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Abstract

Granular materials subjected to complex stress histories exhibit pronounced path depen-
dence, multi-scale heterogeneity and scale-invariant characteristics, especially when particle
breakage leads to gradation evolution with fractal features. Discrete element simulations
are performed on granular assemblies with prescribed idealized fractal gradations under
constant stress ratio loading–turning paths, while maintaining identical solid volume and
initial relative density. The results show that, for a given gradation, both the peak strength
envelope and the critical state line exhibit high consistency and are effectively independent
of the examined stress paths, which are supported by high R2 values from regression. At
the critical state, microstructural parameters together with energy measures consistently
follow stable power–law relationships with mean effective stress. For different gradations,
the critical stress ratio remains nearly unchanged, whereas peak strength increases with
increasing fractal dimensions; although critical state points remain nearly collinear in the
deviatoric stress (q) –mean effective stress (p) plane, the critical state line in void ratio (e)–p
plane shifts downward as the particle size distribution becomes broader. The evolution
of microstructural and energy-related power–law relationships with fractal dimension
exhibits a clear saturation trend. This study demonstrates that, within the simulated frame-
work, fractal gradation primarily governs the position of the critical state in e–p space
without altering its fundamental path-independent nature, providing fundamental insights
into the multi-scale mechanics of graded granular materials under complex loading.

Keywords: granular materials; critical state; fractal gradation; discrete element method;
constant stress ratio paths; microstructural evolution

1. Introduction
Granular materials are ubiquitous in high rockfill dams and many geotechnical sys-

tems, where their mechanical behavior is characterized by pronounced heterogeneity,
strong path dependence and intrinsic multi-scale features [1,2]. Field observations from
large rockfill dams indicate that, during construction, stress evolution within the dam
body often follows approximately constant stress ratio paths, whereas during reservoir
impoundment and operational stages, stress paths may undergo directional turning in the
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q–p space [3,4]. Such complex loading histories induce spatially dependent mechanical
responses and play a critical role in controlling deformation and stability [5,6].

As the dam height increases, the stress level acting on granular materials rises accord-
ingly. Once applied stress exceeds the strength of individual particles, particle breakage
occurs, leading to the generation of fines and progressive broadening of the particle size
distribution [7]. This breakage-induced gradation evolution results in continuous reorgani-
zation of the load-bearing skeleton and force-chain network, fundamentally altering the
macroscopic mechanical behavior [8,9]. These processes highlight that the evolution of gran-
ular materials is governed not only by stress paths, but also by scale-dependent mechanisms
such as particle fragmentation, gradation redistribution and force-chain restructuring.

Extensive experimental and numerical studies have shown that particle size distribu-
tions produced by breakage commonly exhibit fractal characteristics [10–12]. Consequently,
the fractal dimension has emerged as a powerful descriptor for quantifying gradation
evolution and internal structural complexity in granular systems [13]. From a broader
perspective, fractal theory provides a natural framework for describing scale invariance,
self-similarity and power-law distributions that are widely observed in granular materials.
In parallel, fractional-order and multi-scale modeling approaches have gained increas-
ing attention for their ability to capture non-local interactions, memory effects and long-
range correlations in complex materials [14,15]. These developments have significantly
advanced the theoretical foundations for understanding granular behavior beyond classical
continuum descriptions.

Within this study, the discrete element method (DEM), when combined with fractal
gradations, offers a particularly suitable platform for exploring the scale transition from
particle-scale mechanics to macroscopic responses [16–18]. DEM simulations enable direct
access to microstructural variables such as fabric anisotropy, coordination number, force-
chain topology and energy dissipation, which are essential for revealing the emergence
of macroscopic laws from microscopic interactions [19,20]. Notably, the critical state of
granular materials is often associated with scale-invariant behavior and power–law rela-
tionships between stress, structure and energy variables, suggesting a close connection
between critical state mechanics and fractal concepts [21–23].

