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Abstract

In the present work we introduce an appropriate definition of the notion of a Lagrange
(formal) adjoint system for homogeneous systems with incommensurate-order derivatives
in Caputo’s sense and distributed delays. Under natural conditions, the existence and
uniqueness of the adjoint fundamental matrix for these systems are proven, and an explicit
relation between the resolvent of the formal adjoint system and the adjoint fundamental
matrix is established. A generalization of the well-known Halanay relation is also intro-
duced and proven. Furthermore, an explicit relation between the fundamental matrix and
its adjoint fundamental matrix is established.

Keywords: distributed delay; linear fractional system; Lagrange adjoint system; Caputo
fractional derivative; fractional derivative in Caputo’s sense
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1. Introduction
Nowadays, the theory of fractional differential equations is the subject of intensive

research. This is due to the fact that they have proved to be an important tool in modelling
real-world processes, due to the possibility of more accurate representation using the
memory contained in the definition of fractional derivatives. Comprehensive information
on the theory of fractional calculus and differential equations can be found in the excellent
monographs of Kilbas et al. [1], Podlubny [2], and Hilfer [3]. In Jiao et al. [4], fractional
differential equations with distributed order are considered. For the theory and applications
of impulsive fractional differential equations we refer to Stamova and Stamov [5]. For
a good overview of the modern scope of investigations we recommend [6–8], and for
practical applications in modern optimization we recommend [9], in physics [10,11], and in
neural networks [12].

In the present work, we consider linear systems with incommensurate-order fractional
derivatives in the sense of Caputo and distributed delays. The reason we have studied
distributed delay systems is that this type of delay, according to Riesz’s theorem, includes
as special cases all types of delays (constant, variable, etc.) and therefore the results we
have obtained will be applicable to all types of delays.
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Inspired by the integer case (by integer case we mean delayed systems with first-order
derivatives), here we consider a Lagrange (formal) adjoint system for a homogeneous
delayed linear fractional system. The main challenge of conducting these investigations
in the fractional case is the presence of two major obstacles of principal character that
must be overcome. The first is the loss of key properties of the first-order derivative, in
terms of its locality and symmetry, as well as the important Leibniz rule. The second is
the non-determinism, caused by the fact that, in general, a shift in the lower terminal
of the fractional derivatives leads to different results, which is in contrast with the case
of deterministic systems described by integer-order differential equations. For example,
the study of backward continuation of the solutions of delayed linear fractional systems and
their corresponding Lagrange (formal) adjoint systems leads to the necessity to investigate
the properties of fractional differential equations with a deviating argument of the advanced
type. Moreover, even in the integer case, the continuation problem has features not found in
ordinary differential equations, as shown by Myshkis [13]. For a good historical overview
of integer (first)-order systems with delays and the themes studied in the present article, we
recommend the monographs of Halanay [14], Hale et al. [15], and Kolmanovskii et al. [16].

The explanations above explain the absence of results concerning formal adjoint
systems for fractional equations or systems with delays. According to our knowledge,
Ref. [17] is the first paper containing such results for delayed fractional systems, mainly
related to the backward continuation of the solutions.

The article is organized as follows. Section 2 includes an overview of the definitions
and basic properties of the left- and right-side Riemann–Liouville fractional integrals and
derivatives, as well as of the Caputo left- and right-side fractional derivatives. The same
section also presents the statement of the problem and some notation and results used in
the article. In Section 3, following [17], we introduce a formal (Lagrange) adjoint system
for the homogeneous system and establish that the final problem (FP) for the adjoint
system possesses a unique solution called the adjoint fundamental matrix. An explicit
relation between the resolvent of the formal adjoint system and the adjoint fundamental
matrix is established too. In Section 4, a generalization for the fractional case of the
well-known relation established by A. Halanay in [14] for delayed systems with integer
(first)-order derivatives is also introduced and proven. Furthermore, in the same section,
an explicit relation between the fundamental matrix and its adjoint fundamental matrix
is also established. Some examples are presented in Section 5. Section 6 is devoted to
comments and conclusions.

2. Preliminaries and Problem Statement
In this section, for readers’ convenience, we present the notation used and recall the

definitions of Riemann–Liouville and Caputo fractional derivatives, with some of their
required properties, following the books [1,2]. Moreover, we also present some auxiliary
results that are used in the exposition below.

With Lloc
1 (R,R), we denote the linear spaces of all locally Lebesgue-integrable functions

f : R → R and by BLloc
1 (R,R) ⊂ Lloc

1 (R,R) its subspace of all locally bounded functions.
For arbitrary a, b ∈ R, q ∈ (0, 1] and any g ∈ Lloc

1 (R,R), we define the left- and right-
sided fractional integral operators, Riemann–Liouville, and Caputo fractional derivatives
of order q ∈ (0, 1) via the equalities

(Iq
a+g)(t) =

1
Γ(q)

t∫
a

(t − ν)q−1g(ν)dν, RLDq
a+g(t) =

d
dt
(I1−q

a+ g)(t),

CDq
a+g(t) =RL Dq

a+[g(ν)− g(a)](t), t > a
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(Iq
b−g)(t) =

1
Γ(q)

b∫
t

(ν − t)q−1g(ν)dν, RLDq
b−g(t) = − d

dt
((I1−q

b− )g(t),

CDq
b−g(t) =RL Dq

b−[g(ν)− g(b)](t), t < b

D0
a+g(t) =C D0

b−g(t) = g(t).

The notationsR+ = (0, ∞), Ja = [a, ∞), q = (q1, . . . , qn), qk ∈ (0, 1], k ∈ ⟨n⟩ = {1, 2, . . . , n}
will be used in the following; also, for any n ∈ N the real linear space of the square matrices is
denoted by Rn×n, where I, Θ ∈ Rn×n are the identity and zero matrix, respectively, and 0 ∈ Rn

denotes the zero vector-column and Rn∗ = (Rn)T (the symbol T means transposition).
For W(t, θ) = {wkj(t, θ)}n

k,j=1 : R×R→ Rn×n, we denote by |W(t, θ)| = ∑n
k,j=1 |wkj(t, θ)| a

Euclidean norm in Rn×n for any fixed (t, θ) ∈ R2 , and by BV loc(R×R,Rn×n) = BV loc we
denote the linear space of the matrix-valued functions W(t, θ) with bounded variation in θ

on every compact interval [c, d] ⊂ R for any t ∈ R; i.e., Var[c,d]W(t, ·) =
n

∑
k,j=1

Var[c,d]wkj(t, ·).

The notation Iβ(Y(t)) = diag((y1(t))β1 , . . . , (yn(t))βn) is used for any

y(t) = (y1(t), . . . , yn(t))T : R → Rn, (y(t) = (y1(t), . . . , yn(t)) : R → Rn∗
),

β = (β1, . . . , βn), βk ∈ [−1, 1], k ∈ ⟨n⟩.
Let h > 0 be arbitrary. The Banach space BL of vector functions

φ = (φ1, . . . , φn)
T : [−h, 0] → Rn

consists of all vector functions that are bounded and Lebesgue-measurable on the interval

[−h, 0], with norm ∥φ∥ =
n

∑
k=1

sup
s∈[−h,0]

|φk(s)| < ∞. With PCloc (PACloc ) we denote the real

linear space of vector functions φ = (φ1, . . . , φn)T : R → Rn, which are piecewise continu-
ous (piecewise absolutely continuous) over any compact interval [a, b] ⊂ R. This means that
any function can be broken down into a finite number of separate continuous (absolutely
continuous) pieces. In addition, PAC = PACloc([−h, 0],Rn) and PC = PCloc([−h, 0],Rn).

With C∗
0, we denote the Banach space of row-valued functions ψ : R → Rn∗

, where
ψ : BV([−h, 0],Rn∗

) and norm ∥ψ∥V = Var[−h,0]ψ(·), which satisfy the following conditions:

(i) ψ is left-continuous on (−h, 0);
(ii) ψ(s) = ψ(−h), s ∈ (−∞,−h] and ψ(θ) = 0T , θ ∈ R+.

Then, for arbitrary fixed t ∈ R, with C∗
t we denote the real linear space of all vector functions:

y(s; t) = (y1(s; t), . . . , yn(s; t)) : R → Rn∗
, y(s; t) ∈ C((−∞, t],Rn∗

)

with yt(−θ) := y(t − θ) = ψ(θ) for some ψ(θ) ∈ C∗
0, θ ∈ [−h, 0], y(s) = 0T for s ∈ (t + h, ∞).

