13e−sτ −q14

−q21e−sτ sξ − q22 − q23e−sτ −q24

−q31 −q32 sξ − q33

.

Then the corresponding characteristic equation can be written as

A(s) + B(s)e−sτ + C(s)e−2sτ = 0. (19)

Multiplying esτ on both sides of (19), it is easy to get that

A(s)esτ + B(s) + C(s)e−sτ = 0, (20)

where A(s) = s3ξ + A1s2ξ + A2sξ + A3, B(s) = B1s2ξ + B2sξ + B3, C(s) = C1sξ + C2,
and A1 = −(q11 + q22 + q33), A2 = q22q33 + q11q22 + q11q33 − q24q32 − q14q31, A3 =

−q11q22q33 + q24q32q11 + q14q22q31, B1 = −(q12 + q23), B2 = q12q22 + q12q33 + q23q11 +

q23q33, B3 = −q12q22q33 − q13q24q31 + q12q24q32 − q23q11q33 − q21q32q14 + q14q23q31, C1 =

q12q23 − q13q21, C2 = −q12q23q33 + q13q21q33.
Next, the bifurcation behavior of system (4) will be investigated based on the following
analysis.
Assume that s = iω = ω

(
cos π

2 + i sin π
2
)
(ω > 0) is a purely imaginary root of

Equation (20). Then, separating the real and imaginary parts yields:Re[A(iω) + C(iω)] cos(ωτ)− Im[A(iω)− C(iω)] sin(ωτ) = −Re[B(iω)],

Im[A(iω) + C(iω)] cos(ωτ) + Re[A(iω)− C(iω)] sin(ωτ) = −Im[B(iω)],
(21)
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where

Re[A(iω)] = ω3ξ cos
3πξ

2
+ A1ω2ξ cos(πξ) + A2ωξ cos

πξ

2
+ A3,

Re[B(iω)] = B1ω2ξ cos(πξ) + B2ωξ cos
πξ

2
+ B3,

Re[C(iω)] = C1ωξ cos
πξ

2
+ C2,

Im[A(iω)] = ω3ξ sin
3πξ

2
+ A1ω2ξ sin(πξ) + A2ωξ sin

πξ

2
,

Im[B(iω)] = B1ω2ξ sin(πξ) + B2ωξ sin
πξ

2
,

Im[C(iω)] = C1ωξ sin
πξ

2
.

Solving Equation (21) yields the following solution:

g1(ω) = cos(ωτ) = −T3T5 + T2T6

T1T5 + T2T4
,

g2(ω) = sin(ωτ) =
T3T4 − T1T6

T1T5 + T2T4
,

(22)

where

T1 = Re[A(iω) + C(iω)], T2 = Im[A(iω)− C(iω)], T3 = Re[B(iω)],

T4 = Im[A(iω) + C(iω)], T5 = Re[A(iω)− C(iω)], T6 = Im[B(iω)].

From (22), we obtain
g2

1(ω) + g2
2(ω) = 1. (23)

Assume that Equation (23) has r positive real roots ωj, j = 1, 2, · · · , r. Then we obtain

τ
(k)
j =

1
wj

[arccos ϕ1(ωj) + 2kπ], k = 0, 1, 2, · · · , j = 1, 2, · · · , r. (24)

The bifurcation point is defined as

τ0 = min{τ
(k)
j }, k = 0, 1, 2, · · · , j = 1, 2, · · · , r. (25)

To derive the condition for the occurrence of Hopf bifurcation, we introduce the following
assumption.

(H4): M1N1 + M2N2 > 0.

Based on the aforementioned analysis and assumption (H4), we present the following
result.

Lemma 4. If (H4) holds, let s(τ) = ς(τ) + iω(τ) be the root of Equation (20) near τ = τ0 and
satisfies ς(τ0) = 0, ω(τ0) = ω0. Then the following transversality condition holds

Re
[

ds
dτ

]−1

s=iw0,τ=τ0

> 0.

Proof. Differentiating both sides of Equation (20) with respect to τ yields:(
ds
dτ

)−1
=

A′(s)esτ + B′(s) + C′(s)e−sτ

C(s)e−sτs − A(s)esτs
− τ

s
. (26)
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Let s = iω0, τ = τ0, Equation (26) can be written as(
ds
dτ

)−1

s=iω0,τ=τ0

=
M1 + iM2

N1 + iN2
− τ0

iω0
, (27)

where

M1 = 3ξω
3ξ−1
0 cos(

(3ξ − 1)π
2

+ ω0τ0) + 2ξ A1ω
2ξ−1
0 cos(

(2ξ − 1)π
2

+ ω0τ0)

