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Abstract

Streamflow estimates are necessary for devising effective flood management strategies in
urban areas. However, rating curves (RC), which formally summarize stage-discharge
relationships, are rarely available, mainly because of difficulties in measuring flow velocities
in such environments. As a result, in the absence of gaugings, researchers and practitioners
frequently resort to simplified hydraulic approaches for computing flood discharges, which
renders validation and uncertainty assessment in flood-related studies unfeasible. In this
paper, we explore a Bayesian framework that combines empirical information on stages and
expert prior hydraulic knowledge for indirectly estimating rating curves from rainfall-runoff
(RR) simulations. We investigate advantages and drawbacks of the proposed rainfall-stage
model in a Brazilian urban catchment, in which 25 gaugings, which were not utilized in
inference, are available for model scrutiny. Our results demonstrate that, although deriving
a synthetic RC was feasible, uncertainty in stage predictions was too large. However, the
explicit treatment of RC and RR errors allowed estimating true discharges, which is useful
for flood routing along the river reach. Overall, the synthetic RC provided physical realism
to the stage-discharge relationship. Yet, the rainfall-stage model was strongly affected by
the lack of gaugings, which suggests actual monitoring should be highly beneficial for
decision making.

Keywords: rainfall-runoff modeling; synthetic rating curve; predictive uncertainty decom-
position; urban catchments

1. Introduction

Floods are one of the most damaging phenomena worldwide [1-3]. In effect, floods
have been associated with almost half of the reported global disasters, accounting for about
32% of the economic losses and 16% of deaths [2,4]. The impacts of flooding events are
particularly critical in urban environments, in which the highly modified hydrological
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systems, the proximity to streams, and the inadequate urban planning that leads to the
occupation of flood-prone areas may greatly amplify flood-related damage and loss of
life (e.g., [5]). From this perspective, the devastating consequences of high-magnitude
floods in urban areas have been demonstrated by recent events in Europe [6], Africa [7], the
Arabian Peninsula [8] and South America [9,10]. Properly understanding flooding regimes,
particularly under anthropogenic climate change (e.g., [11]), is thus necessary for mitigating
short- and long-term adverse impacts on cities’ infrastructure and the population [12].

Frequently, strategies for flood management in urban catchments rely on (determinis-
tic) outputs from hydrological and hydrodynamic models (e.g., [13-15]). However, actual
hydrometric rating curves, which should provide streamflow estimates for simulating such
models, are rarely available. In fact, the high flow velocities and the short response times of
small urban catchments usually render appropriate field discharge measurements unfeasi-
ble [13,16]. Asaresult, practitioners and researchers mostly utilize synthetic stage-discharge
relationships, often derived under overly simplified assumptions, for flood modeling in
such locations—throughout this paper, a site is referred to as “ungauged” whenever the
rating curves are not formally established, irrespective of other variables being measured.

The simplest approach for estimating synthetic rating curves in urban streams is assum-
ing that theoretical reference regimes, such as uniform flow, deterministically summarize
the stage-discharge dynamics (e.g., [13] and references therein)—implicitly, the deviations
from the prescribed hydraulic conditions are taken as negligible. While this might be an
acceptable approximation for steep and nearly prismatic channels, the resulting rating curve
model would require precise knowledge on parameters such as the Manning roughness
coefficient, which, in practical applications, is impossible, even for artificial channels [17].
In more general terms, this rationale should be highly ineffective in natural channels, in
which changes in geometry, bed slopes or other hydraulic properties would certainly be
verified along the river reach of interest.

More realistic synthetic stage-discharge relationships, particularly in natural, mild-
slope channels, may be obtained by leveraging high-resolution digital elevation models
(DEMs) and hydrologic terrain analysis [18]. In this context, simple models, such as
the Height Above the Nearest Drainage (HAND), can be used for describing river reach-
averaged properties, as, for instance, cross-sectional areas and wetted perimeters, at dif-
ferent stages; when coupled with steady uniform flow equations, with known values of
channel slopes and roughness coefficients, HAND outputs allow trivially estimating flow
rates [18-21]. The main advantage of this framework is that detailed topo-bathymetric
information is not required for estimating the synthetic rating curve [20]. On the other
hand, the resulting models are unable to deal with complex hydraulic conditions typically
found in urban streams, such as cross-section contractions or backwater effects [20,22]—this
may render their utilization unfeasible in more intricate drainage networks [23].

Hydrodynamic models have also been explored for establishing synthetic rating curves
at ungauged locations [22,24-27], but their use is frequently constrained by the requirements
of extensive topo-bathymetric information and precise knowledge of model parameters,
along with high computational costs. Alternatively, empirical models, which mostly rely
on catchments’ characteristics and channel morphology for defining stage-discharge re-
lationships, have been discussed in the literature (e.g., [28,29]). However, despite the
high structural complexity, their predictive abilities are still notably limited for transferring
information on rating curve parameters.

The outlined discussion demonstrates that, despite recent advances in computational
modeling, deriving physically meaningful stage-discharge relationships at ungauged sites
is still a challenging task. In fact, benchmarking against observed gaugings (i.e., stage-
discharge simultaneous measurements) has suggested that a purely hydraulic perspective
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may be insufficient for establishing rating curves [30]. Furthermore, as actual stage or
discharges measurements are often unavailable, most models do not formally address un-
certainty quantification (e.g., [31]), albeit rating curve-related random or systematic errors
may be too large and, accordingly, entail biased decision-making when the corresponding
discharge estimates are utilized for simulating hydrological [32] or hydrodynamic mod-
els [33]. Hence, one might benefit from available empirical evidence, whenever it exists,
for improving the synthetic rating curve estimation. For instance, in some Brazilian cities,
water levels are (quasi) continuously monitored for flood alert issuing. In these cases, one
may formally combine prior hydraulic knowledge on the stage-discharge relationship with
a rainfall-stage model (an adaptation of traditional rainfall-runoff models; see [34]) for
deriving the rating curve parameters.

Expert prior hydraulic knowledge can be established by accounting for potential
deviations from theoretical reference regimes—note this prior knowledge must be data-
independent. A common approach for summarizing prior knowledge in practical applica-
tions is the BaRatin framework [35], which accommodates the uncertainty on geometric
and hydraulic characteristics of the cross-section and the river reach through subjective
prior distributions and explicitly describes rating curve structural errors. This would pro-
vide the physical basis for estimating a time-averaged stage-discharge relationship at an
ungauged location with no strong assumptions on the parameters’ estimates (e.g., precise,
deterministic knowledge). However, as no gaugings should be available, we preclude the
inference step of the original BaRatin formulation. Instead, we obtain streamflow estimates
from a lumped rainfall-runoff model that is formally linked to the synthetic rating curve by
using observed stages as a calibration paradigm [34].