Let a ∈ R, h > 0 be arbitrary fixed numbers and consider for t > a the following
inhomogeneous fractional linear delayed system with Caputo-type derivatives of incom-
mensurate orders and distributed delays,

Dq
a+x(t) =

∫ 0

−h
[dθU(t, θ)]x(t + θ) + f (t), (1)

with an initial condition for each φ ∈ BL as follows:

xa(θ) = x(a + θ) = φ(θ) for − h ≤ θ ≤ 0, (2)

https://doi.org/10.3390/fractalfract10030164

https://doi.org/10.3390/fractalfract10030164


Fractal Fract. 2026, 10, 164 4 of 21

where Dq
a+ = diag(CDq1

a+, . . . ,C Dqn
a+), Dq

a+x(t) = (Dq1
a+x1(t), . . . , Dqn

a+xn(t))T (the symbol T
means transposition), Dqk

a+xk(t) =C Dqk
a+xk(t), k ∈ ⟨n⟩ = {1, 2, . . . , n}; x, f : R → Rn;

x(t) = (x1(t), . . . , xn(t))T , f (t) = ( f1(t), . . . , fn(t))T , f ∈ Lloc
1 (R,Rn), and xt(θ) = x(t + θ),

−h ≤ θ ≤ 0.
Everywhere below, we will assume that the kernel U(t, θ) ∈ BLloc and its Lebesgue

decomposition in θ has the form

U(t, θ) = U ju(t, θ) + Uac(t, θ) + Us(t, θ)

with U ju(t, θ) = ∑
i∈⟨m⟩0

U ju
i (t, θ), i ∈ ⟨m⟩0 = {0, 1, . . . , m}, m ∈ N, where U ju(t, θ), Uac(t, θ),

and Us(t, θ) are the jump, absolutely continuous, and singular parts, respectively, in the
decomposition. Note that the integral in (1) is understood in the Lebesgue–Stieltjes sense
for any φ ∈ BL.

Remark 1. The initial condition (2) means that the function t → x(t), t ∈ Ja is considered as a
prolongation from right of the function t → ϕ(t − a) for t ∈ Ja.

The corresponding homogeneous system of (1) (i.e., when f (t) ≡ 0, t ∈ R) written in
detail for any k ∈ ⟨n⟩ has the form

Dq
a+xk(t) = ∑

i∈⟨m⟩0

 ∑
j∈⟨n⟩

∫ 0

−h
xk(t + θ)dθui

k,j(t, θ)

. (3)

Definition 1 ([14–16]). We say that for the kernel U : R×R → Rn×n, conditions (S) are fulfilled
if for each (t, θ) ∈ R×R = R2 and for any partition 0 = σ0 < σ1 < σ2 < . . . < σm = h of [0, h]
the following conditions hold:
(S1) The functions U ju

i (t, θ), Uac(t, θ), Us(t, θ), i ∈ ⟨m⟩0, m ∈ N are measurable in (t, θ) ∈ R×R,
continuous from left in θ on (−h, 0), normalized so that for θ ≥ 0 the following equality is satisfied:
Uju

i (t, θ) = Uac(t, θ) = Us(t, θ) = Θ, Uju
i (t, θ) = Uju

i (t,−σi) for θ ≤ −σi, where σi(t) ∈ C(R, [0, σi]),
σi = max

t∈R
σi(t), and Uac(t, θ) = Uac(t,−h) and Us(t, θ) = Us(t,−h) when θ ≤ −h.

(S2) The functions uju(t, θ), uac(t, θ), us(t, θ) ∈ BLloc
1 (Ja, [0, ∞)), and

u(t) = uju(t) + uac(t) + us(t),

where
uju(t) = ∑

i∈⟨m⟩
uju

i (t) = ∑
i∈⟨m⟩

sup
η∈[a,t]

∣∣∣Var[−h,0]U
ju
i (η, ·)

∣∣∣,
uac(t) = sup

η∈[a,t]

∣∣∣Var[−h,0]U
ac(η, ·)

∣∣∣,
us(t) = sup

η∈[a,t]

∣∣∣Var[−h,0]U
s(η, ·)

∣∣∣.
(S3) Uju

i (t, θ) = {akj
i (t)H(θ + σi(t))}n

k,j=1, Ai(t) = {akj
i (t)}

n
k,j=1 ∈ BLloc

1 (R,Rn×n), where H(t) is

the Heaviside function and the matrix
∂Uac(·, θ)

∂θ
= ∂Uac(·, θ) = A∗(·, θ) ∈ BLloc

1 (R,Rn×n).
(S4) [18] The following relations hold:

lim
t→t∗

∫ 0

−h
|Ui(t, θ)− Ui(t∗, θ)|dθ = 0, lim

t→t∗

∫ 0

−h
|Uac(t, θ)− Uac(t∗, θ)|dθ = 0,
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lim
t→t∗

∫ 0

−h
|Us(t, θ)− Us(t∗, θ)|dθ = 0

for each t∗ ∈ Ja. For any φ ∈ BL we denote the set of all its jump points by Sφ and assume that the
sets Si

φ = {t ∈ Ja|t − σi(t) ∈ Sφ} do not have limit points.

Note that for any φ ∈ PC(PAC) the set SΦ is at most finite, and from Condition (S4) it
follows that the sets Si

Φ(b) = {t ∈ [a, a + b]|t − σi(t) ∈ SΦ} are also finite or empty for all
i ∈ ⟨m⟩.

Remark 2. In many works, instead of condition (S4), the authors suppose that the kernels Ui
j(t, θ)

are continuous in t, which excludes from consideration the case of systems with variable concentrated
delays (see [18]), which is important for applications.

Definition 2. The vector function x(t; a, φ, f ) = (x1(t), . . . , xn(t))T is a solution of the initial
problem (IP) (1), (2) in Ja for some φ ∈ BL if x(t; a, φ, f ) ∈ C(Ja,Rn) satisfies the system (1) for
all t ∈ (a, ∞) and the initial condition (2) too. (When misunderstanding is not possible, we will
write only x(t).)

Applying to both sides of (1) the left-sided fractional integral operator Iq
a+, we obtain

the following auxiliary system:

x(t) = ϕ(0) + I−1(Γ(q))
(∫ t

a
Iq−1(t − s)

∫ 0

−h
[dθU(s, θ)]x(s + θ)ds +

∫ t

a
Iq−1(t − s) f (s)ds

)
, (4)

where I−1(Γ(q)) = diag(Γ−1(q1), . . . , Γ−1(qn)).

Definition 3. The vector function x(t) = (x1(t), . . . , xn(t))T is a solution of IP (4), (2) in Ja if
x(t) ∈ C(Ja,Rn) satisfies system (4) for all t ∈ (a, ∞) and the initial condition (2) too.

In our exposition below, we need some auxiliary results when the initial function φ is
discontinuous, i.e., φ ∈ BL, stated in the theorem below:

Theorem 1 (see [19]). Let the following conditions hold:

1. Conditions (S) hold.
2. The function f ∈ BLloc

1 (Ja,Rn).

Then, for an arbitrary fixed initial point a ∈ R the following statements hold:

(i) Every solution x(t; a, φ, f ) of IP (1), (2) is a solution of IP (4), (2) and vice versa.
(ii) For any initial function φ ∈ BL and f ∈ BLloc

1 (Ja,Rn), IP (4), (2) has a unique solution
in Ja.

For any l ∈ ⟨n⟩, define the following initial functions: φl
0 ∈ PC, φl

0(θ) : [−h, 0] → Rn

with φl
0(0) = Il (where Il is the l-th column of the identity matrix I ∈ Rn×n and φl

0(θ) = 0
for θ ∈ [−h, 0).

Let s ∈ R be an arbitrary fixed point and be the low terminal and initial point. Consider
for t ≥ s IP (4), (2) in the homogeneous case of (4) (i.e., when f (t) ≡ 0, t ∈ R) with initial
function φl

0(θ) = φl
0(t − s) ∈ PC, θ = t − s ∈ [−h, 0], l ∈ ⟨n⟩ as follows:

Cl(t, s) = Cl(t; s, φl , 0) =

= φl(0) + I−1(Γ(α))
(∫ t

s
Iα−1(t − η)

∫ 0

−h
[dθU(η, θ)]Cl(η + θ, s)dη

)
, t ∈ (s, ∞)

(5)

and
Cl

s(θ, s) = Cl(s + θ, s) = φl
0(θ), θ = s − t ∈ [−h, 0]. (6)
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Corollary 1. Let conditions (S) hold.
Then, IP (5), (6) has a unique solution Cl(t, s) for any l ∈ ⟨n⟩ and arbitrary fixed

number s ∈ R.

