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Abstract

Fractional differential operators equipped with classical and new memory kernels have
emerged as indispensable tools for modeling systems with hereditary and non-local ef-
fects, offering a flexible framework that extends far beyond the classical integer-order
calculus. Within this broader landscape, pseudo-differential and Schrédinger operators
play a very important role in mathematical analysis, arising naturally in the study of
partial differential equations, quantum mechanics, and harmonic analysis, where they
provide the fundamental tools for analyzing regularity, boundedness, and decay prop-
erties of solutions. The objective of this article is to define a new Herz norm with a
variable exponent, a Morrey-type truncation, a grand modification, and an A .) Muck-
enhoupt weight, and to prove two boundedness theorems. First, we show that every
order-zero pseudo-differential operator is bounded on the resulting weighted grand vari-
able Herz-Morrey-Hardy space H MICI?C 1(0();} ) (w). Second, for the Schrédinger operator
L = —A+V with V in the reverse Holder class RHq,q2n /2, we replace the classical Riesz
kernel with the Bessel-Riesz kernel and establish new, improved strong-type bounds for the
associated Bessel-Riesz operator, from a weighted variable Lebesgue space into a weighted
grand variable Herz-Morrey-Hardy-Lipschitz space built from the critical-radius geom-
etry of £ and using the same origin-centered dyadic scale as in the pseudo-differential
case. Both proofs proceed via decompositions into uniform per-atom (respectively, per-ball)
estimates, which are aggregated in the grand—Morrey norm under a decay condition on the
Morrey parameter on the Herz-Hardy scale and under the threshold conditionI' > 1/v
on the Lipschitz-type range, together with a complementary condition on the Herz-type
domain. We also show how the Bessel parameter y enters the admissible range of inte-
grability exponents. To further demonstrate the accuracy and consistency of these new
results, we include remarks showing that, under different settings, various relevant results
in the literature are recovered and improved, together with additional norm-structure and
operator improvements.

Fractal Fract. 2026, 10, 703

https:/ /doi.org/10.3390/ fractalfract10100703


https://crossmark.crossref.org/dialog?doi=10.3390/fractalfract10100703&domain=pdf&date_stamp=2026-10-21
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0001-7879-1920
https://orcid.org/0000-0001-5528-1207
https://orcid.org/0009-0005-9954-6162
https://doi.org/10.3390/fractalfract10100703

Fractal Fract. 2026, 10, 703

2 of 35

Keywords: pseudo-differential operator; Schrodinger operator; Herz—Morrey-Hardy space;
grand space; variable exponent; Muckenhoupt weight; Lipschitz space

1. Introduction

Pseudo-differential operators supply the symbolic calculus through which variable-
coefficient differential operators, their parametrices, and their fundamental solutions are
constructed and analyzed, and they underlie the modern treatment of quantization on
Lie groups and manifolds, together with a wide range of boundary-value and evolution
problems [1,2]. The Schrodinger operator £L = —A + V is, in turn, the basic generator
of quantum mechanical evolution and spectral theory. Its harmonic-analytic properties,
including heat-kernel bounds, Hardy and BMO theory, and estimates for negative powers,
feed directly into contemporary spectral and computational studies of many-body and
lattice quantum systems [3-5]. The boundedness theory developed below places both
operator classes on a common, highly refined scale of function spaces.

Function spaces with variable integrability exponent, LP(")(Q2), were put on a rigorous
footing by Kovacik and Rakosnik [6]. The log-Holder continuity conditions that make har-
monic analysis tractable on these spaces, and the correct variable-exponent Muckenhoupt
class Ay (R") under which the maximal operator remains bounded on the weighted space
Lp) (w), are due to Diening et al. [7] and to Cruz-Uribe, Fiorenza and Neugebauer [8]; see
also the monograph [9]. Herz-type spaces with variable exponent, as well as their atomic
Hardy-space counterparts H IC;‘() (R™), were developed by Izuki [10] and by Wang and
Liu [11,12].

On this scale, the order-zero pseudo-differential operator

Th(0) = [ b@ o™ dz,  DIDP(Cd)] < Cypi+1e) 1,

is the smooth, order-zero member of a much larger family of operators governed by
the Hormander-type class S5 (/, I"). Building on the finite-regularity LP-boundedness
techniques of Nagase [13] and Rodino [14], Tsutsui [15] established the mapping properties
of this class on the Herz scale itself.

Theorem 1 (Tsutsui [15]). Let 1 < p < 0,0 < q < oo, n(1—1/p) < « < oo and
m < —a—n|1/p —1/2|. Suppose that either

(i) 1<p<2, I>n/2, I'>[-m]+n/2+1,

or
(i) 2<p<oo, I>n/p, I'>[-m—n(1/2—1/p)]+n/2+1.

Then, Sgiy(L,1') € L(HKGP (R™), KgP (R™)).

Theorem 1 shows that mapping properties on the Herz scale persist even for symbols
of finite, rather than infinite, smoothness. The underlying finite-regularity symbol calculus
has been extended in several directions over the following decades: to L?-boundedness
under weaker hypotheses by Higuchi and Nagase [16]; to LP-boundedness via Besov-space
symbol estimates by Sugimoto [17]; to multilinear and nuclear operators on Z" and on
the torus T"” by Cardona and Kumar [18]; to multi-parameter local Hardy spaces by Chen,
Ding and Lu [19]; to operators defined via the coupled fractional Fourier transform by
Das, Mahato and Das [20]; to compact Lie groups, including subelliptic Sobolev and Besov
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spaces, by Ruzhansky and collaborators [21-23]; to non-toroidal symbol classes and some
boundedness result by Bekbolat and Tokmagambetov [24].

The theory of pseudo-differential operators continues to develop rapidly. Cardona and
Martinez [25] revisited the sharp boundedness estimates for pseudo-differential operators
on the torus. Das and Mahato [26] studied pseudo-differential operators associated with the
coupled fractional Fourier transform, together with an application. Kumar and Bhawna [27]
introduced an n-dimensional pseudo-differential operator involving the quadratic phase
Fourier transform, with applications in quantum mechanics. Sartaj, Balvant and Upad-
hyay [28] investigated pseudo-differential operators involving the Fourier-Bessel transform
on ZT’l. Verma and Prasad [29] developed SG pseudo-differential operators in the Dunkl
setting. Mahato and Pasawan [30] obtained norm inequalities for pseudo-differential oper-
ators associated with the fractional Hankel transform on Beurling-like spaces. Thorn [31]
studied magnetic pseudo-differential operators whose Hérmander symbols are dominated
by tempered weights. On the applied side, Torresblanca-Badillo [32] used p-adic differential
equations linked to fractional pseudo-differential operators to describe the dynamics of
complex networks. Faou and Grébert [33] introduced discrete pseudo-differential operators
and applied them to numerical schemes. Sayana and Reddy [34] proposed a modified
fractional Tikhonov regularization to solve pseudo-differential operator equations. Yulda-
shev, Ramazanova and Shermamatov [35] studied an optimal control problem for a linear
pseudoparabolic equation with degeneration and the Gerasimov—Caputo operator.

On the Herz-Hardy scale specifically, the smooth order-zero operator T above was
shown to be bounded by Fan and Yang [36] in the constant-exponent case, following the
local Hardy-space kernel estimates of Goldberg [37], and on HIC;‘(P; (R") by Wang and
Wu [38].

In parallel, we consider the Schrodinger operator

L=-AN+V(0), (eR", n>3,

where A = Y | 92/ 6C2 and V > 0 belongs to the reverse Holder class RHq for some
q > n/2. Recall that a non-negative function { € L1 oc(R") belongs to RHq, 1 < q < oo, if
there is C > 0 such that

1/
|B c, |/¢V |qu> q<|B = |/ Wiyl

for every ball B((,v). Every non-negative polynomial belongs to RHw; in particular,
|C|2 € RHy. Shen [39] introduced the critical-radius function

1
() =su v:—/ Vide<1y, € R”,
L) =3 N sem b
which is also written as p(¢) = 1/my (). We have 0 < my({) < oo whenever V # 0,
and my is constant when V is a positive constant. For the harmonic oscillator (Hermite
operator) H = —A + |¢|?, we have my () ~ 1+ |{|. The negative powers £~*/2, « > 0,

L

are not defined directly; instead, they are built from the heat semigroup e~ "~ generated by

L via the subordination formula

Io(0) = L™ (0) = /Oooe—Tﬁmp(c) /2 g, 0<ax<n.
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For sufficiently regular 1, we have the kernel representation Io(C) = [pn K (G, )W (1) d,

where
Cy 1
K(X C/ S < —,
) = U (@ T ) TE= e
C
Ka(Gt) L —r—r,
(C L) |C_ L|nfoc

for 0 < a < n. The first bound follows from the semigroup kernel estimates of Tang [40]
(see also Kurata [41] and Dziubariski—Zienkiewicz [42,43]).

The harmonic analysis generated by p and I has since developed extensively. Bon-
gioanni, Harboure and Salinas [44] obtained weighted inequalities for the negative powers
of L. Harboure, Salinas and Viviani [45] established boundedness on weighted Lebesgue
and Lipschitz spaces. Wu and Zhou [46] proved two-weight norm inequalities for related
fractional-type operators on weighted Morrey spaces. Zhang and Tang [47] studied varia-
tion operators on weighted Hardy and BMO spaces in the Schrodinger setting. Yang and
Li [48] treated commutators associated with £ on the Heisenberg group. Dziubanski and
Glowacki [49] studied Sobolev spaces related to Schrodinger operators with polynomial
potentials. On variable-exponent spaces, Ramseyer, Salinas and Viviani [50] studied the
Lipschitz-type smoothness of the fractional integral and, adapting their approach to L,
Wang and Li [51] proved the boundedness of £~%/2 : LP()(R") — Lipg’p(‘) (R™). On the
Herz and Herz-Morrey scales, boundedness results for operators associated with £ have
been obtained by Li and Wan [52] (commutators on Herz spaces), Wang and Zhao [53]
(variation operators for high-order Schrodinger-type operators), Gao and Li [54] (com-
mutators on the Heisenberg group), Akbulut and Kuzu [55] (Marcinkiewicz integrals on
generalized Morrey spaces), Akbulut, Celik and Omarova [56] and Guliyev, Akbulut and
Celik [57] (fractional operators on vanishing generalized Morrey spaces), and Lin, Yang,
Yang and Yuan [58] (Hardy spaces for non-negative self-adjoint operators on doubling
metric measure spaces). The p-adic analog of the variable Morrey-Herz scale has recently
been treated by Thuy, Dung and Nang [59].

A third ingredient completes the scale used below: Morrey’s truncated averaging
condition [60] and the grand Lebesgue space Lp) (Q) of Iwaniec and Sbordone [61], an
e-enlargement of LP(Q)) controlled by a supremum over perturbed exponents. Combining
a Morrey truncation I' with a grand exponent v(1 +9), > 0 yields a two-parameter
refinement of the Herz norm that still admits an atomic characterization. The resulting
(unweighted) grand variable Herz-Morrey-Hardy space was introduced, together with its
atomic decomposition, by Sultan, Hussain and Sultan [62]. Closely related grand variable
Herz-type scales have been used by Sultan, Hussain, Lassoued and Sultan [63] to study
higher-order commutators of fractional Hardy-type operators, and Ho [64] introduced
grand Morrey spaces and grand Hardy-Morrey spaces on Euclidean space. Closest in
spirit to Section 4 below, Afzal et al. [65] used fractional Bessel-Riesz operators to study
the regularity of parabolic Ginzburg-Landau equations in variable-exponent Herz spaces.
Wang and Tao [66] proved the boundedness of Littlewood—-Paley operators and their
commutators on Herz-Morrey spaces with variable exponent. Afzal [67] studied fractional
Muckenhoupt-type weighted singular operators governing the regularity of parabolic
Ornstein—Uhlenbeck equations in variable Herz spaces. Wang and Xu [68] established
the boundedness of vector-valued bilinear Calderén-Zygmund operators on products
of weighted Herz—Morrey spaces with variable exponents. Maeda, Mizuta, Ohno and
Shimomura [69] studied the duality of central Herz-Morrey—Musielak—Orlicz spaces of
variable exponents. Cen and Song [70] developed extrapolation to product Morrey-Herz
spaces with applications, and Ho [71] obtained the boundedness of operators and related

https:/ /doi.org/10.3390/ fractalfract10100703


https://doi.org/10.3390/fractalfract10100703

Fractal Fract. 2026, 10, 703

5 of 35

inequalities on Morrey—Banach spaces. In a related direction, Tacy [72,73] obtained L?
estimates for joint quasimodes of semiclassical pseudo-differential operators, including the
case where the characteristic sets have kth order contact.

Potential-type operators on such scales have also been studied in several works. Afzal
et al. [74] obtained boundedness estimates for the exponentially damped Riesz potential,
with applications to PDEs. Shi and Tao [75] proved the boundedness of multilinear Riesz
potential operators on Herz-type spaces and generalized Morrey spaces. Afzal [76] studied
the boundedness and regularity of the nonlinear system in Herz spaces. Zhang and Liu [77]
proved the boundedness of multilinear commutators of singular integrals in Morrey spaces
on homogeneous spaces. Afzal et al. [78] proved boundedness results for the Wolff potential
in Morrey spaces over homogeneous groups. Artes et al. [79] studied nonlinear potential
estimates in grand variable Herz spaces in connection with Birkhoff’s ergodic theorem.
Afzal et al. [80] resolved some open problems concerning summability and integrability in
more general function spaces, using Orlicz-Zygmund spaces and new geometric properties
of Morrey spaces. Khan et al. [81] proved the boundedness of Havin-Maz’ya potentials
in Herz spaces, with applications to Laplace equations. Finally, the Bessel-Riesz operator
Iy, whose kernel Ky, (¢) = |¢|*7"(1+ |{])"Y combines a Riesz-type local singularity
with a Bessel-type global decay, was introduced by Idris, Gunawan and Eridani [82,83],
who showed that it is bounded on generalized Morrey spaces; the classical Riesz potential
is recovered aty = 0.