This comprises a strikingly different approach than the typical hydraulic analyses
employed in the estimation of synthetic rating curves at urban catchments. In fact, our
rationale is leveraging the stage process to indirectly summarize the water budget at the
catchment scale using the prior rating curve as a constraint. Assuch, our framework attempts
to reconcile the inherently uncertain nature of the rating curve and physical realism on
streamflow estimation. Furthermore, as the rainfall-stage model allows explicitly describing
structural uncertainty from both the rating curve and the rainfall-runoff model, one may
trivially retrieve the true (unknown) discharges, which exclude the rating curve errors and
might provide less uncertain inputs for hydrodynamic modeling at urban streams, with
potential improvements in flood mapping and forecasting, and alert issuing.

On the other hand, the extent to which the stage observations alone are able to update
knowledge on rating curve parameters under physical consistency, as well as the potential
inference issues related to the highly uncertain discharge estimates obtained from prior
rating curves, still call for investigation. The present study addresses these specific questions.
For this, we extend the calibration framework proposed by [34] into a novel design in
which the available information for deriving stage-discharge relationships stems strictly
from hydraulic expert knowledge—this is a common situation in urban catchments. This
alternative design should provide clearer indications on the role of prior assumptions in the
estimation of synthetic rating curves and on how uncertainty on the actual stage-discharge
relationship (i.e., the absence of gaugings) would affect the prediction of both stages
and discharges. As a proof-of-concept, we apply the proposed framework for estimating
the synthetic rating curve at the Monjolinho River catchment, a small urban basin in the
Brazilian state of Sao Paulo. This catchment was selected for the study because of the
availability of 25 gaugings [36], which would allow the independent validation of the
stage-discharge model—note those gaugings are not utilized for estimating the parameters
of the synthetic rating curve and, as a result, the site is treated as ungauged. Also, hourly
stage monitoring encompasses almost a year of data collection, which, although being a
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relatively short period-of-record, enables the appropriate calibration of the parameters of
the rainfall-stage model. Besides discussing the rating curve estimation, we also address
the effects of rating curve errors in stage and streamflow prediction, which might provide
insights on potential developments of the rainfall-stage model for practical applications.
The remainder of the paper is organized as follows. In Section 2, we describe the study
area and utilized datasets and discuss the statistical formalism of the rating curve and the
rainfall-stage models. In Section 3, the main results and a comprehensive discussion on
model adequacy and limitations, as well as potential implications for flood management
in urban areas, are presented. Finally, we address the concluding remarks and envisaged
research developments in Section 4.

2. Material and Methods
2.1. The Monjolinho River Catchment

The Monjolinho River basin, whose drainage area amounts to approximately 275 km?,
is located in the northern-central region of the Brazilian state of Sdo Paulo. The climate is
subtropical, with a wet summer and a dry winter (Képpen classifications Cwa and Cwb),
and mean annual precipitation ranging between 1200 and 1500 mm [36,37]. Here, we
focused on the urban portion of the Monjolinho River catchment, as depicted in Figure 1.
The Monjolinho River and its tributaries have their headwaters within the municipality
of Sdo Carlos. Although small agricultural and natural areas occur upstream, particularly
in the vicinity of the headwaters, most of the study area, which amounts to 52 km?, is
urbanized. The river system crosses the urban area before reaching the study outlet, which
is termed PN1 and corresponds to a constrained rectangular cross section in which a bridge
is placed.
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Figure 1. The Monjolinho River catchment and gauging stations utilized in the study.

The catchment’s most concerning environmental problems are verified in its urban por-
tion: removal of riparian vegetation, channel siltation, wastewater discharge, and recurrent
urban flooding [36,38]. Despite these frequent events, however, the municipality still lacks
a systematic flood monitoring database and an operational early-warning system, while
hydrological monitoring remains limited [38]. This historical context, together with the
scarcity of hydrological observations, emphasizes the importance of improving monitoring
and modeling capabilities for the characterization of flood dynamics in the catchment.

A 1m x 1m digital elevation model (DEM) and detailed topo-bathymetric information
on several cross sections along the river reach, including that of the bridge section, were made
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available by the Federal University of Sdo Carlos (UFSCar) through the Project “Advances
in nowcasting tools applied to urban floods”, funded by the National Council for Scientific
and Technological Development (CNPq n. 446043/2023-0). Such information, mostly
summarized in field reports, should support the elicitation of subjective prior uncertainty
distributions for the prior rating curve parameters (see Section 2.2).

Hourly precipitation was obtained from six rainfall gauging stations operated by
UFSCar (PN1, P1-P5 in Figure 1)—spatial averaging was performed with the method of
Thiessen polygons, with weights 0.054 (PN1), 0.045 (P1), 0.106 (P2), 0.246 (P3), 0.332
(P4),0.209 (P5) and 0.007 (P6). For estimating evapotranspiration, the Penman-Monteith
method [39] was applied to hourly meteorologic data from station A711, operated by the
National Institute of Meteorology (INMET; https://bdmep.inmet.gov.br/ (accessed on
23 March 2026)). Finally, instantaneous hourly stage realizations were collected, with a
piezometric level sensor installed at the bridge section (PN1 in Figure 1), in the period
spanning from 31 October 2024, to 4 March 2026. However, a shorter period, from 1 January
2025, to 30 November 2025, was utilized for rainfall-runoff simulations, as this was the
longest interval with no missing data. We should note that, as the mean bed elevation (0.0 m)
and the staff gauge reference level (0.09 m below the mean bed elevation) do not coincide
in the available field reports (project CNPq n. 446043/2023-0), all stage measurements were
propetly corrected to a common reference (0.0 m) prior to the calibration of the rainfall-stage
model parameters.

