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Abstract

The present study investigates heat transfer characteristics in the thermally developing
region of a porous tube under the local thermal nonequilibrium (LTNE) model. The influ-
ence of magnetohydrodynamic (MHD) flow on an electrically conducting fluid flowing
through a porous medium under a transverse magnetic field is examined. Under the LTNE
framework, two separate energy equations are employed to describe the temperature fields
of the fluid and solid phases. The coupled governing equations are solved numerically
using the Keller-box method. The results indicate that increasing the interphase heat trans-
fer parameter strengthens thermal coupling between the fluid and solid phases, thereby
reducing temperature differences and promoting local thermal equilibrium. In contrast, an
increase in the Prandtl number reduces thermal diffusion, leading to larger temperature
gradients and greater disparity between the two phases. Furthermore, the magnetic field
suppresses both the velocity and temperature distributions through the Lorentz force.
An increase in permeability reduces the velocity profiles due to the combined effects of
the MHD and Prandtl numbers while increasing the temperature profiles. Increasing the
interphase heat transfer rate drives the system from the LTNE to the LTE phase. The study
confirms that LTNE effects play a significant role in thermal transfer processes in porous
media and are relevant for various industrial heat transfer applications.

Keywords: local thermal nonequilibrium (LTNE); magnetohydrodynamics (MHD);
porous medium; Keller-box method; interphase heat transfer; thermally developing flow;
two-temperature model

1. Introduction
The Local Thermal Equilibrium (LTE) assumption is valid only when the interphase

heat transfer is sufficiently strong and the thermal conductivities of both phases are compa-
rable. However, in many practical porous media applications, especially those involving
high-conductivity solids such as metal foams or rapid heating, the temperatures of the fluid
and solid phases differ significantly. This limitation led to the development of the Local
Thermal Nonequilibrium (LTNE) model, which employs separate energy equations for the
fluid and solid phases to accurately capture the interphase temperature difference.

One of the earliest contributions in this direction was presented by Kuznetsov [1],
who analyzed transient forced convection in a porous concentric annulus under LTNE
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conditions. His results revealed that the temperature difference between the phases propa-
gates as localized thermal waves originating at the inlet. Minkowycz et al. [2] subsequently
investigated deviations from LTE under transient heating conditions and introduced the
Sparrow number as a quantitative measure of thermal nonequilibrium. Their analysis
demonstrated that parameters such as pore size, interfacial heat transfer coefficient, heating
rate, and characteristic layer thickness significantly influence the onset and magnitude of
LTNE effects.

Further developments were carried out by Nield [3], who studied forced convection
in porous channels, including conjugate conduction in bounding slabs. Their analytical
solutions indicated that LTNE intensity and heat transfer characteristics depend strongly on
porosity, the conductivity ratio, and interphase heat exchange. Quintard and Whitaker [4]
established closure-based criteria for selecting LTE and LTNE models. Their analysis
showed that strong conductivity contrasts and weak interfacial heat exchange necessitate
LTNE formulations. Nield [5] also emphasized that structured porous media require careful
LTNE modelling because pore geometry influences transport mechanisms.

He and Jin [6] incorporated LTNE effects into thermo-poroelasticity frameworks
and reported that nonequilibrium temperatures substantially modify stress fields. Using
weighted-temperature averaging, Biot theory, and Laplace transforms, they obtained solu-
tions to the cylindrical hole problem and derived the corresponding constitutive relations.
Their findings indicated that LTNE strongly affects the development of pore pressure and
thermal stresses, particularly during early transient stages. Yang [7] obtained exact LTNE
solutions for fully developed convection in an annulus and showed that LTE assumptions
may fail under typical engineering conditions, especially in metal–foam–air systems. In
the same year, Kayhani et al. [8] extended LTNE modelling to porous media subjected to
sudden heating, demonstrating that thermal shocks and internal heat generation signifi-
cantly promote nonequilibrium behavior. Li et al. [9] derived an analytical solution for the
Nusselt number in thermally developing forced convection in a porous circular tube using
an LTNE formulation with asymmetric inlet temperature conditions. Their results revealed
a strong dependence of heat transfer on the Peclet number, Biot number, conductivity
ratio, and inlet asymmetry. The proposed solution also provides a valuable benchmark
for validating LTNE-based numerical simulations. In addition, Sashi Prabha et al. [10]
and Keshavarzian and Sayehvand [11] applied LTNE models to natural convection over
cylinders and wedge-type surfaces, respectively, and reported that thermal gradients are
highly sensitive to the conductivity ratio and interphase heat transfer coefficients.

Shashi Prabha et al. [12] examined mixed convection over a moving wedge and
showed that LTNE conditions lead to dual solution branches, with the stability of the upper
branch confirmed through perturbation analysis. Additionally, Shashi Prabha et al. [13]
extended this analysis to three-dimensional stagnation boundary layers and reported that
LTNE intensity depends on governing parameters and results in boundary-layer thinning.
Tayebi [14] analyzed entropy generation under LTNE conditions in a non-Darcy cavity
and introduced a parameter to compare thermal irreversibility contributions from the fluid
and solid phases. The same author also incorporated LTNE effects in nanofluid-saturated
elliptical annuli, showing that nonequilibrium intensifies when the interphase heat transfer
coefficient decreases, the Darcy number increases, or the porous medium conductivity
ratio decreases. Shyabal et al. [15] conducted a stability analysis of Darcy–Brinkman
convection with non-uniform basic temperature profiles. They demonstrated that LTNE
alters the critical Rayleigh number, whereas different base-temperature gradients yield
qualitatively symmetric responses. In addition, Sivanandam and Alqurashi [16] studied the
influences of activation energy, radiation, and cross-diffusion on rotating nanofluid flow
in a porous medium. They demonstrated that heat transfer rates decrease with increasing
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inertia, rotation, and permeable parameters. Further, Kiran et al. [17] studied conjugate
convective thermal transfer in annular porous geometry. From this work, they showed
that the conductivity ratio and wall thickness had an important role in controlling thermal
transfer through the annular space.