Motivation and Contribution

Pseudo-differential operators on variable-exponent Herz-Hardy spaces, and Schrodinger
fractional integrals into variable-exponent Lipschitz spaces, have each been developed with
at most one of the following features present: variable exponent, Morrey truncation, or
grand modification, and without Muckenhoupt weights. The theory developed here incor-
porates all of these features simultaneously within one framework, so that the theorems
below are instances of a single method. Our contributions are as follows.

(i) We introduce the weighted grand variable Herz—Morrey-Hardy space, which extends
the unweighted grand variable Herz—Morrey—Hardy space of [62] by a Muckenhoupt
weight (Section 2), and we prove that every order-zero pseudo-differential operator is
bounded on it (Theorem 2).

(if) In contrast to existing work, we improve the results from two perspectives. First, we
refine the norm structure by introducing a grand parameter, together with a Morrey
factor and a Muckenhoupt weight. Second, whereas existing work uses the Riesz
kernel, we use the more general Bessel-Riesz kernel. For the Schrodinger operator
L = —A +V with associated Bessel-Riesz operator I, we construct the weighted
grand variable Herz—Morrey-Hardy-Lipschitz space from the critical-radius geometry
of £, and we prove that I is bounded into this space from a weighted variable
Lebesgue space (strong type) and, in place of the weak-type Lebesgue space used in
the classical theory, from a weighted grand variable Herz space (Theorems 3 and 4).

(iif) We isolate the conditions under which uniform per-atom (respectively, per-ball) esti-
mates embed into the grand-Morrey norm, and we use them in both proofs (Section 2,
Lemmas 7 and 20).

(iv) We show how the Bessel parameter v enters the admissible range of integrability
exponents in the Schrédinger results (Corollary 3).

As recorded in Corollaries 1 and 2, our theorems specialize to results of [38,51].
Section 2 fixes definitions and notation for both operator classes, Section 3 treats the pseudo-
differential operator, Section 4 treats the Bessel-Riesz operator, and Section 5 concludes
the paper.
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2. Preliminaries

Throughout the paper, C denotes a generic positive constant, independent of the
main parameters, whose value may change from one occurrence to the next. Constants
whose values must be tracked within a statement or a proof are numbered consecutively
as Cq,Cy, C3, . .. within that statement or proof. We write B((,v) = {t e R" : |[{ — (| < v},
and, for a ball B and t > 0, {53 denotes the ball with the same center and f times the radius.
For a measurable set S C R", |S]| is its Lebesgue measure and x is its characteristic function,
thatis, xs(¢) = 1 for ¢ € S and xs(¢) = 0 otherwise. We write < p (respectively, ¥ 2 p)
if p < Cu (respectively, > C~!y) for some constant C > 0, and  ~ pif both{ < pand
P > phold, thatis, C'u <1 < Cp.

2.1. Variable Exponent Lebesgue Spaces

For a measurable function p(-) : R" — [1,00), the variable exponent Lebesgue space
and its Luxemburg norm are defined by

LPO(R") = {11) measurable : /n w(©) ‘p(c)

M‘P(C) i < 1},

S

d{ < oo for some s > 0},

HII)HLP(')(]R") = mf{s >0: -
which makes LP() (R") a Banach function space [6]. The following notation and structural
properties are used throughout.

e Wesetp =essinfp, p™ =esssupp,and P(R") :={p(:): 1 <p~ <pt < oo} [6].

e The exponent p(-) is called locally log-Holder continuous if |p(¢) — p(1)| < C/ log(e +
1/|¢—1|) forall ¢, v € R", and log-Holder continuous at infinity if p(co) := lim¢| . P(C)
exists and |p({) — p(co)| < C/log(e+ |¢]) for all { € R". The class P1°8(R") consists
of all p(-) € P(R") satisfying both conditions. Moreover, p(-) € P'°8(R") implies
p'(-) = p(-)/(p(-) — 1) € POS(R") [7],

e B(R") denotes the class of all p(-) € P(R") for which the Hardy-Littlewood max-
imal operator M is bounded on LP()(R"). By Diening’s boundedness criterion,
Plos(R") C B(R") [7].

e For a measurable function { and T > 0, we write Ex({) := {C € R" : [{(Q)| > 1},
and Xg_(y) denotes the characteristic function of this set. The weak-type space
LP()®(R") consists of all measurable functions 1 such that [50]

. ) T\P(C)
[ 1p( ) = inf {5 > 0+ sup s (5)" Xeww) (QdC <1} < o,

>0 5

Lemma 1 (Generalized Holder inequality [6]). Let p(-) € P(R"), ¥ € LPU)(R") and
we LP'O)(R™). Then

1 1
/]R” W(Qr(Q)]de < Vp ||1|)||Lp(»)(Rn) HUHLP/(-)(Rn)r vpi=1+ pi - }F

Lemma 2 (Ball norm asymptotics [7]). Let p(-) € P'°8(R"). Then, for every ball B C R",

sl BIVP() (ceB), if|B| <2,
XBll1p() (Re
LPU)(RM) |B‘1/p(oo)’ lf|8| > 1.
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2.2. The Variable Muckenhoupt Class Ay (R")

The classical Muckenhoupt classes A, characterize exactly those weights for which the
Hardy-Littlewood maximal operator is bounded on weighted Lebesgue spaces [84], and
they are therefore the natural framework for weighted inequalities in harmonic analysis.
Their variable-exponent analog A, (R") was introduced by Cruz-Uribe, Fiorenza and
Neugebauer [8] and by Cruz-Uribe, Diening and Hasto [85]; see also [9]. In this subsection,
we recall this class together with the weighted Holder inequalities and ball estimates that
are used throughout the paper.

Let p(-) € P(R"). A weight is an a.e. positive, locally integrable function w on R".
To measure functions in the weighted setting, we multiply them by w before taking the
LP()-norm; the weights for which this procedure is compatible with the maximal operator
are described by the following condition.

Definition 1 (Variable Muckenhoupt class [8,85]). Let p(-) € P(R"). The variable Mucken-
houpt class Ay () (R") consists of all weights w such that

- 1 -1
[Wla,, = SUp 3] llwxsl pe ey 10~ X8 L) gy < 0
where the supremum is taken over all balls B C R". For w € Ay (R"), we set H1J)||Lp(‘)(w) =
HlwaLp(‘)(Rn) and H‘l)HLpt),w(w) = HlwaLp(l),w(]Rn)-

Lemma 3 ([8,85]). Let p(-) € B(R") and w € A, () (R"). Then the following hold:
(a) ”Mlb”Lp(J(w) < C”Ib”Lp(‘)(w);
b wle Ay (R") and [w’l]AP,(_) = [w]AP(_).

Lemmas 4 and 5 below are proved in the same way as their unweighted counterparts
in [6], with wxp in place of x, by distinguishing the case |B| < 1 (small balls, where the
local log-Holder condition is used) from the case |B| > 1 (large balls, where the log-Holder
condition at infinity is used).

Lemma 4 (Weighted Holder inequalities). Let p(-) € P(R") and w € Ay (R").
(@  Ify e LPO) (w) and pw=' € LP'O)(R"), then

[ W(QR(O14E < ¥ I 50 g 1001

(b)  If, in addition, p(-) € PP8(R") and p(L) < p(oo) for || > vo > 1, then for every ball B
and every P € LPO)™(w),

/B (WO 4T < CHWIl o) X8l e 1)
where C = C(vy, [w]Aw).

Lemma 5 (Weighted ball estimates). Let p(-) € P'8(R") and w € Ay (R"). Then there are
constants C > 1and 81,5, € (0,1) such that, for all balls B and all measurable sets S C B,
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||XS||LP(')(w) - ‘S|, ”XB”LP(')(w) a |B| ’
1%l o) (1) S|\ &2 1
o <Clmr) 1 IX8llw0 @) X8l 0 -1 < C
||XB||LP,(‘)(w*1) (| |) |B| LP()('CU) LP()(’(,U 1)

In particular, ”XZBHLP’(‘)(w—l) < C”XB”LP’(-)(w—l)'

2.3. Grand Variable Herz—Morrey—Hardy Spaces

Let B« = {¢ € R" : |¢] < 2%}, Ac = Bc\ Bg—1 and x« = X4,, kK € Z. For
o(-) € L®(R") log-Holder continuous at the origin and at infinity, with «(0) = lim;_,¢ «(()
and aeo = lim|¢| o (), we set

b(x) :=

«(0), k<0,

oo, k> 0.
As in the standard case [10,11], this allows us to replace 2xa(l) e A, by 2K (k) up toa
fixed constant.

We now introduce the two scales of spaces that are compared in this paper. In the
unweighted case w = 1, the spaces below are the grand variable Herz-Morrey space
and the grand variable Herz—Morrey—Hardy space introduced by Sultan, Hussain and
Sultan [62]; we denote them by MK (R") and HME X)) (R™). For a general weight

Lp() Lp()
w € Ay (R"), we obtain the new weighted spaces MIC‘FXI(D();])(LU) and HMI'C?IS()";])(LU),

which are the spaces used throughout the article.

Definition 2 (Grand variable Herz—-Morrey spaces, unweighted and weighted). Let x(-) €
L*®(R™) be log-Holder continuous at the origin and at infinity; that is, there exist real numbers
o(0), oteo and a constant C > 0 such that

B
~log (e+1/|C])
C
< 7’

~ log (e +1¢])

1

|(C) — «(0)]

[oe(C) — oo (e R

Let 0 < v < oo, p(+) € P(R") and 0 < T < oo, and let By, A, X« and ¢ (k) be as above.
(a) (Unweighted space [62].) The grand variable Herz—Morrey space MI'CI?c ;();’ ) (R™) is the set
of all measurable functions  on R \ {0} such that .« € LPC)(R™) for every k € Z and

HIM|MI'C3;()")U)(R”)

< oo.

K=—00

mo
‘= sup sup z—moF< Z Kb (k)v(1+9) ||¢XKH1£(1+8)

1/(0(149))
950 myeZ p(‘)(R")>

https://doi.org/10.3390/fractalfract10100703
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(b) (Weighted space.) Let w € Ay (R"). The weighted grand variable Herz—Morrey space

MIC}X;();]) (w) is the set of all measurable functions P on R" \ {0} such that Ppx« €

LPC) (w) for every k € 7 and

Hll) |‘Ml€r°‘('()’>”)(w)
” o 1/(0(1+9))
:=sup sup 27"l Z 2K (<)u(1+9) ||11>X|<H 1+6) < 0.
B3>0 myeZ K=—00

Both spaces are quasi-normed spaces (normed spaces if v > 1), and (a) is the special case w = 1

of (b).

To pass from functions to distributions, we recall the Schwartz class and its dual. The
Schwartz space S(R") is the space of all ¢ € C*(IR") such that sup cx |CYDP ()| <
for all multi-indices v, p € N}, endowed with the topology generated by these semi-norms.
Its topological dual S’(IR") is the space of tempered distributions. For { € S'(R") and
¢ € S(R"), the convolution @ x (1) := (P, (L — -)) is a C* function of t.

Definition 3 (Grand maximal function [86]). Let N € Nwith N > n+ 1. For ¢ € S(R")
and © > 0, set @(¢) =1 " (C/7), ¢ € R", and define the family

Ay = {(peS(R”): sup sup  [CYDPo(Q)] Sl}-
CER™ |y|<N, |BISN

For € S'(R"), the grand maximal function of \ is defined by

(e R™

GnU(Q) := sup sup sup  |ocx(V)],

ey >0 (eR™: 1 —(|<T
Herz-type Hardy spaces are obtained from Herz-type spaces by measuring, instead
of a function itself, the grand maximal function of a tempered distribution. This allows
distributions with cancellation to be included, provides an atomic decomposition (Lemma 6
below), and yields the natural substitute for Herz spaces when v < 1 or when singular

integral and pseudo-differential operators are considered. Combining this construction
with Definition 2, we arrive at the central spaces of this paper.

Definition 4 (Grand variable Herz-Morrey-Hardy spaces, unweighted and weighted). Let
o), v, p(+) and T be as in Definition 2, and let N € N, N > n + 1 be as in Definition 3.
(a)  (Unweighted space [62].) The grand variable Herz—Morrey—Hardy space HMI'CI‘} 1(3();’ ) (R™)
is the set of all w € S’ (R™) such that
HHHHM’C ())U ]R” . ||gNH|| (Rﬂ) < oo.
(b)  (Weighted space.) Let w € Ay (.)(R"). The weighted grand variable Herz—Morrey—-Hardy
space HMI'CFO‘;'()_’)U) (w) is the set of all p € S'(R") such that

||HHHM]C (;’ ||gNH|| )U (w)

Remark 1 (Role of the Muckenhoupt weight). The unweighted space in Definition 4(a) is
the existing space of [62], whereas the weighted space in Definition 4(b) is new; for w = 1, the
two spaces coincide. The weighted space improves the unweighted one in the following respects.
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(a) The class Ay .y (R") is the natural class for weighted estimates: already in the constant-
exponent case, the maximal operator is bounded on the weighted space LP(w) precisely
when the weight satisfies the Muckenhoupt condition [84], and the same role is played
by Ay (R") in the variable setting [8,9,85]. All estimates of this paper that rely on the
maximal operator (Lemma 3(a)) therefore remain valid in the weighted spaces.