+ ξ A2ω
ξ−1
0 cos(

(ξ − 1)π
2

+ ω0τ0) + 2ξB1ω
2ξ−1
0 cos(

(2ξ − 1)π
2

+ ξB2ω
ξ−1
0 cos(

(ξ − 1)π
2

+ ξC1ω
ξ−1
0 cos(

(ξ − 1)π
2

− ω0τ0),

N1 = C1ω
ξ+1
0 cos(

(ξ + 1)π
2

− ω0τ0) + C2 cos(
π

2
− ω0τ0)

+ ω
3ξ+1
0 cos(

(3ξ + 1)π
2

+ ω0τ0) + A1ω
2ξ+1
0 cos(

(2ξ + 1)π
2

+ ω0τ0)

+ A2ω
ξ+1
0 cos(

(ξ + 1)π
2

+ ω0τ0) + A3ω0 cos(
π

2
+ ω0τ0),

M2 = 3ξω
3ξ−1
0 sin(

(3ξ − 1)π
2

+ ω0τ0) + 2ξ A1ω
2ξ−1
0 sin(

(2ξ − 1)π
2

+ ω0τ0)

+ ξ A2ω
ξ−1
0 sin(

(ξ − 1)π
2

+ ω0τ0) + 2ξB1ω
2ξ−1
0 sin(

(2ξ − 1)π
2

+ ξB2ω
ξ−1
0 sin(

(ξ − 1)π
2

+ ξC1ω
ξ−1
0 sin(

(ξ − 1)π
2

− ω0τ0),

N2 = C1ω
ξ+1
0 sin(

(ξ + 1)π
2

− ω0τ0) + C2 sin(
π

2
− ω0τ0)

+ ω
3ξ+1
0 sin(

(3ξ + 1)π
2

+ ω0τ0) + A1ω
2ξ+1
0 sin(

(2ξ + 1)π
2

+ ω0τ0)

+ A2ω
ξ+1
0 sin(

(ξ + 1)π
2

+ ω0τ0) + A3ω0 sin(
π

2
+ ω0τ0).

Then it is easy to see

Re
[

ds
dτ

]−1

s=iw0,τ=τ0

=
M1N1 + M2N2

N2
1 + N2

2
> 0.

Based on the aforementioned discussions and the two lemmas, we draw the following
conclusion.

Theorem 6. Assume that (H4) holds. Then the following results about system (4) are established:

(i) The equilibrium point E3 is locally asymptotically stable for τ ∈ (0, τ0).
(ii) For τ > τ0, the equilibrium point E3 of system (4) is unstable.
(iii) System (4) undergoes a Hopf bifurcation at E3 when τ = τ0.

7. Numerical Simulations
In this section, we aim to validate the theoretical analyses presented in the preceding

sections and elucidate the combined effects of fractional order and time delay on the
stability of system (4).

Consider the following parameters:

r1 = 1.8, a1 = 0.32, b1 = 1.8, c1 = 0.4, φ1 = 0.35, r2 = 1.4, a2 = 0.28,

b2 = 2.0, c2 = 0.35, φ2 = 0.45, r3 = 0.3, a3 = 0.7, φ3 = 0.25, φ4 = 0.15.

By performing a direct calclation, we find that (H1–H4) are satisfied for the given
parameters. In addition, for r3, a3, φ3, φ4 > 0, we confirm the coexistence of the equilibrium
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point using both analytical and numerical approaches. By further calculation, we obtain a
positive equilibrium point:

E3 = (5.318, 7.988, 4.039).

In addition, the initial values are taken as x1(0) = 1.2, x2(0) = 1.0, x3(0) = 0.8.

Example 1. Influence of memory parameter ξ on the dynamical behaviour of the system (4).

We assume τ = 0. Figure 2a–c presents the time series of solutions for system (4) under
three distinct values of the fractional order ξ. A smaller ξ results in enhanced stability
and a faster convergence rate, whereas a larger ξ induces more intense oscillations and a
slower convergence rate. Since a smaller ξ denotes stronger memory effects, these findings
indicate that an increase in memory effects contributes to a wider stability region of the
system. This phenomenon is rooted in the memory mechanism of the Caputo fractional
derivative and the characteristic root stability criterion (Lemma 1). Physically, ξ ∈ (0, 1)
measures the system’s nonlocal time memory intensity: a smaller ξ implies stronger global
memory that integrates historical dynamical information, acting as a regularization term to
suppress perturbation amplification and damp oscillations. Mathematically, the stability
condition |arg(λi)| > ξπ

2 means a smaller ξ narrows the unstable root sector in the complex
plane and expands the stable root domain. This directly enlarges the stability region in
the parameter space and boosts the system’s perturbation robustness, consistent with the
numerical results in Figure 2.
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Figure 2. Time series diagram of x1(t), x2(t), and x3(t) of system (4) at E3 with τ = 0 when
ξ = 0.86, 0.92, 0.98, where (a) denotes the time series diagram of x1(t); (b) denotes the time series
diagram of x2(t); (c) denotes the time series diagram of x3(t).

Example 2. The impact of time delays on the stability and Hopf bifurcation of the system (4).