Proof. Since the statement of Theorem 1 holds for any fixed initial point a ∈ R, then the
assertion of Corollary 1 follows immediately from Theorem 1 for any s ≥ a.

Definition 4 (see [20]). The matrix-valued function

C(t, s) = (C1(t, s), . . . , Cn(t, s)) = {Cj
k}(t, s)}n

k,j=1 : Ja ×R → Rn×n

is called a fundamental (or Cauchy) matrix if for any l ∈ ⟨n⟩ its l-th column is a solution of
IP (5), (6).

As usual, everywhere below we will assume that C(t, s) is prolonged as Θ when
t ∈ (−∞, s) for arbitrary fixed s ∈ R.

Remark 3. Below, we formulate as a corollary the important properties of the fundamental matrix
C(t, s) needed in our exposition.

Corollary 2 (see [20]). Let the conditions of Theorem 1 hold and f (t) ≡ 0, t ∈ Ja.
Then, the following assertions hold:

1. The system (3) and (4) has a unique fundamental matrix C(t, s), which is absolutely
continuous in t on every compact sub-interval of Ja, i.e., for any fixed s ∈ R, i.e.,
C(·, s) ∈ ACloc((a, ∞),Rn×n).

2. For any arbitrary fixed initial point a ∈ R and each fixed t > a, C(t, ·) : Ja → Rn is continu-
ous at s ∈ (a, t) ∪ (t, ∞), right continuous at s = a, left continuous at s = t, and has jumps
of the first kind for s ∈ {a, t}.

3. The fundamental matrix C(t, s) has bounded variation in s on [a, T] for arbitrary T ∈ Ja and
its total variation in s on [a, t] is bounded in t, t ∈ [a, T].

Everywhere below in our exposition, we will assume that the conditions of Theorem 1
hold, and when we speak about the integer case we will understand the same form of
systems in which the differentiation orders are q1 = q2 = . . . = qn = 1, i.e., the same
systems with first-order derivatives.

Remark 4. From the results in [19] and [20] it follows that for any initial function φ ∈ PC with
φ ∈ BV([−h, 0],Rn), or with φ ∈ PAC = PAC([−h, 0],Rn), IP (1), (2) has a forward noncon-
tinuable unique solution x(t; a, φ, f ) ∈ BV loc(Ja,Rn) or, respectively, x(t; a, φ, f ) ∈ ACloc(Ja,Rn).

3. Formal Adjoint System and Adjoint Fundamental Matrix
This section aims to analyse the applicability of the notion of a formal adjoint system

introduced in [17] for the homogeneous system (3). In addition, we weaken the sufficient
conditions for the existence of the adjoint fundamental matrix, which enlarges the area
of its applicability. We introduce an extension of the approach introduced in [17] that
partially reduces the disadvantages caused by the use of fractional derivatives by losing the
symmetry of differentiation. This approach enables us to establish a relationship between
the formal adjoint fundamental matrix and the resolvent kernel of the adjoint system. It
must be noted that for qi = 1, i ∈ ⟨n⟩, the obtained relation coincides with the well-known
classical relation in the case of delayed systems with first-order derivatives.

It is well known that, as in the integer case, the predominant type of the practically
applicable mathematical models based on fractional-order derivatives and delays are
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considered under the assumption that Lebesgue decomposition of the kernel U(t, θ) has no
singular part, i.e., Us(t, θ) ≡ Θ for (t, θ) ∈ R2. The main reason for this assumption is the
lack of a physical interpretation of the singular part. Therefore, the kernel U(t, θ) obtains
the form

U(t, θ) = ∑
i∈⟨m0⟩

U ju
i (t, θ) + Uac(t, θ) = ∑

i∈⟨m0⟩
Ai(t)H(θ + σi) +

∫ θ

0
A∗(t, ξ)dξ, t ∈ Ja. (7)

Since H(t) is a scalar function, and the Dirac delta function δ(θ) can be treated as a
measure, then the following equality holds,

∫ 0

−h
δ−σi (θ)x(t + θ)dθ =

∫ 0

−h
[dθ H(θ + σi)]x(t + θ) = x(t − σi) =∫ 0

−h
x(t + θ)dθ H(θ + σi) =

∫ 0

−h
x(t + θ)δ−σi (θ)dθ

(8)

and hence the partial derivative concerning the second argument of
∂U(t, θ)

∂θ
= ∂U(t, θ)

has the form
∂U(t, θ) = ∑

i∈⟨m0⟩
Ai(t)δ−σi (θ) + A∗(t, θ),

where δ(θ) is understood as measure.
Thus, for t ∈ Ja, taking into account (8), when the kernel U(t, θ) is defined via (7), the

system (1) obtains the form

Dq
a+x(t) =

0∫
−h

[dθU(t, θ)]x(t + θ) + f (t)

=
0∫

−h

[
dθ

(
∑

i∈⟨m0⟩
Ai(t)H(θ + σi)+

θ∫
0

A∗(t, ξ)dξ

)]
x(t + θ) + f (t)

= ∑
i∈⟨m0⟩

Ai(t)
0∫

−h
[dθ H(θ + σi)]x(t + θ) +

0∫
−h

[
dθ

(
θ∫

0
A∗(t, ξ)dξ

)]
x(t + θ) + f (t)

=
0∫

−h
∂θU(t, θ)x(t + θ)dθ + f (t)

= ∑
i∈⟨m0⟩

0∫
−h

Ai(t)δ−σi (θ)x(t + θ)dθ +
0∫

−h
A∗(t, θ)x(t + θ)dθ + f (t)

= ∑
i∈⟨m0⟩

Ai(t)x(t − σi) +
0∫

−h
A∗(t, θ)x(t + θ)dθ + f (t)

t+θ=α
= ∑

i∈⟨m0⟩
Ai(t)x(t − σi) +

t∫
t−h

A∗(t, α − t)x(α)dθ + f (t)

(9)

For any fixed b ∈ R and each t ≤ b, we define the formal (Lagrange) adjoint kernel of
the kernel (7) via the equality

U∗(t, θ) = U(t − θ, θ) (10)

and since Us(t, θ) ≡ Θ for (t, θ) ∈ R2, then the kernel U(t, θ), according to conditions (S),
is PAC in θ and hence U∗(t, θ) defined via (10) obtains the form

U∗(t, θ) = ∑
i∈⟨m0⟩

H(θ − σi)Ai(t + σi) +

θ∫
0

(A∗(t − ξ, ξ))dξ. (11)
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For arbitrary fixed b ∈ R, f (t) ≡ 0, t ≤ b and y(t) = (y1(t), . . . , yn(t)) ∈ C∗
b using (10),

we define the formal (Lagrange) adjoint system of system (3) as the following fractional system:

Dq
b−y(t) = −

0∫
−h

y(t − θ)dθU∗(t, θ) = −
0∫

−h
y(t − θ)dθU(t − θ, θ)

= −
0∫

−h
y(t − θ)∂θU(t − θ, θ)dθ

= − ∑
i∈⟨m0⟩

y(t + σi)Ai(t + σi)−
0∫

−h
y(t − θ)A∗(t − θ, θ)dθ

α=t−θ
= − ∑

i∈⟨m0⟩
y(t + σi)Ai(s + σi)−

t+h∫
t

y(α)A∗(α, t − α)dα

(12)

where Dq
b−y(t) = diag(Dq1

b−y1(t), . . . , Dqn
t−yn(t)).

Applying the operator Iq
b−

to both sides of (12), we obtain the formal (Lagrange) adjoint
system of system (3) in the form of a Volterra-type integral system as follows:

y(t) = C∗ − I−1(Γ(q))
b∫

t

Iq−1(τ − t)

 ∑
i∈⟨m0⟩

y(τ + σi)Ai(τ + σi) +

τ+h∫
τ

y(α)A∗(α, τ − α)dα

dτ, (13)

where C∗ = (c∗1 , . . . , c∗n) ∈ Rn∗
is an arbitrary constant vector.