More recently, LTNE-based magnetohydrodynamic (MHD) flow in porous media
has received considerable attention due to its relevance in nuclear reactors and aerospace
systems. Sivasankaran et al. [18] investigated the effects of chemical reaction on double
diffusive MHD squeezing copper water nanofluid flow between parallel plates. Here,
they showed that the concentration field decreases for positive values of Cr and enhances
for negative values of Cr. Siddabasappa et al. [19] explored LTNE effects in an MHD
porous channel with induced magnetic fields. They found that the Darcy number sig-
nificantly governs momentum transfer, magnetic induction, and temperature differences
between the fluid and solid phases. Entropy generation studies have also highlighted the
significance of LTNE modeling. Additionally, Sivandam et al. [20] studied MHD double
diffusive convective squeezing parallel ternary nanofluid flow over parallel plates, and
they included activation energy and viscous dissipation. The findings showed that in-
creasing activation energy enhances concentration distribution and reduces the Sherwood
number. Kefene et al. [21] investigated the magnetic effects on unsteady ferrofluid flow
in a heated microchannel with permeable walls. Using a finite difference scheme with
Runge–Kutta–Fehlberg integration, they found that the magnetic field and nanoparticle
volume fraction reduce velocity but enhance temperature, while suction improves heat
transfer rates. Gupta et al. [22] reported that couple-stress effects and magnetic forces
substantially influence LTNE temperature distributions, particularly when interphase heat
transfer is weak. Kumar et al. [23] investigated MHD mixed convection in porous channels
and emphasized the dominant roles of the porous medium parameters and the Hartmann
number in shaping LTNE temperature fields. In the same year, Goli et al. [24] studied MHD
mixed convection of developing slip flow in a vertical porous microchannel under LTNE
conditions. Using the finite volume method with the algorithm, they analyzed the effects
of rarefaction, magnetic field strength, porous medium properties, and fluid–solid thermal
interaction on velocity and temperature distributions, as well as on the Nusselt num-
ber. Khan et al. [25] investigated entropy generation in radiatively coupled stress–MHD
nanofluid flow through a permeable channel. Their results indicate that fractional effects
significantly influence irreversibility and heat transfer behavior, thereby enhancing energy
efficiency. Kiran et al. [26] investigated magnetohydrodynamic fluid flow through a porous
medium under LTNE conditions by using the Bernoulli wavelet method. Magnetic fields
suppress fluid flow and heat transfer, while inertial effects enhance flow and skin friction.
Higher Prandtl number, interphase heat transfer, and thermal property ratios improve
phase coupling and solid-phase heat transfer. Çiçek et al. [27] investigated the flow and
heat transfer behavior of a dusty hybrid nanofluid over a stretchable surface embedded
in a porous medium, accounting for the LTNE approach, thermophoresis, and gravity-
buoyancy effects. Ahmed et al. [28] studied thermal performance in star-shaped thermal
energy storage (TES) units filled with nano-enhanced phase change materials (NEPCMs).
Higher Rayleigh numbers strengthen buoyancy effects, while rotation enhances mixing
and increases flow activity by 44.7% under external heating.

In the present work, two-dimensional fluid flow in a porous tube subjected to a trans-
verse magnetic field is examined under LTNE conditions. The fluid- and porous-solid-phase
temperatures are treated as distinct, and the governing equations are solved numerically
using the Keller-box method. Although LTNE and MHD heat transfer in porous media
have been extensively investigated, studies on thermally developing axisymmetric flow
in porous cylindrical tubes under simultaneous LTNE and magnetic-field effects remain
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limited. Furthermore, detailed analyses of separate fluid- and solid-phase temperature
fields using the Keller-box method are scarce. Therefore, the present study focuses on
analyzing the influence of magnetic parameter, permeability resistance, interphase heat
transfer, and thermal conductivity parameters on the momentum and thermal transport
characteristics of the fluid and solid phases under LTNE conditions.

2. Mathematical Formulation
The present study considers the steady, laminar, incompressible, and axisymmetric

flow of an electrically conducting, viscous fluid through a porous cylindrical tube saturated
with a homogeneous, isotropic porous medium, as illustrated in Figure 1. Here, vw

represents the uniform transverse velocity at the porous bounding surface. A uniform
transverse magnetic field of strength B0 is applied perpendicular to the flow direction. The
induced magnetic field is neglected under the assumption of a small magnetic Reynolds
number. The porous medium is modeled using the Darcy–Brinkman formulation to account
for viscous diffusion and permeability resistance effects.

Figure 1. Physical model.

LTNE conditions are assumed between the fluid and solid phases of the porous
medium; therefore, separate energy equations are employed for the fluid and solid phases.
Thermophysical properties are assumed constant, while viscous dissipation, Joule heating,
and thermal radiation effects are neglected.

Under the above assumptions, the governing equations for continuity, momentum,
and heat transfer in cylindrical coordinates (x, r) are given as follows.

∇.
→
q= 0 (1)

∂
→
q

∂t
+
(→

q .∇
)→

q = − 1
ρ
∇P +

µ

ρ
∇2→q − µ

ρK
→
q D − (J × B) (2)

ρCP

(
∂T
∂t

+
→
q .∇T

)
= k∇2T (3)

where ρ—fluid density; µ—dynamic viscosity; K—porous medium permeability; Cp—isobaric
specific heat;

→
q D—Darcy velocity vector; p—pressure; T—temperature; and k—thermal

conductivity. The Dupuit–Forchheimer relationship [29] is employed to balance these
values because the intrinsic

→
q and the Darcy velocity

→
q D diverge in a homogeneous

porous medium.
→
q D = ϵ

→
q (4)
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The porous medium’s porosity is denoted by ε. The majority of naturally occurring
materials have porosity in the range [0, 0.6), while the range for artificial materials is [0.6, 1).
According to the model, a heated, porous solid medium is traversed by the entering cold
fluid. The temperature T1 of the hot impermeable surface is situated in the freestream of the
ambient temperature T2. The heat transfer Equation (3) for the LTNE phase is divided into

(ρCP)f

(
∂Tf

∂t
+

→
q .∇Tf

)
= kfε ∇2Tf + h

(
Ts − Tf

)
(5)

(ρCP)s(1 − ε)

(
∂Ts

∂t

)
= (1 − ε)ks ∇2Ts + h

(
Tf − Ts

)
(6)

In this context, kf and ks represent the thermal conductivity of the fluid and solid
components of the porous medium, respectively [30,31]. The interfacial heat transfer
coefficient (h) acts as a critical parameter, h = hsfaν, where hsf is the volumetric interfacial
heat transfer coefficient and aν is the specific surface of the porous medium. Higher values
of h signify an LTE regime, wherein the fluid and solid phases of the porous medium attain
identical local temperatures; for analytical convenience, h is subsequently expressed in
non-dimensional form as H [32].

