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Abstract

In the present work we introduce an appropriate definition of the notion of a Lagrange
(formal) adjoint system for homogeneous systems with incommensurate-order derivatives
in Caputo’s sense and distributed delays. Under natural conditions, the existence and
uniqueness of the adjoint fundamental matrix for these systems are proven, and an explicit
relation between the resolvent of the formal adjoint system and the adjoint fundamental
matrix is established. A generalization of the well-known Halanay relation is also intro-
duced and proven. Furthermore, an explicit relation between the fundamental matrix and
its adjoint fundamental matrix is established.

Keywords: distributed delay; linear fractional system; Lagrange adjoint system; Caputo
fractional derivative; fractional derivative in Caputo’s sense

MSC: 34A08; 34A12; 34D20

1. Introduction

Nowadays, the theory of fractional differential equations is the subject of intensive
research. This is due to the fact that they have proved to be an important tool in modelling
real-world processes, due to the possibility of more accurate representation using the
memory contained in the definition of fractional derivatives. Comprehensive information
on the theory of fractional calculus and differential equations can be found in the excellent
monographs of Kilbas et al. [1], Podlubny [2], and Hilfer [3]. In Jiao et al. [4], fractional
differential equations with distributed order are considered. For the theory and applications
of impulsive fractional differential equations we refer to Stamova and Stamov [5]. For
a good overview of the modern scope of investigations we recommend [6-8], and for
practical applications in modern optimization we recommend [9], in physics [10,11], and in
neural networks [12].

In the present work, we consider linear systems with incommensurate-order fractional
derivatives in the sense of Caputo and distributed delays. The reason we have studied
distributed delay systems is that this type of delay, according to Riesz’s theorem, includes
as special cases all types of delays (constant, variable, etc.) and therefore the results we
have obtained will be applicable to all types of delays.
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Inspired by the integer case (by integer case we mean delayed systems with first-order
derivatives), here we consider a Lagrange (formal) adjoint system for a homogeneous
delayed linear fractional system. The main challenge of conducting these investigations
in the fractional case is the presence of two major obstacles of principal character that
must be overcome. The first is the loss of key properties of the first-order derivative, in
terms of its locality and symmetry, as well as the important Leibniz rule. The second is
the non-determinism, caused by the fact that, in general, a shift in the lower terminal
of the fractional derivatives leads to different results, which is in contrast with the case
of deterministic systems described by integer-order differential equations. For example,
the study of backward continuation of the solutions of delayed linear fractional systems and
their corresponding Lagrange (formal) adjoint systems leads to the necessity to investigate
the properties of fractional differential equations with a deviating argument of the advanced
type. Moreover, even in the integer case, the continuation problem has features not found in
ordinary differential equations, as shown by Myshkis [13]. For a good historical overview
of integer (first)-order systems with delays and the themes studied in the present article, we
recommend the monographs of Halanay [14], Hale et al. [15], and Kolmanovskii et al. [16].

The explanations above explain the absence of results concerning formal adjoint
systems for fractional equations or systems with delays. According to our knowledge,
Ref. [17] is the first paper containing such results for delayed fractional systems, mainly
related to the backward continuation of the solutions.

The article is organized as follows. Section 2 includes an overview of the definitions
and basic properties of the left- and right-side Riemann-Liouville fractional integrals and
derivatives, as well as of the Caputo left- and right-side fractional derivatives. The same
section also presents the statement of the problem and some notation and results used in
the article. In Section 3, following [17], we introduce a formal (Lagrange) adjoint system
for the homogeneous system and establish that the final problem (FP) for the adjoint
system possesses a unique solution called the adjoint fundamental matrix. An explicit
relation between the resolvent of the formal adjoint system and the adjoint fundamental
matrix is established too. In Section 4, a generalization for the fractional case of the
well-known relation established by A. Halanay in [14] for delayed systems with integer
(first)-order derivatives is also introduced and proven. Furthermore, in the same section,
an explicit relation between the fundamental matrix and its adjoint fundamental matrix
is also established. Some examples are presented in Section 5. Section 6 is devoted to
comments and conclusions.

2. Preliminaries and Problem Statement

In this section, for readers’ convenience, we present the notation used and recall the
definitions of Riemann-Liouville and Caputo fractional derivatives, with some of their
required properties, following the books [1,2]. Moreover, we also present some auxiliary
results that are used in the exposition below.

With Llloc (R,R), we denote the linear spaces of all locally Lebesgue-integrable functions
f:R — Rand by BLI(R,R) C L{(R,R) its subspace of all locally bounded functions.

For arbitrary a,b € R, g € (0,1] and any g € LI°°(R,R), we define the left- and right-
sided fractional integral operators, Riemann-Liouville, and Caputo fractional derivatives
of order q € (0,1) via the equalities

t
(1.8)(0) = g1y [ (6= )du, DL g(t) = L))

DY, g(t) =" DY, [g(v) — g(@))(t), t > a
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T TI(p)

Dj_g(t) =Rt Dj_[g(v) = g(B)](t),t < b
Dy, g(t) = Dy_g(t) = g(b).

The notations R = (0,00), J, = [4,00), 9 = (q1,---,qu),9x € (0,1],k € (n) ={1,2,...,n}
will be used in the following; also, for any # € N the real linear space of the square matrices is
denoted by R**", where I, ® € R"*" are the identity and zero matrix, respectively, and 0 € R"
denotes the zero vector-column and R"" = (R") (the symbol T means transposition).

For W(t,0) = {wk]-(zf,e)},’j’j:1 :R xR — R"™" we denote by |W(t,0)| = Zﬁjzl |wj(t,0)] a
Euclidean norm in R"*" for any fixed (t,8) € R?, and by BVY¢(R x R, R"*") = BV!°¢ we
denote the linear space of the matrix-valued functions W(t, §) with bounded variation in 6

b
1 d, 1-
(1)) = gy [ v =07 s)av, *D] g(6) = (1, )s (1),
t

on every compact interval [c,d] C R forany t € R; i.e., Var| 4 W(t, Z Var (. gwy;(t, -).
k,j=1
The notation Ig(Y(t)) = diag((y1(t))P1, ..., (yu(t))Pr) is used for any

y(t) = @),y ()R =R, (y(8) = (v (1), y"(H): R=RY),

B=(B1 -, Bu) Bx € [-1,1], k € (n).