(b)  The weighted spaces allow singular or degenerate behavior of the functions under considera-
tion. For instance, if p(-) = p is constant, then the power weight w(() = | — {o|* belongs
to Ap(R™) (in the normalization of Definition 1) if and only if —n/p < a < n/p’. Such
weights occur naturally in PDEs with degenerate or singular coefficients.

(c) The weighted spaces are genuinely new. For a radial power weight centered at the origin,
w(C) = ||, we havew ~ 25" on A, and the weighted space coincides with the unweighted
space with «(-) replaced by «(-) + a. However, a general Ay ., weight, such as |C — (ol
with ¢y # 0 and a # 0, is not comparable to a constant on the annuli Ay, so the weighted
space cannot be obtained from the unweighted one by a shift of «(-).

(d)  Since every result of this paper holds uniformly for w € A,y (R"), with constants depend-
ing on w only through [w] Apy/ the choice w = 1 recovers the corresponding unweighted
statements for the spaces of [62].

Remark 2 (Parameter specializations). Let oc(+), v, p(-), T and w be as in Definition 4. We first

observe that, for every sequence {cy } ez, the map s — (L |cc|) 15 g nonincreasing on (0,00).

Hence, for fixed my, the supremum over d > 0 in Definition 2 equals the limit as 9 — 0. With
()v)

p()

(@) Ifw=1T=0andv =p € (0,00), and we write the variable exponent as q(-) := p(-) €
)P

P(R™), then the supremum over mg becomes the full sum over x € 7Z, and HMIC;‘(;(?) )(1)

coincides, with equal quasi-norms, with the Herz-type Hardy space with variable exponent

H/C(‘;(F')>'P(R") of [11,12,38].

(b)  If inaddition to (1), x(-) = « € Rand q(-) = q € (1, 0) are constant, then we obtain the
classical homogeneous Herz-type Hardy space H ICS‘ P(R™), which is the unweighted case of
the spaces studied in [36].

(o Ifw =1, then HMI'CI?C}()'().’;])(l) = HMIC;XI(J())U) (R™) coincides with the grand variable

Herz—Morrey-Hardy space HMK.[ I()();’ )’G(R”) of [62] with 6 = 0.

(d) Ifv=p € (0,00), T > 0, and the supremum over ¥ > 0 is omitted (that is, & = 0), then we
obtain the weighted variable Herz—Morrey—Hardy space with Morrey parameter I'; see [63]

this observation, the space HMI'CI‘} (w) reduces to the following known spaces.

for its grand unweighted counterpart.

(e) IfT = 0, then the Morrey truncation disappears, and we obtain the weighted grand variable
Herz-type Hardy space, whose grand construction follows the grand Lebesgue spaces of
Iwaniec and Sbhordone [61].

In the next definition, atoms are denoted by the fraktur letter a, in order to distinguish
them clearly from the surrounding text.

Definition 5 (Weighted central atoms). Let nd; < «(0) and xeo < oo, where & is as in
Lemma 5, and let sy > [x(0) — ndy] be an integer. A function a is called a weighted central

(«(-), p(-))-atom for B if

suppa C By, HaHLP(')(w) < |BK|7¢(K)M, /]R” a(Q) Pdr=0 forall |B| < so.
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Lemma 6 (Atomic decomposition [11,12,62]). A distribution p € S'(R") belongs to
HM’C?}(,'().';}) (w) ifand only if u = Y o Acag in S'(R™), where each ay is a weighted central
(«(-), p(-))-atom for By and

N )>1/(v(1+8)) <o

sup sup 2*”’0r( Y. | A [r1+2

d>0myeZ K=—00

Moreover,

7

V- 1/(0(149
~ inf sup sup Z*WOT( E |/\K|U(1+9)> (v(1+9))

(el )
HMKy () (w) 9>0 myeZ Koo

p()
where the infimum is taken over all such decompositions of L.

The proof of Lemma 6 is the same as in [11,62], with LP() (R") replaced by LP()(w)
and with Lemma 5 used in place of the corresponding unweighted ball estimates.

The next lemma describes how uniform estimates for single atoms, which decay
geometrically away from the diagonal, are aggregated in the grand—Morrey norm. For a
sequence A = {A;};cz of complex numbers, we write

mo 1/(v(14+9
N/\ ;= sup sup 271’!’!0F( 2 ‘/\j|v(1+§)) ( ( + ))

M

Lemma 7 (Aggregation in the grand—Morrey norm). Let0 < v < coand 0 <T < & < co. Let
A = {Aj}jez satisfy Ny < oo, and let {b, ;} « jcz, be non-negative numbers such that

bej < G2l kjez )
For® > 0and mg € Z, set
B mg v(1+9)\ 1/(v(1+9))
Some =2 (1 (L Ilbe) ) '
K=—00 "jeZ

Then there is a constant Cy = Cy(v, T, €), independent of A, & and myg, such that

sup sup Sgm, < C1CoN). 3)
3>0 myeZ

Proof. By homogeneity, we may assume that C; = 1. For t > 0, we set ¢(t) := ¥z 2 il =
(14+27%) /(1 —27%); note that c(t) > 1 and that c is decreasing in .
We first note that the coefficients satisfy a pointwise bound. Indeed, fix j € Z and
9 > 0; taking mg = jin (1) and keeping only the term with index j, we obtain 27/ Al < N,
that is,
NI <2TNL, el 4)

Now fix & > 0 and my € Z, and put s := v(1+9) > v. For k < mg, we write
Yjez [Ajlbyj = S\ + S, where S| is the sum over j < mg and Si is the sum over j > my,

and we set
1/s

a=(yL ), B=( XL (s’K’)S)l/s.

K <myg K <myg
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If s > 1, Minkowski’s inequality gives (¥ <, (Sk + S’K’)S)l/s < A+ B. If s < 1, then

(St +S1)s < (Sh)® + (S)*, so that the same quantity is at most (A® + B*)1/s < 21/s71(A +
B) < 2V/Y(A 4 B). Thus, in both cases, we have

(L (Znbe)) " <27a+s), )

K<mg ~jEZ

and it remains to estimate A and B.
To estimate A, suppose first that s < 1. By the s-subadditivity of ¢ — #°, (2) and s > v,
we have

A< Y Y a2l < een) YAl

K<mg j<mg j<mg

and hence A < c(ev)"/*(Lj<m, |A]~|5)1/s < (o) (i<, |A]-|5)1/s. If instead s > 1,

Young’s inequality ¢! /¢ < (5(Z), applied to the kernel {27¢lil};c;, gives A <

c(&) (Li<mo 14 |S)l/s. By (1), we therefore obtain in both cases

A < max{c(e), c(ev)/V} 2mF N,

To estimate B, note that k < mg < j, so that [k — j| = j — k. If s > 1, Minkowski’s
inequality in £°, together with (2) and (4), gives

. 1/s 2—&(j—my)
B< Y NI X 290) = Y Wl
it j<|<§m0 ) il ] (1_2 ss)l/s
N, ; ; 2ml \/.
< 2T —e(j—mo) — A
- 1-27¢ Z (1—-2-¢)(2e-T —1)’

j>mo

where the geometric series converges because ¢ > I'. If s < 1 (which can only happen when
v < 1), we similarly obtain, using s > v,
. N . ‘
B < Z |A]|s Z 2—55(]—K) < - 2/\755 Z 2]Fs—£s(]—m0)
j>mg k< j>mg
1
(1 _ 2780)(2(8—1")11 _ 1)’

<D2"™UNR, D=

and hence B < max{1, D}1/v 2"l A/}
Inserting the bounds for A and B into (5), we obtain Sy ,,, < Co NV, with

Cy:=2lY {max{c(s),c(sv)l/“} + max{ , max{l,D}l/v}],

1
A-2 9@ T-1)
which depends only on v, I and e. Taking the supremum over & > 0 and mg € Z, we
obtain (3). O

Remark 3. (a) A bound of the form b, ; < Cy, uniform in x and j but without decay in |k — j|,
is not sufficient, since the series Y0 _ o, C; (1+9) diverges. This is why the geometric decay (2) is
required in Lemma 7, and why the per-atom estimate in Section 3 is formulated with such a decay.

(b) The condition T < e in Lemma 7 cannot be removed. Indeed, let T > 0, /\j =2
and by ; = 2-¢lk=jl . Then N, < supsZU(l — 2’“)’1/S < oo, whereas, if T > ¢, we have

Y Ajbij = Yjsw 2T E07%) = oo for every k.
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Lemma 8 (Per-annulus control by the Herz-Morrey-Hardy norm). Let p € HMK[ }(3() _’;} ) (w)N
Ll (R™). Then, for every i € Z, we have

loc

il oty < €270 ”””Hmz‘c?g();)”)(w)'

Proof. The grand maximal function dominates p almost everywhere, that is, |u(C)| <
CGnu(Q) for a.e. ¢; this is a standard consequence of the Lebesgue differentiation theorem
applied to an approximate identity in 2y [86]. Hence it suffices to bound ||(Gn)Xill p() (w)"
Fix 9 > 0 and take mg = i in Definition 2. Keeping only the non-negative term with k = i
in the sum, we obtain

i (i i (i) 1/(v(149))
22O Gyl oy = (24PN (Gl ) )

< 2T GNRl oo
” N ”MIC;IE(),,))(W)
=27 (el

HM/C?E’E;J ) (w)"

Dividing by 2/¢(), we obtain the claim. [

2.4. Pseudo-Differential Operators

In this subsection, we recall the class of pseudo-differential operators studied in
Section 3, together with the kernel estimates of Goldberg [37] and the boundedness on
weighted variable Lebesgue spaces that underlie the per-atom estimates. We use the Fourier
transform (&) = [, W (Q)e 2" ¢ d¢, and DY, Dg denote partial derivatives of orders
v, B € Njj with respect to ( and §. The operators considered below are determined by

symbols of order zero, whose derivatives in ¢ decay according to their order.

Definition 6 (Order-zero pseudo-differential operators). A function o € C®(R" x R")
belongs to the symbol class SV if, for all multi-indices y and {3,

IDYDEo(¢,8) < Cyp(1+12)71Pl, ¢ geRr™

The order-zero pseudo-differential operator with symbol o € S is defined by
T(0) = [ 6@ o(c8) et az. ©

Lemma 9 (Kernel and truncated-kernel estimates). Let o € SU, and let K((, z) be the distribu-
tional kernel of the operator T in (6). Let K+ = @ * K(-,-) for a fixed ¢ € S(R") with f =1
Then, for every N > 0, there is a constant C = C(N) such that, for ¢ # 0, |z| < |{|/2 and
6e(01),

DYKe(G,C—02) < CleI N1, y|=N+1.

Moreover, if 11 is a radial cutoff function with suppy C B(0,1) and n = 1 near 0, and if
Ky, = (1 —n)K, then, for every M > n, there is a constant Cpy such that |(Kp)~((,z)| <
Cu(1+z))~™.

Lemma 10 (LP(") (w)-boundedness on fixed balls [15,37]). Let o € S°, p(-) € B(R") and
w € Ay (R"), and let Ty = nK* () and T, = (1 — 1)K« (-), with 17 as in Lemma 9. Then, for
every function a € LPC) (w) supported in a fixed ball, we have

ITall o) () + 1 T20l 1p0) () + 1 T28l 1p0) () < Cllall o0 )
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The boundedness of T on the constant-exponent, unweighted Herz-type Hardy spaces
is due to Fan and Yang [36] as well as Tsutsui [15]; meanwhile, the boundedness on the
variable-exponent space HK "/ qC) P(R") is due to Wang and Wu [38].

2.5. The Schrodinger Operator

Let L = —A+V((), (€ R",n >3, where V > 0and V € RHg for some q > 1/2, that
is [39],

1/q "
|BCV|/CV Ol4dd) <|Bc |/CV O]d, CER" v>0

The critical-radius function p and the associated function my, are defined by
1
p(Q)’

Lemma 11 (Reverse Holder self-improvement [39]). If V € RHq, q > n/?2, then there is
¢ = ¢(n,q,C) > 0such that V € RHgy,. Consequently, 5y := min{1,2 —n/q} > 0.

1 " .
p(C) = sup {V>0: W/B(c,v)v(t)dtg 1}, my (L) = (eR™

Lemma 12 (Doubling property of p [39]). There are constants C, ko > 0 such that p(C) ~ p(t)
whenever | — | < Cp(Q), and

1C— |C—L|>Ko/(Ko+l)
p(0) p(C)
Lemma 13 (Critical-radius covering [42]). There is a sequence {(« }«>1 C R" such that the balls

BE = B(Lx, p(Lk)) satisfy R" = |J BE, and there is N > 1 such that card{j : 4814 N4BE #
@} < Nforallx > 1.

Cc1p(Q) (1 + . {LER™

) " <ew=co@(1+

Lemma 14 (Semigroup property [39,41]). Let k((, 1) denote the kernel of the heat semigroup
e L > 0. Then, for t,s > 0and ¢, € R",

Krts(G L) = /Rn k(G z)ks(z,0)dz  and / ke(G ) de < 1.

Lemma 15 (Gaussian bound [41]). For every N > 0, there is a constant C > 0 such that, for all
reR andt >0,

—n/2 —|¢—1|2/(Cr) ﬁ ﬁ)N
kKe((1) <Ct e <1+ o(0) + "0 . (7)

Lemma 16 (Holder regularity in the space variable [43]). Let 0 < & < min{1,2 —n/q}. For
every N > 0, there is a constant C > 0 such that, whenever |{ — {o| < /T,

5 —N
ke (6,0) — ke (o, )| < C(|c—ﬁco|) 172 p=|C=1 P/ (CT) (1 n p\(fg) n f))

2.6. The Bessel-Riesz Operator and Its Schrodinger Realization

For 1 < p < oo, we denote by LE)C(]R”) the space of all measurable functions 1\ on R”
such that Py € LP(R") for every compact set K C R”".
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Definition 7 (Bessel-Riesz operator [82,83]). For 0 < o« < mn,y > 0and € Lr
Bessel-Riesz operator is defined by

(R™), the

loc

|C|OC—}’[

I“,yﬂ) / Kocy ( )dlr K“/Y(C) = W

In particular, 1 o = I is the Riesz potential.