The multiplication of Equation (2) by ε−2 yields the following continuity, momentum,
and energy equations.

∂u
∂x

+
1
r

∂(rv)
∂r

= 0 (7)

1
ε2

(
u

∂u
∂x

+ v
∂u
∂r

)
= − 1

ρ

∂p
∂x

+ υeff

(
1
r

∂

∂r

(
r

∂u
∂r

)
+

∂2u
∂x2

)
− υ

K
u − σB0

ρ

2
u (8)

1
ε2

(
u

∂v
∂x

+ v
∂v
∂r

)
= − 1

ρ

∂p
∂r

+ υeff

(
1
r

∂

∂r

(
r

∂v
∂r

)
+

∂2v
∂r2

)
− υ

K
v (9)

u
∂Tf

∂x
+ v

∂Tf

∂r
=

kfε

ρCp

(
1
r

∂

∂r

(
r

∂Tf

∂r

)
+

∂2Tf

∂x2

)
+

h
ρCp

(
Ts − Tf

)
(10)

0 = (1 − ε)ks

(
1
r

∂

∂r

(
r

∂Ts

∂r

)
+

∂2Ts

∂x2

)
− h

(
Ts − Tf

)
(11)

The boundary conditions employed in the present study are adopted from Bhat et al. [33].

u(x, rw) = −
(√

k
α

)(
∂u
∂r

)
;
(

∂u
∂r

)
r=0

= 0; v(x, 0) = 0; v(x, rw) = vw;

∂Ts

∂r
=

∂Tf

∂r
= 0 at r = 0; Tf = Ts → Tw at r = rw (12)

where υ is the kinematic viscosity, and υeff is the effective kinematic viscosity. By introduc-
ing a similarity transformation ψ, the governing PDE equations are reduced to nonlinear

ODEs, where η =
(

r
rw

)2
. To simplify the governing partial differential equations, similarity

transformations are introduced such that the continuity equation is satisfied identically.
The flow variables are transformed into dimensionless forms using the characteristic tube
radius, the wall suction velocity, and the temperature difference between the wall and the
mainstream fluid.

ψ(η) =
rw

2
(rwu0 − 2vwx)f(η) (13)
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Using the stream function formulation, the velocity components are obtained as

u(x, η) =

(
u0 −

2vwx
rw

)
f′(η); v(η) =

vw√
η

f(η) (14)

The dimensionless temperature functions for the fluid and solid phases are defined as

Tf = T θ(η) + T2; Ts = TΦ(η) + T2 (15)

where T = Tw − T2; the reference and mainstream temperatures are Tw and T2.
Substituting the above similarity transformations into the governing momentum and

energy equations yields the following coupled nonlinear ordinary differential equations.

1
ε2 (−f’(η) f”(η)+ f(η)f”’(η) =

(
2∧

Rey

)
(η f””(η)+ 2f”’(η))−

(
Ω

2

)
f”(η)−

(
M
2

)
f”(η) (16)

(
Rey Pr

ε

)
f(η)θ’(η) = 2ηθ”(η) + θ’(η) + H(Φ − θ) (17)

2ηΦ”(η) + Φ’(η)− HY(Φ − θ) = 0 (18)

Subjected to the boundary conditions,

√
η f”(η) −→ 0, as η → 0 ; f’(1) = −2Sf”(1); f(0) = 0; f(1) = 1

θ’(0) = 0; θ(1) = 1; Φ’(0) = 0; Φ(1) = 1; (19)

The transformed boundary conditions are consistent with the adopted similarity
transformation in cylindrical coordinates. The condition involving

√
η ensures finite and

physically bounded velocity gradients near the axisymmetric region.
The Nusselt number and skin friction coefficient are given as

Nuf = −θ’(1), Nus = −Φ’(1) (20)

Cf = −f”(1) (21)

where
(

υeff
υ

)
= ∧ is the ratio of effective viscosity to fluid kinematic viscosity,

Ω =
(

νrw
vwK

)
is the permeability resistance parameter, Pr =

(
ρCpν

kf

)
is the Prandtl number,

H =
(

hr2
w

kfε

)
is the microscopic inter-phase rate of heat transfer, Y =

(
kfε

(1−ε)ks

)
is porosity-

scaled conductivity, and M =

(
σB2

0rw
vwµ

)
is the magnetic parameter [34].

Here, Λ represents the ratio of effective viscosity to fluid kinematic viscosity. Conse-
quently, Λ characterizes the additional momentum resistance introduced by the porous
matrix. For Λ = 1, the effective viscosity equals the fluid viscosity, whereas larger values of
Λ indicate stronger viscous diffusion effects within the porous structure. Therefore, Λ plays
an important role in wall shear stress and momentum transport in porous media flows.