Let i > 0 be arbitrary. The Banach space BL of vector functions

o= (¢1,...,00)": [=h,0] = R"

consists of all vector functions that are bounded and Lebesgue-measurable on the interval
n

[—h,0], withnorm [[¢|| = ) sup [gk(s)| < co. With PCo¢ (PAC!¢ ) we denote the real
k=1s€[—h,0]
linear space of vector functions ¢ = (¢1,...,¢,)T: R — R", which are piecewise continu-
ous (piecewise absolutely continuous) over any compact interval [a, b] C R. This means that
any function can be broken down into a finite number of separate continuous (absolutely
continuous) pieces. In addition, PAC = PAC'"([—h,0],R") and PC = PC"¢([—h,0],R").
With Cj, we denote the Banach space of row-valued functions ¢: R — R"", where
¢ : BV([~h,0],R"") and norm ||¢||y = Var(_j,q9(-), which satisfy the following conditions:
(i) 1 is left-continuous on (—h,0);
(i) ¥(s) = ¥(—h),s € (—oo,—h] and P(0) = 07,0 € R.
Then, for arbitrary fixed ¢ € R, with C; we denote the real linear space of all vector functions:
y(sit) = (ya(sit), ..., yn(s;t)): R = R™y(s;t) € C((—oo, t],R™)
with y(—0) := y(t — 8) = ¢(6) for some (0) € C;,0 € [—h,0], y(s) = 0T fors € (t + h, ).
Let a € R, h > 0 be arbitrary fixed numbers and consider for t > a the following

inhomogeneous fractional linear delayed system with Caputo-type derivatives of incom-
mensurate orders and distributed delays,

0
Di,x(t) = [ [dol(t,0)Jx(t+6) + £, (1)
with an initial condition for each ¢ € BL as follows:

xa(0) =x(a+0) =¢(0) for —h<6<0, ()
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where D/, = diag(cDI,...,cD!"), DI, x(t) = (DI . x1(t),..., DI x,())T (the symbol T
means transposition), D/ x;(t) = Dﬂxk( ), ke (n)= {1,2, coontx, fi R—RY
x(t) = (11(8), -, 20 ()T, F(8) = (A(E), o, fult)T, f € LIF(R,RY), and x:(6) = x(t +0),
—h<6<0.

Everywhere below, we will assume that the kernel U(t,8) € BL"¢ and its Lebesgue
decomposition in 6 has the form

U(t,0) = WM (1,8) + U"(t,0) + U°(L,0)

with U (t,0) = Y U"(t,6),i € (m)y={0,1,...,m}, m € N, where U (t,0), U"(t,0),
ie(mg
and U*(t,0) are the jump, absolutely continuous, and singular parts, respectively, in the

decomposition. Note that the integral in (1) is understood in the Lebesgue-Stieltjes sense
for any ¢ € BL.

Remark 1. The initial condition (2) means that the function t — x(t), t € ], is considered as a
prolongation from right of the function t — ¢(t —a) for t € J,.

The corresponding homogeneous system of (1) (i.e., when f(t) = 0, t € R) written in
detail for any k € (1) has the form

D7 x (2 / xi (t+ 8)dgu (¢, 9)) 3)
6

i

Definition 1 ([14-16]). We say that for the kernel U: R x R — R™*", conditions (S) are fulfilled
if for each (t,0) € R x R = R? and for any partition 0 = 0y < 01 < 03 < ... < 0 = h of [0, h]
the following conditions hold:

(S1) The functions U} (t,6), U™ (t,0), U%(t,0),i € (m),, m € N are measurable in (t,0) € R x R,
continuous from left in 6 on (—h,0), normalized so that for 6 > 0 the following equality is satisfied:
Ul(t0) = Uac(t,0) = Us(t,0) = ©, 1" (t,0) = U"(t, —0;) for § < —0;, where 0;(t) € C(R, [0, 7)),
0 = I}SRXU,»(t), and U (t,0) = U (t, —h) and U°(t,0) = U°(t, —h) when 6 < —h.

(S2) The functions w*(t,0), u(t,0),u(t,0) € BL¢(],,[0,00)), and
u(t) = wh(t) + u(t) + u(t),
where

W'ty =Y ul"(t)= Y sup

i (m) ie(m) nelat]

7

Var| ul(n,)

W(t) = sup |Var_,qU"(y, )
nelat]

7

u®(t) = sup ‘Var[_h,o]us(iy,-)’.
n€lat]

(83) UL" (t,0) = {a (VH(0 -+ 03(1) 1y, A() = {a (1)}, € BLI“(RR™"), where H(t) is

ac(
the Heaviside function and the matrix ou™(,0) = 9U"(-,0) = A.(-,0) € BLY¢(R,R™"),
(S4) [18] The following relations hold:
0 0
lim |U;(t,0) — U;(t*,0)|d0 =0, lim / U (t,0) — U (t*,0)|dé = 0,
ey t=t+
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0
lim [ U (1,0) — U*(+,0)[d0 = 0

t—t* J—

for each t* € J,. For any ¢ € BL we denote the set of all its jump points by Sy, and assume that the
sets Siﬂ = {t € Ju|t — 0i(t) € Sy} do not have limit points.

Note that for any ¢ € PC(PAC) the set S is at most finite, and from Condition (S4) it
follows that the sets Siy, (b) = {t € [a,a + b]|t — 0;(t) € S} are also finite or empty for all

i€ (m).

Remark 2. In many works, instead of condition (S4), the authors suppose that the kernels U]lf(t, 0)
are continuous in t, which excludes from consideration the case of systems with variable concentrated
delays (see [18]), which is important for applications.

Definition 2. The vector function x(t;a, ¢, f) = (x1(t),...,x,(t))T is a solution of the initial
problem (IP) (1), (2) in ], for some ¢ € BLif x(t;a, ¢, f) € C(Ja, R") satisfies the system (1) for
all t € (a,00) and the initial condition (2) too. (When misunderstanding is not possible, we will
write only x(t).)

Applying to both sides of (1) the left-sided fractional integral operator I, , we obtain
the following auxiliary system:
0
I

()= 9(0) + La(T@) ([ a0 =) [ dolt(s,0)1x(s 4 0)ds + [ fya(t-97(6)as), @
where I_1(T(q)) = diag(T~(q1),.-.,T 1 (qn))-

Definition 3. The vector function x(t) = (x1(t),...,x,(t))7 is a solution of IP (4), (2) in ], if
x(t) € C(Ja, R") satisfies system (4) for all t € (a, o) and the initial condition (2) too.

In our exposition below, we need some auxiliary results when the initial function ¢ is
discontinuous, i.e., ¢ € BL, stated in the theorem below:

Theorem 1 (see [19]). Let the following conditions hold:

1.  Conditions (S) hold.
2. The function f € BLI°(J,, R").

Then, for an arbitrary fixed initial point a € R the following statements hold:
(i) Every solution x(t;a, ¢, f) of IP (1), (2) is a solution of IP (4), (2) and vice versa.
(ii) For any initial function ¢ € BL and f € BL¢(J,,R"), IP (4), (2) has a unique solution

in J,.