Despite these advances, a systematic understanding that integrates these three aspects,
i.e., fractal gradation, complex stress paths, and the uniqueness of the critical state, remains
underdeveloped. Prior studies have often treated these elements in isolation. Research on
particle breakage has established the downward shift in the CSL with gradation broadening
but typically employs simplified stress paths [24]; DEM investigations into fabric evolution
have revealed power-law scaling at the critical state but are largely confined to fixed gra-
dations [25]; while fractal dimensions are widely adopted, their coupled effect with stress
paths on the complete set of macro–micro-energetic critical state characteristics is not fully
investigated. Consequently, it is still unclear how, under the dual control of prescribed frac-
tal dimensions and constant stress ratio loading–turning paths, the relationships between
mean effective stress and key microstructural (e.g., fabric anisotropy, coordination number)
and energetic descriptors at the critical state are preserved.

Motivated by this specific gap, the present study performs a comprehensive DEM
investigation on granular materials with idealized fractal gradations subjected to constant
stress ratio loading–turning paths. The path dependence of both the peak strength envelope
and the critical state line for a given gradation and how the critical state line shifts in e–p
space with increasing D are systematically examined. Furthermore, the analysis extends
to the scaling relationships between the mean effective stress and key microstructural
descriptors at the critical state, including fabric anisotropy, coordination number, and
energy components, across given idealized fractal gradations and stress paths. This work
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aims to provide multi-scale evidence that links the evolution of fractal gradation to the
critical state under complex loading histories.

2. DEM Modeling
2.1. DEM Model with Different Gradings

During the particle breakage process, large grains progressively fracture into smaller
fragments, resulting in a continuous enrichment of fines and widening of the particle size
distribution [26,27]. This evolutionary process is commonly reflected by an increase in the
fractal dimension D, which has been widely recognized as an effective index to characterize
the degree of fragmentation and the particle size distribution can be described by the
following equation [28]:

M(L < d)
MT

=

(
d

dmax

)3−D
(1)

where d is the particle size; dmax is the maximum particle size; M (L < d) is the granular
mass less than particle size d; MT is the total mass.

Five representative fractal dimensions, D = 0.6, 1.1, 1.5, 1.7, 1.9, were selected as a
controlling variable to generate a spectrum of idealized gradations, enabling a systematic
investigation of how the breadth of particle size distribution influences mechanical behav-
ior. These values span from weakly graded systems with limited fine content to highly
fractal and well-graded assemblies enriched with a substantial amount of fine particles,
thereby covering a broad and continuous spectrum of gradation states typically observed in
fragmentation-dominated granular materials. As shown in Figure 1, the minimum particle
size dmin decreases from 20.0 mm to 5.0 mm with increasing fractal dimension. It is worth
noting that the total solid particle volume Vs is maintained constant for all specimens with
different gradations.

 
Figure 1. Particle size distribution of DEM specimens with different fractal dimension D.

In preparing DEM specimens, it is generally required that the initial states of different
samples remain comparable, typically by ensuring either the same porosity or relative
density. In this study, all numerical specimens were prepared with identical initial relative
density conditions. Specifically, during the pre-consolidation stage to 20 kPa, the same
inter-particle sliding friction coefficient of 0.5 was assigned to all samples to achieve a
uniform compaction state. This specimen preparation procedure is consistent with those
adopted by De Frias Lopez et al. [29] and Minh et al. [30].

The numerical sample had an initial dimension of 300 mm (W) × 300 mm (D) ×
600 mm (H). The input parameters are listed in Table 1, which were chosen based on
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trial calculations and show similar characteristics to those reported in the literature [31],
suggesting their overall reasonableness. The linear-based rolling resistance model was used
in PFC3D 5.0 software, and the stiffness kn of a particle with size d was calculated using the
elastic contact modulus, Ec

kn = 2Ecd (2)

Table 1. Input parameters for three-dimensional DEM simulation.