3. Methodology
The coupled nonlinear ODEs are solved using the implicit finite difference Keller-box

method. Cebeci and Bradshaw [35] provided a detailed explanation of this approach in
the context of boundary-layer problems. The solution procedure initially applies finite
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difference approximations and solves the equations using a box scheme. The process begins
by expressing the system as a set of first-order equations by initiating new variables.

u = f’, v = f”, f”’ = w, θ = th, θ’ = m, Φ = ph, Φ’ = g (22)

Using Equation (22), Equations (16)–(18) are rewritten as

1
ε2 [u v + fw]−

(
2Λ

Rey

)[
η w’ + 2w

]
+

(
Ω

2

)
v +

(
M
2

)
v = 0 (23)

(
2ηm’ + m

)
+ H(ph − th)−

(
Rey Pr

ε

)
fm = 0 (24)(

2ηg’ + g
)
− Hγ(ph − th) = 0 (25)

And the boundary conditions are written as

√
ηv(0) = 0; u(1) = −2Sv(1); f(0) = 0; f(1) = 1;

m(0) = 0; th(1) = 1; g(0) = 0; ph(1) = 1; (26)

The central difference scheme is employed to convert the first-order differential equa-
tions into a system of difference equations.

fj−1/2 =
fj + fj−1

2(
df
dη

)
j−1/2

=
fj − fj−1

△η
(27)

The system of equations above consists of nonlinear algebraic equations that are
difficult to solve if we employ the finite difference approach in the same way. Consequently,
we linearize them by incorporating

a(k+1) = ak + δak (28)

where a = [f, u, v, w, th, m, ph, g]T. We obtain a system of linear algebraic equations in
δak by substituting the above linearized equation into the finite difference equation and
ignoring any products of δa. The following equations are further obtained:

(a1)jδwj + (a2)jδwj−1 + (a3)jδvj + (a4)jδvj−1 + (a5)jδuj + (a6)jδuj−1 + (a7)jδfj + (a8)jδfj−1 = 0 (29)

(b1)jδmj + (b2)jδmj−1 + (b3)jδphj + (b4)jδphj−1 + (b5)jδthj + (b6)jδthj−1 + (b7)jδfj + (b8)jδfj−1 = 0 (30)

(c1)jδgj + (c2)jδgj−1 + (c3)jδphj + (c4)jδphj−1 + (c5)jδthj + (c6)jδthj−1 = 0 (31)

where

(a1)j =

( 2Λ

Rey

)(
η+ 2dj

)
+

dj

ε2

(
fj + fj−1

)
2

 (32)

(a2)j =

−( 2Λ

Rey

)(
η+ 2dj

)
+

dj

ε2

(
fj + fj−1

)
2

 (33)
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(a3)j =

[((
Ω

2

)
+

(
M
2

))
dj −

dj

ε2

(
uj + uj−1

)
2

]
(34)

(a4)j = (a3)j (35)

(a5)j =

[
−

dj

ε2

(
vj + vj−1

)
2

]
(36)

(a6)j = (a5)j (37)

(a7)j =

[
dj

ε2

(
wj + wj−1

)
2

]
(38)

(a8)j = (a7)j (39)

(b1)j =

2η− dj −
(

Rey Pr
ε

)
dj

(
fj + fj−1

)
2

 (40)

(b2)j =

−2η− dj −
(

Rey Pr
ε

)
dj

(
fj + fj−1

)
2

 (41)

(b3)j =
[
−Hdj

]
(42)

(b4)j = (b3)j (43)

(b5)j =
[
Hdj

]
(44)

(b6)j = (b5)j (45)

(b7)j =

[
−
(

Rey Pr
ε

)
dj

]
(46)

(b8)j = (b7)j (47)

(c1)j =
[
2η+ dj

]
(48)

(c2)j =
[
−2η+ dj

]
(49)

(c3)j =
[
−Hγdj

]
(50)

(c4)j = (c3)j (51)

(c5)j =
[
Hγdj

]
(52)

(c6)j = (c5)j (53)

Construct a vector matrix representation of the linearized equations. To solve the
linear system in triangular form, employ the decomposition method.

Aδ = r (54)

[A] =


[A1][C1]

[B2][A2][C2]
· · · · · ·

...
. . .

...
... · · · [BJ−1][AJ−1][CJ−1]

[BJ][AJ]

, [δ] =


[δ1]

[δ2]
...

[δJ−1]

[δJ]

, [r] =


[r1]

[r2]
...

[rJ−1]

[rJ]

 (55)
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where, in the above equation, the elements are defined by

Aj =



0 0 0 −dj 0 0 0 1
0 0 0 −1 −dj 0 0 0

−dj 0 0 0 1 0 0 0
0 −1 0 0 0 −dj 0 0
0 0 −1 0 0 0 −dj 0

(a 2)j 0 0 (a 6)j (a 3)j 0 0 (a 7)j

0 (b 6)j (b 4)j 0 0 (b 1)j 0 (b 7)j

0 (c 6)j (c 4)j 0 0 0 (c 1)j 0


, 1 ≤ j ≤ J − 1

Cj =



0 0 0 −dj 0 0 0 0
0 0 0 1 0 0 0 0

−dj 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

(a 1)j 0 0 (a 5)j 0 0 0 0
0 (b 5)j (b 3)j 0 0 0 0 0
0 (c 5)j (c 3)j 0 0 0 0 0



Bj =



0 0 0 0 0 0 0 −1
0 0 0 0 −dj 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 −dj 0 0
0 0 0 0 0 0 −dj 0
0 0 0 0 (a 4)j 0 0 (a 8)j

0 0 0 0 0 (b 2)j 0 (b 8)j

0 0 0 0 0 0 (c 2)j 0


, 2 ≤ j ≤ J

AJ =



0 0 0 −dj 0 0 0 0
0 0 0 −1 −dj 0 0 0

−dj 0 0 0 1 0 0 −dj

0 −1 0 0 0 −dj 0 0
0 0 −1 0 0 0 −dj 0

(a 2)J 0 0 (a 6)J (a 3)J 0 0 (a 1)J
0 (b 6)J (b 4)J 0 0 (b 1)J 0 0
0 (c 6)J (c 4)J 0 0 0 (c 1)J 0


[
δj
]
=
[
δwj−1, δthj−1, δphj−1, δuj−1, δvj, δmj, δgj, δfj

]
, 1 ≤ i ≤ i − 1

and
[δJ] =

[
δwj−1, δthj−1, δphj−1, δuj−1, δvJ, δmJ, δgJ, δwJ

]T

[
rj
]
=
[
(r1)j, (r2)j, (r3)j, (r4)j, (r5)J, (r6)J, (r7)J, (r8)J

]T
, 1 ≤ j ≤ J

The LU decomposition method is used to solve the block tridiagonal matrix, i.e.,

A = LU (56)

https://doi.org/10.3390/sci8070146

https://doi.org/10.3390/sci8070146


Sci 2026, 8, 146 10 of 21

where L and U are the lower and upper triangular matrices.