We attach I to £ by damping the heat-semigroup subordination formula for £~%/2
(see [44,45,51]) with the same Bessel-type factor:

Ty 0(0) = /Ooo YT 14 VT Ydy,  O<a<my>0, (8

which reduces to £~%/2 aty = 0. Equivalently, Io () = [pa “Y(C V)W (1) di, where

KE (G 0) = /O ke (4,0 T2 (1 4+ T) Y dr.
Lemma 17 (Kernel bound). For every ¢ € N, there is a constant Cy such that, for all ¢, € R"
with ¢ # t,

C [

. 9
(14 10— (my (@) + ()" AFTE=¥ ©)

K5, (G0 <

In particular, ng(c, 1) < CKuy(C—10).

Proof. Fix ¢ # , and write d := |C — t| and m := my({) + my(1). Since my = 1/p,
Lemma 15, that is, (7) with N = /, gives

Ke(G 1) < CT_”/ze_dz/(CT)(l +Tm) !

We split the t-integral defining wa at T =d?.
The region 0 < T < d?. Since VT < d, we have

1+d <1+ and 1+dm < d

1++yT ™ 1+Im — T

and therefore (14 /7)Y <2Y(14+d)"Y(d?/7)Y/?and (14 Tm) =~ < (14-dm)~(d?/7)"/2.
Since u(Y+0/2e=u/C < C/e=u/(2C) for 4y > 0, we obtain

S

Sl
Sl

d? C d?
«/2-1 Y g < / (x—n)/2—1,—d?/(2CT)
/0 k(G 0T (1++/1)Ydr < A dm) AT dy b T e dt

Cdoc*n 1 )
- (1+dm)€(1+d)y/0 ule=m)/2=1,=1/(2Cu) g,

where we substituted T = d?u; the last integral is finite.
The region T > d2. Here, /T > d,s0 (1+ /7)™ < (1+d)"Y and (1 + Tm)~*
(1+ dm)_f. Using e—d*/(CT) < 1and « < n, we obtain

[ee] C [ee]
«/2—1 -Y < (ax—n)/2-1
/dz Ke(C 1T (14++1) Ydr < A dm) )y /dl T dt

_2Cc qe—n
n—o (1+dm)t(1+d)y’
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Adding the two estimates, we obtain (9). The last assertion follows from (1 + dm) <1, O

Remark 4. Since (1+ |¢—1|)"Y < 1 fory > 0, the bound (9) always improves the Riesz-
type bound Kéo(c, ) < Co(14 [ — t(my(Q) +my(1) L — o|* " used for L~*/2. This
pointwise comparison is, however, the crudest use of the Bessel factor. Lemmas 18 and 19 below
quantify the effect of this factor on the integrated kernel and show that it is also active in the local
(near-field) regime.

Lemma 18 (Sharp radial mass of the Bessel-Riesz kernel). For 0 < o < nandy > 0, set
Yoy (R) := [ v (1+v) Y dv, R > 0. Then

R%/«, 0<R<1,
1, R¥Y -1
~ - 7 R>1/ 7
Yoy (R) R x 7y
1
&—i—logR, R>1, c=v.

Consequently, Do,y (R) < CoR* for every R > 0. Fory = 0 or R < 1, this is sharp, that is,
Yo,y (R) ~ R*, whereas for R > 1andy > 0,

)+

Yo,y (R) < Coy(1+R* Y log(2+R)) = o(R*)  asR — co.

Proof. We split the integral at v = 1. On (0, min{R,1}), we have (1 4+ v)~Y ~ 1, so that

in{R,1 in{R,1 i x
/mm{ }chfl(l —|—V)7Y dv ~ /mm{ }chfl dv = %
0 0

If R > 1, thenon (1,R) we have (1+v)™Y ~ v~7, so that

R*™Y —1
R R —, aF#,
/v“* (1—|—v)*ydv~/ V&Y gy = x—vy
1 1

log R, x=".

Adding the two pieces, we obtain the stated asymptotics. Since x —y < a fory > 0,
the bound P,y (R) < Cq,yR%, together with its strict improvement for R > 1, follows at
once. [J

Lemma 19 (Sharp near-field bound). Let B = B((y, R) and {1 := Pxop. Then we have

[ Lo (1)@ 40 < Cohay (R) [ (0], (10)

where b,y is as in Lemma 18. In particular, (10) is never worse than the bound C R* [,z \b(1)] du
obtained by discarding the Bessel factor via (1 + |¢ —|)™Y < 1, and it is strictly sharper for R > 1
andy > 0.

Proof. For ¢ € Band t € 2B, we have |{ — | < 4R. By Lemma 17 and Tonelli’s theorem,
we obtain

[T (1)@ de < C [ (0] [ Kay(C— 1) dcd

e —_(N\~Y )
scwwun/s(hm)m U1+ (¢ — 1) 7Y ded
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Using polar coordinates centered at t, we obtain
o—n 8% 4R o—1 Y
—S A |C =)A= G [V (1Y) Y dY = Cribay (4R),
S|~ A e ) Ve = [Ty 1Vay (4R)

where C; is the surface measure of the unit sphere. This gives (10). The comparison with
the crude bound follows from Lemma 18. [

2.7. Grand Variable Herz—Morrey—Hardy—Lipschitz Space

Let {Bf = B(C«, p(lk))}k>1 be asin Lemma 13, and let mp} = I%\ fBlb denote the
mean value of 1 over a ball B. For a locally integrable function 1\ and k > 1, we set

1 o
P(Q)|dc.
o ey ML)

EK(lb) = |B£‘“/” |

Definition 8 (Weighted grand variable Herz-Morrey-Hardy-Lipschitz space). Let 0 < « <
n,0<v<00,0<T <oo,p(-) € P8R andw € A o() (R"). A locally integrable function

P belongs to HMLIpC r) ( ) if the following two conditions hold:
(a)  Thereis C; > 0 such that, for every ball B = B({, R) with R < p({),

[W(L') = mph|dt’ < Cy;
|B|°‘/"||XB||LP /

(w=1)
(b)  The grand—Morrey aggregated size quantity is finite, that is,

& 1/(v(149))
(W] :=sup sup mar( Y &« (1]))1’(1“})) < oo.

9>0 mp>1 k=1

The norm || || is defined as the maximum of the smallest constant Cy in (a) and the

HMLipgy) | (w)
quantity [b] ¢ in (b).

Remark 5. Letting v — oo, with ' = 0 and w = 1, condition (b) becomes

1
[ b(@lde < ¢,

sup
HXBQ HLP/(')(R”) B

k>1 |B£|o¢/n

which is the condition characterizing Lipg’p(') (R™) [50,51]. For finite v and T > 0, the space
HMLipZ"lr’)p(.) (w) strictly contains Lip p¥ ) (R™).

Lemma 20. Suppose that I' > 1/v. If b satisfies condition (a) of Definition 8 with constant Cy,
and

Ex (1|)) =

1 /
P(0)|de < Cy, kK>1, (11)
|B£|oc/n ||XB§||Lp/(~) (w-1) BE (o) 2

V)

with C, independent of k, then P € HML1p Tp(- )( w) and ||11>||HML P () < C1+ Gy
p()

Proof. Letd > 0and mp > 1. By (11), we have

it (X et

o(149) )1/(v(1+19)) <my (m Cv(l+8))1/(v(1+8)) ~ G m(l)/(v(l-i—%))—l“

https://doi.org/10.3390/ fractalfract10100703


https://doi.org/10.3390/fractalfract10100703

Fractal Fract. 2026, 10, 703

18 of 35

Since & > 0, we have 1/(v(1+9)) < 1/v < TI. Hence, the exponent is negative, and
mé/ (v(1+9))-T < 1 for my > 1. This means that [{], < C,. Combined with condition (a),
this proves the claim. [

2.8. A Grand Variable Herz Space as Domain

The strong-type Theorem 3 takes its domain, LPO) (w), directly from the classical theory.
In place of the weak-type domain LP()®(w) used in [50,51], Theorem 4 uses a domain
built from the same grand variable Herz mechanism as in Definition 2, with independent
parameters. This couples the two ends of the operator to the same scale of spaces.

Definition 9 (Weighted grand variable Herz space). Let B(-) € L®(R") be log-Holder
continuous at the origin and at infinity, 0 < v < 00,0 < A < oo, p(-) € P(R") and w €
Ay (R"). Set (k) == B(0) for k < 0and 17(k) := Peo for k > 0. The weighted grand variable

Herz space MKE%%(Z;) (w) is the set of all measurable functions P on R \ {0} such that

* o 1/(0(149)) (12)
i=sup sup 270N Y 2Rn()O0E0) ||y |<|| 1+a) < 0.
9>0 myeZ K=o ) (w)

The space in Definition 9 is precisely the space MIC g () ;’ )( ) of Definition 2 with
(ee(+),v,T) replaced by (B(-),v, A). It is used here directly on functions 1\, not on Gn.

Lemma 21 (Per-annulus control by the Herz norm). For every k € Z and every { €

MIC/Q( )( )) (w), we have

||1l)XK||LP()(w) S 2" k(A= (i ||1b||M’C‘3 ?;(w)
Proof. Fixd > 0 and take mg = k in (12). Dropping the non—negative terms with index j <

k from the sum leaves only the term j = k, so that 2+7(% Hll)XKHLp 2KA||1])||MK@ ) ()
p()

This bound does not depend on 9, and the claim follows. O

Lemma 22 (Uniform local control by the Herz norm). Let 3(-) be as in Definition 9 with
B(0) < 0 < Beo, and let A = 0. Then, for every measurable set E C R" and every \ €

MI'C(g3 1;(,‘().,)2; ) (w), we have

X )0y < Cp g0 Cp =

) %) (w)’ 1 — 2B(0) + 2B —1°

Moreover, if E C By, for some m € 7Z, then

G
e oy < (X 2770) [, B0y < €8 I8l ep

]<m

Proof. Since the annuli A;, j € Z, are pairwise disjoint and cover R" \ {0}, we have
[bxe| < Lj [Wx;| a.e. By the lattice property, the triangle inequality and the Fatou property
of LP() (w), as well as by Lemma 21 with A = 0, we obtain
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If E C By, only indices j < m occur. Finally, since 3(0) < 0 < B, we have

[ee] oo
Zz*]’l(]) - 2216(0) + 2271[300 = Cp < .
JEZ i=0 j=1

O

In Theorem 4 below, we assume, in addition to V € RHg, that the critical radius is
bounded, that is,

P(C0) < pmax <o,  CE€R" (13)

This condition is satisfied whenever my,({) > i > 0 for all {, for instance, whenever V

is bounded below by a positive constant on R”. Under (13), every ball B = B((, R) with

R < p(C) has radius R < pmax. This means that its size no longer grows with the location ¢,
which allows a uniform comparison of B with the origin-centered dyadic scale.

Lemma 23 (Uniform comparison with the origin-centered scale). Assume (13), and, for
CeR" let m=m(C) := [log,(|¢| +2pmax + 1) |. Then, for every integer Cy > 1, independent
of ¢, and every ball B = B(, R) with R < p(¢) < pmax, we have

2B C By C Byt
More generally, for every t > 1,
tB C Byic, whenever C; > max{1, [log, t]}.
Proof. Lett € 2B. Since R < pmay, the definition of m gives
[ <12+ [v= ¢ <[]+ 2R < [¢] + 2pmax < |C] +2pmax +1 < 27,

and hence 28 C B,,. Moreover, the dyadic balls are nested: if k < «/, then 2¢ < 2K’, and so
By C B/. We now distinguish two cases.
e IfCy =1, then we directly obtain 23 C B;;, C By41.
o IfCy > 1,thenm < m+1 < m+ Cy, and the nesting property gives 28 C B, C
Bm+1 C BerCl-
Thus, a larger C; only enlarges the comparison ball, and the inclusion holds for every
integer C; > 1.
The case C; > 1 is actually needed for dilations tB with ¢t > 2, which occur in the
dyadic decompositions of Section 4. Indeed, for t > 1 and t € t3, we have

I < €] 4 tR < H(|C] + pmax) < £27 < 2mH[ogat] < om+Cr)

provided that C; > max{1, [log, t]}. Hence, tB C B, ¢, In all cases, C; depends only on
the fixed dilation factor ¢, and not on the center C or the radius R of the ball. This completes
the proof. O

Theorem 4 of Section 4 is stated and proven using this domain.
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3. Pseudo-Differential Operators

Theorem 2. Let «(-) € L®(R") be log-Holder continuous at 0 and at oo, with nd; < «(0) < oo
and 0 < e < 0o, and let the atoms of Definition 5 have vanishing moments up to order
sp > [max{a(0), xeo } — 1d7]. Set

=59+ 14 nd — max{x(0), e} > 0, g0 := min{o(0), o, 5} > 0.

Let0 < v < 00,0 <T <egp() € POBR") C B(R") and w € Ay (R"). If T is an
order-zero pseudo-differential operator (Definition 6), then we obtain

b € HMKSOY (w).

I Tl < Cllw| o) (@

HMIC )

o) HMK ) (1)’

( )
Proof. By Lemma 6, we have P = Y% Aca, in S’'(R"), where each a, is a weighted
central ((+), p(+))-atom for By, and we may take the decomposition so that, with V), as
in (1),

o 1/(v(1+9))
N, = sup sup 2—m0r< )3 |/\K|U(1+6)> < 2]l (14)

d>0moeZ K=—00 HMK () (w)

Throughout the proof, we use the vanishing moments up to order N := sy, so that N +1 >
max{«(0), xe } — 1. We treat the cases 0 < v < 1and 1 < v < oo separately.