Besides the stages, a set of 25 gaugings, which are not used for inferring the rating
curve parameters, was collected in 1995 [36], under a simplified procedure that relates
water depths to the ratios between mean and surface flow velocities, at different verticals
in the river cross section, through linear models (see [36] for a detailed description of
the procedure). We note that, despite the long time elapsed, the bridge section has been
well-preserved since these measurements [36] and the “time-averaged” structure of BaRatin
accommodates potential changes in the hydraulic characteristics of the river reach, thus
allowing benchmarking the synthetic rating curve against the existing gaugings. On the
other hand, due to the simplified gauging procedure, errors in discharge estimates should be
much larger than those stemming from conventional equipment for velocity measurement
(e.g., current meters). Hence, for validating the proposed approach, we have assumed that
the standard deviations of measurement errors comprise 10% of the gauging discharge [35].

2.2. The Prior Rating Curve

For deriving the prior rating curve model, we partially rely on the BaRatin framework,
originally proposed by [35] and further utilized in many subsequent studies for addressing
uncertainty in stage-discharge relationships (e.g., [40-44]). In short, BaRatin’s rationale is
employing hydraulic knowledge on the river reach and the river cross-section for eliciting
subjective prior uncertainty distributions for the rating curve parameters, under a particular
reference regime (e.g., uniform flow or critical flow). Such prior knowledge is typically
obtained from field surveys, DEMs, or (data-independent) steady-state simulations from
hydrodynamic models. Once gaugings (and the correspondent measurement uncertainty)
are available, the rating curve parameters may be updated according to Bayes’ theorem—
obviously, an appropriate conditional likelihood function is required for inference.

In our approach, however, no gaugings are available—since they are reserved for the
independent validation of the stage-discharge model—and, as a result, only the prior rating
curve may be obtained by independently sampling from the parameters’ prior distributions.
For this, let us assume that, at a given time f, the predicted discharge §;, as obtained from
the prior rating curve, may be expressed as

G :ch(ht|9Rc) (1)
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in which frc(hy10zc) is the rating curve (RC) model, typically a power law intended to
preserve physical realism under common reference flow regimes; /; is the (assumed error-
free) measured stage at time f; and Oy is the RC parameter vector.

At our gauging section (Figure 2a), the reference regime is prescribed as steady uniform
flow, albeit the flow may, to some extent, be affected by the smooth width contraction
from the trapezoidal channel upstream (Figure 2b) to the rectangular section under the
bridge (see [17])—as a matter of fact, we have simulated steady flows for a variety of
stages and critical control would only replace the channel counterpart above 5.0 m, which
is well beyond the recorded stages (less than 2.0 m). Hence, we believe the proposed
approximation for the reference regime is reasonable for deriving the prior rating curve
and potential inconsistencies in prior distribution specification may be properly corrected
during the calibration of the parameters of the rainfall-stage model.

m
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Figure 2. Setup of the stage gauging station (PN1). (a) cross sections; (b) front view of the channel
transition. Source: Adapted from [36].

Based on these arguments, the prior rating curve at our gauging section may be

expressed as

fre(hilBrc) = a(h; —b)°, by > b (2)
in which a = %B \/§, n (s/m!/3) denotes the Manning roughness coefficient, B (m) is the
surface width, S (m/m) comprises the channel slope, b (m) is the average level of the
channel bed at the gauging section (which acts as an activation stage for the rating curve
model), and ¢ (dimensionless) is the rating curve exponent with a theoretical value of
5/3—note we have implicitly assumed a wide rectangular section, although this assumption
may be questionable in our case study, at least for higher stages; the implications of this
choice, particularly in the posterior distributions of the rating curve parameters, will be
addressed in the results section.

For prescribing prior ranges for hyperparameters B and S, we have resorted to DEMs
and field surveys made available by UFSCar. Due to the fixed channel walls under the
bridge, B can be known very precisely. Hence, we have assumed B = (10.7 £ 0.2) m. S, on
the other hand, cannot be prescribed with such accuracy. As a result, we have considered
a 20% error with respect to the DEM estimate, which led to S = (0.011 + 0.002) m/m.
As for the Manning roughness coefficient, we have assumed n = (0.030 + 0.010) s/m?/3,
following the indications in [45] for small natural channels. We note that the relatively
large ranges specified for both S and 7 are intended to formally accommodate the stage-
discharge relationship temporal evolution into a time-averaged model, which would then
allow validation against the available gaugings.

The point estimates of 1, B, and S were then utilized for computing the theoretical value
of parameter 2 in Equation (2), while the corresponding variance was estimated under a
first-order Taylor expansion, as suggested by [46]—this approach was preferred over Monte
Carlo simulations [40] as it provides an explicit account of the contributions of variables B,
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n and S to the variance of the rating curve parameter. Then, the prior distribution of a is
given by

a~N (37.4075,7.5269?) (3)
in which N (p,0?) denotes a Gaussian distribution with mean y and variance 2.

Field surveys also provided information for eliciting the prior distribution of the cease-
to-flow level b, which comprises the single activation stage of the prior rating curve. Figure 2
suggests that null flows would occur at a stage of approximately 0.0 m—this was then
assumed as the mean bed elevation. On the other hand, because of irregularities in the
channel bed, the actual mean elevation should deviate from this estimate, albeit not to a
great extent. As a result, we have considered, as a working hypothesis, that the 95% prior
credible interval of b would be constrained to (—0.10; 0.10) m. Then, the following prior
uncertainty distribution was prescribed

b~N(0,0.052) (4)

Finally, following the original formulation of BaRatin [35], the prior distribution of the
rating curve exponent c is given by

c~N(1.67,0.0252) (5)

This concludes the specification of prior distributions for the prior rating curve param-
eters. For coupling the rating curve and the rainfall-stage model, however, it is necessary to
put the predicted discharges (4,) as functions of the true (unknown) streamflows g, [34].
This can be formulated as

G = ¢ + &£€ (6)
in which k€ denotes a structural error term, which accounts for the imperfect nature of the
RC model. Such errors may be modeled as zero-mean independent Gaussian variates, with
standard deviation linearly related to the predicted streamflow [35]. Formally

ek ~ N(0, (11 + 7201)%) (7)

in which 74 and 7, are hyperparameters. Based on the discussion in [40], we have assumed
the following “order of magnitude” distributions for the hyperparameters of the structural
error model

¥1~LN(0,0.5) (8)

v,~LN(—0.5,0.5) (9)

in which LN (,,,0,) denotes a Lognormal distribution with location parameter p;, and
scale parameter o,. Note these distributions provide weak constraints on RC structural
errors [40] and thus are intended to reconcile identifiability and physical realism in true
discharge estimates.