L =



[α1] · · · · · · · · · · · · · · ·
· · · [α2] · · · · · · · · · · · ·
. . . . . . . . . . . . . . . . . .
...

...
...

...
...

...
· · · · · · · · · · · · [BJ] [αJ]



U =



[I] [Γ1] · · · · · · · · · · · ·
· · · [I] [Γ1] · · · · · · · · ·
. . . . . . . . . . . . . . . . . .
...

...
...

... [I]
[
Γj−1

]
· · · · · · · · · · · · · · · [I]


In this case, the unit matrix is denoted by [I], and the elements of the 8 × 8 matrices

[α j

]
and

[
Γj
]

are defined as:
[α1] = [A1]

[C1] = [A1][Γ1]

[α1] =
[
Aj
]
−
[
Bj
][

Γj−1
]
, j = 2, 3, . . . , J[

Cj
]
=
[
αj
][

Γj
]
, j = 2, 3, . . . , J − 1

Equation LU is substituted in Equation (56) in (54), and we have

LUδ = r (57)

Define uδ = w. We have
Lw = r (58)

where
w = [(w1), (w2), (w3), (w4), (w5), (w6), (w7), (w8)]

T (59)

and the
[
wj
]

are 8 × 1 column matrices. The elements w can be solved as

[r1] =
[
αj
][

wj
]

[α1]
[
wj
]
=
[
rj
]
−
[
Bj
][

wj−1
]

These solutions for δ can be used to find the (i + 1)th iteration. The Keller-box al-
gorithm is implemented in MATLAB R2022a using a uniform step size of 0.001 and a
convergence tolerance of 10−6.

4. Results and Discussion
In this work, two-dimensional fluid flow in a porous tube under a transverse magnetic

field is investigated. We focus on heat transfer between a fluid and a porous surface (solid
matrix), where the two phases are not in thermal equilibrium; therefore, two separate
energy equations are employed to describe the temperature distributions of the fluid
and solid phases. The temperature difference between the fluid and solid phases can
quantify the degree of LTNE in the porous medium. To characterize the strength of thermal
nonequilibrium, the LTNE intensity is defined as

ILTNE =| θ(η)− Φ(η) |
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where θ(η) and Φ(η) denote the dimensionless fluid-phase and solid-phase temperatures,
respectively. The LTNE intensity provides a direct measure of the thermal nonequilibrium
between the two phases. Larger values of ILTNE indicate stronger thermal nonequilibrium
and weaker interphase thermal coupling, whereas ILTNE → 0 corresponds to LTE, where
both phases attain identical temperatures. Throughout the present study, variations in
ILTNE are used to assess the influence of governing parameters on the thermal interaction
between the fluid and solid phases.

The problem is solved numerically using the Keller-box technique, and the ef-
fects of various governing parameters on the velocity and temperature distributions are
discussed below.

Figure 2 illustrates the influence of the magnetic parameter M on the velocity and tem-
perature fields. Figure 2a shows that the axial velocity profile f ′(η) decreases significantly
with increasing values of M. The interaction between the applied magnetic field and the
electrically conducting fluid generates an electromagnetic resistive force, commonly known
as the Lorentz force, which acts in the opposite direction to the flow. This resistive force
suppresses fluid motion and reduces momentum transport throughout the boundary layer.
The suppression of fluid motion also increases the dominance of viscous effects relative to
inertial transport within the flow field.

 
(a) (b) 

Figure 2. Effect of magnetic parameter M on (a) velocity profiles and (b) fluid/solid temperature profiles.

Figure 2b presents the corresponding variations in the fluid-phase and solid-phase
temperature distributions, θ(η) and Φ(η), for different values of M. Increasing M reduces
the temperature profiles in both phases throughout the thermal boundary layer. The reduc-
tion in fluid velocity weakens convective thermal transport and limits the movement of
thermal energy away from the heated wall region. Thus, thermal penetration inside the
porous medium decreases and the thermal boundary layer becomes thinner. In addition,
the electromagnetic resistance alters the balance between convective and conductive heat
transfer mechanisms within the LTNE system. Since the fluid phase loses its ability to
transport thermal energy effectively in stronger magnetic fields, the interphase thermal
interaction between the fluid and solid phases also weakens. As a result, both the mo-
mentum and thermal transport characteristics are strongly influenced by the magnetic
field, demonstrating the coupled interaction between electromagnetic effects and heat
transfer behavior inside the porous medium. Since viscous dissipation and Joule heating
are neglected in the present model, the magnetic field primarily suppresses convective
transport through the Lorentz force.

https://doi.org/10.3390/sci8070146

https://doi.org/10.3390/sci8070146


Sci 2026, 8, 146 12 of 21

Figure 3 illustrates the influence of the permeability resistance parameter Ω on the
velocity and temperature distributions within the porous medium. As shown in Figure 3a,
the axial velocity profile f ′(η) decreases with increasing values of Ω. Additionally, larger
values of Ω correspond to lower permeability of the porous medium, thereby increasing
the resistance to fluid motion. The enhanced porous drag suppresses momentum transport
and weakens fluid acceleration within the boundary layer. Subsequently, the axial veloc-
ity decreases progressively with increasing permeability resistance, indicating stronger
momentum-damping effects inside the porous structure.

  
(a) (b) 

Figure 3. Effect of permeability resistance parameter Ω on (a) velocity profiles and (b) temperature
profiles at H = 0.01, γ = 80, Pr = 0.71, and M = 3.

Figure 3b presents the corresponding variations in the fluid-phase and solid-phase
temperature profiles, θ(η) and Φ(η), for different values of Ω. Increasing Ω enhances
the temperature distributions in both phases. The reduction in fluid motion weakens
convective heat transport and promotes thermal energy accumulation near the wall region,
thereby increasing the thermal boundary layer thickness. Under LTNE conditions, finite
interphase heat transfer between the fluid and solid phases prevents instantaneous thermal
equilibrium, leading to distinct temperature distributions in the two phases. The increase in
permeability resistance also enhances the thermal boundary layer thickness due to reduced
convective heat transport within the porous medium.