For any | € (n), define the following initial functions: ¢} € PC, ¢},(6) : [~h,0] — R"
with ¢(0) = I' (where I' is the I-th column of the identity matrix I € R"*" and ¢},(6) = 0
for 6 € [—1,0).

Lets € R be an arbitrary fixed point and be the low terminal and initial point. Consider
for t > s IP (4), (2) in the homogeneous case of (4) (i.e., when f(t) = 0, t € R) with initial
function ¢(0) = ¢ (t —s) € PC,0 =t —s € [~h,0],1 € (n) as follows:

Cl(t,s) = Cl(t;s,¢',0) =
[ ! 0 I 5)
= + LA @) ([ =) [ dati(1,0]1C 746,90 )1 € (5,)

and
Cl(0,s) = Cl(s+6,s) = ¢h(8), 0=s—tec[—h0]. (6)
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Corollary 1. Let conditions (S) hold.
Then, IP (5), (6) has a unique solution C'(t,s) for any 1 € (n) and arbitrary fixed
number s € R.

Proof. Since the statement of Theorem 1 holds for any fixed initial point a € R, then the
assertion of Corollary 1 follows immediately from Theorem 1 for any s > a. [

Definition 4 (see [20]). The matrix-valued function
C(t,s) = (C'(t,5),...,C"(t,5) = {CLH(E,S) iyt Ja X R — R

is called a fundamental (or Cauchy) matrix if for any | € (n) its I-th column is a solution of
IP (5), (6).

As usual, everywhere below we will assume that C(t,s) is prolonged as ® when
t € (—oo,s) for arbitrary fixed s € R.

Remark 3. Below, we formulate as a corollary the important properties of the fundamental matrix
C(t,s) needed in our exposition.

Corollary 2 (see [20]). Let the conditions of Theorem 1 hold and f(t) = 0,t € J,.
Then, the following assertions hold:

1. The system (3) and (4) has a unique fundamental matrix C(t,s), which is absolutely
continuous in t on every compact sub-interval of J,, i.e., for any fixed s € R, ie,
C(-5) € ACioc((a,00), R™XM).

2. For any arbitrary fixed initial point a € R and each fixed t > a, C(t,-) : ] — R" is continu-
ous at s € (a,t) U (t,00), right continuous at s = a, left continuous at s = t, and has jumps
of the first kind for s € {a, t}.

3. The fundamental matrix C(t,s) has bounded variation in s on [a, T| for arbitrary T € ], and
its total variation in s on [a, t] is bounded in t, t € [a, T).

Everywhere below in our exposition, we will assume that the conditions of Theorem 1
hold, and when we speak about the integer case we will understand the same form of
systems in which the differentiation orders are g = g2 = ... = g, = 1, i.e., the same
systems with first-order derivatives.

Remark 4. From the results in [19] and [20] it follows that for any initial function ¢ € PC with
¢ € BV([—h,0],R"), or with ¢ € PAC = PAC([—h,0],R"), IP (1), (2) has a forward noncon-
tinuable unique solution x(t;a, ¢, f) € BV'¢(J,, R™) or, respectively, x(t;a, ¢, f) € AC?(J,, R").

3. Formal Adjoint System and Adjoint Fundamental Matrix

This section aims to analyse the applicability of the notion of a formal adjoint system
introduced in [17] for the homogeneous system (3). In addition, we weaken the sufficient
conditions for the existence of the adjoint fundamental matrix, which enlarges the area
of its applicability. We introduce an extension of the approach introduced in [17] that
partially reduces the disadvantages caused by the use of fractional derivatives by losing the
symmetry of differentiation. This approach enables us to establish a relationship between
the formal adjoint fundamental matrix and the resolvent kernel of the adjoint system. It
must be noted that for g; = 1,i € (n), the obtained relation coincides with the well-known
classical relation in the case of delayed systems with first-order derivatives.

It is well known that, as in the integer case, the predominant type of the practically
applicable mathematical models based on fractional-order derivatives and delays are
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considered under the assumption that Lebesgue decomposition of the kernel U(t, 6) has no
singular part, i.e., U*(t,0) = © for (t,0) € R2. The main reason for this assumption is the
lack of a physical interpretation of the singular part. Therefore, the kernel U(t, 6) obtains
the form

Ue)= Y UM(L0)+U™(t,o)= Y A()H(O+0) +/ ALE)AE, L€ Ja (7)

i (mg) i€(mp)

Since H(t) is a scalar function, and the Dirac delta function §(0) can be treated as a
measure, then the following equality holds,

0
/ 5o t+9)d9—/h[dgH(6+(fi)]x(t+9):x(t—ai):

0 0 (8)
/ x(t+ 0)dgH(0 + 07) = / x(t+0)0,(6)d0
_h _
: - , u(t,e)
and hence the partial derivative concerning the second argument of M au(t,0)

has the form
= Y Al )+ Ax(t,0),
i€ (m)
where §(0) is understood as measure.
Thus, for t € J,, taking into account (8), when the kernel U(t,6) is defined via (7), the
system (1) obtains the form

DY x(t) = f; doU(t,)Jx(t + 6) + £()

:]Q [de( y Ai(t)H(e+ai)+fA*(t,§)dé)]X(t+9)+f(t)
—h i 0

0 o
dg <f At C)@‘)

= ¥ Ai(t) [ [deH(0+07)]x(t+6)+ [
ie(mp) —h —h 0

o

x(t+0)+ f(¢)

f Ai(£)6_0,(0)x(t+ 0)d6 + fo Ay (£,0)x(t + 6)d6 + f(1)
—h —h
0

= <2 Ai(D)x(t—0;) + [ Ax(t,0)x(t+0)d6 + f(t)

0) —h

Y Ai(Hx(t—o;) + f At o —t)x(a)do + f(t)

i€ (mo) t—h

For any fixed b € R and each t < b, we define the formal (Lagrange) adjoint kernel of
the kernel (7) via the equality
U.(t,0) =U(t—6,0) (10)

and since U*(t,0) = O for (t,0) € R?, then the kernel U(t,0), according to conditions (S),
is PAC in 6 and hence U, (t,0) defined via (10) obtains the form

0
U(t,0) = Y HE - o)At +a)+ [ (A(t-5,8)de. (1)
0

i€(mo)
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y(t) =Ci— 14

For arbitrary fixed b € R, f(t) =0, t < band y(t) = (y'(t),...,y"(t)) € C; using (10),
we define the formal (Lagrange) adjoint system of system (3) as the following fractional system:

0 0
DJ y(t) = — [ y(t = 0)dgU.(t,6) = — [ y(t—0)dgU(t —6,6)
—h —h
0
=— [ y(t—0)ogU(t—6,6)do
—h 0 (12)
=— ¥ y(it+0)Ai(t+o)— [y(t—0)A.(t—06,0)do
iE(mO> —h
— t+h
= - éS >y(t +0)Ai(s+0;) — [ y(a)As(a,t —a)da
1e(my t

where D] _y(t) = diag(D{* y1(t), ..., D{" yu(t)).
Applying the operator I to both sides of (12), we obtain the formal (Lagrange) adjoint
system of system (3) in the form of a Volterra-type integral system as follows:

T+h
/ (T ( Y yr+aairta)+ [ y(a)A*w,r—a)da) dr, (13)

i€ (my) T

where C, = (c},...,c}) € R" is an arbitrary constant vector.
For any ¢ € Cj, we consider the final condition

yp(—0) :=y(b—0)=y(O) for —h<6<0 (14)
and hence for any solution y(t) € C;; of FP (12), (14) we have that y(b) = 1(0) = C,.

Remark 5. We emphasize that if the kernel U(t,0) satisfies the conditions (S), then the adjoint
kernel U, (t,0) = U(t — 6,0) satisfies the conditions (S) too, and obviously U3 (t,0) = © when
Us(t,0) = O for (t,0) € R2.

Definition 5. For arbitrary fixed t* < bwith t* < t < b (the case when t* = —oo is not excluded),
the vector function y(t) € Cj; is a solution on the interval (t*,b] of the final problem FP (12), (14)
(FP (13), (14)) for some p € C§ if y,(0;b) = y(b —0;b) = (0),0 € [—h,0] and y(t) satisfies
system (12) or (13) for any t € (+*,b). These solutions will be denoted with y(t; b, y,01) and their
corresponding inhomogeneous variants with a forced term g(t) # 0T by y(t;b, v, g).

Lemma 1. Let the conditions (S) hold.
Then, for t < b and the arbitrary final function € C}, every solution y(t;b,y,07) of FP
(12), (14) is a solution of FP (13), (14) for t € (—o0,b) and vice versa if and only if C. = (0).

Proof. Let ¢ € Cjj be arbitrary and y(t) € C; be the corresponding solution of (12) that
satisfies (14). Then, we have y,(0) = C, = 1(0). For the right-sided fractional derivatives,
applying the operator I] to both sides of (12), as in the case for the left-sided fractional
derivatives, and since y;(0) = C, = (0), we can conclude that each solution in the sense
of Definition 5 of FP (12), (14) is a solution of FP (13), (14) in the same sense.

For the vice versa assertion, applying the operator D] to both sides of (13) obtains
that any solution of FP (13), (14) is a solution of FP (12), (14), since from (14) it follows that

1(0) = C. = p(0). O

Theorem 2. Let the conditions (S) hold.
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(Ry*)(t) =

=(0) — L1 (

Then, for any final function i € C there exists a number t* < b such that FP (13), (14) has
a unique solution in (t*,b).

Proof. For t < b and any final function ¢ € Cjj, we introduce the set

O(y) = {y(t) € Cy_lyp(=0) = y(b - 0) = ¥(6), 6 € [-h,0]}.

For any t* < b, t € [t*,b] consider FP (13), (14) and define the following set:
Q@ t7) ={y" ()] y(t) = y(D)l1ep p); y(t) € Q) }.

n
Define, for any y., 7, € Q(y, t*), the metric function d(y.,7,) = Y sup |yk(t) — 75 (t)],
k=1 te[t*,b]
and then it is clear that the set Q(i,t*) is a complete metric space with respect to this
metric function.

For any i € Cj and y* € Q(¢,t*), we define the operator

(Ry)(8) = Ray1 (£), -, Ruy (1))

via (13) and Lemma 1 as follows:

b T+h (15)
I'(q)) { I (T —t) ('e): vy (tT+0o)Ai(T+0;) + ! v () A (o, T — zx)duc) dr,

(mo)

where t < b is arbitrary, with the final condition
(Ry*)p(=0) = (Ry*)(b—0) = Ryy1(b—0),..., Ruy, (b —0)) = p(0) (16)

fort € [b,b+h],t —b=—0.

First, we will prove that the operator R maps Q (¢, t*) into Q (¢, t*).

Since y*(t) € BV ([b,b + h],R""), then it is not necessary for y*(t) to be continuous
at t = b. Thus, we must prove only that y*(¢) has at most a jump of the first kind at

t = b. From conditions (S), it follows that for each y* € Q(¢, t*) and for any 7, « € [t*, ]
T+h
with T —a € [, 0], the vector function T — [ y*(a)A«(«, T — a)da is locally bounded

T
and at least Lebesgue-integrable. When 7 —a < —, then for any ¢ € Cj the function
T+h
T— [ y*(a)A«(a, T —a)da is also locally bounded and at least Lebesgue-integrable.

T
Then, from (15) it follows that Ry*(s) is absolutely continuous and hence we have

Tim Ry (1) = ().

Forany t € [b,b + h] since i € Cjj, from (16) it follows that

Jm ("), (—6) = Hm ¢(6) < oo,

and hence (Ry*)(t) has at most a jump of the first kind. Thus, we conclude that
RQ(p, t*) C Q(p, 7).

Note that if in addition y* € Q(, t*) is continuous, then according to Lemma 1 in [17],
Ry* (t) will be continuously differentiable.
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Denote T, = ¥ T!(1+g4) and
ke(n)

Apr :max(t sup ( sup |A(t,9)>, sup ) |Ai(t)|).

[t*,b4+-h] \O€[—h0] et bl ie (m),

Note that condition S3 implies that A« < co for any compact sub-interval of R. Then,
for any y,y € Q(,s*), from (15) it follows that for each t € [t*, b] we have

Ry () =Ry (D] = L [Riyie(£) — Ry (1)

ke(n)

b . .
<L oy f(rt)q“< LT |rrre) -gir+a)

ke(n) t je(n)ie(mo)

T+h, . .
AT +o)l+ [ \y’km)y]km)\m*(a,ra)da)dr
‘ (17)

(t—t)%

b
<2mnApd(y*,7*) L = [(t— Hdr < 2mnApd(y*, 7)) ¥
) t

ke(n T(qe) ke(n) T (qx)
<2mn?ApThd(y*,y*) ¥ (t—t*)% = 2mn3 ApT, max (t — ) Td(y*, 7*).
ke(n) ke(n)
1
Then, choosing t — t* small enough so that max (t — t,)%* < —————— from (17) we

ke(n) = dmnd AT,
obtain that d(Ry*, Ry") < %d (y*,y"), i.e., the operator is contractive in Q(1, s*). Thus, we
can conclude that for the fixed point y;(f) = Ry (t) we have that

yo(t) € C([t*,b], R" ) N BV ([, b],R™).
O

Definition 6 ([15]). The solution y(t;b,,07) will be called a continuation of the solution
y(t;b,,07) if from the relation (t5,b] C (ty, b] it follows that y(t;b,p,07) = §(t;b,,07) for
te (t;, b]. The solution ymax(t; b, 9, 07) of FP (12), (14), with an interval of existence (£}, t], is
called maximal if it is a continuation of any other solution of FP (12), (14).