For any ψ ∈ C∗
0 , we consider the final condition

yb(−θ) := y(b − θ) = ψ(θ) for − h ≤ θ ≤ 0 (14)

and hence for any solution y(t) ∈ C∗
b of FP (12), (14) we have that y(b) = ψ(0) = C∗.

Remark 5. We emphasize that if the kernel U(t, θ) satisfies the conditions (S), then the adjoint
kernel U∗(t, θ) = U(t − θ, θ) satisfies the conditions (S) too, and obviously Us

∗(t, θ) ≡ Θ when
Us(t, θ) ≡ Θ for (t, θ) ∈ R2.

Definition 5. For arbitrary fixed t∗ < b with t∗ < t ≤ b (the case when t∗ = −∞ is not excluded),
the vector function y(t) ∈ C∗

b is a solution on the interval (t∗, b] of the final problem FP (12), (14)
(FP (13), (14)) for some ψ ∈ C∗

0 if yb(θ; b) = y(b − θ; b) = ψ(θ), θ ∈ [−h, 0] and y(t) satisfies
system (12) or (13) for any t ∈ (t∗, b). These solutions will be denoted with y(t; b, ψ, 0T) and their
corresponding inhomogeneous variants with a forced term g(t) ̸≡ 0T by y(t; b, ψ, g).

Lemma 1. Let the conditions (S) hold.
Then, for t ≤ b and the arbitrary final function ψ ∈ C∗

0 , every solution y(t; b, ψ, 0T) of FP
(12), (14) is a solution of FP (13), (14) for t ∈ (−∞, b) and vice versa if and only if C∗ = ψ(0).

Proof. Let ψ ∈ C∗
0 be arbitrary and y(t) ∈ C∗

b be the corresponding solution of (12) that
satisfies (14). Then, we have yb(0) = C∗ = ψ(0). For the right-sided fractional derivatives,
applying the operator Iq

b−
to both sides of (12), as in the case for the left-sided fractional

derivatives, and since yb(0) = C∗ = ψ(0), we can conclude that each solution in the sense
of Definition 5 of FP (12), (14) is a solution of FP (13), (14) in the same sense.

For the vice versa assertion, applying the operator Dq
b−

to both sides of (13) obtains
that any solution of FP (13), (14) is a solution of FP (12), (14), since from (14) it follows that
yb(0) = C∗ = ψ(0).

Theorem 2. Let the conditions (S) hold.
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Then, for any final function ψ ∈ C∗
0 there exists a number t∗ < b such that FP (13), (14) has

a unique solution in (t∗, b].

Proof. For t ≤ b and any final function ψ ∈ C∗
0 , we introduce the set

Ω(ψ) = {y(t) ∈ C∗
b−|yb(−θ) = y(b − θ) = ψ(θ), θ ∈ [−h, 0]}.

For any t∗ < b, t ∈ [t∗, b] consider FP (13), (14) and define the following set:

Ω(ψ, t∗) = {y∗(t)| y∗(t) = y(t)|t∈[t∗ ,b]; y(t) ∈ Ω(ψ)}.

Define, for any y∗, y∗ ∈ Ω(ψ, t∗), the metric function d(y∗, y∗) =
n
∑

k=1
sup

t∈[t∗ ,b]
|yk

∗(t)− yk
∗(t)|,

and then it is clear that the set Ω(ψ, t∗) is a complete metric space with respect to this
metric function.

For any ψ ∈ C∗
0 and y∗ ∈ Ω(ψ, t∗), we define the operator

(ℜy)(t) = (ℜ1y1(t), . . . ,ℜnyn(t))

via (13) and Lemma 1 as follows:

(ℜy∗)(t) =

= ψ(0)− I−1(Γ(q))
b∫
t

Iq−1(τ − t)

(
∑

i∈⟨m0⟩
y∗(τ + σi)Ai(τ + σi) +

τ+h∫
τ

y∗(α)A∗(α, τ − α)dα

)
dτ,

(15)

where t ≤ b is arbitrary, with the final condition

(ℜy∗)b(−θ) = (ℜy∗)(b − θ) = (ℜ1y∗1(b − θ), . . . ,ℜny∗n(b − θ)) = ψ(θ) (16)

for t ∈ [b, b + h], t − b = −θ.
First, we will prove that the operator ℜ maps Ω(ψ, t∗) into Ω(ψ, t∗).
Since y∗(t) ∈ BV([b, b + h],Rn∗

), then it is not necessary for y∗(t) to be continuous
at t = b. Thus, we must prove only that y∗(t) has at most a jump of the first kind at
t = b. From conditions (S), it follows that for each y∗ ∈ Ω(ψ, t∗) and for any τ, α ∈ [t∗, b]

with τ − α ∈ [−h, 0], the vector function τ →
τ+h∫
τ

y∗(α)A∗(α, τ − α)dα is locally bounded

and at least Lebesgue-integrable. When τ − α ≤ −h, then for any ψ ∈ C∗
0 the function

τ →
τ+h∫
τ

y∗(α)A∗(α, τ − α)dα is also locally bounded and at least Lebesgue-integrable.

Then, from (15) it follows that ℜy∗(s) is absolutely continuous and hence we have

lim
t→b−0

ℜy∗(t) = ψ(θ).

For any t ∈ [b, b + h] since ψ ∈ C∗
0 , from (16) it follows that

lim
θ→0−

(ℜy∗)b(−θ) = lim
θ→0−

ψ(θ) < ∞,

and hence (ℜy∗)(t) has at most a jump of the first kind. Thus, we conclude that

ℜΩ(ψ, t∗) ⊂ Ω(ψ, t∗).

Note that if in addition y∗ ∈ Ω(ψ, t∗) is continuous, then according to Lemma 1 in [17],
ℜy∗(t) will be continuously differentiable.
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Denote Γn = ∑
k∈⟨n⟩

Γ−1(1 + qk) and

At∗ = max

 sup
t∈[t∗ ,b+h]

(
sup

θ∈[−h,0]
|A(t, θ)|

)
, sup

t∈[t∗ ,b]
∑

i∈⟨m⟩0

|Ai(t)|

.

Note that condition S3 implies that At∗ < ∞ for any compact sub-interval of R. Then,
for any y, y ∈ Ω(ψ, s∗), from (15) it follows that for each t ∈ [t∗, b] we have

|ℜy∗(t)−ℜy∗(t)| = ∑
k∈(n)

|ℜkyk(t)−ℜkyk(t)|

≤ ∑
k∈(n)

1
Γ(qk)

b∫
t
(τ − t)qk−1

(
∑

j∈⟨n⟩
∑

i∈⟨m0⟩

∣∣∣yj
k(τ + σi)− yj

k(τ + σi)
∣∣∣|Ai(τ + σi)|+

τ+h∫
τ

∣∣∣yj
k(α)− yj

k(α)
∣∣∣|A∗(α, τ − α)|dα

)
dτ

≤ 2mnAt∗d(y∗, y∗) ∑
k∈(n)

1
Γ(qk)

b∫
t
(τ − t)qk−1dτ ≤ 2mnAt∗d(y∗, y∗) ∑

k∈(n)

(t−t∗)qk

qkΓ(qk)

≤ 2mn2 At∗Γnd(y∗, y∗) ∑
k∈(n)

(t − t∗)qk = 2mn3 At∗Γn max
k∈(n)

(t − t∗)qk d(y∗, y∗).

(17)

Then, choosing t − t∗ small enough so that max
k∈(n)

(t − t∗)qk ≤ 1
4mn3 At∗Γn

, from (17) we

obtain that d(ℜy∗,ℜy∗) ≤ 1
2

d(y∗, y∗), i.e., the operator is contractive in Ω(ψ, s∗). Thus, we

can conclude that for the fixed point y∗0(t) = ℜy∗0(t) we have that

y0(t) ∈ C([t∗, b],Rn∗
) ∩ BV([t∗, b],Rn∗

).

Definition 6 ([15]). The solution y(t; b, ψ, 0T) will be called a continuation of the solution
y(t; b, ψ, 0T) if from the relation (t∗y , b] ⊂ (t∗y , b] it follows that y(t; b, ψ, 0T) ≡ y(t; b, ψ, 0T) for
t ∈ (t∗y , b]. The solution ymax(t; b, ψ, 0T) of FP (12), (14), with an interval of existence (t∗max, t], is
called maximal if it is a continuation of any other solution of FP (12), (14).