Parameter Value

Particle density, ρ (kg/m3) 2650
Sliding friction coefficient, µs 0.5

Rolling resistance, µr 0.1
Elastic contact modulus, Ec (N/m2) 2.5 × 108

Particle stiffness ratio, κ* 1.5
Local damping coefficient, α 0.0

Boundary condition periodic

After pre-consolidation to 20 kPa, the front views of the specimens with different
fractal dimensions are shown in Figure 2. Detailed information on the DEM samples,
including the coefficient of uniformity, coefficient of curvature, maximum and minimum
particle sizes, and the number of particles, is summarized in Table 2.

Figure 2. Sectional elevation of DEM specimens with different fractal dimension D.

Table 2. Information on the DEM specimens with different fractal dimension D.

Fractal
Dimensions D

Maximum Particle
Size dmax (mm)

Minimum Particle
Size dmin (mm)

Number of Particles
N

Uneven
Coefficient Cu

Curvature
Coefficient Cc

0.6

60

20 1738 2.11 1.07
1.1 15 3301 2.57 1.12
1.5 10 8616 3.30 1.20
1.7 7.5 17,672 3.97 1.27
1.9 5.0 50,197 5.10 1.40

2.2. Simulation of Constant Loading–Transitional Stress Paths

In the numerical simulations, the stress paths during the dam construction stage were
first considered. Numerical specimens with different gradations were subjected to constant
stress ratio loading paths with various values of R = σ1/σ3. In q–p space, this path is a
straight ray from the initial point. The stress ratio η and the terminal point (p0, q0) at the
end of this stage are uniquely defined by R and σc:

η =
q
p
=

3(R − 1)
R + 2

, p0 =
R + 2

3
σc, q0 = (R − 1)σc (3)

A value of R = 1.0 corresponds to isotropic loading, while R ̸= 1 represents anisotropic
loading, thereby allowing the generation of different levels of initial anisotropy through
the control of R.
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Subsequently, constant stress ratio transitional path tests were performed with prin-
cipal stress increment ratios K = ∆σ1/∆σ3, to simulate the condition in which both the
major principal stress σ1 and the minor principal stress σ3 increase simultaneously during
reservoir impoundment on the downstream rockfill zone. Expressing the current deviatoric
stress q and mean effective stress p′ in terms of the axial stress increment ∆σ1 yields the
governing equation for the path in q–p space:

q
p
=

3
[
(R − 1)σc +

K−1
K ∆σ1

]
(R + 2)σc +

K+1
K ∆σ1

(4)

Among these paths, K = +∞ corresponds to the conventional triaxial compression path,
while K = −2.0 represents an equal–p path.

During the constant stress ratio loading process, vertical compression was applied
under strain control at a constant rate of 10−2/s and a stress servo-controlled system was
applied to the lateral walls to gradually increase the confining pressure until it reached
the target value σc. In the next stress transitional path, to ensure the specimen reached the
critical state, shearing was continued to a maximum axial strain ε1 of 30.0%, at which defor-
mation occurred at constant volume and constant stresses. The critical state parameters
(ec, pc, qc, etc.) were then determined by averaging their values over the final 5% to 10% of
axial strain.

The constant stress ratio loading–transitional stress paths in the q–p space are il-
lustrated in Figure 3. The complete set of parameters used in this study is as follows:
R ∈ {1.0, 1.33, 2.0, 2.5}, σc ∈ {100, 200, 400, 800} kPa and K ∈ {4.5, 5.5, 6.0, 8.0, +∞, −2.0}.

 
Figure 3. Schematic diagram of the constant stress ratio loading–transitional stress path.

2.3. Micro–Macro Mechanical Variable Definitions in DEM Analysis

At the microscopic level, the global contact network is constituted by the contact interac-
tions between particles and is highly heterogeneous and complex during shearing. Figure 4
shows four vectors used to describe the particle-scale interaction, which are the contact unit
normal n, branch vector b, normal contact force fn and tangential contact force ft.