Theorem 3. Let the conditions of Theorem 2 hold.
Then, for any ¢ € Cjj the interval of existence of the maximal solution of FP (12), (14) cannot
be a finite and closed from left interval.

Proof. Assume the contrary, that there exists ¢ € Cjj such that the maximal solution

Ymax (50,9, OT) of FP (12), (14) has a finite and closed from left interval of existence,

i.e., tfax b]. Define a final function as follows, in two variants depending on the length of

the interval [y, thax + 1] (part of the interval [t} .., b+ h]):

(@) thax +h < b;then P(8) = ymax(t* — 0;b,9,07) for 6 € [—h,0];

(b) thax +h > b}; then P(0) = ymax(t* — 60;b,1,0T) for t —0 < b and () = () for
t—6>b.

Since Ymax (t; b, ¥, 0T) € Q(¥, t.y), then the defined above final function ¢ € G-
Define the set

— ok

Q) = FOIT) = 1Ol 5,7 < i v(1) € Q)T (—0) = Tt — 0) = (6.
As above, introduce for any y*(t),y(t) € Q(i, ") the metric function

d(y.,y,) = Y, sup [yk(t) —7L(1)],
k=1te[t",b]

and hence Q(, ") is a complete metric space concerning this metric function.
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Define the operator (R7)(t) = (R1y,(t), ..., Ruy,(t)) via (15) for t < t},, and for
t € [Fnaxs tinax + 1] with the final condition

(R 13,0, (—0) = (RF) (tax — 0) = P(0).
Then, for any y., ¥, € Q(, t"), as in (17), for any t € [f*, t ) we have

[Ry«(t) = Ry.()] = ¥ I%kyk() Ry (1)]

ke(n)

b .
< r1 J(x—1)" 1( L T+(7z) yk(7+‘71) |Ai(T + ;) |+ ‘yk yjc(p‘i) *(‘X'T_“)'d“)dT

t je(n) 16

; (18)
1 max qk71 = _ (t:m,x*?*) k
< 2mnA d(y*/ y*) kez(n r<qk> [ (T ) dt SzmnAt d(y*/y*) kez(n qkr(qk)
< zmnzrnAi*d(y*/ o L (Buax — E*)qk = zm”3rmaXAZ*d(y*/y*) max (Eax — E*)qk
ke(n) kE(?])

and then, as above, we can choose t,. —f small enough such that from (18) it follows

max
that d(Ry., Ry,) < Ed(y*,y*). Thus, there exists a unique fixed point yj(t) € Q(¢, )
for the operator % and hence we have constructed a prolongation of ymax (t; b, ¢, 07) that
contradicts our assumption. [

Corollary 3. Let the conditions of Theorem 2 hold.
Then, for any ¢ € C the interval of existence of the maximal solution of FP (12), (14) is
(—o0, b].

Proof. Let ¢ € Cj and then, according to Theorem 3, the interval of existence of the
maximal solution ymax(t; b, 9, 07) has the form (%, b] # @. Assume the contrary, that
tiax > —00, and then ymax(£; b, 1, 0T) satisfies system (13) for t € (¢, b] with C. = (0).
Taking into account that the right side of (13) is a continuous function for t € [£],,,, V], then
taking the limit for t — t},,, + 0, we obtain that ymax (t; b, , 07) satisfies (13) for = t},,,
too. Thus, we have constructed a continuation of ymax(t; b, 1, OT) that is impossible, and

hence t}, = —co. O

Introduce the matrix &(0) = {g{;(e)}k, ) with rows ;(6) = (¢1(6),...,{}(0)) € Cf,
{ je(n
defined as follows: {}(0) = 0T, k # j, 6 € [—h,0], {K(0) = I, {K(8) =0, 6 € [~h,0) for
any k € (n), where Iy denotes the k-th row of the identity matrix I in R".

Corollary 4. Let the conditions of Theorem 2 hold.
Then, FP (12), (14) for any k € (n) with final function {(0) € C{ has a unique solution
Yi(t;b,Cx) € Cj; with an interval of existence (—oo, b] and Yj(-; (—oo,b], (i) € PACo.((—00,b], R™).

Proof. The first assertion follows immediately from Theorem 2, Theorem 3, and Corollary 3.
The second one follows from Lemma 1 in [20]. O

Definition 7 ([16,17]). Forarbitrary fixedt € Rwiths < t, thematrix Y (s;t,{) = (Y1(s,t),..., Yu(s,1))T
with rows Yy (s, t), which are solutions of FP (12), (14), with final function {;(0) € C; for any
k € (n) will be called the formal adjoint fundamental matrix of (12).

For arbitrary fixed t € R with s < t and for any ¢ € Cj;, introduce the following
auxiliary Volterra-type system:

y(sit) = 9(0) = [ y(et)K(a,s)de, (19)
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where the kernel K(t, s) is defined via the equality
K(t,s) = I_1(T(q)) / I1 (T — 5)3U(a, T — a)dT. (20)

Lemma 2. For any fixed t < b, let the following conditions be fulfilled:
1. The conditions (S) hold.
2. Forany ¢ € Cjands < t, the kernel K(t,s) in (19) is defined via (20).
Then, for each € C the corresponding solution y(s;t,1,0) € C; of FP (13), (14) is a
solution of FP (19), (14) with Cy = ¢(0) and vice versa.

Proof. Let ¢ € C}, be arbitrary and y(s; t,1,0T) € C; be the corresponding solution. Then,
for any arbitrary fixed s < ¢, taking into account Lemma 1 and applying the Fubini theorem,
from (13) it follows that

y(s) = 9(0) — 1—1(F(q))ft1q—1(T*S (fy )oU (a, T — Dc)da> dt
=(0) - fy(w) fIq 1(t —s)oU(a, T—a)dr) da (21)
Sft]/ s)da

and hence any FP (13), (14) is a solution of FP (19), (14).
The statement that when y(s, t, ¢,0) € C; is a solution of FP (19), (14) then it is also a
solution of FP (13), (14) can be proved in the reverse way. [

Consider the matrix system
Y(s,t) = locil — /Y(oc,t))K(oc,s)doc. 22)

Corollary 5. Let the following conditions hold:

1. The conditions (S) hold.

2. Y(s,t,&) is the formal adjoint fundamental matrix of (4) (i.e., its rows Y*(s, t, &) satisfy FP
(13), (14) with final function {}(0) € C} for any k € (n)).