Theorem 3. Let the conditions of Theorem 2 hold.
Then, for any ψ ∈ C∗

0 the interval of existence of the maximal solution of FP (12), (14) cannot
be a finite and closed from left interval.

Proof. Assume the contrary, that there exists ψ ∈ C∗
0 such that the maximal solution

ymax(t; b, ψ, 0T) of FP (12), (14) has a finite and closed from left interval of existence,
i.e., t∗max, b]. Define a final function as follows, in two variants depending on the length of
the interval [t∗max, t∗max + h] (part of the interval [t∗max, b + h]):

(a) t∗max + h < b; then ψ(θ) ≡ ymax(t∗ − θ; b, ψ, 0T) for θ ∈ [−h, 0];
(b) t∗max + h ≥ b}; then ψ(θ) ≡ ymax(t∗ − θ; b, ψ, 0T) for t − θ < b and ψ(θ) ≡ ψ(θ) for

t − θ > b.

Since ymax(t; b, ψ, 0T) ∈ Ω(ψ, t∗max), then the defined above final function ψ ∈ C∗
0 .

Define the set

Ω(ψ, t∗) = {y(t)| y(t) = y(t)|[t∗ ,b], t∗ < t∗max; y(t) ∈ Ω(ψ), yt∗max
(−θ) = y(t∗max − θ) = ψ(θ)}.

As above, introduce for any y∗(t), y(t) ∈ Ω(ψ, t∗) the metric function

d(y∗, y∗) =
n

∑
k=1

sup
t∈[t∗ ,b]

|yk
∗(t)− yk

∗(t)|,

and hence Ω(ψ, t∗) is a complete metric space concerning this metric function.
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Define the operator (ℜỹ)(t) = (ℜ1y1(t), . . . ,ℜnyn(t)) via (15) for t ≤ t∗max and for
t ∈ [t∗max, t∗max + h] with the final condition

(ℜỹ)t∗max(−θ) = (ℜỹ)(t∗max − θ) = ψ(θ).

Then, for any y∗, y∗ ∈ Ω(ψ, t∗), as in (17), for any t ∈ [t∗, t∗max] we have

|ℜy∗(t)−ℜy∗(t)| = ∑
k∈(n)

|ℜkyk(t)−ℜkyk(t)|

≤ 1
Γ(qk)

b∫
t
(τ − t)qk−1

(
∑

j∈⟨n⟩
∑

i∈⟨m0⟩

∣∣∣yj
k(τ + σi)− yj

k(τ + σi)
∣∣∣|Ai(τ + σi)|+

τ+h∫
τ

∣∣∣yj
k(α)− yj

k(αi)
∣∣∣|A∗(α, τ − α)|dα

)
dτ

≤ 2mnAt∗d(y∗, y∗) ∑
k∈(n)

1
Γ(qk)

t∗max∫
t

(τ − t)qk−1dτ ≤2mnAt∗d(y∗, y∗) ∑
k∈(n)

(t∗max−t∗)
qk

qkΓ(qk)

≤ 2mn2Γn At∗d(y∗, y∗) ∑
k∈(n)

(t∗max − t∗)qk = 2mn3Γmax At∗d(y∗, y∗) max
k∈(n)

(t∗max − t∗)qk

(18)

and then, as above, we can choose t∗max − t∗ small enough such that from (18) it follows

that d(ℜy∗,ℜy∗) ≤
1
2

d(y∗, y∗). Thus, there exists a unique fixed point y∗0(t) ∈ Ω(ψ, t∗)

for the operator ℜ and hence we have constructed a prolongation of ymax(t; b, ψ, 0T) that
contradicts our assumption.

Corollary 3. Let the conditions of Theorem 2 hold.
Then, for any ψ ∈ C∗

0 the interval of existence of the maximal solution of FP (12), (14) is
(−∞, b].

Proof. Let ψ ∈ C∗
0 and then, according to Theorem 3, the interval of existence of the

maximal solution ymax(t; b, ψ, 0T) has the form (t∗max, b] ̸= ∅. Assume the contrary, that
t∗max > −∞, and then ymax(t; b, ψ, 0T) satisfies system (13) for t ∈ (t∗max, b] with C∗ = ψ(0).
Taking into account that the right side of (13) is a continuous function for t ∈ [t∗max, b], then
taking the limit for t → t∗max + 0, we obtain that ymax(t; b, ψ, 0T) satisfies (13) for t = t∗max
too. Thus, we have constructed a continuation of ymax(t; b, ψ, 0T) that is impossible, and
hence t∗max = −∞.

Introduce the matrix ξ(θ) =
{

ζ
j
k(θ)

}
k,j∈⟨n⟩

with rows ζk(θ) = (ζ1
k(θ), . . . , ζn

k (θ)) ∈ C∗
0 ,

defined as follows: ζ
j
k(θ) = 0T, k ̸= j, θ ∈ [−h, 0], ζk

k(0) = Ik, ζk
k(θ) = 0, θ ∈ [−h, 0) for

any k ∈ ⟨n⟩, where Ik denotes the k-th row of the identity matrix I in Rn.

Corollary 4. Let the conditions of Theorem 2 hold.
Then, FP (12), (14) for any k ∈ ⟨n⟩ with final function ζk(θ) ∈ C∗

0 has a unique solution
Yk(t; b, ζk) ∈ C∗

b with an interval of existence (−∞, b] and Yk(·; (−∞, b], ζk) ∈ PACloc((−∞, b],Rn).

Proof. The first assertion follows immediately from Theorem 2, Theorem 3, and Corollary 3.
The second one follows from Lemma 1 in [20].

Definition 7 ([16,17]). Forarbitrary fixed t ∈ Rwith s ≤ t, thematrixY(s; t,ζ) = (Y1(s, t), . . . ,Yn(s, t))T

with rows Yk(s, t), which are solutions of FP (12), (14), with final function ζk(θ) ∈ C∗
0 for any

k ∈ ⟨n⟩ will be called the formal adjoint fundamental matrix of (12).

For arbitrary fixed t ∈ R with s ≤ t and for any ψ ∈ C∗
0 , introduce the following

auxiliary Volterra-type system:

y(s; t) = ψ(0)−
t∫

s

y(α; t))K(α, s)dα, (19)
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where the kernel K(t, s) is defined via the equality

K(t, s) = I−1(Γ(q))
t∫

s

Iq−1(τ − s)∂U(α, τ − α)dτ. (20)

Lemma 2. For any fixed t ≤ b, let the following conditions be fulfilled:

1. The conditions (S) hold.
2. For any ψ ∈ C∗

0 and s ≤ t, the kernel K(t, s) in (19) is defined via (20).

Then, for each ψ ∈ C∗
0 the corresponding solution y(s; t, ψ, 0) ∈ C∗

t of FP (13), (14) is a
solution of FP (19), (14) with C∗ = ψ(0) and vice versa.

Proof. Let ψ ∈ C∗
0 be arbitrary and y(s; t, ψ, 0T) ∈ C∗

t be the corresponding solution. Then,
for any arbitrary fixed s ≤ t, taking into account Lemma 1 and applying the Fubini theorem,
from (13) it follows that

y(s) = ψ(0)− I−1(Γ(q))
t∫

s
Iq−1(τ − s)

(
t∫

s
y(α)∂U(α, τ − α)dα

)
dτ

= ψ(0)−
t∫

s
y(α))

(
I−1(Γ(q))

t∫
s

Iq−1(τ − s)∂U(α, τ − α)dτ

)
dα

= ψ(0)−
t∫

s
y(α))K(α, s)dα

(21)

and hence any FP (13), (14) is a solution of FP (19), (14).
The statement that when y(s, t, ψ, 0) ∈ C∗

t is a solution of FP (19), (14) then it is also a
solution of FP (13), (14) can be proved in the reverse way.

Consider the matrix system

Y(s, t) = 1s≤t I −
t∫

s

Y(α, t))K(α, s)dα. (22)

Corollary 5. Let the following conditions hold:

1. The conditions (S) hold.
2. Y(s, t, ξ) is the formal adjoint fundamental matrix of (4) (i.e., its rows Yk(s, t, ξ) satisfy FP

(13), (14) with final function ζk(θ) ∈ C∗
0 for any k ∈ ⟨n⟩).

3. For any fixed t, s ∈ R, the kernel K(t, s) is defined via (20).

Then, the matrix Y(s, t, ξ) satisfies system (22) for any s ∈ (−∞, t] and it is unique.