The anisotropy of granular materials can be divided into two categories according to
the different origins, namely, the geometrical anisotropy and the mechanical anisotropy [25].
The geometric anisotropy can be expressed using the distribution of contact normal n and
branch vector b, while the mechanical anisotropy is contributed by the normal contact force
f n and tangential contact force f t [32,33].
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Figure 4. The interaction between particles.

The distribution of contact normal is described by the fabric tensor ϕij proposed by
Oda [34] as follows:

ϕij =
1

Nc

Nc

∑
α=1

nα
i nα

j (5)

where nα
i denotes the unit contact normal component at contact α in the ith direction.

The geometric anisotropies can be described by the second-order deviatoric directional
probability density tensor of contact normal and branch vector as follows [34]:

ac
ij =

15
2

(
ϕij −

ϕkk
3

δij

)
(6)

ab
ij =

15
2b0

(
bij −

bkk
3

δij

)
(7)

where δij is the Kronecker delta, bij is the second-order tensor, which can be calculated from
DEM simulations, expressed as follows:

bij =
1

Nc

Nc

∑
α=1

bαnα
i nα

j

1 + ac
kln

α
k nα

l
(8)

b0 = bkk is the average length of branch vectors over all directions.
Similarly, the mechanical anisotropies can be determined using the second-order

deviatoric directional representative value tensors for normal and tangential contact
forces [35], respectively:

an
ij =

15
2 f n

0

(
f n
ij −

f n
kk
3

δij

)
(9)

at
ij =

15
3 f n

0

(
f t
ij −

f t
kk
3

δij

)
(10)

where f n
ij and f t

ij are the second-order tensors of the normal and tangential contact forces,
expressed as follows:

f n
ij =

1
Nc

Nc

∑
α=1

f α
n nα

i nα
j

1 + ac
kln

α
k nα

l
(11)

f t
ij =

1
Nc

Nc

∑
α=1

f α
t tα

i nα
j

1 + ac
kln

α
k nα

l
(12)

f n
0 = f n

kk is the average normal force over all directions instead of the mean normal contact
force. Because the four tensors αc

ij, αb
ij, f n

ij , f t
ij are deviatoric in nature, their second invariants

can be used to quantify the degree of anisotropy as follows:

a∗ =

√
3
2

a∗ija
∗
ij (13)
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where α* is a scalar measure of the degree of anisotropy associated with the kth subnetworks
and the sub/super-script * stands for c, b, n, t, corresponding to one of the four anisotropies
mentioned above.

In the macroscopic level, the average stress tensor σij can be calculated by the statistical
average of the inter-particle contact force f and the branch vector b:

σij =
1
V

Nc

∑
α=1

f α
i bα

j (14)

where V is the total volume of the assembly; Nc is the number of contacts in the global
contact network. At the macroscopic level, the deviatoric stress q, the mean stress p, the
principal strain εi in direction i (i = 1, 2, 3) and the volumetric strain εv are defined as follows:

p =
1
3

σii (15)

q =

√
3
2

σ′
ijσ

′
ij (16)

εi = ln
li
li0

(17)

εv = ε1 + ε2 + ε3 (18)

where σij
′ is the deviatoric part of σij, equal to σij − δijσkk; li0 and li are the initial and

current length of the sample in the i direction.
Furthermore, by combining the macroscopic stress state with microscopic fabric

anisotropy, the first joint invariant Kc can be adopted [35] to characterize the fabric
anisotropy, which is expressed as follows:

Kc = σ′
ija

c
ij (19)

2.4. Energy Allocation Mechanism

According to the first law of thermodynamics, the incremental input work W obtained
by the macro stress and strain is equal to the sum of the elastic energy U and the plastic en-
ergy Wp per unit volume of the system. For the polydisperse granular system with periodic
boundary condition, the incremental input work dW can be calculated by the following:

dW = σijdεij (20)