Under this RC model, parametric and structural uncertainty components are explicitly
quantified. Next, we discuss the mathematical formalism of the rainfall-stage model, which
will provide the basis for updating the prior rating curve parameters using continuous stage
measurements.

2.3. The Rainfall-Stage Model

The rationale for deriving synthetic rating curves is using a rainfall-runoff model for
continuously estimating the water budget at the catchment scale, which should provide
physical realism for updating stage-discharge relationships, as compared to hydraulic
simulations alone. The discharge predicted by a rainfall-runoff (RR) model, at time ¢, may
be expressed as

B =fRR(x1 ..... t|9RR) (10)
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in which x; _; is a matrix of inputs of the RR model (typically, precipitation and potential
evapotranspiration), and Oy, is the RR parameter vector. Similarly to the RC model, the
true streamflow can be linked to the RR predicted discharge by

Gr = q; + 8 (11)

The error terms eXR are typically serially correlated, skewed, and heavy-tailed vari-
ates [47-50], for which inference is usually cumbersome, even when very large samples are
available [51]. For avoiding estimation issues and allowing the analytical derivation of the
distribution of variables 4, (see [34]), we transform Equation (11) as follows

v(q) =¢(4) + B, (12)

in which (.) is a transformation function (for simplicity, we assume ¢(.) = In(.)), and B,
denotes a zero-mean Ornstein-Uhlenbeck process [34], whose covariance matrix is given by

201) = ey L (13)
$2
In Equation (13), ¢? is the (lag-0) variance of the process and ¢, is a characteristic
correlation time [34].
After algebraic manipulations, the (true) stage at a given time t can be expressed as

he = frd (@ ¢ (frr (%1, :|0r)) — Be] + €8S Oxc) (14)

in which the argument of the function fz ! (.) comprises the sum of two independent stochas-
tic variables. In principle, the distribution of this sum is unknown (or cannot be derived
analytically), but it can be approximated by a Gaussian distribution by linearizing the
inverse transform y~!(.) under a first-order Taylor expansion (the complete demonstration
is available in [34]). Based on this reasoning, the stages I, may be approximated as

h zf—l(q —L+SRC' 0 ) (15)
R\ T gy T Ore
in which ¢'(.) is the derivative of the transformation function. We acknowledge the
proposed linearization may introduce systematic bias to true discharge estimates, but, under
our modeling assumptions, it is necessary for the analytical derivation of the likelihood
function of the stages. Under this simplification, discharges g, follow a multivariate Gaussian
distribution, denoted by fyc (.[#(0zr),2(0rg; ¥, ¢)), with mean vector

p(Ogg) = {qtlr"'rqt,\,} (16)

and covariance matrix
Z(GRR/7/¢) = DlPZRRsz + ZRC (17)

in which ¢ = {71,7,}, ¢ = {¢1,¢,}, and

DY(i,i) = ———; D¥(i,j) =0, fori #j (18)
¥'(4:,)
RR ‘ti B tf|
(i, j) = plexp| —— (19)
()
I3, 1) = (1 +1ad.,) 5 ERC =0, fori # ] (20)

Equations (15)—(20) provide the link between the rating curve and the rainfall-runoff
model, which allows explicitly modeling the corresponding parametric and structural
uncertainty components.
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For calibrating the parameters of the rainfall-stage model, however, it is necessary to
derive the joint distribution (i.e., the likelihood function) of stages h;. By utilizing a change
of variables, one obtains [34]

p(HlBrr, Brc, ¥, %) = furo (frc (1 0xc) 1 (B BB, 1)) x [ | [fac(lei0xc)|  (21)

in which the last term on the right-hand side of Equation (21) is the Jacobian. Then, the
posterior distribution of all model parameters is given by

P(Orr,Orc, 7@l hx)oxp(hl Ogg,Orc, Y. P,x)p(Orr,Orc Y. P) (22)

in which the last term on the right-hand side of the equation denotes the joint prior distribu-
tion of the parameters of the rainfall-stage model. Under our approach, all parameters are
considered, a priori, mutually independent variables. Hence p(0x,0rc,7.9) is expressed as
the product of all prior densities.

For rainfall-runoff simulations, we have utilized a simplified lumped version of the
Hydrologiska Byrins Vattenbalansavdelning (HBV) model [52,53], which precludes the snow
routine and runoff routing [54], for rainfall-runoff simulation (details are presented in
Appendix A). In short, the simplified HBV model comprises three reservoirs that sim-
ulate the temporal dynamics of surface runoff, interflow and baseflow by taking mean
average precipitation and evaporation as inputs. In this implementation, five parameters,
whose description and prior ranges are provided in Table 1, require calibration—note they
are assumed uniform variates [55]. The remaining parameters (&, LP, and CFLUX; see
Appendix A) are kept fixed. Here, the HBV model is run at hourly time steps due to the high
computational costs for simulation at finer temporal resolutions. Also, the hourly time steps
are consistent with the response time of the Monjolinho River catchment (approximately
0.7 h, as per Carter’s equation [56], which applies to urban catchments).

Table 1. Parameters and prior ranges of the hourly HBV rainfall-runoff model.

Parameter Description Prior Range
FC (mm) Field capacity 50-500
. . Shape parameter that controls water partition between B

p (dimensionless) runoff and infiltration 0-1-6
K, (h™1) Recession coefficient of the baseflow reservoir 0.0000001-0.1
K¢ (mm~1-h1) Nonlinear recession coefficient of the interflow reservoir 0.0001-0.15

% (h1) Percolation coefficient (fraction of the upper-reservoir 0.00001-0.1

PERC ‘ —u.

storage transferred to the lower reservoir per time step)

Fixed parameters: & = 1 (dimensionless), LP = 1 (dimensionless), CFLUX = 0.01 mm h~!. All
coefficients refer to At =1 h.

At last, we specify the following prior distributions for parameters of the RR error
model (note that the errors are in log-scale)

¢,~U(0,0.65) (23)

$2~N (0, (40,30%) (24)

in which U(p,q) denotes a uniform distribution with lower bound p and upper bound g,
and N g ) ( #,0%) denotes a Gaussian distribution truncated at zero.

Bayesian inference was performed with the R package “cmdstanr” [57] to access
the Stan programming language [58]. 3 parallel chains were run, with 15,000 iterations
each; the first 5000 iterations of the MCMC samples in each chain were then discarded
as warm-up. We also adopted a thinning of 10 for reducing the autocorrelation of the
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MCMC samples. Convergence to the joint posterior distribution was assessed through the
Brooks—Gelman-Rubin statistic (R), which should be lower than 1.01, and the effective
sample (ESS), which should be larger than 400, for all model parameters [59].