Proof. Since for any k ∈ ⟨n⟩ every row Yk(s, t) = (y1
k(s, t), . . . , yn

k (s, t)) of the matrix
Y(s, t, ξ) is a solution of FP (13), (14) with initial function ξk(θ), then from Lemma 2 it
follows that Y(s, t, ξ) is unique and satisfies the matrix system (22) for any s < t and
vice versa. From (22) it follows that lim

s→t−0
Y(s, t, ζ) = I, and hence, according to Lemma 1,

we have that Y(t, t, ξ) = I. Thus, we conclude that Y(s, t, ξ) satisfies the matrix system
(22) for s = t too. Since Y(s, t, ξ) = Θ when s > t, then from (22) it follows that Y(s, t, ξ)

is a solution of (22) for any s ≤ t. In addition, Lemma 2 implies that the statements of
Corollary 5 hold for the matrix variant of system (13) too.

Definition 8 ([21]). A measurable function K(t, s) : R×R → Rn×n will be called a Volterra
kernel of type Lloc

1 on R×R if for any compact sub-interval [a, b] ⊂ R the following conditions hold:

1. The kernel K(t, s) = Θ for any (t, s) ∈ R×R with s > t.
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2. ∥K∥L1
< ∞ for any g(s) ∈ Lloc

1 (R,R) with ∥g∥1
de f
=

b∫
a
|g(s)|ds ≤ 1, where the norm ∥·∥L1

is defined as

∥K∥L1

de f
= sup

∥g∥1≤1

b∫
a

 b∫
a

|K(t, s)g(s)|ds

dt = ess sup
s∈[a,b]

b∫
a

|K(t, s)|dt.

Let conditions (S) hold. Then, it is simple to check that the kernel K(t, s) defined
via (20) for any fixed interval [a, b] ⊂ R satisfies the conditions in Definition 8, and hence is
a Volterra kernel of type Lloc

1 on R×R. We will use the notation K(t, s) ∈ VKloc(R×R).
Following [22], introduce the corresponding resolvent system for system (19) for the

kernel K(t, s) ∈ VKloc(R×R) in the form

R(s, t) = K(t, s)−
t∫

s

R(α, t)K(α, s)dα = K(t, s)−
t∫

s

K(t, α)R(s, α)dα, (23)

and the solution R(s, t) ∈ VKloc(R×R) of (23) will be called a VKloc(R×R)-resolvent
kernel for the kernel K(t, s). Note that R(t, t) = K(t, t) = Θ. Concerning the existence of a
unique resolvent kernel for the kernel K(t, s) when conditions (S) hold, see [22].

Introduce the following relation:

Y∗(s, t) = Is≤t +

t∫
s

R(s, τ)dτ. (24)

Theorem 4. For any fixed t, s ∈ R with s ≤ t, let the following conditions hold:

1. The kernel U : R×R → Rn×n satisfies conditions (S).
2. The kernel K(t, s) is defined via (20).

Then, the matrix Y∗(s, t) defined via the relation (24) is a solution of the resolvent Equation (23)
if and only if the matrix Y∗(s, t) and the formal adjoint fundamental matrix Y(s, t, ξ) coincide.

Proof. Necessity. Let the matrix R(s, t) be a solution of the resolvent Equation (23). We

will prove that the function Y∗(s, t) = 1s≤t−h I +
t∫

s
R(τ, s)dτ satisfies Equation (22). Indeed,

we have

1s≤t I +
t∫

s
R(τ, s)dτ = 1s≤t I +

t∫
s

[
−K(τ, s)−

τ∫
s

R(α, τ)K(α, s)dα

]
dτ

= 1s≤t I −
(

t∫
s

K(α, s)dα +
t∫

s

[
t∫

α
R(α, τ)dτ

]
K(α, s)dα

)

= 1s≤t I −
t∫

s

(
1s≤t I +

t∫
α

R(α, τ)dτ

)
K(α, s)dα.

(25)

Thus, Y∗(s, t) = 1s≤t−h I +
t∫

s
R(τ, s)dτ satisfies the same equation and initial condition

as Y(s, t) and hence, from the uniqueness of the adjoint fundamental matrix, it follows that
Y∗(s, t) ≡ Y(s, t, ξ).
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Sufficiency. Let the formal adjoint fundamental matrix Y(s, t, ξ) have the representa-

tion (24). Then, in virtue of (24), we have that
∂Y(s, t)

∂t
= ∂tY(s, t) = R(s, t), and substituting

R(s, t) = ∂tY(s, t) in (23) we obtain that

R(s, t) = K(t, s)−
t∫

s
K(t, α)∂tY(s, α)dα = K(t, s)−

t∫
s

K(α, s)dαY(s, α)

= K(t, s)− K(t, s) +
t∫

s
Y(α, t)dαK(α, s) =

t∫
s

(
I +

t∫
s

R(α, τ)dτ

)
dαK(α, s)

= K(t, s)−
t∫

s
K(α, s)dα

(
I +

t∫
s

R(α, τ)dτ

)
= K(t, s)−

t∫
s

K(α, s)R(α, τ)dα

and hence the kernel R(s, t) is a solution of the resolvent system (23). From Corollary 5, it
follows that R(s, t) is the unique solution.

4. Generalized Halanay Relation. Explicit Relation Between the
Fundamental and the Adjoint Fundamental Matrices

In classical integer-order theory, the Halanay inequality is used as a critical tool for
investigating the asymptotic stability of delayed systems. This inequality was generalized
for fractional delayed systems by H. Ye, J. Gao, Y. Ding in [23] and plays the same role for
the stability of fractional delayed systems.

Here, we generalize another classical result—the relation introduced by A. Halanay,
also in [14], which is a bilinear form with the following property: after substituting the
arbitrary solution x(t) of the studied system and arbitrary solution y(t) of its Lagrange
adjoint system in the Halanay form, this form becomes a constant for all t. This form is a
key tool in the classical integer-order case for establishing an important kind of integral
representation of the arbitrary solution x(t) via the adjoint fundamental matrix. The main
problem with the classical Halanay form is that it is not directly useful for systems with
fractional derivatives. This leads to the necessity to reformulate the Halanay form as a
bilinear form which is appropriate for application to the fractional delayed systems while
retaining its main property.

So, in this section we introduce and prove a generalization for the fractional case of
the famous Halanay relation (see [14]), which gives a basic relation between the solutions
of both systems (3) and (12).

Furthermore, we establish the main relation between the fundamental matrix C(t, s)
and its formal adjoint fundamental matrix Y(s, t).

Let [a, b] ⊂ Rwith a < b be arbitrary fixed and for any t ≤ b introduce the bilinear form

⟨y, x⟩ =
t∫

a

(
Dq

b−y(α)x(α) + y(α)Dq
a+x(α)

)
dα + ∑

i∈⟨m⟩

t+σi∫
t

y(α)Ai(α)x(α − σi)dα

−
0∫

−h

(
t∫

t−τ

(y(θ)A(θ, τ)x(θ + τ))dθ

)
dτ, t ∈ [a, b]

(26)

We will prove that for arbitrary solutions x(t) of IP (3), (2) and y(t) of FP (12), (14), for
any t ∈ [a, b] the following relation holds:

⟨y, x⟩ =
t∫

a

(
Dq

b−y(α)x(α) + y(α)Dq
a+x(α)

)
dα + ∑

i∈⟨m⟩

t+σi∫
t

y(α)Ai(α)x(α − σi)dα

+
0∫

−h

(
t∫

t−τ

(y(θ)A(θ, τ)x(θ + τ))dθ

)
dτ ≡ const.

(27)
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Theorem 5. For any compact sub-interval [a, b] ⊂ R, let the following conditions hold:

1. The kernel U : R×R → Rn×n satisfies conditions (S).
2. The kernel K(t, s) is defined via (20).

Then, for arbitrary solutions x(t) of IP (3), (2) and y(t) of FP (12), (14), the relation (27)
holds for any t ∈ [a, b].