Casel:0<v <1
It suffices to show

| Tax|| <C, C independent of k, (15)

HMK) ;’) (w)

in the following stronger, annulus-wise form: for all k,j € Z,
bj« *2]¢(])HQN(TGK)X]||LP < C2—¢olj— K| (16)

with C independent of j and . Indeed, (16) implies (15), and it is exactly the off-diagonal
decay required in Lemma 7. Since T = ", A Ta,, we have 2/¢() ||gN(T1|))X]-||Lp(.)(w) <
Y« [A«|bj . Therefore, once (16) is proved, Lemma 7 (with ¢ = g9 > I') and (14) give the
full norm bound (23) below. A uniform bound such as (15) alone would not suffice for this

aggregation (Remark 3(a)). We split the proof according to k < 0 and k > 0.

(a) k < 0: the estimates of I and .

Fix k < 0. By Definition 2, we have to estimate the quantities 2/®()||Gn (Ta il ) (w)”
j € Z. We split the corresponding sum as

K+2
Y 2P00GN (Ta)g iy = L 240 [G0(Tac)xl
]—700 j=—00
+ Z vl "||gN(TaK)X]|\ =L+ b.
j=k+3

Estimate of I;. We use Lemma 3(a) (the boundedness of M on LP(") (w)), the pointwise
bound Gn(Tax) < CM(Tag), Lemma 10, and the fact that ¢(j) = ¢ (k) forj <k +2,7 <0
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(the at most two remaining indices j € {1,2}, which occur only for k € {—1,0}, contribute
a bounded amount). This gives

K+2
I = Z 2]¢(])v|‘gN(TaK)Xj||lL;P(')(w)

]:700

K+2
<C Y 29909 M(Tay)

j:—oo

K+2
<C ) 2]¢(K)v||a,<||zp<‘)(w).

j==c

By the atom condition ||aK||LP(.)(w) < |By|~®)/m = ¢y 27 (%) where C; := [B(0,1)|~¢(x)/n,

we obtain
K42

L <C Z 20-K)d(x)r < (17)

j=—eo

since this is a convergent geometric series (¢ (k) > 0). In particular, for j < k + 2, each term
satisfies b; . < C2l=x)d(k) < c2~20li=¥| since ¢(k) >¢gpand j—k < 2.

Estimate of I. By Lemma 9, we have @ * (Tac)(C) = [pu Ke(G, § — 2)ag(z) dz.
Expanding K+({, { — z) in a Taylor series about z = 0 and using fR" ax(z)zP dz = 0 for
|B] < N, we obtain

oc# (Ta)(Q) = Y /DZKT(C,C—Gz)zVaK(z)dz, 6<(0,1).
ly|=N+1 7R

For ¢ € A;,j > x+ 3, Lemma 9 gives | DY K((, {— 0z)| < C|C]’”’N’1, and hence

C C2K(N+1)
|(pT>k (TGK)(C)l < W/Rn |Z|N+1|aK(Z)|dZ < W/R” |CL.<(Z)|dZ.

By Lemma 4(a), we have
Jax (2)| dz < Vpllacl oo o) 1XB, | o) o1y < Vo 1Bl ™ Ix M p70) ey
R (w) (w1 (w=1)

and, since || ~ 2/, we obtain

CZK(N+1) ik
[ * (Taw)(Q)] < SGNTD) B |~ )/”||XBK||LP’<»><w—1)- (18)

The same bound holds for Gy (Ta )(¢). Taking LP() (w)-norms over Aj, we obtain

C2k(N+1

)
7 1Bl = M ) 1) 18 o) -

19N (Ta )Xl 1p0) () < STNTT)

We apply Lemma 5 twice: once to ||x, ||Lp(,)(w) /IxB. ||LP<A)(w) via the doubling estimate,
and once to [|x5,[|;p() (w-1) / ||XBj e (w-1) via the §,-decay estimate, together with

1
1B Bl o o) XMl o1y =
This gives

21 W | G (Taw)xjll o) gy < C2UTNINFIZ@LTnS) s oy 3, (19)

https://doi.org/10.3390/ fractalfract10100703


https://doi.org/10.3390/fractalfract10100703

Fractal Fract. 2026, 10, 703

22 of 35

Since N +1 > «(0) —nd, > d(k) — nd, for k < 0, the exponent satisfies N +1 — ¢ (k) +
ndy > 2 > gy > 0. Hence, (16) holds for j > k + 3, and we obtain

_ Y, 20 1198 (Taw)x; 150 Z VNHFI=b(<)4n182) < 0 (20)
j=K+3 j=x+

(b) k > 0: the y-splitting and the estimates of Ty, T, J; and J5.

Choose a radial smooth function 1 with supp# C B(0,1) and # = 1 near the origin
(Lemma 9). We split the kernel as K = Kj + K, with K; = 7K and K; = (1 — #)K, which
gives T = T1 + T, where both operators are of order zero.

Estimate of Tj. Since supp Gn(Tiax) C By+1, Lemma 3(a) and Lemma 10 give, exactly
as for I,

K+1 K+1
Y. 200G (Trao)x; %, <€ Y. 2P M(Tran) Y Ow)
j=—00 ]_700
K+1 o
<C Z 20 () —rb(K)v < (21)
j=—00

Here, for j < 0 < k, we used jot(0) — koo < —(k — j) min{ee(0), o } < —¢p|j — «|. Hence,
each term satisfies (16).

Estimate of T», giving J; and J,. By Lemma 9, we have |(K3)< (¢, z)| < Cm(1 + |z])™M,
M > n. We split

K+2
Z 2/ U||gN(T2ﬂ»<)X]||Lp Z 2]¢(]>v\|QN(T2C1K)Xj||zp<-)(w)
j=—o0 j=—c0

+ 2 2P0V Gy ( Toa)X; 1o
j=Kk+3

=1+ ]

) (w)
J1 is estimated exactly as I. For J, with € A;, j > k+ 3, we have

| * (Tra)(0)| = ‘/RH(KQ)T(C,C—Z) ax(2) dz‘

0 (2)]
w (T4 ]C—2)M

C
< W/R” |ax(z)|dz,

where N +1 > a — 1. By the same computation as in (18) and (19), with ¢(k) = xeo
for k > 0, we obtain

<Cm

2P0 Gn (o)Xl oty < C2HTIOHIT AN, > 3,

Since N + 1 — &oo + 18y > 32 > g9 > 0, (16) holds, and we get

J»<C i 2(K—j)v(N+1—cxco+rl62) <C. (22)
j=k+3
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Combining (17), (20), (21) and (22), we obtain (16) for all j, k € Z, and in particular (15):
1/v
<C(h+hL) " <C (xk<0),
<C(T1—bound+]1+])1/u <C (k> 0).

Substitution into the norm.

By the linearity Tp = }; A;Ta;, we have, for every k € Z,
250G (Tl ) < 22 Af] D

j=

where b, ; is as in (16) and satisfies b ; < Cc2l&=Jl, Since 0 < T < €9, Lemma 7 applies
with e = gy. Hence, for every 9 > 0 and m € Z,

o o(159) 1/(v(1+9))
2—m0F< Z 2K (<)u(1+9) ||gN(T¢)XK|| + >

K=—00

1/(v(1+9))
"o © v(1+9)
gzmof< Y (X by ) <CN,

K=—00 j:—oo
with C independent of ¥ and my. Taking supg ., sup,, 7 and using (14), we obtain

ITw| 0<v<l (23)

HMK (;’ CHl‘bHHMlC ()U(w)'

Casell: 1 < v < oo.
Fix9 > 0and mp € Z, and let s := v(1 +9) > 1. By Definition 2 and T = }; A;Taq;,

we have

1/s
mor( Z 2K (x |gN Jal XKHLp )
. 1/s
—moT S okd()s( Y 5
<ol Y 2 ( ). I?tjlllgN(Taf>XK||LP<'>(w))
K=—00 j=—oo

. . 1/s
Ssz( Z ok(k ( Z |)\|||QN(T0])XK||Lp ))

K=—00 ]7700

o s 1/s
+2mol"< Z 2K¢ ( Z |)\ | HQN(Ta])XKHLp ) > = U+ U,. (24)

K=—00

Estimate of U,. As in (17)—(21) (near field, j > «), we have, for k < j,
2K¢(K)||gN(Taj)XKHLp(<)(w) < C Kb (k) —jd()) < C2—2(i—x)

Here, the middle term equals C2(*~)®(%) when ¢ (k) = ¢(j), and the last inequality
follows as in (21) when k < 0 < j. In Uy, the index j runs over all j > k, including j > my.
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Therefore, we apply Lemma 7 with bK,]- = C2¢(j=x) forj >k, bK,]- := 0 forj < k, and
e = g9 > I. This gives

1/s
u2§c2mof< 2 (Z A 2%l ) ) < CNy, (25)

K=—00

with C independent of ¥ and m.
Estimate of U;: further split into Vi, V; and V3. We write

mo k—1 s
Uy =2y Kb (K)s A HIGN (Tag)xell oo )

)

(

§2m0r< Z 2K s( Z_: (A 1Gn (T XK”LP )S
(.
(

K=—00

my kK—1 s
+27mr Z B HIGN (Trapxel oo o

+2mgr<z kP (K)s Z |Aj| |Gn (T2a;) XK”LP )

k=1 =—00

s
) = Vi+VWV+ Vs (26)

V, is estimated by the near-field bound (21), exactly as Uy. For V; (using the vanishing-
moment estimate (19) with $(0) = «(0), ¢ € A, k > j+ 1) and for V3 (using the
kernel-decay estimate (22) for T), we have, for k > j+1,

2K¢ HgN(Ta])XK”LP (w) +2K¢ K)HgN(Tza])XKHLp < Cz(]‘iK)%,
where
w=min{N+1—a(0)+ndy, N+1— o + 182} =59+ 1+ ndy — max{x(0), xec } > 0, (27)

in accordance with the definition of » in the statement of the theorem. Since j < k —1 < m,
only indices j < mg occur. Hence, Young’s convolution inequality ¢! % £5 < (*(Z) (s > 1),
applied to the exponentially decaying kernel {2~ %1%} ., with  as in (27), gives

m 1 1/s 1/s
—mgl : R (j—K)s s —mgl o s
Vi+Vs<camr( y ('Z |Aj] 20 ) <comr( Y Ayl
K=—00 ]:—oo ]:—oo

1/(v(1+9))

= co7mr( Y A 02)) ! < CNj. (28)

]‘:700
Combining (26), (28) and the estimate of V;, we obtain Uy = V; + Vo + V3 < CN,.

Substitution into the norm.

From (24), (25) and the bound on U7, we obtain

1/(v(1+9))

with C independent of 9 and my. Taking supg ., sup,, 7 and applying (14), we obtain

1Tl sy < C 0 1<v< e (29)

rp) ( HMK[ ) ()’

()
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By (23) and (29), in both cases, we have

1TV <Clwll

HMK )

() HMIC () (w)

with C = C(n, «(0), xeo, 82,50, T, U, [w]Ap(_), {C,,p}) independent of . [

Corollary 1. Let T = 0, w = 1, v = p € (0,00), and o(-) = « with néy < a < oo,
and write the variable exponent as q(-) € P'°8(R"). Then Theorem 2 yields the boundedness
T: HIC;C(’S (R") — HI'C;‘(’P) (R™) for constant order «(-) = «; see [38].

Proof. Since gy > 0, the choice I' = 0 satisfies the hypothesis 0 < I' < ¢y of Theorem 2.
For I' = 0, the supremum over g in Definition 2 becomes the full sum over k € Z. Since
s > ||[{c«}l¢s is nonincreasing, the supremum over 9 > 0 equals the limit as & — 0%,
which is the /P-norm. Hence, the norm of HMK “’Iz))( ) coincides with that of H ICCT(PS (R™),

and the claim follows from Theorem 2. [

Remark 6. The Morrey parameter T enters the proof of Theorem 2 only through Lemma 7. The
condition 0 < T’ < gq is exactly what is needed to control, at a fixed truncation level my, the
contribution of the atoms supported on B; with j > mq. For such j, only the bound [\;| < 2Ny
is available, and the decay 2=%0U~"0) from (16) must dominate the growth 2/*. By Remark 3(b),
this condition cannot be removed. In contrast, the condition I' > 1/v is the relevant one for the
Lipschitz-type space of Definition 8, where the aggregation runs over the finite set 1 < x < mq with
the normalization m, U (Lemma 20).

4. Fractional Schrodinger Operators Involving the Bessel-Riesz Kernel
Theorem 3. Let V € RHq, q > n/2, p(-) € P8(R"), w € Ay (R") and v > 0. Assume
that1 <p~ <pt < (n/(ex— 60))+, where 5y = min{1,2 — n/q}, and that T > 1/v for some
fixed 0 < v < co. Then the operator Iy in (8) is bounded from LPC) (w) into HMLipZ';,)p(.)(w),
that is,

HMLi p Tl )(w) -
Theorem 4. Let V € RHq, q > n/2, satisfy (13). Let p(-) € PB(R"), w € Ay (R"),
0<a<ny>0,1<p <pt<(n/(x—25))" withs =min{1,2—n/q},and T > 1/v
for some fixed 0 < v < oo. Let B(-) € L*(R") be log-Holder continuous at the origin and at
infinity, with B(0) < 0and Beo > n/p’(c0), and let 0 < v < oco. Then the operator I, in (8) is
bounded from the weighted grand variable Herz space M}Cﬁ( o) (w) (Definition 9 with A = 0)

0p()
into HMLip r)p(-) (w), that is,

[Hay W] <Clwl

HMLip M}C‘5 ) %) ()"

Remark 7. The domain-side Morrey parameter is forced to be 0. If it were positive, then (12) would
allow [|[Px«|| 1P() (1) £0 §TOW @S K — 00, and since {BEY reaches arbitrarily far from the origin,
no bound uniform over the covering could hold. This is the opposite of the range-side threshold
I' > 1/v (Lemma 20), where growth is permitted and damped from outside.