3. Forany fixed t,s € R, the kernel K(t,s) is defined via (20).

Then, the matrix Y (s, t, {) satisfies system (22) for any s € (—oo, t| and it is unique.

Proof. Since for any k € (n) every row Yi(s,t) = (yi(s,t),...,y!(s,t)) of the matrix
Y(s, t,&) is a solution of FP (13), (14) with initial function &;(6), then from Lemma 2 it
follows that Y(s,t,¢) is unique and satisfies the matrix system (22) for any s < t and
vice versa. From (22) it follows that SEEO Y(s,t,{) = I, and hence, according to Lemma 1,
we have that Y(t,t,¢) = I. Thus, we conclude that Y(s,t,{) satisfies the matrix system
(22) for s = t too. Since Y(s,t,&) = © when s > t, then from (22) it follows that Y (s, ¢, {)
is a solution of (22) for any s < t. In addition, Lemma 2 implies that the statements of
Corollary 5 hold for the matrix variant of system (13) too. O

Definition 8 ([21]). A measurable function K(t,s) : R x R — R"*" will be called a Volterra
kernel of type L€ on R x R if for any compact sub-interval [a, b] C R the following conditions hold:

1. The kernel K(t,s) = © forany (t,s) € R x Rwiths > t.
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2. HI(HL1 < oo forany g(s) € Ll”C(R R) with ||g||1 f |g(s)|ds < 1, where the norm HHL1
is defined as

gl <1y s€lab] 4

b
d
1K, Y sup (/ |K(t,s)g |ds) dt = esssup [ |K(t,s)|dt.

Let conditions (S) hold. Then, it is simple to check that the kernel K(t,s) defined
via (20) for any fixed interval [a, b] C R satisfies the conditions in Definition 8, and hence is
a Volterra kernel of type L\ on R x R. We will use the notation K(t,s) € VKo(R x R).

Following [22], introduce the corresponding resolvent system for system (19) for the
kernel K(¢,s) € VKjpe(R x R) in the form

R(s,t) = K(ts) — / R(a, t)K(a, s)da = K(t,5) — / K(t, &)R(s, a)da, (23)

and the solution R(s, t) € VKj.(R x R) of (23) will be called a VKj,.(R x R)-resolvent

kernel for the kernel K(¢,s). Note that R(t,t) = K(t,t) = ©. Concerning the existence of a

unique resolvent kernel for the kernel K(t,s) when conditions (S) hold, see [22].
Introduce the following relation:

Yi(s, t) = Li<y +/R(s, T)dT. (24)

Theorem 4. For any fixed t,s € R with s < t, let the following conditions hold:

1. Thekernel U : R x R — R"*" satisfies conditions (S).
2. The kernel K(t,s) is defined via (20).

Then, the matrix Y. (s, t) defined via the relation (24) is a solution of the resolvent Equation (23)
if and only if the matrix Y. (s, t) and the formal adjoint fundamental matrix Y (s, t, ) coincide.

Proof. Necessity. Let the matrix R(s, t) be a solution of the resolvent Equation (23). We

t
will prove that the function Y, (s, t) = 1,<;_,I + [ R(7,s)d7 satisfies Equation (22). Indeed,
S

we have

t t T
Ls<tI + [ R(T,8)dT = 1s<tI + [ { K(t,s) — [ R(a, T)K(a, s)dtx}d
S S S

ft R(a, T)dT|K(a,s)du (25)

14

t t
= 1s§t1 — (f K(&,S)dﬂ("‘ f
S S

t

t
=Tstl = [ (1591—1- fR(zx,r)dr) K(a,s)da.
o

S

t
Thus, Ys (s, t) = 15<;—] + [ R(7,5)dT satisfies the same equation and initial condition

S
as Y(s,t) and hence, from the uniqueness of the adjoint fundamental matrix, it follows that

Yi(s, t) = Y(s,t,8).
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Sufficiency. Let the formal adjoint fundamental matrix Y (s, t, {) have the representa-

tion (24). Then, in virtue of (24), we have that BYéi, H = 0¢Y(s,t) = R(s, t), and substituting
R(s,t) = 0:Y(s,t) in (23) we obtain that
t t
R(s,t) = — [ K(t,a)0Y (s, a)da = — [ K(a,s)doY (s, o)
S S
t t
= K(t,s) s)+ [ Y(a, t)duK =/ <I—|—fR((X,T)dT>d,xK(IX,S)
S S S

— ftK(oc,s)d,X (I—l—fR((X,T)dT) = K(t,s) — ftK(ac,s)R(tx,T)d(x

and hence the kernel R(s, t) is a solution of the resolvent system (23). From Corollary 5, it
follows that R(s, t) is the unique solution. [J

4. Generalized Halanay Relation. Explicit Relation Between the
Fundamental and the Adjoint Fundamental Matrices

In classical integer-order theory, the Halanay inequality is used as a critical tool for
investigating the asymptotic stability of delayed systems. This inequality was generalized
for fractional delayed systems by H. Ye, J. Gao, Y. Ding in [23] and plays the same role for
the stability of fractional delayed systems.

Here, we generalize another classical result—the relation introduced by A. Halanay,
also in [14], which is a bilinear form with the following property: after substituting the
arbitrary solution x(t) of the studied system and arbitrary solution y(t) of its Lagrange
adjoint system in the Halanay form, this form becomes a constant for all ¢. This form is a
key tool in the classical integer-order case for establishing an important kind of integral
representation of the arbitrary solution x(t) via the adjoint fundamental matrix. The main
problem with the classical Halanay form is that it is not directly useful for systems with
fractional derivatives. This leads to the necessity to reformulate the Halanay form as a
bilinear form which is appropriate for application to the fractional delayed systems while
retaining its main property.

So, in this section we introduce and prove a generalization for the fractional case of
the famous Halanay relation (see [14]), which gives a basic relation between the solutions
of both systems (3) and (12).

Furthermore, we establish the main relation between the fundamental matrix C(t, s)
and its formal adjoint fundamental matrix Y (s, t).