Proof. Let x(t) be an arbitrary solution of IP (3), (2). Then, for any solution y(t) of FP (12),
(14) and t ∈ [a, b] from (26), it follows that

d
dt ⟨y, x⟩ = Dq

b−y(t)x(t) + y(t)Dq
a+x(t) + ∑

i∈⟨m⟩
y(t + σi)Ai(t + σi)x(t)

− ∑
i∈⟨m⟩

y(t)Ai(t)x(t − σi)− d
dt

(
0∫

−h

(
t∫

t−τ

(y(θ)A(θ, τ)x(θ + τ))dθ

)
dτ

)
= −

0∫
−h

y(t − θ)A∗(t − θ)x(t)dθ − ∑
i∈⟨m⟩

y(t + σi)Ai(t + σi)x(t)

+
0∫

−h
y(t)A∗(t)x(t + θ)dθ + ∑

i∈⟨m⟩
y(t)Ai(t)x(t − σi) + ∑

i∈⟨m⟩
y(t + σi)Ai(t + σi)x(t)

− ∑
i∈⟨m⟩

y(t)Ai(t)x(t − σi) +
0∫

−h
(y(t − τ)A∗(t − τ)x(t)− y(t)A∗(t)x(t + τ))dτ

= −
0∫

−h
y(t − θ)A∗(t − θ)x(t)dθ +

0∫
−h

y(t)A∗(t)x(t + θ)dθ

+
0∫

−h
y(t − θ)A∗(t − θ)x(t)dθ −

0∫
−h

y(t)A∗(t)x(t + θ)dθ = 0,

(28)

and hence from (28) it follows that (27) holds.

Remark 6. Note that if all qk = 1, k ∈ ⟨n⟩, we have that

t∫
a

(
Dq

b−y(α)x(α) + y(α)Dq
a+x(α)

)
dα

=
t∫

a

(
RLDq

b−(y(α)− y(b))x(α) + y(α)RLDq
a+(x(α)− x(a))

)
dα

and
t∫

a

(
I1−q
b− y′(α)x(α) + y(α)I1−q

a+ x′(α)
)

dα=
t∫

a
(y′(α)x(α) + y(α)x′(α))dα

=
t∫

a
(y(α)x(α))′dα = y(t)x(t)− y(a)x(a)

and hence the relation (27) coincides with the classical one (see [14]) in the integer case
(qk = 1, k ∈ ⟨n⟩) and can be called a generalized Halanay relation.

Theorem 6. Let the following conditions be fulfilled:

1. The conditions (S) hold.
2. The function f ∈ BLloc

1 (Ja,Rn) and f (0) = 0.

Then, D1−q
a+ Y(s, · )(t) = D1−q

t− C(t, · )(s) for almost everywhere, s ∈ [a, t].

Proof. Let x(t) be an arbitrary solution of IP (3), (2) and Y(s; t) be the adjoint fundamental
matrix. Multiplying from left with Y(s; t) system (9) and integrating in s from a to arbitrary
t ∈ [a, b], we obtain that
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t∫
a

Y(α; t)Dq
a+x(α)dα =

t∫
a

Y(α; t) ∑
i∈⟨m0⟩

Ai(α)x(α − σi)dα

+
t∫

a
Y(α; t)

(
0∫

−h
A∗(α, θ)x(α + θ)dθ

)
dα +

b∫
a

Y(α; b) f (α)dα

s=α+θ
=

b∫
a

∑
i∈⟨m0⟩

Y(α; t)Ai(α)x(α − σi)dα +
t∫

a

(
α∫

α−h
Y(α; t)A∗(α, s − α)x(s)ds

)
dα

+
t∫

a
Y(α; t) f (α)dα.

(29)

Since x(t) is continuous at any t ∈ [a, b] and hence bounded on [a, b], then we have

that I1−q
a+ x(α) =

α∫
a
(α − s)−qx(s)ds|α=a = 0. Then, we have

t∫
a

Y(α; t)Dq
a+x(α)dα =

t∫
a

Y(α; t)RLDq
a+(x(α)− x(a))dα =

t∫
a

Y(α; t) dI1−q
a+ (x(α)−x(a))

dα dα

=
t∫

a
Y(α; t)dα Iq

a+(x(α)− x(a)) = Y(t; t)I1−q
a+ (x(α)− x(a))α=t − Y(a; t)I1−q

a+ (x(α)− x(a))α=a︸ ︷︷ ︸
=0

= I1−q
a+ x(t)−

t∫
a

I1−q
a+ x(α) dY(α;t)

dα x(α)dα = I1−q
a+ x(t)−

t∫
a

I1−q
t−

dY(α; t)
dα︸ ︷︷ ︸

Dq
t−

x(α)dα

= I1−q
a+ x(t)−

t∫
a

Dq
t−Y(α; t)x(α)dα,

(30)

where formula 2.20 in p.2.3 in [24] is used in the calculation. Then, from (29) and (30)
we obtain

I1−q
a+ x(t) =

t∫
a

∑
i∈⟨m⟩0

Y(α; t)Ai(α)x(α − σi)dα +
t∫

a

(
0∫

−h
Y(α; t)A∗(α, θ)x(α + θ)dθ

)
dα

+
t∫

a
Y(α; t) f (α)dα +

t∫
a

Dq
t−Y(α; t)x(α)dα

=
t∫

a
∑

i∈⟨m⟩0

Y(α; t)Ai(α)x(α − σi)dα +
t∫

a
Y(α; t) f (α)dα +

t∫
a

Dq
t−Y(α; t)x(α)dα

α+θ=s
+

t∫
a

(
s∫

s−h
Y(α; t)A∗(α, s − α)x(s)ds

)
dα

α−σi=ᾱ
= ∑

i∈⟨m⟩0

a∫
a−σi

Y(ᾱ + σi; t)Ai(ᾱ + σi, t)x(ᾱ)dᾱ +
t∫

a
Y(α; t) f (α)dα +

t∫
a

Dq
t−Y(α; t)x(α)dα

+ ∑
i∈⟨m⟩0

t∫
a

Y(ᾱ + σi; t)Ai(ᾱ + σi, t)x(ᾱ)dᾱ +
t∫

a

(
s∫

s−h
Y(α; t)A∗(α, s − α)x(s)ds

)
dα

α−σi=ᾱ
= ∑

i∈⟨m⟩0

a∫
a−σi

Y(α + σi; t)Ai(α + σi, t)x(α)dα +
t∫

a
Y(α; t) f (α)dα

+
t∫

a
Dq

t−Y(α; t)x(α)dα + ∑
i∈⟨m⟩0

t∫
a

Y(α + σi; t)Ai(α + σi, t)x(α)dα

+
t∫

a

(
s+h∫
s

Y(α; t)A∗(α, s − α)x(s)ds

)
dα +

a∫
a−h

(
s+h∫
a

Y(α; t)A∗(α, s − α)x(s)ds

)
dα

+

t∫
t−h

 s+h∫
s

Y(α; b)A∗(α, s − α)x(s)ds

dα

︸ ︷︷ ︸
=0

=
a∫

a−h

(
s+h∫
a

Y(α; t)A∗(α, s − α)x(s)ds

)
dα +

t∫
a

Y(α; t) f (α)dα.

(31)

From (31), taking into account that any row of Y(s; t) satisfies system (12), we obtain
for x(t) via Y(s; t) the following integral representation:
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I1−q
a+ x(t) =

a∫
a−h

 s+h∫
a

Y(α; t)A∗(α, s − α)x(s)ds

dα +

t∫
a

Y(α; t) f (α)dα,

or in equivalent form

x(t) = D1−q
a+

 a∫
a−h

 s+h∫
a

Y(α; t)A∗(α, s − α)x(s)ds

dα

(t) + D1−q
a+

 t∫
a

Y(α; t) f (α)dα

(t). (32)

Let x(t) be the unique solution of IP (1), (2) with arbitrary forcing term f (t) ∈ BLloc
1 (Ja,R)

and initial condition xa(θ) = x(a + θ) = 0, θ ∈ [−h, 0]. From (32), it follows that x(t) has the
integral representation via the adjoint fundamental matrix Y(s; t) in the form

x(t) = D1−q
a+

 t∫
a

Y(α; t) f (α)dα

(t). (33)

Taking into account that Y(s; t) = Θ for any t < s from (33), it follows that

D1−q
a+ I1−q

a+ x(t) = x(t)=RLD1−q
a+


t∫

a

Y(s, t) f (s)ds

︸ ︷︷ ︸
=K(t,s)

(t)