We note that, following the indications in [34], we have truncated the distributions of
the prior rating curve parameters at the 95% credible limits. Although we cannot justify
this strong assumption on strict physical grounds, it proved necessary for properly iden-
tifying the rainfall-stage model parameters during Markov Chain Monte Carlo (MCMC)
simulations. In effect, the more “extreme” (and less probable) realizations of the RC pa-
rameters strongly disrupted the water budget computations, causing streamflow estimates
to become inconsistent with model inputs. In other words, conditioned on the observed
rainfall amounts and stages, model outputs can be unrealistically large (or small) for a
particular RC model, thus not complying with mass conservation laws under the given
RR model structure. This fact apparently prevented the convergence to the joint posterior
distribution of the rainfall-stage model parameters when the full RC parameter range is
considered. On the other hand, although we did not perform formal analyses for identifying
potential cutoffs (e.g., 96-99%), we believe that the proposed truncation does not entail a
considerable loss of information and hence does not invalidate the feasibility assessment.

3. Results and Discussion

We first estimated the prior rating curve at the bridge section, by independently simulat-
ing from the prior distributions discussed in Section 2.2. Results are summarized in Figure 3
(median and 95% credible limits), along with the observed gaugings for comparison—as
previously noted, the relatively stable hydraulic characteristics of the cross-section and
the river reach make this benchmarking feasible. One may notice that, while the median
rating curve closely agrees with the empirical sample points, the credible intervals are too
wide. Particularly, parametric uncertainty accounted, on average, for 42% of the overall
modeling uncertainty. This fact clearly indicates that, even when detailed information on
the river cross section and the river reach is available, a purely deterministic view on the
stage-discharge relationship, as suggested in simpler estimation methods, is untenable.
In fact, in view of the presented results, merely propagating rating curve parametric un-
certainty through a hydrodynamic model could entail exceptionally large errors in stage
and streamflow predictions, particularly for higher-magnitude events, as the conditional
predictive distributions become more and more skewed-to-the-right as the stages increase.

o (%)
I 1=}
= =)

Streamflow (m” s~ )
g

Stage (m)

*  Gaugings = Prior median Prior parametric uncertainty Prior total uncertainty
Figure 3. Prior rating curve.

It is also worth noting that, despite eliciting “order of magnitude” prior uncertainty
distributions for the hyperparameters of the structural error model [40], the prior rating
curve is by no means constrained to physically plausible estimates—true discharges vary by
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more than two orders of magnitude for higher stages and most of the presented conditional
95% predictive intervals are bounded at zero. This reinforces our conjecture that a hydraulic
perspective alone (i.e., prior specification) is insufficient for modeling stage-discharge
relationships. In effect, although the prior rating curve summarizes our current beliefs on
potential deviations from the reference regime, the variances of the conditional distributions
do not materialize realistic conditions with respect to the hydrological processes at play at the
catchment scale. Overall, the prior rating curve is too uncertain for providing meaningful
boundary conditions for flood routing models. As a result, despite the difficulties in
measuring flow velocities in urban streams [16], obtaining a few gaugings could greatly
improve reliability in statistical estimation and uncertainty propagation (this will be further
discussed later).

After deriving the prior rating curve, we proceeded to the calibration of the parameters
of the rainfall-stage model. A comparison between prior and posterior distributions, for both
the RR and the RC model, is provided in Figure 4 (we have restrained the x-axis supports
to the parameters’ posterior ranges for improving visualization). As for the RR parameters,
one may notice that K, Ky, Kpgpe and ¢, were well-identified—the marginal posterior
distributions are unimodal and approximately symmetric, and highly concentrated around
the corresponding posterior means. For parameters FC, B and ¢;, however, the posterior
distributions were strongly skewed, with most posterior mass placed in the vicinities of the
prior bounds. This fact could suggest ill-posed prior specification, but changing the prior
limits of the uniform variates, under physically plausible values for the parameters [53],
did not solve the identifiability issues—the outlined behavior for the posterior distributions
persisted. We hypothesize this may be a result of the limitations of the RR model in
simulating runoff formation in impervious urban areas, as the HBV model strongly focuses
on water transfers in the soil. Our implementation may thus disrupt the estimation of those
parameters with clearer physical interpretation, such as the field capacity, as a means of
reproducing surface runoff. Moreover, the interplay between RC and RR parameters during
inference may artificially introduce (posterior) correlation, which, at least to some extent,
could explain the “range insensitive” behavior of some marginal posterior distributions.
Based on these arguments, we believe the adopted prior ranges for the parameters of the
HBV model are acceptable for the proposed feasibility assessment and further increases in
prior ranges would mostly enhance the loss of physical realism. We should note, however,
that formally describing runoff formation in impervious areas could shed some light on the
described identifiability issues.

Regarding the rating curve parameters, conditioning on the observed stages entailed
a noticeable change in the mean value of a4, with a reduction of approximately 40% with
respect to the prior (theoretical) counterpart. As less than 1% of the observed stages would
surpass the threshold y = B/20, which is typically adopted for defining wide rectangular
sections, this reduction is probably unrelated to the prior specification of the rating curve. It
more likely reflects errors stemming from RR model structure and the posterior parameter
estimates, as well as the systematic bias introduced by the first-order approximation in the
inverse rating curve equation. The mean value of ¢ has also decreased by approximately 3%
with respect to the prior point estimate; of course, this much lower percent reduction can
be ascribed to the very precise prior distribution elicited for this parameter, which imposes
stronger constraints.

We also note that the posterior distributions of 2 and ¢ were strongly concentrated at the
correspondent prior lower bounds—remember the prior distributions of the rating curve
parameters were truncated at the 95% credible limits, which should preserve the “hydraulic
interpretation” of the stage-discharge relationship through the prior constraints [34]; had
the prior distributions been unbounded, a and ¢ could lose their theoretical meanings
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after the information aggregated by the measured stages is accounted for. This fact clearly
demonstrates the huge influence of the prior constraints, on a and ¢, on the posterior rating
curve. In effect, although not strictly devised for this purpose, the truncation has strongly
modulated the identification of such parameters, preventing the RC from departing, a
posteriori, from the assumed reference regime, irrespective of the unbalance between low
and high stages during calibration or the overall performance of the RR model. Nonetheless,
the extent to which other truncation thresholds could affect the posterior distributions, in
terms of skewness, variances and credible intervals, is unclear, mainly because the prior
constraints lack a physical basis. Parameter b, on the other hand, is apparently less affected
by prior specification and was properly identified irrespective of the prior bounds.
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Figure 4. Prior and posterior distributions of the parameters of the rainfall-stage model.