Let [a,b] C Rwitha < bbe arbitrary fixed and for any t < b introduce the bilinear form

t+o; .
(%) = | (DL_y(@)x(@) +y(a) Dl x(a) )+ £ ] v 4 @)l - e
a e(m (26)

—h \t—71

- fo (ft (y(G)A(9rT)X(9+T))d9> dt, t € [a,b]

We will prove that for arbitrary solutions x(t) of IP (3), (2) and y(t) of FP (12), (14), for
any t € [a,b] the following relation holds:

t t+0; )
(y,x)=[ (DZ_y(vc)x(zx) +y(uc)DZ+x(a))d0c + <Z > [ y(a)Al(a)x(a — 0;)da
a ie(m) 27)

+

i~%o

( ft (y(8)A(6,7)x(0 + T))d@) dt = const.
t—T
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Theorem 5. For any compact sub-interval [a,b] C R, let the following conditions hold:
1. Thekernel U : R x R — R"*" satisfies conditions (S).
2. The kernel K(t,s) is defined via (20).

Then, for arbitrary solutions x(t) of IP (3), (2) and y(t) of FP (12), (14), the relation (27)
holds for any t € [a,b].

Proof. Let x(t) be an arbitrary solution of IP (3), (2). Then, for any solution y(t) of FP (12),
(14) and t € [a, b] from (26), it follows that

4 x) = D) _y(D)x(t) + y() i x(t) + ‘E<Z >y(t +07) At + 07)x(t)

, 0/t
- L y(t)A’(t)X(t—Oi)—;i(& J (y(e)A(G/T)X(f?JrT))dG)dT)

i€ (m Th et
= —<fi y(t—0)A(t —0)x(t)do — ie%n) y(t+ o) Al(t+ 07)x(t)
+f(; y(H) A (t)x(t +6)do + ie%n) y(HA (H)x(t — ;) + ie%n) y(t+ o) Al(t+07)x(t) (28)
- ie%n> y(H) A (t)x(t — 0;) +f(; (y(t — 1) At — T)x(t) —y() Ax(B)x(t + T))dT

0 0
= —_fh y(t—0)AL(t —0)x(t)do +_J;. y(H) AL (t)x(t +6)do

+ jq y(t— 0) A, (t — 0)x(t)d6 — f y(H) AL (D)x(t+0)do =0,
—h —h

and hence from (28) it follows that (27) holds. O

Remark 6. Note that ifall g, =1, k € (n), we have that

t

[ (P y(@)x(@) +y(@)D (@) )da

= uft (RED]_ (@) = y(0))x(@) + y(@) KDY, (x(x) — x(a)) ) da

and

£ t

S (B (o) () 27 () )= [ 3/ (o)) + () (o)l
= [ (@) de = y()x(8) — y(a)x(a)

a

and hence the relation (27) coincides with the classical one (see [14]) in the integer case
(qx =1, k € (n)) and can be called a generalized Halanay relation.

Theorem 6. Let the following conditions be fulfilled:
1. The conditions (S) hold.
2. The function f € BLI°(],,R") and f(0) = 0.

Then, D;qY(s, )(t) = D,_C(t,-)(s) for almost everywhere, s € [a, t].

Proof. Let x(t) be an arbitrary solution of IP (3), (2) and Y (s; t) be the adjoint fundamental
matrix. Multiplying from left with Y (s; t) system (9) and integrating in s from a to arbitrary
t € [a,b], we obtain that
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t

(29)

M

3

=)
<

S

a
Since x(t) is continuous at any ¢ € [4,b] and hence bounded on [, b], then we have
) =

4
that I;J:qx(zx J (& —s) " Tx(s)ds|4=a = 0. Then, we have
a

da
:jYwﬁ@&AﬂfoU) Y (55 (2(0) = x(0))ouy — Y@ )L (x(0) = x(2)) o
=0
100 — [ 1 () 2w (w)de = 1 70x(6) — [ 17 0

t
= I 77x(t) - [ DI_Y (a; t)x(a)de,
a

where formula 2.20 in p.2.3 in [24] is used in the calculation. Then, from (29) and (30)
we obtain

I;_q (t) :ft‘ Y(oc;t)A,-(oc)x(oc—(fﬂdoc—&-ft <f0 Y(oc;t)A*(a,G)x(oc—l-G)dG)doc

ie(m), a \-h

Y(oc;t)f(a)da—l—aftD?_Y(oc; Bx(a)da

Y(a; 1) A;(a)x(a — 07)da + j’Y(oc;t)f(oc)duc—&—fthfY(a;t)x(uc)dzx

E .
|%m
=
Q
-~
Cb
*

Q
©w
I
R
=
sy
N
~—
2
R

(o t)x (o) da

é%xz
’Q
+
8
S
=
+
S
=
=
[
=
+
S
=
R
=
™
[
R
+
~
o]
-

@1

t
T Y(u;t)x(a)de+ ¥ Y(a+0j;t)Aj(a+ 0y, t)x(a)da
! ic(m), a

1 mo

D
s+h a s+h
< J Y(a;t)As(a,s — rx)x(s)ds) du+ | < J Y(a;8)As(,s —:x)x(s)ds) da

a—h a
t s+h
+/ (/Y a;b) A (o )x(s)ds) do
VAN

a s+h t
fh < z Y(a;t)As(at, s — )x(s)ds) da—l—afY(a;t)f(a)da.

a

From (31), taking into account that any row of Y (s; t) satisfies system (12), we obtain
for x(t) via Y(s; t) the following integral representation:
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a s+h t
/ (/ Ai(a, s — a)x(s)ds) do + / Y(a; f) f(a)da,

or in equivalent form

a s+h t
x(t) = D11 (1/ (/ Y () A (s — oc)x(s)ds) doc) (t)+ D1 (/ Y(a t)f(a)doc) 0. (2

—h a

Let x(t) be the unique solution of IP (1), (2) with arbitrary forcing term f(t) € BLI*(],, R)
and initial condition x,(6) = x(a+6) = 0,0 € [—h,0]. From (32), it follows that x(t) has the
integral representation via the adjoint fundamental matrix Y(s; t) in the form

- (/Y W) f )(t). (33)

Taking into account that Y(s;t) = © for any ¢ < s from (33), it follows that

t
Dy () = x(O=r D | [ Y(s,0f)ds | (0

N
=K(t,s)
t
t t
= ritw i ] - / Yo mf (5)ds | dn = [ | grgy [ (4= ) “Kln,s)dy | ds
_,_/
=K(1,s) =Y(t,3)
(34)
t

:ift / )"*K(n,5)dn |ds = ift ftm'5>ds+ lim Y(t,s)

dt ) T(1 (1,8)d I L s—t— ’

a
=Y(t,3)

Eo

= [ DY (s )f(s)ds + lim D, /y (s,t)f
\ﬂ_/
=K(t,5)

t t t
= [ DY (s )f()ds + lim (E—a)l = [Y(t,0)f(s)ds = [ (Do "Y(s,)) (1) f(s)ds

a s—t— a a

and thus we have that t
1—
x(t) = [ (Dai"¥(s)) (Df ()ds. (35)

a

In virtue of Theorem 8 in [20], the same solution has the integral representation via
the fundamental matrix C(t, s) as follows:

/CtsRLqu (s)ds.