Figure 4 illustrates the effects of the porosity-scaled conductivity parameter γ and
the interphase heat transfer parameter H on the fluid-phase and solid-phase temperature
distributions under LTNE conditions. Figure 4a shows the variation of the temperature
profiles θ(η) and Φ(η) for different values of γ. It is observed that increasing γ modifies
the thermal interaction between the fluid and solid phases within the porous medium.
Larger γ values enhance the effective thermal conductivity of the porous structure and
strengthen heat diffusion through the medium. Subsequently, thermal energy is transferred
more efficiently between the two phases, reducing the temperature difference between the
fluid and solid regions. The fluid-phase temperature decreases slightly due to enhanced
thermal redistribution, whereas the solid-phase temperature exhibits a marginal increase
because of improved heat conduction through the porous matrix. The reduced temperature
difference indicates weaker LTNE effects. Thus, increasing γ promotes a transition toward
thermal equilibrium behavior inside the porous medium.
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(a) (b) 

Figure 4. Variation of fluid- and solid-phase temperature profiles for (a) different values of γ;
(b) different values of H at γ = 80, H = 0.01, S = 0.1, and ε = 0.971.

Figure 4b presents the influence of the interphase heat transfer parameter H on the
temperature distributions for a fixed value of γ. The parameter H governs the intensity
of thermal energy exchange between the fluid and solid phases and therefore plays a
significant role in LTNE heat transport behavior. At lower values of H, a noticeable
temperature difference exists between θ(η) and Φ(η), indicating weak thermal coupling
and strong LTNE behavior. As H increases, the interphase heat exchange becomes stronger,
allowing thermal energy to be transferred more rapidly between the two phases. Therefore,
the temperature difference between the fluid and solid phases decreases progressively. For
larger H values, both temperature profiles converge, indicating that the system gradually
approaches local thermal equilibrium. This behavior confirms that stronger interphase
heat transfer suppresses LTNE effects and enhances thermal synchronization between the
fluid and porous matrix. Increasing γ and H reduces the thermal disparity between the
two phases and promotes stronger thermal coupling across the boundary layer.

The decrease in |θ(η) − Φ(η)| with increasing H shows that the fluid- and solid-phase
temperatures gradually become closer, indicating a transition toward thermal equilibrium
within the porous medium.

Figure 5 illustrates the influence of the Prandtl number Pr on the fluid-phase and
solid-phase temperature distributions under LTNE conditions. The Prandtl number rep-
resents the ratio of momentum diffusivity to thermal diffusivity and therefore controls
the rate of thermal energy diffusion within the porous medium. As shown in Figure 5a,
increasing Pr values enhance the solid-phase temperature profile, Φ(η). Larger Prandtl
numbers correspond to lower thermal diffusivity, which weakens heat diffusion through
the porous structure and reduces the rate of thermal energy dissipation from the wall
region. Consequently, thermal energy is retained for a longer duration within the solid
matrix, resulting in higher solid-phase temperatures throughout the domain.

A similar trend is observed in Figure 5b for the fluid-phase temperature profile θ(η).
Higher Pr values reduce thermal diffusivity and restrict heat diffusion away from the
heated surface. As a result, thermal energy accumulates within the boundary layer, raising
the fluid’s temperature. Unlike classical forced-convection systems, the present LTNE
porous medium formulation accounts for separate thermal transport in the fluid and solid
phases, coupled through finite interphase heat exchange. Under such conditions, the
reduction in thermal diffusivity becomes more dominant than convective thermal transport,
thereby promoting thermal energy retention inside the porous structure. Larger Prandtl
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numbers further compress the thermal boundary layer and reduce thermal penetration
into the porous medium due to weaker thermal diffusion.

  
(a) (b) 

Figure 5. Effect of Prandtl number Pr (a) Φ(η) and (b) θ(η) at H = 0.01, γ = 80, ε = 0.971, Ω = 1
and M = 3.

Figure 6 illustrates the combined effects of the interphase heat transfer parameter H
and the thermal conductivity ratio γ on the fluid-phase and solid-phase temperature distri-
butions under LTNE conditions. Figure 6a presents the temperature profiles corresponding
to H = 0.04 and γ = 1000. The large value of γ enhances thermal conduction within the
porous medium and promotes stronger redistribution of thermal energy between the fluid
and solid phases. Although the interphase heat transfer parameter remains moderate, the
enhanced conductive transport produces more uniform temperature distributions across
the boundary layer region. Consequently, the temperature difference between θ(η) and
Φ(η) decreases, indicating weaker LTNE behavior. The enhanced thermal conduction,
therefore, strengthens thermal coupling between the two phases and promotes the gradual
establishment of thermal equilibrium within the porous structure.

  
(a) (b) 

Figure 6. Temperature profiles for (a) H = 0.04 and γ = 1000 and (b) H = 0.05 and γ = 500 at M = 3,
ε = 0.971, Pr = 0.71, Ω = 1, and S = 0.1.
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Figure 6b illustrates the temperature profiles for H = 0.05 and γ = 500. Increasing
the interphase heat transfer parameter intensifies the thermal interaction between the
fluid and solid phases. The stronger interfacial heat exchange enhances energy transfer
across the two phases and further reduces the temperature difference between θ(η) and
Φ(η). Although the conductivity ratio γ is smaller compared with Figure 6a, it remains
sufficiently large to maintain effective conductive heat transport within the porous medium.
As a result, both temperature profiles remain closely aligned throughout the flow region,
indicating a strong tendency toward local thermal equilibrium. These results show that
increasing H and γ promotes LTE conditions.

Figure 7 presents the variation of the wall temperature gradients θ′(1) and Φ′(1) with
the interphase heat transfer parameter H for different values of the Prandtl number Pr
and permeability resistance parameter Ω. Figure 7a illustrates the influence of the Prandtl
number on the wall temperature gradients. Increasing Pr increases both wall temperature
gradients. Since larger Prandtl numbers correspond to lower thermal diffusivity, thermal
energy diffusion within the boundary layer becomes weaker. Accordingly, heat transfer is
confined to a thinner thermal region near the wall, leading to steeper surface-temperature
gradients. The enhanced wall gradients also indicate stronger thermal resistance within the
boundary layer at higher Prandtl numbers.