The structural errors of the rating curve, as summarized by hyperparameters 7, and
7,, are large, and apparently “compensate” for the lower posterior estimates of 2 and c. In a
more general sense, as noted by [34], the posterior rating curve accounts for the limitations
of the RR model in simulating the water budget, which may then justify the deviations from
the theoretical values of the RC parameters and the large contribution of the structural error
terms in the estimation of the true discharges. Overall, the complex interactions between RC
and RR parameters during the calibration procedure may hinder the interpretability of both
RC and RR models, despite the potential goodness-of-fit of the rainfall-stage counterpart. In
fact, under the current model setup, in which RC and RR parameters are jointly estimated,
under constraints imposed by truncation thresholds, it is not possible to fully preserve
physical realism in parameter estimates, albeit this could be partially circumvented if a
more suitable RR model was utilized in inference.

We then computed the (time-averaged) contributions of parametric and structural
uncertainty from both the rating curve and the rainfall-runoff model to the stage predictive
counterpart (Figure 5, upper panel), which is possible because of the explicit treatment of
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RC and RR errors in the statistical model (Equations (6), (11) and (15))—note that, for
uncertainty decomposition, we have excluded the first 1600 h of the simulation (20%) as the
burn-in period for the rainfall-runoff model. The rating curve alone accounts for 58% of the
predictive uncertainty (3% for parametric and 55% for structural uncertainty). This finding
highlights the main drawback of our approach—as no empirical information is available
for updating the rating curve prior to the calibration of the rainfall-stage model parameters,
true discharges g, and predicted discharges 4§, may greatly differ from each other during
inference, which might imply large errors and very wide credible intervals when the inverse
RC function is utilized for estimating stages (Figure 5, lower panel). For instance, [34]
reported an average structural uncertainty contribution of 8% and much narrower predictive
credible intervals for a well-identified rating curve (41 gaugings) in France. Obviously, the
RR model still plays a significant role in the prediction errors—4% for parametric and 38%
for structural uncertainty. However, as previously mentioned, measuring a few gaugings
could strongly reduce the deviations between g, and §;, leading to more precise predictions
of stages at each time step.
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Figure 5. Stage prediction. Upper panel: relative contributions of RC and RR uncertainty, and bottom
panel: stages with 95% credible intervals.

In this sense, although we were able to indirectly identify physically meaningful rating
curve parameters from the rainfall-stage model, mostly because of the prior constraints, the
absence of gaugings has profound implications for flood forecasting and alert issuing at the
catchment outlet—the larger the rating curve-related errors, the larger the probabilities of
making wrong calls during less critical events. This problem might be exacerbated for more
complex stage-discharge relationships, in which a higher number of hydraulic controls
should be established. In effect, the difficulties in summarizing prior uncertainty on the
rating curve activation stages [34,60] may entail much larger errors in stage predictions and
much more pronounced deviations of the RC parameters with respect to the correspondent
theoretical values (see [34]). This fact would certainly limit the generalization abilities of our
approach, particularly in locations in which urban streams have been restored for improving
environmental and ecological conditions [61]; in these cases, besides physically unrealistic
predictive intervals stemming from the more uncertain stage-discharge relationships, the
parameters of the rainfall-stage model might not be identifiable without stronger (and
possibly unjustified) prior constraints.

Figure 6 (upper panel) summarizes the true streamflow uncertainty decomposition—
note the RC uncertainty is precluded here due to the separate treatment of modeling

https://doi.org/10.3390/urbansci10110636


https://doi.org/10.3390/urbansci10110636

Urban Sci. 2026, 10, 636

14 of 22

errors. Similarly to [34], RR structural errors represent, on average, 95% of the predictive
uncertainty, which clearly demonstrates how the conceptualization of the utilized RR model
affected discharge estimates. Of course, utilizing a more parametrized RR model could
reduce structural errors, at the cost of much larger computational costs and potential loss
of interpretability due to spurious interactions with the RC model. Alternatively, using a
hydrological model better suited for simulating runoff formation in urban areas (e.g., [62])
could shed some light on the actual role of model structure in the streamflow predictive
uncertainty. We should note, however, that RR predictive uncertainty also accommodates
unaccounted errors (e.g., model inputs, such as rainfall), which may be misinterpreted
as structural limitations of the hydrological model and introduce bias to true discharge
estimates; to some extent, this may also explain the noticeable predominance of structural
errors in the correspondent predictive uncertainty. In other words, attributing prediction
errors almost fully to model structure may be misleading and a more reliable streamflow
uncertainty decomposition would certainly require the formal quantification of input errors.
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Figure 6. Streamflow prediction. Upper panel: relative contributions of RR uncertainty, and bottom
panel: true discharges with 95% credible intervals.

Finally, we estimated the posterior rating curve, which is depicted in Figure 7 along
with the gaugings for model scrutiny. One may notice that, despite the changes in RC
parameters, the median rating curve still agrees well with the gaugings, albeit, in median
terms, the posterior discharge estimates are slightly lower than those stemming from the
prior rating curve for most stages. This finding sharply contrasts with those reported in [34],
in which the information aggregated by stage observations caused the median rating curve
to strongly deviate from that estimated with BaRatin. In addition, the 95% conditional
credible intervals are, on average, 40% narrower than the prior counterparts, for stages
ranging from 0.25 to 2.50 m—more noticeable reductions were verified for lower stages,
for which a higher number of observations is available. This is, however, a somewhat
unexpected result, as approximately 8000 stage realizations were utilized for inference,
and the RC structural error process is independent, which, at least in theory, should much
more strongly reduce uncertainty (see [34])—this was actually verified for the parametric
counterpart, which, alone, does not meet the theoretical coverage probability, as 9 out of
25 gaugings, including the error bars, are not encompassed by the 95% parametric credible
limits. Yet, the posterior rating curve provided a considerable improvement to discharge
predictions, as compared to expert hydraulic knowledge alone, since all gaugings (including
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the error bars) remain enclosed by the credible limits defined by the conditional predictive
distributions of true discharges, even for the lowest stages.