Applying to the right side of (35) formula 2.64 in p.2.3 in [24] and taking into account
that f(0) = 0, we obtain
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t

/C(t S)RLDY £ (s)ds = /RLD}:qC(t,s)f(s)ds - /D}:qC(t,s)f(s)ds.

a
Then, since for any f € BLY(],, R"), we have that

t

t
[ (D7 (s,)) (0f(s)ds = [ DIZIC(e, ) (s)ds

a

and hence the statement of the theorem follows from the relation above. O
Remark 7. Note that ifall g, =1, k € (n), we have that
DY, Y(s,-)(t) = Y(s,t), D{_C(t-)(s) =Clt,s)

and hence the proved relation coincides with the classical one C(t,s) = Y(s,t) obtained in the
integer case.

5. Examples

The next mathematical example considers a class of delayed systems for which the
applicability and the feasibility of Theorem 5 can be checked immediately.

Example 1. Let [a,b] C Rwith a < band consider the system D] x(t) = Ax(t) + Bx(t — h),
with its Lagrange adjoint system Db y(t) = —Ay(t) — By(t —h),t € [a,b],A,B € R"",
x(t) : [a,00) — R",y(t) : (—oo,b] — R, and h > 0 is an arbitrary number. Then, from (27) we
obtain that the generalized Halanay relation has the form

t t+h

%) = [ (D]_y(@)x(&) +y(a) D, x( da+/ )Bx(a — )da.

a

Then, substituting arbitrary solutions of both systems, with simple calculations we have

%(y, x) = D]_y(t)x(t) + y(t) D}, x(t) +y(t + h)Bx(t) + y(t)Bx(t — h)
= —y(t)Ax(t) —y(t + h)Bx(t) + y(t) Ax(t)
- y(0)Bx(t — )+ y(t+ B)Bx(E) — y()Ba(t — ) = 0

and hence (y, x) = const, which illustrates the applicability of Theorem 5.

Below, we provide an actual example of how our system can be applied in an engi-
neering context.

Example 2. The presented example below is a generalization of the |.J. Hopfield model, introduced
in 1984, for a network of n voltage amplifiers (neurons), which describes the evolution of the voltage
on the input of each neuron. Since it was established that the updating and propagation do not occur
instantaneously in the model, it was upgraded as follows (see [25,26]):

“DE, xi(t) = —(CiR;)) txi(t) + ;! ;) Tiifj(xj(t = hy)), i € (n), (36)
jE(n

where x;(t) : [0,00) — R represents the voltage on the input of the i-th neuron. For any i € (n), the
i-th neuron is characterized with input capacitance of its cell membranes C;, the delays hyy, . .., hiy,
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and the transfer functions f;(x;) are called the input—output relation; each of them is nonlinear
and sigmoidal, saturating at +1 with the maximal slope at x; = 0,j € (n). Tj; is the synapse
efficiency between neuron i and j, with Tj; = Rl.;l when the noninverting output of neuron j is

connected to the input of neuron i via a resistance R;j and T;; = —Rl.;l when the inverting output

of neuron j is connected to the input of neuron i through a resistance R;j. R;; is the total parallel
transmembrane resistance of the i-th neuron and lel =r; v v Ri;l

jeln)
the input resistance of the i-th neuron, corresponding to the connection to the outside of the network.

Linearizing f;(x;) from (36), it follows that

,i € (n), where r; denotes

DI, xi(t) = —(GRy) 'xi(t) + C;71 Y afixj(t —hyj), i € (n), (37)

j&(n)
where the gain w is defined as the slope of f(x) = (f1(x1), ..., fu(xn)) at x(t) = (x1,...,x,)T =0
and {]ij}i,je(n)

our studied system and in [27] it is established that even in the integer case the delays may cause

€ R™™" is the connection matrix. Note that the system (37) is a partial case of

sustained oscillations in the neural network.

6. Comments and Conclusions

In the present work, we have considered linear systems with derivatives in Caputo’s
sense of incommensurate order and distributed delays. The following main results were
obtained in the presented article:

1.  An explicit formula connecting the adjoint fundamental matrix with the measure-
resolvent kernel R(s, t) has been proven for Volterra kernels K(t,s) of type Llloc.

2. Abilinear form is introduced, which is proven to become equal to a constant after
the substitution of an arbitrary solution of IP (3), (2) and an arbitrary solution of
FP (10), (12) and generalizes the classical result of Halanay [14] for systems with
first-order derivatives.

3. An explicit formula connecting the adjoint fundamental matrix with with the funda-
mental matrix has been proven.

Below, we make some notes related to the obtained main results listed above.

To our knowledge, all the results obtained in the article are new for fractional equations
and/or systems with any kind of delays (constant, variable, distributed).

The results described above in points 2 and 3 for the fractional adaptation of the
Halanay form introduced by us coincide, in the particular case when all fractional derivative
orders are g1 = qp = - -+ = g, = 1, with the classical results of Halanay [14] for systems
with first-order derivatives.

For the introduced notion of a formal (Lagrange) adjoint system of the studied ho-
mogeneous system (3), it must be noted that in [17] the existence of a unique adjoint
fundamental matrix is obtained as a consequence of the possibility of backward continua-
tion for the solutions. This work makes an extension of the approach introduced in [17]
that partially decreases the disadvantages caused by the usage of the fractional derivatives
by losing the symmetry of differentiation. In contrast with [17], as an application of the
extended approach we have obtained the adjoint fundamental matrix as a solution of an
appropriately formulated final problem, which allowed us to weaken the conditions in this
work for its existence. We emphasize that the final problems in the work are considered as
problem of the renewal of a process with after effects under a given final observation. This
formulation is equivalent, from the mathematical point of view, to the problem of forward
prolongation of the solutions of fractional differential equations with deviating argument
of advanced type.
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One of the main obstacles (at least technically but not only) in formulating and proving
an analogue of the famous Halanay relation was the absence, for fractional derivatives,
of the Leibniz rule for differentiating a product of two functions, which demanded a
new formulation of this relation. Also, the absence of key properties in the fractional
derivatives such as locality and symmetry are not only technical problems but are related to
the inner nature of the described processes. So, for the fractional case, taking into account
the geometric and physical interpretation of the fractional integration and differentiation
(see [28,29]), we think that fractional models are closer to the point of view developed in
the relativistic theory for real-world phenomena. Note that, as far as we know, at this time
an analysis of the consequences from this point of view does not exist.
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