  
(a) (b) 

Figure 7. Variation of wall temperature gradients θ′(1) and Φ′(1) with H for different (a) Pr and
(b) Ω at ε = 0.971, γ = 5, and M = 3.

Figure 7b illustrates the influence of the permeability resistance parameter Ω on the
wall temperature gradients θ′(1) and Φ′(1). Increasing Ω enhances the magnitudes of both
gradients throughout the considered range of H. Larger values of Ω correspond to lower
permeability of the porous medium, which suppresses fluid motion and weakens convec-
tive heat transport inside the flow domain. As convection diminishes, heat transfer near
the wall becomes increasingly dominated by conduction, leading to steeper temperature
variations near the surface. Consequently, both wall temperature gradients increase with
increasing permeability resistance. The solid-phase temperature gradient Φ′(1) exhibits a
more pronounced increase with H before approaching an asymptotic behavior, whereas
the fluid-phase gradient θ′(1) shows relatively smaller variation. Furthermore, a finite
difference between θ′(1) and Φ′(1) persists even at larger Ω values, indicating that com-
plete thermal equilibrium is not achieved and LTNE effects remain significant within the
porous medium.

Table 1 presents the grid-independence study for the skin-friction coefficient, − f ′′ (1),
obtained using different mesh resolutions. As the mesh is refined from 50 to 801 grid points,
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the computed values gradually converge toward a nearly constant solution. Simultaneously,
the relative error decreases significantly, indicating improved numerical accuracy with
mesh refinement. The variation between solutions obtained with 401 and 801 mesh points is
extremely small, demonstrating that the numerical solution is essentially independent of the
computational grid. Since further refinement beyond ∆y = 0.001 produces only negligible
changes in − f ′′ (1), the 801-point mesh is adopted for all subsequent computations to
ensure both accuracy and computational efficiency.

Table 1. Grid-independence analysis of the Keller-box solutions for − f ′′ (1) using different mesh
resolutions.

△y Mesh Points −f”(1) Error

0.02 50 1.48215 -
0.01 101 1.48702 0.328
0.005 201 1.48801 0.067

0.0025 401 1.48826 0.017
0.001 801 1.48832 0.004

Table 2 compares the skin-friction coefficient, − f ′′ (1), obtained using the present
Keller-box method with the corresponding values computed using the BVP4C solver
for different step sizes and error tolerances. The results obtained from both numerical
methods are in excellent agreement, with percentage differences of approximately 0.1% in
all cases. This close agreement demonstrates the accuracy and reliability of the Keller-box
implementation for solving the present LTNE-MHD porous flow problem.

Table 2. Validation of the Keller-box method against MATLAB BVP4C for the skin-friction coefficient,
when M = 3, Ω = 1, γ = 100, Rey = 1, and H = 0.01.

△y Err −f”(1)
(BVP4C)

−f”(1)
(Keller-Box)

Error %

0.01 10−15 2.19024 2.18813 0.0963
0.01 10−7 2.19024 2.18813 0.0963
0.001 10−15 2.16173 2.15973 0.0965
0.001 10−7 2.16173 2.15973 0.0965

Table 3 compares the present Keller-box solutions for f ′′ (1) with the results reported
by Bhat et al. [33] for various Reynolds numbers and slip parameters S. Excellent agreement
is observed for all cases considered, with only negligible differences between the two sets
of results. The close correspondence validates the accuracy and reliability of the present
numerical implementation of the Keller-box method.

Table 3. Comparison of the present results for f ′′ (1) with those of Bhat et al. [33] for different
Reynolds numbers and slip parameters S.

Rey S = 0 S = 0.1 S = 0.5
Bhat et al. [33] Present Study Bhat et al. [33] Present Study Bhat et al. [33] Present Study

1 −1.90254 −1.905135 −1.37926 −1.378776 −0.656025 −0.652931
3 −1.54942 −1.550111 −1.20575 −1.203415 −0.620434 −0.621123
4 −1.12690 −1.123690 −1.00827 −1.007358 −0.585166 −0.584757
−1 −2.07282 −2.071919 −1.46600 −1.464941 −0.674872 −0.678836
−20 −2.41038 −2.410281 −1.65778 −1.651688 −0.719378 −0.718537
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Table 4 shows the effect of the interphase heat transfer parameter H on the fluid-phase
wall temperature gradient, solid-phase wall temperature gradient, and LTNE intensity. For
larger values of H, the fluid-phase and solid-phase wall temperature gradients become progres-
sively closer, indicating stronger thermal interaction between the two phases. The reduction
in LTNE intensity demonstrates that the temperature difference between the fluid and solid
phases weakens significantly as the interfacial heat exchange becomes stronger. Consequently,
the porous medium gradually approaches local thermal equilibrium conditions.

Table 4. Effect of H on wall temperature gradients and LTNE intensity.

H −θ′(1) −Φ′(1) LTNE Intensity

1 0.94488 0.99949 0.0546
2 0.94469 0.98352 0.0388
3 0.9446 0.97633 0.0317

10 0.94442 0.96175 0.0173
20 0.94436 0.95658 0.0122
50 0.9443 0.95201 0.007
100 0.94427 0.94972 0.0054

Table 5 illustrates the influence of the magnetic parameter M on the skin friction coeffi-
cient, fluid-phase temperature gradient, and solid-phase temperature gradient. Increasing
M reduces all three quantities throughout the flow domain. The applied magnetic field gen-
erates a Lorentz force that opposes the fluid motion and suppresses momentum transport
within the porous medium. So, the velocity gradient near the wall decreases, thereby reduc-
ing wall shear stress. The suppression of fluid motion also weakens convective heat transfer
within the thermal boundary layer, thereby reducing the rate of heat transfer between the
fluid phase and the boundary layer. A similar decrease in the solid-phase temperature
gradient is observed due to interphase thermal coupling under LTNE conditions. However,
the magnetic field’s influence on the solid phase remains comparatively weak because heat
transfer within the porous matrix is primarily by conduction.