By Lemma 20, Theorem 3 reduces to establishing the following two properties uni-
formly in the covering index k > 1 of Lemma 13.
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(P1) For every ball B = B((y, v) with v < p({p), there is a constant ¢ = ¢(B) such that
/B |ch,vﬂr’(C) - C| ac<cC |B|o‘/n ||XB||LP’(~)(W—1) ||1I)||LP(‘)(w)'
(P2) For every k > 1and B = B((y, p(Lk)),

/Bﬁ Loy (IW))(C) dC < C|BE|*/" 12 o) o1y 120 o)

with C independent of k.

Theorem 4, whose domain is not LP()®(w), is proven separately below by the same
reduction (Lemma 20), applied to the analogous properties (P1’) and (P2’), in which

9l 5 eplaced by [0,

Proof of Theorem 3. Proof of (P2). Fix k > 1,let B = BL = B({o, R) with R = p({y), and

write ) = Py + 1, where Py = Pxop and Py = PXgn 25-
Near field: the term 1. By Lemma 19 (the kernel bound (9) combined with the sharp
radial mass 4y, instead of the crude bound (1 + [ —t|)7Y < 1), we have

[ Lo (W1D(©) 42 < Cobay (4R) [ (1) .
By Lemma 4(a), we obtain
/B Loy ([W11)(€) dC < Cay (4R) lIx28 I 1) (1) W] 1o )

Since P,y (4R) < CR* (Lemma 18) and ||XZBHLP/(‘>(w*1) < Cllxsllp
we obtain

) (w-1) (Lemma 5),

[ Lo (91D(@ 2 < CIBI%" lxall s g 1) 19l (30)

The intermediate bound is, however, strictly sharper: for R > 1 and y > 0, Lemma 18 gives
Yoy (4R) S R(®=Y)"1og(2 4+ R) = 0(R%). This means that the Bessel decay is genuinely
active in the near-field term as soon as the radius of the ball exceeds the unit scale, and
not merely in the far field. For R < 1, we have o (4R) ~ R%; on such balls, the local
singularity of the kernel dominates, and 'y contributes no further gain, which is the expected
behavior. The Bessel decay is used again, differently, below.

Far field: the term \»». For { € B, we write

RZ
Layh2(0) = [ e (O w2 (14 ) Ve

+ /I:e*wu)z(c) 27N 4 ) Vdr =L + I. (31)

Estimate of I;. We consider the first integral in (31). For v < R?, we have (1 +
VT)Y <1 Forl e Band. e R"\ 2B, wehave |{g— | < |{g— |+ |{—1 < C|C—1]. By
Lemma 15, we obtain

| = )W (1) der® > 1+ /7)Y dr

T
"\28

2,
< C/R / T_”/ze_“:_“z/(CT)|1p(L)| dur®/27 1 dr
B m\28

<C/ e [ Ol

m2B |Gy — (M

https://doi.org/10.3390/fractalfract10100703


https://doi.org/10.3390/fractalfract10100703

Fractal Fract. 2026, 10, 703 27 of 35

where C depends only on M. By Lemma 4(a) and a dyadic decomposition of R" \ 255,
we obtain

ROl
/R”\ZB ‘CO — L|M Z Az+13\213 |C0 _ L|M dv

gZ(sz)‘M )|

1
i=1 2B

<C Z(ZiR)_M HXZZ“FlBHLp/(-)(wfl) ||11’||Lp(-)(w)
i=1

1=

< CZR (2hy-n/eT “MUxs 1 o 1y Wl ee )
< CR‘M W11 p0) () I1XB 1 0 1) (32)

Using Lemma 5, we note that the series in (32) converges precisely when M > n —n/p*.
Hence, we have

R? M—n+to _
] < CR™M[W ]l o) ||XB||LP/<'>(w”)/o T

<c|B|x/nt Hll’HLp(-)(w) ||XB||LP’<-)(W—1)'

Estimate of I,: where the Bessel decay is used. Here, T > R?, and hence (1 + /1)~ <
Ct /2, By Lemma 15, choosing M as above and N > M, we have

|| =

[ o mo e e

<C/ / acnoN=2_y N ,—|¢—1/(Cr) dud
<C fa Jomas” p(Q)Ne [b(v)|didt

N X x—n-N-2-vy T M/2
< Cp(Q) /RZ T2 /R”\zB (m) [ (v)|dudr.

By Lemma 12, we have p(C) ~ p({g) = R for ¢ € B, and therefore

L] < CRN / I R / O,
R2 R

m2B |Co — (M

Since M+ ax—n—N—-vy < M+a—-n—N <0 for N large (the extra —y only helps
convergence), the T-integral converges, and (32) gives

| < C|B|*/"! Wl et () X811 pr6) o1y

Integrating the bounds for I; and I, over B and adding (30), we obtain (P2), with C
independent of k. [

Proof of (P1). Let B = B((p, v) with v < p({p), letp = 1 + 1, be as above with respect
to B, and set

ey .:/ e (Go) T2 (1 + V)Y d (33)
By (30) applied to B, we have

/|o¢,y1b )_Cv|dc</locy |11’1|> dC"’/ |Ioc,y1p2 )_Cv|dc

< CIBI*" g 1) W00y + [ e th2(©) = v
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We split I = I3 + Iy at T = v2, where I = fo Jdtand Iy = [S,(---)dT.
Estimate of I3. Exactly as for [; (with v in place of R) we obtain

5] < CIBIR ™ 4]0 oy I8 1511

Estimate of I;: kernel smoothness with the Bessel factor. By Lemma 16, which is
applicable since | — (p| < v < /T for T > v2, we have

[y = el S/vz /”\ZB‘KT(C/L)_KT(CO/ O ()| der > (14 Vo) Y de

" ‘C_C‘)' S /2l () /21 )
< = Ul L T x v
=G /v2 /n\zg ﬁ ) T ¢ [b(u)]deT (1++/T) Ydr

< Cé\/é / | ()| (n—a+d)/2—vy/2 —\C 2/ (CT)ﬂdL
- R"\28B T

We substitute s = |{ — |2/, so that ds/s = —dt/7, and absorb the extra decay (1 + /1)~

directly into the kernel exponent (on the effective range T ~ | — t|?/s with s bounded, we

have (14 /T)7Y ~ |[¢ —t|7Y). This gives

|14—cv|§c5v/ L0 — d/ rge s/ 5,
R

2B |C _ L|n ox+8+vy s

The s-integral is a finite Gamma-type integral. For the i-integral, we use the same dyadic
computation as in (32), now with M replaced by n — a + 6 + v, and we obtain

5 b (u)]
s—cv|<Csv /Rn\w T rwrsry 4

<C

Mg

_ ; _ +_5—
@) il oy 1ot )

—

i=
C 18I/ bl oty 18150 1 ”

where the geometric series over i converges precisely under

n

oc—p%—é—y<0, thatis, p™ < (wheno—86—v >0). (35

x—&6—vy
Since v > 0, condition (35) is implied by (and, for y > 0, is strictly weaker than) the
hypothesis pt < (1n/(a—89)) ", once & < 8 is chosen sufficiently close to 8. This means
that the Bessel decay vy only relaxes the convergence requirement on p™ and never tightens
it (Corollary 3 makes this quantitative). Integrating the pointwise bounds for I3 and I3 — ¢
over B, we obtain [, [Iny2(C) —cv[dC < C |B|o/n HXB”LP/(‘)(w*l) ||11)||LP(A>(w). This proves
(P1), uniformly over all balls B = B((y, v) with v < p(gp). O

Finally, by Lemma 20, (P1) and (P2) give || oV || <C Hl])HLP(.)(w). O

HMLip >p( ()
Proof of Theorem 4. By Lemma 20, it suffices to establish (P1’) and (P2’), that is, the

analogs of (P1) and (P2) with [ W], () «) Teplaced by Wl with constants inde-

MK ()’
pendent of the ball. We give the argument for (P2'). The proo(f) of (P1') is identical, with
BE replaced by a general ball B((, R), R < p(¢), and with Lemma 23 applied with this ¢ in
place of (.

Fixxk > 1,1let B = Bf = B(l«,R) with R = p(Clx) < pmax, let b = P71 + U7 be as
before, and let m = m(( ) be as in Lemma 23.
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Proof of (P2'). Near field. By Lemma 19 and Lemma 4(a) applied to {x»5, we have

[ Lo (011)(€) 4 < Cobocy (4R) [ 0(1) s

<C Yo,y (4R) HXZB ”Lp’(-)(w—l) ”1!))(28 ||LP(') (w)*

Since 2B C B+ (Lemma 23), we have ||1px23\|Lp(.)(w) < Yicmst ||1L)XjHLP(')(w)' By

Lemma 21 (with domain Morrey parameter 0), we have [[Wx; || () (w) < 27710 ||y [y ’Cﬁ(()
0,p(-

,0) 7
) (w)

and hence

Weslisi o) < Wlgeson 5 270 < Clblygpng,: 69
]<m+l ()

The sum in (36) is bounded independently of m, since 7(j) = B(0) < 0 for j < 0 and
17(j) = Beo > 0 for j > 0, so that both parts form convergent geometric series (Lemma 22).
Since P,y (4R) < CR* (Lemma 18) and R < pmax, we obtain

[ L (W1DQ 2 < CIBI Il sy 910 o @)
JB 0,p(*) (w)

with C independent of k.

Far field. It remains to bound fR"\zB ()| |k —Mdy, M >n—n/p*,via the Herz
norm. As in (32), this integral is at most Y;>1(2'R) ™™ [,;1 5 [ (1)| d\, and, by Lemma 4(a)
and the same estimate of ||Xai+15/ /() (w-1) 3 in (32), we have

@R)™ [ [p()]du< CRM@YPTM gl X et

2i+13

We split the sum over i at

i := [log2 pmax" +2,

which is an integer with ig > 2, since R < pmax.
Inner part, 1 < i < ip. For these indices, we have 2+1R < 20F1R < 16 pax. Hence,
for L € 21t1B,

[ < |Ck] + 16 pmax < 8 (|Ci| +20max + 1) < 27*3,

that is, 2718 C B3 By Lemma 22, we get i1l pe )y < Callbll, e

o,g<)~/>v) (w)’
and therefore
] i M M
! - < - / L .
i;(z R) g W(lde < CR™ Xl ) 1) ||1P||MK§F<’-(>_,;>(W) (38)

Outer part, i > iy. For these indices, 2°*13 is no longer contained in a ball of radius
comparable to pmax, but Lemma 22, applied with E = 27+11, still gives |[UX,i+1 ]| ;o 10 (w) <
Cgllw HM KBOD ()7 with Cg independent of i and of B. Summing the resulting geometric

0/p(»)

series, which converges since M > n — n/p™, we obtain

Z (ZiR)fM

) i POIAE < CRTM sl o) ey 101000 (39)
i>iy p()

with C independent of k.
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Combining (38) and (39) with the same Tt-integral computation as in the proof of
Theorem 3 (which is independent of the domain, since it concerns only the heat-kernel time
variable), we obtain

Jog T 9D < CIBE I I oy gy
K Pl

with C independent of k. This is (P2'). [

Proof of (P1'). Let B = B((,v) with v < p(¢), and let m = m(() be as in Lemma 23. By
(37) applied to B, we have

Jo o b(€) = ev1€ < CIBI M sl ooy 191 cpt
+ [ oy tha(@) = ey 4,

with cy as in (33). We split Iq P = I3 + [y at T = v2. The term I3 is estimated exactly as
the near-field term above, using (36) with m = m((), which gives

/n—1
1] < CIBI* Ixsll o) 1y |N)|‘M/'ng()ff)(w)'

For 14, the same computation based on Lemma 16 as in the proof of Theorem 3 gives

5 ()]
|I4—CV| S C5'V An\zgmdL’

and the same inner/outer splitting as in (38) and (39), now with M replaced by n — x +6+vy
(as in the proof of Theorem 3), gives

s —cv| < CIBI* " xall o) 1y ‘|11"|Mi'c§1§_'(),’)”)(w)’

under the relaxed condition (35), which is unaffected by the change of domain. Integrating

the bounds for I3 and Iy — ¢y over B, we obtain (P1’), with constant C; = C || || MEBOD) ()
0,p(: )

in condition (a) of Definition 8. [

Finally, by Lemma 20, we conclude that || I || O

< Clhbll

HMLip ) | (w) = Micf5 bot) %) (w)’

Corollary 2. Ify =0,T =0, w = 1 and v — co (formally, so that the threshold T > 1/v reduces
toT > 0), then Theorem 3 recovers the boundedness £~%/2 : LP()(R") — Lipg’p(') (R™) of Wang
and Li [51]. Theorem 4 has no such specialization: its domain MK ([)31(7.()")1)) (w) is a Herz-type, and

not a Lebesgue-type, space for every choice of the parameters, and its hypotheses (13), $(0) < 0 and
Boo > 1/p’(00) have no counterpart in [51] (see Remark 7).

Corollary 3 (Non-trivial role of the Bessel-Riesz parameter). In Theorems 3 and 4, replace the
hypothesis p* < (n/(a— &)) * by the sharper, y-dependent condition

pT< m, with the convention g = oo. (40)

Then both theorems remain valid under (40). In particular, the following hold:

(i) For 0 <y < & — b, condition (40) is strictly weaker than the classical threshold, so the
admissible range of p™ strictly grows with y;
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(ii) Fory > o — &, condition (40) imposes no upper bound on p™, so that Theorems 3 and 4
hold for every 1 < p~ < pT < co.