200
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g
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®  Gaugings — Posterior median — Prior median

Prior total uncertainty Prior parametric uncertainty Posterior parametric uncertainty Posterior total uncertainty
Figure 7. Prior and posterior rating curves.

From an applied perspective, the much less uncertain posterior RC can provide a
sound basis for flood management in urban catchments, notwithstanding the simplified
assumptions and limitations of our approach. For instance, the posterior RC should provide
more realistic inputs for hydrodynamic models and probabilistic flood mapping—note
such maps may be readily updated by recalibrating the parameters of the rainfall-stage
model as more stage observations become available. Furthermore, as the true discharges,
which exclude rating curve uncertainty, comprise an output of the rainfall-stage model,
flood forecasting and nowcasting may also be more precise, with potentially more effective
alert issuing. While these developments were not formally addressed and validated here,
future research might delve deeper into such applications, thus providing a more detailed
assessment of the potential gains associated with the proposed prediction framework.

4. Conclusions and Research Developments

In this paper, we investigated advantages and drawbacks of combining hydraulic
knowledge, derived from simple physical laws, and a rainfall-stage model, as proposed
by [34], for estimating synthetic rating curves (RC) in small urban streams. Built upon
a fully probabilistic rationale, designed to explicitly handle parametric uncertainty and
structural errors from both the stage-discharge relationship and the hydrological model
(RR), the proposed approach leverages continuous stage observations, which indirectly
integrate rainfall and losses over time at the catchment scale, for providing physical realism
to the inferred rating curve. As a proof-of-concept, we utilized the proposed framework
for estimating the synthetic rating curve at a section in the Monjolinho River catchment,
a small urban basin located in Sdo Carlos, in the Brazilian state of Sdo Paulo, in which
25 gaugings [36 ]—only employed for model scrutiny and validation—are available.

As a first step, we estimated the prior rating curve under the BaRatin framework [35],
which summarizes prior expert knowledge on the stage-discharge relationship for a given
hydraulic reference regime. Although detailed field information for eliciting prior distribu-
tions was available at the Monjolinho River catchment, the prior rating curve proved too
uncertain for informing decision making—despite being underpinned by sound hydraulic
considerations, it could not provide physically meaningful constraints for hydrologic pro-
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cesses at play at the catchment scale. In addition, prior parametric uncertainty alone has
placed the usual deterministic view on stage-discharge relationships into perspective—in
our case study, the variability of RC parameters amounted to almost half of the overall
prior uncertainty, which arguably demonstrates the underlying assumptions of simpler
estimation models (e.g., precise knowledge of hydraulic parameters) are too stringent to be
met in practical applications. Overall, the prior rating curve highlighted the difficulties in
devising effective strategies for flood management when empirical evidence on the target
process (i.e., gaugings) is not available.

Calibrating the parameters of the rainfall-stage model also proved a challenging task.
In effect, parameter identification was only feasible when constraints were imposed on
the prior distributions of the RC parameters, which could not be fully justified under
theoretical reasoning, but strongly impacted the posterior results—the truncation prevented
the posterior rating curve from departing from the prescribed reference regime. Moreover,
the complex interactions between RC and RR parameters have, to some extent, hindered
their physical interpretability—some RR posterior distributions were highly concentrated
at the prior bounds, but this could not be resolved by increasing the variables’ ranges. This
fact suggests that, during inference, the rating curve “compensates” for the limitations of
the rainfall-runoff model, particularly through increased structural errors, which might
explain the identifiability issues. Future work could thus investigate whether utilizing a
rainfall-runoff model better suited for urban environments comprises an effective approach
for addressing this problem.

When decomposing the predictive uncertainty of stages, the rating curve was the
most prominent factor, accounting for approximately 58% of the errors. This fact clearly
demonstrates how the absence of gaugings affects model predictions—physically unre-
alistic credible intervals were obtained, particularly for flood peaks, which is certainly
troubling for flood forecasting and alert issuing at the catchment outlet. On the other
hand, it does not seem straightforward to further constrain the prior rating curve (i.e.,
structural errors) for reducing its influence on prediction errors, as not many assumptions
for relating the hyperparameters of the RC error model to data-independent information
can be put in the formulation of prior distributions. On the basis of these arguments, ob-
taining a few gaugings, even under simplified approaches (e.g., [36]), would be beneficial
for reducing uncertainty on the rating curve parameters and enhancing the rainfall-stage
predictive abilities.

Streamflow uncertainty decomposition mostly highlighted the predominance of struc-
tural errors in the estimation of true discharges. One should note, however, that RR structural
uncertainty inherently accommodates other error sources, such as those related to rainfall,
which should play a major role in rainfall-runoff simulations [63]. Nonetheless, integrating
input errors into the rainfall-stage model (or rainfall-runoff models in general) is still a
challenging, unresolved task. In this sense, developing sound alternatives for formal input
uncertainty quantification, as well as more broadly assessing its effects in RR errors, might
guide future research efforts in conceptual hydrological modeling; the explicit treatment
of input (rainfall), output (RC) and structural (RR) errors may be highly beneficial for
real-time flood forecasting and alert issuing.

Finally, the synthetic rating curve closely agreed with the available gaugings, in median
terms, and entailed an average decrease of 40% in the 95% conditional credible intervals,
which is deemed a considerable gain with respect to prior knowledge alone. In this context,
practitioners and decision makers might greatly benefit from our approach for probabilistic
flood mapping and alert issuing in urban areas. Of course, the proposed framework may not
be advantageous when multiple activation stages would control the stage-discharge relation-
ships, as the uncertainty associated with such variables may be too large (e.g., [34]). Hence,

https://doi.org/10.3390/urbansci10110636


https://doi.org/10.3390/urbansci10110636

Urban Sci. 2026, 10, 636

17 of 22

other case studies, under more complex hydraulic conditions, could provide additional
insights on the generalization potential of the method.