Table 5. − f ′′ (1),−θ′(1), and − Φ′(1) for different M with H = 0.01, Pr = 0.7, ε = 0.971,
R = 1, and Ω = 1.

M −f”(1) −θ′(1) −Φ′(1)

1 1.5982 0.94964 1.1707
2 1.5559 0.94857 1.1706
3 1.5114 0.94744 1.1705
4 1.4645 0.94623 1.1703
5 1.4151 0.94494 1.1702

The wall-temperature gradients across the fluid and solid phases reflect the local
Nusselt number behavior under LTNE conditions. In addition, LTNE intensity is evaluated
through the temperature difference between the fluid and solid phases to characterize the
degree of thermal nonequilibrium within the porous medium.

Table 6 presents the influence of the permeability resistance parameter Ω on the skin
friction coefficient, fluid-phase temperature gradient, and solid-phase temperature gradient
under LTNE conditions. Larger values of Ω correspond to lower permeability of the porous
medium, thereby enhancing resistance to fluid motion within the porous structure. The
enhanced porous drag weakens momentum transport and reduces the velocity gradient
near the wall, thereby lowering the wall shear stress. In contrast, restricting fluid motion
suppresses convective transport and promotes thermal energy accumulation near the
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heated surface. Consequently, heat transfer within the thermal boundary layer becomes
increasingly dominated by conduction. This behavior slightly strengthens the fluid-phase
temperature gradient and enhances thermal retention within the porous medium. The solid-
phase temperature gradient exhibits only marginal variation because thermal transport in
the porous matrix is primarily governed by conduction and interphase thermal interaction
rather than by direct fluid convection.

Table 6. − f ′′ (1), −θ′(1), and − Φ′(1) for different Ω with H = 0.01, Pr = 0.7, ε = 0.971,
R = 1, and M = 3.

Ω −f”(1) −θ’(1) −Φ’(1)

0.5 1.4883 0.9480 1.1705
1 1.4645 0.9485 1.1706
2 1.4151 0.9496 1.1701
3 1.3628 0.9506 1.1708
5 1.2485 0.9525 1.171

Table 7 demonstrates the influence of the Reynolds number R on the skin friction
coefficient, fluid-phase temperature gradient, and solid-phase temperature gradient under
LTNE conditions. As the Reynolds number increases, inertial transport within the porous
tube becomes increasingly dominant over viscous diffusion. This weakens momentum
diffusion near the wall and reduces the hydrodynamic resistance in the boundary layer,
leading to lower wall shear stress. The stronger axial transport associated with larger
Reynolds numbers also reduces the thermal residence time of the fluid near the heated
surface. Consequently, thermal energy is converted more rapidly in the flow direction,
limiting thermal penetration into the boundary layer. This behavior weakens the fluid-
phase wall-temperature gradient and reduces the associated heat transfer rate. A similar
trend is observed in the solid-phase temperature gradient, as reduced interphase thermal
interaction weakens heat exchange between the fluid and the porous matrix.

Table 7. − f ′′ (1), −θ′(1), and − Φ′(1) for different R with H = 0.01, Pr = 0.7, ε = 0.971,
Ω = 1, and M = 3.

R −f”(1) −θ’(1) −Φ’(1)

0.5 2.4341 1.065 1.1796
1 1.9518 0.9485 1.1706
2 1.6834 0.7370 1.1521
5 1.5177 0.5534 1.1331

10 1.4623 0.4506 1.0922

5. Conclusions
This study presents a numerical investigation of MHD flow and heat transfer in a

porous tube under LTNE conditions. The governing equations are transformed using
similarity variables and solved using the Keller-box method to analyze the influence
of key physical parameters on velocity and temperature distributions of both fluid and
solid phases.

The major findings of the study are summarized as follows:

• The applied magnetic field (M) significantly suppresses the velocity field due to the
resistive Lorentz force. This suppression weakens convective heat transfer, leading to
lower temperature profiles in both the fluid and solid phases.

• An increase in the permeability resistance parameter (Ω) decreases the velocity due to
enhanced resistance of the porous medium. Consequently, convective heat transfer is
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weakened, leading to higher temperature distributions in both phases due to thermal
energy accumulation near the wall.

• The porosity-scaled conductivity parameter (γ) and the microscopic interphase heat
transfer parameter (H) strongly influence thermal interaction between the fluid and
solid phases. Higher values of these parameters enhance interphase heat exchange,
significantly reducing the temperature difference and driving the system toward LTE.

• Increasing the magnetic parameter, permeability resistance, and Reynolds number
suppresses fluid motion and weakens wall gradients, resulting in lower skin friction
and reduced fluid and solid Nusselt numbers.

• Increasing the Prandtl number decreases thermal diffusivity, resulting in thinner
thermal boundary layers and elevated temperature profiles in both phases.

• Numerical findings obtained using the Keller-box method show remarkable agreement
with the existing literature.
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Nomenclature

ρ Fluid density
p Pressure
µ Dynamic viscosity
K Porous medium permeability
→
q D Darcy velocity vector
Cp Isobaric specific heat
T Temperature
k f , ks Thermal conductivity of the fluid and solid
h Interfacial heat transfer coefficient
υ Kinematic viscosity
υe f f Effective kinematic viscosity.
Tf , Ts Temperature of the fluid and solid phases
Nu f , Nus Nusselt number for fluid and solid phase
C f Skin friction
∧ Ratio of effective viscosity to fluid kinematic viscosity
Ω = 1

Da Rey Permeability resistance parameter

Pr Prandtl number
H Microscopic interphase rate of heat transfer
γ Porosity-scaled conductivity
M = Ha2

Rey Magnetic parameter

u, v Velocity along the x and r direction
x, r Polar coordinates
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f ′(η) Axial velocity profile
θ, Φ Temperature profiles for the fluid and solid phases
η Dimensionless radial coordinate
Rey Reynolds number
S Velocity slip parameter
ε2 Porosity of the porous medium
rw Radius of the tube
vw Transverse velocity at porous bounding surface
T1 and T2 Reference and mainstream temperature
Da Darcy number
Ha Hartmann number
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