Proof. Condition (35) in the proof of Theorem 3 (and, identically, in the proof of Theorem 4)
is the convergence requirement produced by the kernel-smoothness estimate (34). If
o — 89 —v > 0, then, when choosing 6 < 8¢ sufficiently close to 5y, we see that (35) follows
from pJr <n/(x—058y—v). If, instead, « — &g —y < 0, then, for every 6 < §; and every
finite p* > 1, we have
a oSy = (@S =) (B =8~ r < (0 —8) — 5 <0,

provided that §) — 8 < n/p*. Hence, when choosing & close enough to &y, the left-hand
side of (35) is negative, and the geometric series in (34) converges for every p* € (1,0),
with no upper restriction. Since every other hypothesis and every other step of the two
proofs is independent of this condition, both theorems hold under (40). O

5. Conclusions

We introduced the weighted grand variable Herz-Morrey-Hardy space HM IC;x }()() f;} ) (w),
which extends the grand variable Herz—Morrey—Hardy space of [62] by a Mucken-
houpt weight, and we proved that every order-zero pseudo-differential operator is
bounded on it (Theorem 2). For £L = —A+V with V € RHq, q > n/2, we

introduced the Schrodinger-Bessel-Riesz operator I, and the weighted grand vari-
able Herz-Morrey—Hardy-Lipschitz space H MLipZ';)p 0 (w), and we proved that I is

bounded into this space from LP() (w) (Theorem 3) and, in place of the classical weak-type
Lebesgue domain, from the weighted grand variable Herz space MI'CS }(;()',)v ) (w) (Theorem
4), under the complementary hypotheses (13), 3(0) < 0 and B > 1/p’(c0), that this do-
main change requires (Remark 7). Both proofs proceed by uniform per-atom (respectively,
per-ball) kernel estimates, sharpened in Section 4 by the exact radial-mass computation
of Lemma 18, so that the Bessel decay is used non-trivially in the near field as well as
in the far field. These estimates are then embedded into the grand—Morrey aggregation,
under the condition 0 < T < gy on the Herz-Hardy scale (Lemma 7) and under I' > 1/v
on the Lipschitz-type scale (Lemma 20). Both results specialize to [38,51] where a classical
analog exists (Corollaries 1 and 2). Corollary 3 describes the role of the Bessel parameter
v in the admissible range of p*. Natural extensions include commutators of T and I«
with BMO-type symbols, two-weight versions of Theorems 2—4, the removal of the bound-
edness hypothesis (13) on p via the polynomial-growth mechanism of Lemma 12, and the
compactness of the embeddings noted in Remark 5 and Corollaries 1 and 2.

Author Contributions: Conceptualization, W.A. and M.A.; methodology, W.A ; validation, W.A., M.A.
and Z.A K; formal analysis, W.A. and M. A ; investigation, W.A.; resources, Z.A K.; writing—original
draft preparation, W.A.; writing—review and editing, M.A. and Z.A K; visualization, W.A; supervision,
M.A.; project administration, Z.A K. All authors have read and agreed to the published version of
the manuscript.

Funding: This research was supported by the Faculty of Engineering and the Built Environment,
University of Johannesburg, South Africa. No grant number was assigned. This research was also sup-
ported by the Princess Nourah bint Abdulrahman University Researchers Supporting Project (grant
number PNURSP2026RS8), Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia.

https://doi.org/10.3390/ fractalfract10100703


https://doi.org/10.3390/fractalfract10100703

Fractal Fract. 2026, 10, 703 32 of 35

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding authors.

Acknowledgments: The authors thank the anonymous reviewers for their careful reading of the
manuscript and constructive suggestions.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.  Ruzhansky, M.; Turunen, V. Pseudo-Differential Operators and Symmetries: Background Analysis and Advanced Topics; Pseudo-
Differential Operators. Theory and Applications, Volume 2; Birkhéuser: Basel, Switzerland, 2010.

2. Gorenflo, R.; Luchko, Y.F; Umarov, S.R. On some boundary value problems for pseudo-differential equations with boundary
operators of fractional order. Fract. Calc. Appl. Anal. 2000, 3, 453—-468.

3. Shang, H.; Guo, C.; Wu, Y; Li, Z.; Yang, J. Solving the many-electron Schrodinger equation with a transformer-based framework.
Nat. Commun. 2025, 16, 8464. [CrossRef] [PubMed]

4. Khalkhuzhaev, A.M.; Khayitova, K.G.; Khujamiyorov, .A. On the spectrum of the Schrodinger operator for a three-particle
system on a lattice. Uchenye Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki 2025, 167, 548. [CrossRef]

5. Lindenhovius, B.; Zamdzhiev, V. Operator spaces, linear logic and the Heisenberg-Schrodinger duality of quantum theory. In
Proceedings of the 2025 40th Annual ACM/IEEE Symposium on Logic in Computer Science (LICS), June 2025; IEEE: Piscataway, NJ,
USA, 2025; pp. 870-883.

6.  Kovatik, O.; Rdkosnik, J. On spaces LP(¥) and W5P(*). Czechoslov. Math. J. 1991, 41, 592-618.

7.  Diening, L.; Harjulehto, P.; Hasto, P.; Razicka, M. Lebesgue and Sobolev Spaces with Variable Exponents; Lecture Notes in Mathematics,
Volume 2017; Springer: Berlin/Heidelberg, Germany, 2011.

8. Cruz-Uribe, D.; Fiorenza, A.; Neugebauer, C.J. Weighted norm inequalities for the maximal operator on variable Lebesgue spaces.
J. Math. Anal. Appl. 2012, 394, 744-760. [CrossRef]

9.  Cruz-Uribe, D.; Fiorenza, A. Variable Lebesgue Spaces: Foundations and Harmonic Analysis; Applied and Numerical Harmonic
Analysis; Birkhéduser: Basel, Switzerland, 2013.

10. Izuki, M. Boundedness of sublinear operators on Herz spaces with variable exponent and application to wavelet characterization.
Anal. Math. 2010, 36, 33-50. [CrossRef]

11.  Wang, H,; Liu, Z. The Herz-type Hardy spaces with variable exponent and their applications. Taiwan. J. Math. 2012, 16, 1363-1389.
[CrossRef]

12. Wang, H.; Liu, Z. Some characterizations of Herz-type Hardy spaces with variable exponent. Ann. Funct. Anal. 2015, 6, 224-243.
[CrossRef]

13. Nagase, M. The LP-boundedness of pseudo-differential operators with non-regular symbols. Comm. Partial Differ. Equ. 1977, 2,
1045-1061. [CrossRef]

14. Rodino, L. On the boundedness of pseudo differential operators in the class L;’fl. Proc. Amer. Math. Soc. 1976, 58, 211-215.
[CrossRef]

15.  Tsutsui, Y. Pseudo-differential operators of class 5§y on the Herz-type spaces. Hokkaido Math. ]. 2009, 38, 283-302. [CrossRef]

16. Higuchi, Y.; Nagase, M. On the L2-boundedness of pseudo-differential operators. J. Math. Kyoto Univ. 1988, 28, 133-139. [CrossRef]

17.  Sugimoto, M. LP-boundedness of pseudo-differential operators satisfying Besov estimates I. J. Math. Soc. Jpn. 1988, 40, 105-122.
[CrossRef]

18. Cardona, D.; Kumar, V. LP-boundedness and LP-nuclearity of multilinear pseudo-differential operators on Z" and the torus T".
J. Fourier Anal. Appl. 2019, 25, 2973-3017. [CrossRef]

19. Chen, J.; Ding, W,; Lu, G. Boundedness of multi-parameter pseudo-differential operators on multi-parameter local Hardy spaces.
Forum Math. 2020, 32, 919-936. [CrossRef]

20. Deas, S.; Mahato, K,; Das, S. Boundedness of pseudo-differential operators via coupled fractional Fourier transform. Appl. Anal.
2025, 104, 663-681. [CrossRef]

21. Delgado, J.; Ruzhansky, M. LP-bounds for pseudo-differential operators on compact Lie groups. J. Inst. Math. Jussieu 2019, 18,
531-559. [CrossRef]

22. Cardona, D.; Ruzhansky, M. Boundedness of pseudo-differential operators in subelliptic Sobolev and Besov spaces on compact
Lie groups. Complex Var. Elliptic Equ. 2024, 69, 1049-1082. [CrossRef]

23. Cardona, D.; Ruzhansky, M. Boundedness of subelliptic pseudo-differential operators. In Subelliptic Pseudo-Differential Operators
and Fourier Integral Operators on Compact Lie Groups; MS] Memoirs, Volume 44; Mathematical Society of Japan: Tokyo, Japan, 2025;
pp. 70-84.

24. Bekbolat, B.; Tokmagambetov, N. On a boundedness result of non-toroidal pseudo-differential operators. Int. J. Math. Phys. 2018,

9, 50-55. [CrossRef]

https://doi.org/10.3390/fractalfract10100703


http://dx.doi.org/10.1038/s41467-025-63219-2
http://www.ncbi.nlm.nih.gov/pubmed/41022707
http://dx.doi.org/10.26907/2541-7746.2025.3.547-565
http://dx.doi.org/10.1016/j.jmaa.2012.04.044
http://dx.doi.org/10.1007/s10476-010-0102-8
http://dx.doi.org/10.11650/twjm/1500406739
http://dx.doi.org/10.15352/afa/06-2-19
http://dx.doi.org/10.1080/03605307708820054
http://dx.doi.org/10.2307/2041387
http://dx.doi.org/10.14492/hokmj/1248190079
http://dx.doi.org/10.1215/kjm/1250520563
http://dx.doi.org/10.2969/jmsj/04010105
http://dx.doi.org/10.1007/s00041-019-09689-7
http://dx.doi.org/10.1515/forum-2019-0319
http://dx.doi.org/10.1080/00036811.2024.2378209
http://dx.doi.org/10.1017/s1474748017000123
http://dx.doi.org/10.1080/17476933.2023.2196416
http://dx.doi.org/10.26577/ijmph.2018.v9i2.263
https://doi.org/10.3390/fractalfract10100703

Fractal Fract. 2026, 10, 703 33 of 35

25.

26.

27.

28.

29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

Cardona, D.; Martinez, M.A. Estimates for pseudo-differential operators on the torus revisited. I. J. Math. Anal. Appl. 2025,
554, 129959. [CrossRef]

Das, S.; Mahato, K. Pseudo-differential operators associated with the coupled fractional Fourier transform and its application.
J. Pseudo-Differ. Oper. Appl. 2025, 16, 37. [CrossRef]

Kumar, M.; Bhawna. An n-dimensional pseudo-differential operator involving quadratic phase Fourier transform and applications
in quantum mechanics. J. Pseudo-Differ. Oper. Appl. 2025, 16, 28. [CrossRef]

Sartaj, M.; Balvant, P.; Upadhyay, S.K. Pseudo-differential operators involving the Fourier Bessel transform on Z'ﬂl. Mediterr. ].
Math. 2025, 22, 225. [CrossRef]

Verma, R.K,; Prasad, A. SG pseudo-differential operators in Dunkl setting. Georgian Math. J. 2025, 32, 501. [CrossRef]

Mabhato, K.; Pasawan, D. Norm inequalities of pseudo-differential operators associated with fractional Hankel transform on
Beurling like spaces. Proc. Natl. Acad. Sci. India Sect. A Phys. Sci. 2026, 96, 365-375. [CrossRef]

Thorn, M.H. Magnetic pseudo-differential operators with Hormander symbols dominated by tempered weights. J. Pseudo-Differ.
Oper. Appl. 2026, 17, 15. [CrossRef]

Torresblanca-Badillo, A. Dynamics of complex networks through the use of p-adic differential equations linked to fractional
pseudo-differential operators. J. Pseudo-Differ. Oper. Appl. 2025, 16, 93. [CrossRef]

Faou, E.; Grébert, B. Discrete pseudo-differential operators and applications to numerical schemes. Found. Comput. Math. 2025,
25,587-630. [CrossRef]

Sayana, K.J.; Reddy, G.D. A modified fractional Tikhonov regularization to solve the pseudo-differential operator equation.
Calcolo 2026, 63, 15. [CrossRef]

Yuldashev, T.K.; Ramazanova, A.T.; Shermamatov, Z.Z. Optimal control problem for a linear pseudoparabolic equation with final
condition, degeneration and Gerasimov-Caputo operator. Azerb. . Math. 2025, 15, 257.

Fan, D.; Yang, D. The weighted Herz-type Hardy spaces hKf;’p (w1, wn). Approx. Theory Appl. 1997, 13, 19—41. [CrossRef]
Goldberg, D. A local version of real Hardy spaces. Duke Math. ]. 1979, 46, 27—42. [CrossRef]

Wang, H.; Wu, Y. Boundedness of pseudo-differential operators on homogeneous Herz-type Hardy space with variable exponent.
Azerb. ]. Math. 2017, 7, 40-48.