In the linear-based rolling resistance model, the elastic energy U stored at particle
contacts consists of the energy in the linear contact model Ee and the rolling resistance
model Eer. The plastic energy Wp is composed of two parts: the energy dissipated by sliding
Eµs and rolling Eµr, respectively. Considering the quasi-static nature of the simulation,
the kinetic energy Ek can be ignored during the shearing process. As the local damping
coefficient α is set to 0, the energy dissipated by local damping Ed can also be ignored.
Therefore, the following equation can be obtained:

Wmicro = U + Wp = (Ee + Eer) + (Eµs + Eµr) (21)

The calculation methods of each energy are detailed in ref. [36], which are not listed in
this paper. In DEM simulation, for each calculation timestep, the energy in timestep n can
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be obtained by summing the energy in timestep n − 1 to the incremental energy in timestep
n, which can be described as follows:

Un = Un−1 + dUn

Wp
n = Wp

n−1 + dWp
n

Wmicro
n = Wmicro

n−1 + dWmicro
n

(22)

The calculated energy here refers to the per-unit-volume energy of the system. In the
quasi-static loading process, energy conservation is guaranteed at any time.

3. Influence of Constant Stress Ratio Loading–Turning Paths on the
Anisotropy and Peak Strength of Fractal Distributed Specimens
3.1. Influence of Constant Stress Ratio R on the Void Ratio and Anisotropy

The constant stress ratio loading path not only determines the stress condition at the
target confining pressure but also significantly affects the anisotropy of the specimens.
Table 3 lists the void ratios e of specimens with different gradations when they are loaded
to the target confining pressure σc = 200 kPa under various principal stress ratios R = σ1/σ3.
For specimens with the same gradation, the void ratio slightly decreases with increasing
R, indicating that a larger principal stress ratio induces a stronger compressive effect and
leads to a slightly denser initial packing state.

Table 3. Correlation between void ratio and R-value after constant stress ratio loading path.

Fractal
Dimensions D e (R = 1.0) e (R = 1.33) e (R = 2.0) e (R = 2.5)

0.6 0.57306 0.57290 0.57216 0.57149
1.1 0.51652 0.51630 0.51593 0.51590
1.5 0.44074 0.44068 0.44012 0.44010
1.7 0.41201 0.41182 0.41110 0.41102
1.9 0.34363 0.34348 0.34312 0.34306

The parameter R also has a pronounced influence on the initial anisotropy of the
specimens. As shown in Figure 5, the anisotropy indices of contact normal orientation ac,
branch vector orientation ab, and contact normal force an all increase with increasing R,
among which an exhibits the most significant growth. This suggests that the concentration
of contact forces along the major principal stress direction contributes most strongly to the
development of anisotropy.

Figure 5. Influence of R-value on the anisotropy indexes of specimens with different fractal dimensions.
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Figure 6 further illustrates the spatial distributions of contact normals and contact
normal forces in the specimen with fractal dimension D = 1.1 under different R values.
When R = 1.0, both the contact fabric and contact force distribution exhibit nearly isotropic
characteristics. When R > 1.0, the contact density and contact force along the major principal
stress direction become significantly higher than those in the horizontal direction, and
the degree of anisotropy increases markedly with increasing R. Therefore, although all
specimens are consolidated to the same confining pressure under different constant stress
ratio loading paths, variations in R reshape their internal fabric and lead to distinct initial
anisotropic structures. The following analyses focus on how these different initial fabrics
influence the subsequent macroscopic stress–strain responses during shearing.

  
(a) (b) 

Figure 6. Spatial distribution of (a) contact normal and (b) average normal contact force under
different R-value (D = 1.1).