Under the parameter values ξ = 0.90 and τ = 0, the system dynamics are locally
asymptotically stable at equilibrium E3, as shown in Figure 3. Furthermore, we consider τ

as a bifurcation parameter. For ξ = 0.90 and with the other parameters are same as above,
the critical bifurcation value τ0 = 2.05 is calculated from Equations (23) and (24). The
corresponding bifurcation diagram for the parameter τ is shown in Figure 4a–c.

0 50 100 150 200 250 300 350 400 450 500

t

0

2

4

6

8

10

12

v
a
lu

e
s
 o

f 
x

1
,x

2
,x

3

x
1

x
2

x
3

(a)
1 2 3 4 5 6 7 8 9 10

x
1

1

2

3

4

5

6

7

8

9

10

11

x
2

(b)
1 2 3 4 5 6 7 8 9 10

x
1

0

1

2

3

4

5

6

x
3

(c) (d)

Figure 3. Local asymptotic stability diagram of system (4) at E3 with ξ = 0.90 and τ = 0, where
(a) denotes the stable time series diagram of x1(t), x2(t), and x3(t); (b) denotes the stable planar
phase diagram of x1(t), x2(t); (c) denotes the stable planar phase diagram of x1(t), x3(t); (d) denotes
the stable space phase diagram of x1(t), x2(t), x3(t).
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Figure 4. Bifurcation phase diagram of system (4) with respect to the time delay τ when ξ = 0.90. In
(a–c), the Hopf bifurcation occurs at the critical point τ0 = 2.05.

Numerical analysis for ξ = 0.90 yields a critical delay τ0 = 2.05. It is easy to confirm
that (H4) holds. From Theorem 5, the equilibrium point E3 = (5.318, 7.988, 4.039) is
asymptotically stable when the time delay τ = 1.95 < τ0, as numerically demonstrated
in Figure 5a–f. Conversely, when τ = 2.25 > τ0, the equilibrium E3 = (5.318, 7.988, 4.039)
becomes unstable and a Hopf bifurcation occurs, which is illustrated in Figure 6a–f.
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Figure 5. Time series and phase diagram of x1(t), x2(t) and x3(t) when ξ = 0.90, τ = 1.95. Panels
(a–f) show the stable phase diagrams of x1(t), x2(t), and x3(t) for ξ = 0.90 and τ = 1.95.
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Figure 6. Time series and phase diagram of x1(t), x2(t) and x3(t) when ξ = 0.90, τ = 2.25. Panels
(a–f) show the unstable phase diagrams of x1(t), x2(t), and x3(t) for ξ = 0.90 and τ = 2.25.

8. Conclusions
This study examines a fractional-order Lotka–Volterra system with delay that incorpo-

rates both competitive and cooperative interactions. First, we prove the boundedness and
uniqueness of the solutions. Through numerical simulations, we systematically explain the
influence of the delay τ and fractional order ξ on the stability and bifurcation behavior of
the system. When the delay exceeds the critical threshold τ0, the system undergoes a Hopf
bifurcation and produces periodic oscillations. Notably, compared with the integer-order
system, the fractional-order system exhibits a wider stability region when the order ξ is ap-
propriately reduced, which mainly results from its inherent memory-dependent properties.

In-depth comparison with integer-order (ξ = 1) competitive–competitive–cooperative
systems [12,13] and Holling type II functional response systems [42] reveals distinct dy-
namical advantages of our model: integer-order systems have a narrower stability region
and smaller critical τ0, while our fractional-order system exhibits a wider stability region
and damped oscillation characteristics after bifurcation; the B-D response avoids the unre-
alistic infinite growth of Holling type II at high species densities, and its interference terms
weaken interspecific competition to further enhance system stability.

In addition, the combination of fractional order ξ = 1, delay τ and B-D response
introduces three unique dynamical features: (1) ξ = 1 acts as a stability regulator for
delay-induced Hopf bifurcation, with a smaller ξ = 1 increasing τ0 and compensating for
delays destabilizing effect; (2) B-D interference terms nonlinearly modulate the memory
effect of ξ = 1 and the sensitivity of the system to ξ = 1; (3) the amplitude and frequency
of post-bifurcation oscillations are jointly determined by ξ = 1, τ and B-D parameters,
differing from the fixed oscillatory features in integer-order Holling II systems [42].

Although this study establishes a theoretical framework for system stability and
bifurcation, several limitations require further investigation. First, the treatment of the time
delay in the model is relatively idealized and does not consider the multiple delay effects
that may exist in different ecological processes. Second, this research primarily focuses
on competitive and cooperative interactions, whereas real ecosystems often involve more
complex coexistence of multiple interaction types. Therefore, future research will focus
on developing a theoretical framework for multi-delay dynamics, analyzing the dynamic
patterns of coupled ecological interactions, and investigating the stability and bifurcation
behavior of fractional-order stochastic systems.
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