Shen, Z. L? estimates for Schrodinger operators with certain potentials. Ann. Inst. Fourier 1995, 45, 513-546. [CrossRef]

Tang, L. Weighted norm inequalities for Schrodinger type operators. Forum Math. 2015, 27, 2491-2532. [CrossRef]

Kurata, K. An estimate on the heat kernel of magnetic Schrodinger operators and uniformly elliptic operators with non-negative
potentials. J. Lond. Math. Soc. 2000, 62, 885-903. [CrossRef]

Dziubanski, J.; Zienkiewicz, J. Hardy space H' associated to Schrodinger operator with potential satisfying reverse Holder
inequality. Rev. Mat. Iberoam. 1999, 15, 279-296. [CrossRef]

Dziubarsski, J.; Zienkiewicz, J. H? spaces associated with Schrodinger operators with potentials from reverse Holder classes.
Collog. Math. 2003, 98, 5-38. [CrossRef]

Bongioanni, B.; Harboure, E.; Salinas, O. Weighted inequalities for negative powers of Schrodinger operators. J. Math. Anal. Appl.
2008, 348, 12-27. [CrossRef]

Harboure, E.; Salinas, O.; Viviani, B. Boundedness of the fractional integral on weighted Lebesgue and Lipschitz spaces. Trans.
Amer. Math. Soc. 1997, 349, 235-255. [CrossRef]

Wu, W.; Zhou, J. Two-weight norm inequalities for some fractional type operators related to Schrodinger operator on weighted
Morrey spaces. Turk. ]. Math. 2021, 45, 2646-2663. [CrossRef]

Zhang, Q.; Tang, L. Variation operators on weighted Hardy and BMO spaces in the Schrodinger setting. Bull. Malays. Math. Sci.
Soc. 2022, 45, 2285-2312. [CrossRef]

Yang, L.; Li, P. Boundedness and compactness of commutators related with Schrodinger operators on Heisenberg groups.
J. Pseudo-Differ. Oper. Appl. 2023, 14, 8. [CrossRef]

Dziubanski, J.; Gtowacki, P. Sobolev spaces related to Schrodinger operators with polynomial potentials. Math. Z. 2009, 262, 881.
[CrossRef]

Ramseyer, M.; Salinas, O.; Viviani, B. Lipschitz type smoothness of the fractional integral on variable exponent spaces. J. Math.
Anal. Appl. 2013, 403, 95-106. [CrossRef]

Wang, H.; Li, P. Fractional integral associated with the Schrodinger operators on variable exponent space. Electron. Res. Arch.
2023, 31, 6833-6843. [CrossRef]

Li, P; Wan, X. The boundedness of commutators associated with Schrodinger operators on Herz spaces. |. Inequal. Appl. 2016,
2016, 172. [CrossRef]

Wang, X.; Zhao, K. Boundedness of the variation operators associated with high-order Schrodinger-type operators on the
Herz-type spaces. J. Southwest Univ. Nat. Sci. Ed. 2021, 43, 88-94.

Gao, C,; Li, P. The Herz-boundedness of commutators related to Schrodinger operators in the setting of Heisenberg group. Bull.
Malays. Math. Sci. Soc. 2022, 45, 1213-1240. [CrossRef]

https://doi.org/10.3390/fractalfract10100703


http://dx.doi.org/10.1016/j.jmaa.2025.129959
http://dx.doi.org/10.1007/s11868-025-00695-6
http://dx.doi.org/10.1007/s11868-025-00688-5
http://dx.doi.org/10.1007/s00009-025-02994-0
http://dx.doi.org/10.1515/gmj-2024-2072
http://dx.doi.org/10.1007/s40010-025-00979-y
http://dx.doi.org/10.1007/s11868-026-00767-1
http://dx.doi.org/10.1007/s11868-025-00693-8
http://dx.doi.org/10.1007/s10208-024-09645-y
http://dx.doi.org/10.1007/s10092-026-00687-y
http://dx.doi.org/10.1007/bf02836808
http://dx.doi.org/10.1215/s0012-7094-79-04603-9
http://dx.doi.org/10.5802/aif.1463
http://dx.doi.org/10.1515/forum-2013-0070
http://dx.doi.org/10.1112/s002461070000137x
http://dx.doi.org/10.4171/rmi/257
http://dx.doi.org/10.4064/cm98-1-2
http://dx.doi.org/10.1016/j.jmaa.2008.06.045
http://dx.doi.org/10.1090/s0002-9947-97-01644-9
http://dx.doi.org/10.3906/mat-2105-64
http://dx.doi.org/10.1007/s40840-022-01339-4
http://dx.doi.org/10.1007/s11868-022-00504-4
http://dx.doi.org/10.1007/s00209-008-0404-8
http://dx.doi.org/10.1016/j.jmaa.2012.12.074
http://dx.doi.org/10.3934/era.2023345
http://dx.doi.org/10.1186/s13660-016-1118-9
http://dx.doi.org/10.1007/s40840-022-01261-9
https://doi.org/10.3390/fractalfract10100703

Fractal Fract. 2026, 10, 703 34 of 35

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.
65.

66.

67.

68.

69.

70.
71.

72.
73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

Akbulut, A.; Kuzu, O. Marcinkiewicz integrals associated with Schrodinger operator on generalized Morrey spaces. |. Math.
Inequal. 2014, 8, 791-801. [CrossRef]

Akbulut, A.; Celik, S.; Omarova, M.N. Fractional maximal operator associated with Schrodinger operator and its commutators on
vanishing generalized Morrey spaces. Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci. 2024, 44, 3-19.

Guliyev, V.S.; Akbulut, A.; Celik, S. Fractional integral related to Schrodinger operator on vanishing generalized mixed Morrey
spaces. Bound. Value Probl. 2024, 2024, 137. [CrossRef]

Lin, X.; Yang, D.; Yang, S.; Yuan, W. Hardy spaces associated with non-negative self-adjoint operators and ball quasi-Banach
function spaces on doubling metric measure spaces and their applications. Commun. Math. Stat. 2026, 14, 141-193. [CrossRef]
Thuy, P.TK,; Dung, K.H.; Nang, T.T. Estimates for p-adic multilinear Hardy-Littlewood operators on variable Morrey—Herz
spaces. Open Math. 2026, 24, 20250270. [CrossRef]

Morrey, C.B. On the solutions of quasi-linear elliptic partial differential equations. Trans. Amer. Math. Soc. 1938, 43, 126-166.
[CrossRef]

Iwaniec, T.; Sbordone, C. On the integrability of the Jacobian under minimal hypotheses. Arch. Ration. Mech. Anal. 1992, 119,
129-143. [CrossRef]

Sultan, B.; Hussain, A.; Sultan, M. Grand variable Herz-Morrey-Hardy spaces and applications to the boundedness of integral
operators. arXiv 2025, arXiv:2508.17295.

Sultan, B.; Hussain, A.; Lassoued, D.; Sultan, M. Higher-order commutators of fractional Hardy-type operators in grand variable
Herz-Morrey spaces. Asian-Eur. . Math. 2026, 2650063. [CrossRef]

Ho, K.-P. Grand Morrey spaces and grand Hardy-Morrey spaces on Euclidean space. J. Geom. Anal. 2023, 33, 180. [CrossRef]
Afzal, W.; Algahtani, M.H.; Abbas, M.; Breaz, D. Regularity and qualitative study of parabolic physical Ginzburg-Landau
equations in variable exponent Herz spaces via fractional Bessel-Riesz operators. Fractal Fract. 2025, 9, 644. [CrossRef]

Wang, L.; Tao, S. Boundedness of Littlewood-Paley operators and their commutators on Herz—Morrey spaces with variable
exponent. J. Inequal. Appl. 2014, 2014, 227. [CrossRef]

Afzal, W. Regularity of parabolic Ornstein—Uhlenbeck equations via boundedness of fractional Muckenhoupt-type weighted
singular operators in variable Herz spaces. |. Pseudo-Differ. Oper. Appl. 2026, 17, 2. [CrossRef]

Wang, S.; Xu, J. Boundedness of vector valued bilinear Calderén—-Zygmund operators on products of weighted Herz—Morrey
spaces with variable exponents. Chin. Ann. Math. Ser. B 2021, 42, 693-720. [CrossRef]

Maeda, F-Y.; Mizuta, Y.; Ohno, T.; Shimomura, T. Duality of central Herz-Morrey-Musielak—-Orlicz spaces of variable exponents.
Collect. Math. 2019, 70, 117-151. [CrossRef]

Cen, X,; Song, Z. Extrapolation to product Morrey-Herz spaces and applications. Indian |. Pure Appl. Math. 2026, 1-25. [CrossRef]
Ho, K.-P. Boundedness of operators and inequalities on Morrey—Banach spaces. Publ. Res. Inst. Math. Sci. 2022, 58, 551-577.
[CrossRef]

Tacy, M. LP estimates for joint quasimodes of semiclassical pseudodifferential operators. Isr. J. Math. 2019, 232, 401-425. [CrossRef]
Tacy, M. L7 estimates for joint quasimodes of semiclassical pseudodifferential operators whose characteristic sets have kth order
contact. Int. Math. Res. Not. IMRN 2021, 2021, 17766-17797. [CrossRef]

Afzal, W.; Abbas, M.; Macias-Diaz, J.E.; Gallegos, A.; Almalki, Y. Boundedness and Sobolev-type estimates for the exponentially
damped Riesz potential with applications to the regularity theory of elliptic PDEs. Fractal Fract. 2025, 9, 458. [CrossRef]

Shi, Y.; Tao, X. Multilinear Riesz potential operators on Herz-type spaces and generalized Morrey spaces. Hokkaido Math. ]. 2009,
38, 635-662. [CrossRef]

Afzal, W. Boundedness and regularity of the Navier-Stokes system in generalized Herz spaces via a novel fractional potential
framework. Chaos Solitons Fractals 2025, 201, 117086. [CrossRef]

Zhang, Q.; Liu, L. Boundedness of multilinear commutator of singular integral in Morrey spaces on homogeneous spaces. Acta
Univ. Apulensis Math. Inform. 2009, 20, 111-125.

Afzal, W.; Abbas, M.; El-Naggar, M.A.; Khan, Z.A. Boundedness results for the fractional Wolff potential in Morrey spaces over
homogeneous groups. Fractal Fract. 2026, 10, 575. [CrossRef]

Artes, R.G,, Jr.; Afzal, W.; Asjad, S.; Tariq, M.; Ahmad, H. Wolff potential and Birkhoff’s ergodic theorem in grand variable Herz
spaces. Gulf . Math. 2026, 23, 2. [CrossRef]

Afzal, W.; Abbas, M.; Aloraini, N.M.; Ro, J. Resolution of open problems via Orlicz-Zygmund spaces and new geometric
properties of Morrey spaces in the Besov sense with non-standard growth. AIMS Math. 2025, 10, 13908-13940. [CrossRef]
Khan, Z.A.; Afzal, W.; Abbas, M.; Breaz, D.; Cotirld, L.I. Boundedness of truncated Havin-Mazya potentials in Herz spaces with
applications to p(-)-Laplace equations. AIMS Math. 2026, 11, 20677-20710. [CrossRef]

Idris, M.; Gunawan, H.; Eridani. The boundedness of Bessel-Riesz operators on generalized Morrey spaces. Aust. |. Math. Anal.
Appl. 2016, 13, 9.

Idris, M.; Gunawan, H.; Eridani. Norm estimates for Bessel-Riesz operators on generalized Morrey spaces. Math. Bohem. 2018,
143, 409-417. [CrossRef]

https://doi.org/10.3390/fractalfract10100703


http://dx.doi.org/10.7153/jmi-08-60
http://dx.doi.org/10.1186/s13661-024-01950-3
http://dx.doi.org/10.1007/s40304-023-00376-0
http://dx.doi.org/10.1515/math-2025-0270
http://dx.doi.org/10.2307/1989904
http://dx.doi.org/10.1007/bf00375119
http://dx.doi.org/10.1142/s1793557126500634
http://dx.doi.org/10.1007/s12220-023-01229-6
http://dx.doi.org/10.3390/fractalfract9100644
http://dx.doi.org/10.1186/1029-242x-2014-227
http://dx.doi.org/10.1007/s11868-025-00752-0
http://dx.doi.org/10.1007/s11401-021-0286-1
http://dx.doi.org/10.1007/s13348-018-0222-1
http://dx.doi.org/10.1007/s13226-026-00998-4
http://dx.doi.org/10.4171/prims/58-3-4
http://dx.doi.org/10.1007/s11856-019-1878-2
http://dx.doi.org/10.1093/imrn/rnaa058
http://dx.doi.org/10.3390/fractalfract9070458
http://dx.doi.org/10.14492/hokmj/1258554238
http://dx.doi.org/10.1016/j.chaos.2025.117086
http://dx.doi.org/10.3390/fractalfract10080575
http://dx.doi.org/10.56947/51vxdc48
http://dx.doi.org/10.3934/math.2025626
http://dx.doi.org/10.3934/math.2026841
http://dx.doi.org/10.21136/mb.2018.0045-17
https://doi.org/10.3390/fractalfract10100703

Fractal Fract. 2026, 10, 703 35 of 35

84. Muckenhoupt, B. Weighted norm inequalities for the Hardy maximal function. Trans. Amer. Math. Soc. 1972, 165, 207-226.
[CrossRef]

85. Cruz-Uribe, D.; Diening, L.; Hasto, P. The maximal operator on weighted variable Lebesgue spaces. Fract. Calc. Appl. Anal. 2011,
14, 361-374. [CrossRef]

86. Fefferman, C.; Stein, EIM. H? spaces of several variables. Acta Math. 1972, 129, 137-193. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/fractalfract10100703


http://dx.doi.org/10.1090/s0002-9947-1972-0293384-6
http://dx.doi.org/10.2478/s13540-011-0023-7
http://dx.doi.org/10.1007/bf02392215
https://doi.org/10.3390/fractalfract10100703

	Introduction
	Preliminaries
	Variable Exponent Lebesgue Spaces
	The Variable Muckenhoupt Class Ap()(Rn)
	Grand Variable Herz–Morrey–Hardy Spaces
	Pseudo-Differential Operators
	The Schrödinger Operator
	The Bessel–Riesz Operator and Its Schrödinger Realization
	Grand Variable Herz–Morrey–Hardy–Lipschitz Space
	A Grand Variable Herz Space as Domain

	Pseudo-Differential Operators
	Fractional Schrödinger Operators Involving the Bessel–Riesz Kernel
	Conclusions
	References