3.2. Combined Influence of Gradation and Stress Paths on Peak Strength

After clarifying the role of constant stress ratio loading in establishing different initial
structural states, five initial isotropic specimens with different gradations were further
subjected to shearing under various confining pressures (100, 200, 400 and 800 kPa) and
constant stress ratio turning paths to investigate the influence of gradation and principal
stress increment ratios K on the peak strength behavior. Figure 7 presents the peak strength
envelopes of specimens with different gradations. The peak stress ratio Mf increases with
increasing fractal dimension D, indicating that specimens with higher fine content possess
higher peak shear resistance.

 
Figure 7. Peak strength line of DEM specimen with different gradations.
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Figure 8 further explores the peak strength lines under different constant stress ratio
loading–turning paths for specimens D = 1.1 with different initial anisotropies correspond-
ing to R = 1.0, 1.33, 2.0, at three confining pressures (200, 400 and 800 kPa).

 

Figure 8. Peak strength line at the q–p space under different R and K values for specimen D = 1.1.

A linear regression was performed on all peak stress points (ppeak, qpeak), yielding
a best-fit line with a slope Mf ≈ 1.29 and a coefficient of determination R2 = 0.997. This
indicates that the influence of initial anisotropy on the peak strength envelope is statistically
negligible, supporting its characterization as path-independent.

4. Microscopic Interpretation of Critical State Behavior of Fractal
Distributed Specimens Under Constant Stress Ratio Paths
4.1. Uniqueness of Critical State Line Under Constant Stress Ratio Loading–Transitional Paths

Figure 9a presents the distribution of the critical state points of specimens D = 1.1
with different initial stress ratios R under various stress turning paths in the q–p plane. It
is observed that, for a given gradation, all critical state points corresponding to different
initial anisotropies and stress paths fall on a single straight line, with a critical stress ratio
of approximately 0.93. This indicates that the critical friction angle is independent of
both the loading path and the initial anisotropy and thus represents an intrinsic material
property. From a physical viewpoint, the critical friction angle reflects the interlocking and
frictional resistance of particles, which are mainly governed by particle shape and mineral
characteristics rather than loading history.

  
(a) (b) 

Figure 9. Influence of the initial anisotropy and constant stress ratio turning stress paths for specimen
D = 1.1 on the critical state line at (a) q–p space and (b) e–p space.
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https://doi.org/10.3390/fractalfract10030161


Fractal Fract. 2026, 10, 161 11 of 18

Figure 9b further shows the distribution of critical state points in the e–log(p) plane
for specimens with R = 1.0 and 1.33, where all data points were found to collapse to the
following general form proposed by Li et al. [37]:

ec = eΓ − λc

(
pc

pa

)ξ

(23)

where eГ denotes the critical void ratio at pc = 0, λc and ξ are material constants, and
pa = 101 kPa is the atmospheric pressure. Slight differences between the two critical state
lines can be observed under low-stress levels, but the discrepancies are extremely small. As
the stress level increases, the two lines gradually coincide, implying that at high confining
pressures the critical state becomes completely independent of the stress path.

To uncover the microstructural origin of the macroscopic uniqueness of the critical
state, Figure 10 illustrates the relationship between the second invariant of the fabric tensor
ϕd and the mean effective stress pc at the critical state, which can be described by the
power-law equation observed by Guo and Zhao [32] as

ϕd = mF

(
pc

pa

)ζ

(24)

where mF and ζ denote material parameters. The value of ϕd decreases with increasing
confining pressure, indicating that larger confining pressure weakens fabric anisotropy at
the critical state, consistent with the trend of the critical void ratio. Fitting results further
show that although minor differences exist between different initial anisotropies in the
low-stress range, these discrepancies vanish at high stress levels, and the fitted curves fully
coincide, reinforcing the uniqueness of the critical state.

 
Figure 10. Correlation between the fabric anisotropy ϕd and mean effective stress pc at the critical
state under different constant stress ratio loading–transitional paths.