Based on the obtained results, our approach for deriving synthetic rating curves in
urban streams seems feasible, at least for simpler stage-discharge relationships. However,
our findings also highlighted the potential improvements in stage and streamflow prediction
that should stem from actual monitoring. In this sense, despite the usefulness of the rainfall-
stage model for discharge estimation, it is our strong belief that empirical information is
necessary for enhancing flood management in urban environments.
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The following abbreviations are used in this manuscript:

CNPq National Council for Scientific and Technological Development
DEM Digital Elevation Model

HAND  Height Above the Nearest Drainage

INMET National Institute of Meteorology

JCGM Joint Committee for Guides in Metrology

RC Rating Curves

RR Rainfall-Runoff

UFSCar  Federal University of Sdo Carlos

Appendix A. A Simplified HBV Model
Appendix A.1. Introduction

The transformation of precipitation into streamflow is represented by a lumped concep-
tual model that follows the structure of the HBV model, originally developed for operational
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runoff forecasting [52]. The formulation adopted here retains the two core routines of the
model: (i) a soil moisture accounting routine, which partitions precipitation into recharge,
evapotranspiration, and a saturation-excess direct runoff component; and (ii) a response
routine, consisting of an upper and a lower groundwater storage that generate the interflow
and slow runoff components, respectively. In the equations below, all storages are expressed
in mm and all fluxes as depths (mm) per time step At (here, At =1 h). Rainfall P, and
potential evapotranspiration E; are accumulated over the interval (¢ — 1, t], storage refers to
the end of the interval, and the observed stage is the instantaneous measurement at the end
of the interval.

Appendix A.2. Soil Moisture Routine

At each time step ¢, the precipitation volume P (mm) that exceeds the soil’s ability to
store water—i.e., the excess beyond the field capacity FC—is assumed to leave the catchment
within the same step as saturation-excess direct runoff Q; (Equation (A1)):

Qd; = max(P, + SM, — FC, 0) (A1)

in which SM; denotes the soil moisture reservoir storage (mm).

The infiltrating portion of precipitation, (P, — Qd,), is then split between refilling of the
soil moisture store and the contribution Qin, (recharge) to the response routine, according
to the characteristic nonlinear partitioning function of the HBV model (Equation (A2)):

B
Qin, = max[(%) - (P, —Qd,), 0] (A2)

The term (SM,/FC)” may be interpreted as the contributing area of the catchment: the
runoff-generating fraction of the infiltrating rainfall increases nonlinearly with catchment
soil saturation, approaching unity as the soil approaches field capacity. Additionally, pa-
rameter 3 controls the shape of this relationship and thus reflects the (unknown) spatial
variability of soil moisture storage capacity within the catchment [52,64].

Actual evapotranspiration Ea (mm) is abstracted from the soil store at the potential rate
when the soil is sufficiently wet and is reduced linearly with relative soil moisture below the
threshold LP-FC and is limited by the available soil moisture SM,; (Equation (A3)). With
the fixed value LP = 1 adopted here, the reduction starts as soon as SM; drops below FC:

Ea, = min{Et . min[ , SMt} (A3)

SM; 1]
LP-FC’

A capillary flux, denoted by Cf (mm) from the upper zone storage into the soil,
introduced in the HBV-96 version of the model [65], returns water to the soil zone at a rate
proportional to its moisture deficit, with maximum rate CFLUX (here fixed at 0.01 mm
per time step), and is limited by the water available in the upper zone storage and by the
remaining storage capacity of the soil (see Equation (A4)), where SM; denotes the soil
moisture storage before the capillary contribution:

FC — SM,

Cf, = min{CFLUX-At- IC

, UZ, + Qin,, FC — SM;} (A4)

in which SM; = SM, + P, — Qd, — Qin; — Ea,.

Finally, the soil moisture storage is updated by the water balance. As Qd,, Ea; and Cf,
are limited by construction (Equations (A1), (A3) and (A4)), the updated storage remains
within [0, FC] without any truncation:

SM; ;1 = SM; + Cf, (A5)
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Appendix A.3. Response Routine

The recharge Qin, (mm) released by the soil routine, minus the capillary flux Cf;
returned to the soil, enters the upper reservoir storage UZ (Equation (A6)), which represents
the fast runoff dynamics of the catchment:

uz; = Uz, + Qin, — Cf, (A6)

Quick runoff Qf, (mm) is released from this storage reservoir through a nonlinear
storage—discharge relationship (Equation (A7)). In this simplified model, we consider the
exponent & = 1, then, the fast response is a quadratic function of storage:

Qf, = Kf-At- (UZ;)'™ (A7)

Drainage from the upper to the lower storage reservoir (percolation) follows a linear
relationship with coefficient Kpgrc, here adopted as constant (Equation (A8)):

The combined outflow from the upper reservoir is not allowed to exceed the available
storage. Whenever Qf, + Perc, > UZ;, both fluxes are rescaled proportionally (Equation
(A9)), which preserves their relative partitioning:

uz;
w; = min| ————,1 (A9)
Qf; + Perc,
wrQfy = Qf
wy-Perct — Perc,,

Then, the upper reservoir storage is updated as:
Uz,,,=UZz; — Qf, — Perc, (A10)

The lower reservoir storage LZ (mm) represents the deep groundwater storage that
sustains baseflow. It behaves as a linear reservoir with recession coefficient Ks, releas-
ing the slow runoff component QI (Equation (Al1)), and is replenished by percolation
(Equation (A12)):

Ql, = min(Ks-At-LZ,,LZ,) (Al11)
LZ, .1 =LZ, + Perc, — Ql, (A12)

Then, the total simulated discharge at time step t (mm per time step) is the sum of three
components—saturation-excess direct runoff, the quick response of the upper reservoir,
and baseflow from the lower reservoir:

Q= Qd; + Qfy + QL (A13)
So, the estimation of the total simulated discharge in m3.s~! is given by Equation (A14)

Q(m’s™1) = Q,(mm)-A (km?) (3.6:-At) "] (A14)

Appendix A.4. Initial Conditions and Numerical Safegquards

The soil moisture store is initialized at half of its capacity, i.e., SM;_, = 0.5-FC, repre-
senting an intermediate wetness condition, and both groundwater storages are initialized
with small, fixed depths, UZ,_y = LZ,_, = 1 mm. The sensitivity of the results to these
initial states is removed by discarding an initial warm-up period of the simulation (here,
we assume the warm-up comprises 20% of the simulation period). All transfers are limited
by the water available in the source reservoir and by the capacity of the receiving one
(Equations (A3), (A4), (A9) and (A11)); hence, storage remains non-negative and SM
remains within [0, FC] without truncation, and the water-balance residual is zero to
rounding error.
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Appendix A.5. Schematic Representation of Model

Upper reservoir storage

Qin, vz, 0f,
Soil moisture reservoir
storage (SM;)
>

Qd, Lower reservoir storage

(LZ,) Ql,

<

Q™

Figure A1. Schematic representation of the simplified HBV model.
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