= 1
Γ(1−α)

d
dt

t∫
a
(t − η)−α


η∫

a

Y(s, η) f (s)ds

︸ ︷︷ ︸
=K(η,s)

dη = d
dt

t∫
a


1

Γ(1 − α)

t∫
s

(t − η)−αK(η, s)dη

︸ ︷︷ ︸
=Y(t,s)

ds

= d
dt

t∫
a


1

Γ(1 − α)

t∫
a

(t − η)−αK(η, s)dη

︸ ︷︷ ︸
=Y(t,s)

ds = d
dt

t∫
a

Y(t, s)ds =
t∫

a

∂Y(t,s)
∂t ds + lim

s→t−0
Y(t, s)

=
t∫

a
D1−q

a+ Y(s, t) f (s)ds + lim
s→t−0

D1−q
a+

t∫
a

Y(s, t) f (s)ds

︸ ︷︷ ︸
=K(t,s)

=
t∫

a
D1−q

a+ Y(s, t) f (s)ds + lim
s→t−0

(t − a)1−α
t∫

a
Y(t, t) f (s)ds =

t∫
a

(
D1−q

a+ Y(s, · )
)
(t) f (s)ds

(34)

and thus we have that

x(t) =
t∫

a

(
D1−q

a+ Y(s, · )
)
(t) f (s)ds. (35)

In virtue of Theorem 8 in [20], the same solution has the integral representation via
the fundamental matrix C(t, s) as follows:

x(t) =
t∫

a

C(t, s)RLD1−q
a+ f (s)ds.

Applying to the right side of (35) formula 2.64 in p.2.3 in [24] and taking into account
that f (0) = 0, we obtain
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x(t) =
t∫

a

C(t, s)RLD1−q
a+ f (s)ds =

t∫
a

RLD1−q
t− C(t, s) f (s)ds =

t∫
a

D1−q
t− C(t, s) f (s)ds.

Then, since for any f ∈ BLloc
1 (Ja,Rn), we have that

t∫
a

(
D1−q

a+ Y(s, · )
)
(t) f (s)ds =

t∫
a

D1−q
t− C(t, · ) f (s)ds

and hence the statement of the theorem follows from the relation above.

Remark 7. Note that if all qk = 1, k ∈ ⟨n⟩, we have that

D0
a+Y(s, · )(t) = Y(s, t), D0

t−C(t, · )(s) = C(t, s)

and hence the proved relation coincides with the classical one C(t, s) = Y(s, t) obtained in the
integer case.

5. Examples
The next mathematical example considers a class of delayed systems for which the

applicability and the feasibility of Theorem 5 can be checked immediately.

Example 1. Let [a, b] ⊂ R with a < b and consider the system Dq
a+x(t) = Ax(t) + Bx(t − h),

with its Lagrange adjoint system Dq
b−y(t) = −Ay(t) − By(t − h), t ∈ [a, b], A, B ∈ Rn×n,

x(t) : [a, ∞) → Rn, y(t) : (−∞, b] → Rn∗
, and h > 0 is an arbitrary number. Then, from (27) we

obtain that the generalized Halanay relation has the form

⟨y, x⟩ =
t∫

a

(Dq
b−y(α)x(α) + y(α)Dq

a+x(α))dα +

t+h∫
t

y(α)Bx(α − h)dα.

Then, substituting arbitrary solutions of both systems, with simple calculations we have

d
dt
⟨y, x⟩ = Dq

b−y(t)x(t) + y(t)Dq
a+x(t) + y(t + h)Bx(t) + y(t)Bx(t − h)

= −y(t)Ax(t)− y(t + h)Bx(t) + y(t)Ax(t)

+ y(t)Bx(t − h) + y(t + h)Bx(t)− y(t)Bx(t − h) = 0

and hence ⟨y, x⟩ = const, which illustrates the applicability of Theorem 5.

Below, we provide an actual example of how our system can be applied in an engi-
neering context.

Example 2. The presented example below is a generalization of the J.J. Hopfield model, introduced
in 1984, for a network of n voltage amplifiers (neurons), which describes the evolution of the voltage
on the input of each neuron. Since it was established that the updating and propagation do not occur
instantaneously in the model, it was upgraded as follows (see [25,26]):

CDq
0+xi(t) = −(CiRi)

−1xi(t) + C−1
i ∑

j∈⟨n⟩
Tij f j(xj(t − hij)), i ∈ ⟨n⟩, (36)

where xi(t) : [0, ∞) → R represents the voltage on the input of the i-th neuron. For any i ∈ ⟨n⟩, the
i-th neuron is characterized with input capacitance of its cell membranes Ci, the delays hi1, . . . , hin,
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and the transfer functions f j(xj) are called the input–output relation; each of them is nonlinear
and sigmoidal, saturating at ±1 with the maximal slope at xj = 0, j ∈ ⟨n⟩. Tij is the synapse
efficiency between neuron i and j, with Tij = R−1

ij when the noninverting output of neuron j is

connected to the input of neuron i via a resistance Rij and Tij = −R−1
ij when the inverting output

of neuron j is connected to the input of neuron i through a resistance Rij. Rij is the total parallel
transmembrane resistance of the i-th neuron and R−1

i = r−1
i + ∑

j∈⟨n⟩
R−1

ij , i ∈ ⟨n⟩, where ri denotes

the input resistance of the i-th neuron, corresponding to the connection to the outside of the network.
Linearizing f j(xj) from (36), it follows that

CDq
0+xi(t) = −(CiRi)

−1xi(t) + C−1
i ∑

j∈⟨n⟩
αJijxj(t − hij), i ∈ ⟨n⟩, (37)

where the gain α is defined as the slope of f (x) = ( f1(x1), . . . , fn(xn)) at x(t) = (x1, . . . , xn)T = 0
and {Jij}i,j∈⟨n⟩ ∈ Rn×n is the connection matrix. Note that the system (37) is a partial case of
our studied system and in [27] it is established that even in the integer case the delays may cause
sustained oscillations in the neural network.

6. Comments and Conclusions
In the present work, we have considered linear systems with derivatives in Caputo’s

sense of incommensurate order and distributed delays. The following main results were
obtained in the presented article:

1. An explicit formula connecting the adjoint fundamental matrix with the measure-
resolvent kernel R(s, t) has been proven for Volterra kernels K(t, s) of type Lloc

1 .
2. A bilinear form is introduced, which is proven to become equal to a constant after

the substitution of an arbitrary solution of IP (3), (2) and an arbitrary solution of
FP (10), (12) and generalizes the classical result of Halanay [14] for systems with
first-order derivatives.

3. An explicit formula connecting the adjoint fundamental matrix with with the funda-
mental matrix has been proven.

Below, we make some notes related to the obtained main results listed above.
To our knowledge, all the results obtained in the article are new for fractional equations

and/or systems with any kind of delays (constant, variable, distributed).
The results described above in points 2 and 3 for the fractional adaptation of the

Halanay form introduced by us coincide, in the particular case when all fractional derivative
orders are q1 = q2 = · · · = qn = 1, with the classical results of Halanay [14] for systems
with first-order derivatives.

For the introduced notion of a formal (Lagrange) adjoint system of the studied ho-
mogeneous system (3), it must be noted that in [17] the existence of a unique adjoint
fundamental matrix is obtained as a consequence of the possibility of backward continua-
tion for the solutions. This work makes an extension of the approach introduced in [17]
that partially decreases the disadvantages caused by the usage of the fractional derivatives
by losing the symmetry of differentiation. In contrast with [17], as an application of the
extended approach we have obtained the adjoint fundamental matrix as a solution of an
appropriately formulated final problem, which allowed us to weaken the conditions in this
work for its existence. We emphasize that the final problems in the work are considered as
problem of the renewal of a process with after effects under a given final observation. This
formulation is equivalent, from the mathematical point of view, to the problem of forward
prolongation of the solutions of fractional differential equations with deviating argument
of advanced type.
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One of the main obstacles (at least technically but not only) in formulating and proving
an analogue of the famous Halanay relation was the absence, for fractional derivatives,
of the Leibniz rule for differentiating a product of two functions, which demanded a
new formulation of this relation. Also, the absence of key properties in the fractional
derivatives such as locality and symmetry are not only technical problems but are related to
the inner nature of the described processes. So, for the fractional case, taking into account
the geometric and physical interpretation of the fractional integration and differentiation
(see [28,29]), we think that fractional models are closer to the point of view developed in
the relativistic theory for real-world phenomena. Note that, as far as we know, at this time
an analysis of the consequences from this point of view does not exist.
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