Figure 11 demonstrates that the critical mechanical coordination number Zm
c increases

with the mean effective stress pc, and all data corresponding to different initial anisotropies
and stress paths can also be satisfactorily described by a single power–law relationship,
expressed as follows:

Zm
c = δm(pc/pa)

ζZm (25)

where δm and ζZm are fitting parameters.
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Figure 11. Correlation between the mechanical coordination number Zm

c and mean effective stress pc

at the critical state under different constant stress ratio loading–turning paths.

To offer a more accurate characterization of soil at the critical state, the first joint
invariant of the stress tensor and fabric anisotropy, Kc, is quantified. The correlation
between Kc and pc is presented comparatively in both a natural scale in Figure 12. The data
indicates that Kc uniquely scales with the critical mean effective stress, pc, according to the
power law. Zhao and Guo [35] presented a more general power law considering the great
variety of sands:

Kc = αpc
ς (26)

where α and ξ are material constants.

 
Figure 12. Correlation between the Kc and mean effective stress, pc, at the critical state under different
constant stress ratio loading–turning paths.

In Figure 13, the correlation of elastic energy Uc and incremental plastic energy dWp

with mean effective stress pc at the critical state is investigated for the first time. Both the
natural scale and log–log scale are presented to justify the function forms of Uc vs. pc and
dWp vs. pc. A power law is found to accurately fit the evolution of the variables, with small
fitting errors. It is worth noting that dWp

c depends on the selected axial strain increment
dε1, and at the critical state, dWp

c , equals the incremental total input work (dWp
c = dWc) [35].
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(a) (b) 

Figure 13. Relationships between (a) strain energy Uc, (b) incremental plastic energy dWp
c and mean

effective stress pc at the critical state under different constant stress ratio loading–transitional paths.

In summary, although the stress path and initial anisotropy significantly influence the
evolutionary process of granular materials, once the critical state is reached, the macroscopic
stress, void ratio, fabric, coordination number and energy parameters all exhibit path-
independent uniqueness. This confirms that the critical state is essentially independent of
stress path.

4.2. Influence of Gradation at the Critical State

Figure 14 presents the critical state lines of initially isotropic specimens with different
gradations in both the q–p and e–p planes. In the q–p plane, all critical state points are
nearly collinear, with a slope of Mc ≈ 0.918. This value differs slightly from the value
of 0.93 reported in Figure 9a, a refinement attributed to the increased number of data
points incorporated into the regression analysis of the full dataset, thereby providing a
more robust statistical representation. In contrast, Figure 14b clearly shows that in the e–p
plane, the position of the critical state line is strongly influenced by gradation: the line
shifts downward with fractal dimension D increasing from 0.6 to 1.9. This implies that the
better the gradation (i.e., higher fine content), the lower the achievable critical void ratio, a
phenomenon consistent with the commonly recognized downward shift in the critical state
line induced by particle breakage.

  
(a) (b) 

Figure 14. The critical state line at (a) q–p plane and (b) e–p plane of DEM specimens with
different gradations.
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The microscopic origin of this phenomenon is further elucidated. Figure 15 shows
that the ϕd–pc curves at the critical state move downward as D increases, indicating that
specimens with higher fine content exhibit weaker fabric anisotropy at the critical state.
The downward shift gradually diminishes, and the curves for D = 1.7 and D = 1.9 almost
coincide. This observed convergence may imply that, for specimens with the same solid
volume, the effect of increasing fines on fabric anisotropy reaches a limiting effect within
the higher range of the fractal dimensions studied.

 
Figure 15. Correlation between the deviatoric fabric tensor ϕd and mean effective stress pc at the
critical state of DEM specimens with different gradations.

Figure 16 demonstrates that the differences in mechanical coordination number at the
critical state among specimens with different gradations are relatively small. This suggests
that gradation mainly influences the quality of the effective contact structure rather than
simply increasing the number of contacts.

 
Figure 16. Correlation between the mechanical coordination number Zm

c and mean effective stress pc

at the critical state of DEM specimens with different gradations.

Figure 17a shows that the Kc–pc curves shift downward with increasing D, while
the extent of the downward shift progressively diminishes, suggesting a trend toward a
saturated response within the studied D range. Figure 17b indicates that the Uc–pc curves
shift upward with increasing D. This suggests a capacity for greater strain energy storage
at the critical state in specimens with higher fine content under these simulated conditions.
Again, the upward shift diminishes and the curves for D = 1.7 and D = 1.9 become nearly
identical. Combining the trends observed in Figures 15–17, it may be inferred that the
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influence of gradation on the examined microstructure and energy characteristics at the
critical state appears to saturate at higher fractal dimensions.

  
(a) (b) 

Figure 17. Correlation between the (a) Kc, (b) Uc and mean effective stress pc at critical state of DEM
specimen with different gradations.

Figure 18 shows that the incremental plastic energy dWp
c exhibits a unique power–law

relationship with pc for specimens with different gradations, consistent with the uniqueness
of the critical state line in the q–p plane shown in Figure 14a.

 
Figure 18. Correlation between the incremental plastic energy dWp

c and mean effective stress pc at
critical state of DEM specimen with different gradations.

It can be concluded that gradation primarily affects the position of the critical state
(particularly in the e–p plane) without altering its fundamental path-independence or the
associated scaling laws between microscopic and energetic variables and mean effective
stress. With increasing fine content, the critical void ratio decreases and the energy storage
capacity enhances; however, these effects display a saturation trend and eventually stabilize
toward a limiting critical microstructure.

5. Conclusions
Discrete element simulations were performed to investigate granular assemblies with

idealized fractal gradations under constant stress ratio loading–turning paths, while main-
taining identical solid volume and initial relative density. The effects of stress paths and
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gradation on mechanical behavior and critical state characteristics were examined from
macroscopic, microscopic and energy perspectives. The main conclusions are as follows:

1. For a given gradation, both the peak strength envelope and the critical state line
exhibit high consistency and are effectively independent of the different stress paths
examined. Furthermore, key microscopic and energetic variables at the critical state
consistently follow power–law relationships with the mean effective stress, reinforcing
the concept of path-independent critical state under the examined stress paths.

2. For specimens with different gradations, the critical stress ratio is nearly insensitive
to gradation, whereas the peak strength increases with increasing fractal dimension.
Although the critical state points align closely in the q–p plane, the critical state line
in the e–p plane shifts downward with increasing D, indicating a lower achievable
critical void ratio for broader gradations.

3. The influence of gradation on critical state microstructure and stored elastic energy
appears to saturate at higher D values, as evidenced by converging trends. In contrast,
the mechanical coordination number and incremental plastic energy at the critical
state remain relatively insensitive to gradation changes.

4. Within the framework of the adopted model, fractal gradation primarily governs the
position of the critical state in the e–p space without altering its fundamental path-
independent nature or the associated power-laws between microscopic and energetic
variables and mean effective stress. The revealed relative trends provide fundamental
insights into how gradation controls the critical state.

While this study is based on idealized fractal gap-graded granular assemblies, the
underlying mechanical behaviors observed, particularly the unique evolution of fabric
anisotropy and the shift in critical state lines, offer valuable insights for real-world materials.
In natural soils or crushed rockfills, particle size distributions often exhibit non-idealized
fractal features or contain fines. Our findings suggest that for such materials, the ‘effective’
fractal dimension may serve as a key index for calibrating constitutive models. Furthermore,
the clear correlation we established between particle breakage and anisotropic fabric
evolution implies that even in complex mineralogical compositions, breakage-induced
fabric changes follow quantifiable trends. Future extensions of this work could involve
introducing irregular particle shapes or varying mineral hardness to bridge the gap between
idealized simulations and engineering applications.
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Abbreviation
The following abbreviations are used in this manuscript:

DEM Discrete element method
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