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Abstract: Inverse Distance Weighting (IDW) is a common method for spatial interpolation.
Still, its accuracy decreases when there is a cluster of measurement stations or when some
measuring stations are hidden behind others. This paper introduces Clusters Unifying
Through Hiding Interpolation (CUTHI), a simple approach to enhance IDW accuracy.
CUTHI calculates a weight for each station that considers its visibility from the interpolation
point, reducing the influence of clustered or hidden stations. The method is tested in
three cases: elevation data, rainfall measurements, and a mathematical function. Results
demonstrate that CUTHI consistently outperforms traditional IDW, especially in areas
with clustered measurement stations. CUTHI also treats the bull’s eye problem. This
improved accuracy makes CUTHI a valuable tool for various applications requiring precise
spatial interpolation.
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1. Introduction

In many scenarios, having sparse measurements in a spatial context necessitates esti-
mating values at intermediate locations. For instance, in meteorological applications, rain
gauges dispersed across a region provide discrete rainfall data, while a comprehensive
understanding of precipitation patterns requires interpolating values between these mea-
surements. A straightforward approach to such interpolation involves assigning weights
to nearby measurements, with closer observations exerting a greater influence on the esti-
mated value at the desired point. This concept underlies the Inverse Distance Weighting
(IDW) method [1], which calculates a weighted average of the measurements, wherein the
weights are inversely proportional to a power of the distance between the calculation point
and the measurement locations.
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where v(x) is the interpolated value at point x, and vj is the value of measurement j. The
weight (w) that is given to each point can be calculated as follows:

1
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where d is the distance between the interpolated point and the measurement point, and p
is the power variable that affects the weight of nearby measurements.

The IDW method is very popular [2-4]. However, while it offers advantages in terms

of simplicity and computational efficiency, it also presents certain challenges. Primarily,
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the method struggles to account for clustered measurement points [5]. Consider a scenario
where the interpolation point lies equidistant between two measurement stations. IDW
would estimate the interpolated value as the average of these two measurements. However,
if an additional station exists near one of the original stations and records a similar value
(due to proximity), the weighting becomes skewed, with undue emphasis placed on the
clustered measurements (Figure 1). This contradicts the principle of assigning weights
based on spatial distribution. Secondly, IDW encounters difficulties when extrapolating to
locations distant from existing measurements. For instance, in a temperature gradient where
values decrease northward, the absence of measurements in the northernmost region leads
IDW to estimate values influenced significantly by southern measurements. This occurs
when the distances between southern stations and the interpolation point are considerably
smaller than the distance to the nearest northern measurement (Figure 2), resulting in
interpolated values that may not accurately represent the spatial trend. In this case, there
are three main options: (i) Far away from the stations, we will obtain the mean values
(IDW). (ii) If we see a regression, it will continue. This option is problematic, because far
away, we can obtain unreasonable values. (iii) We will use the nearest measurement value.

Figure 1. An interpolated point in blue between one red measurement point on the right that has the
value of 8 and a few red measurement points on the left that all have a value of 2.

Figure 2. The blue interpolated point is much farther than the distance between the red
measurement’s points.

One way to address this problem is to use fewer measuring stations; it can be per-
formed by determining the number of measuring stations [6,7] or by setting the search
radius for stations [8-10]. In both ways, if we plot an interpolated map, we will obtain
discontinuity when moving from one area that sees a set of stations to a nearby area that
sees a different set of points.

An alternative method for reducing the search radius is to change the range of influence
of the stations; this can be performed by changing the power factor in the IDW weight.

Some have completed this by determining an optimal power factor according to
cross-validation or experimenting with different coefficients [11-13].
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Another common problem of the IDW is the “bull’s eye” effect [14,15], which means
that a measurement point affects only a small area in the domain, especially if there is a big
difference between the measurement station data and the region mean values. Another
problem is the inconsistency effect that occurs when two measurement points have the
“bull’s eye” effect, and between them, the IDW gives the mean values that come from other
measurement stations; although if the two measurement stations have more or less the
same readings, it should give those readings also between the measurement points.

2. Materials and Methods
2.1. “Clusters Unifying Through Hiding” Interpolation (CUTHI)

When we interpolate using IDW, we use all the stations in an area; it is possible to limit
the number of stations numerically, for example, to use only the nearest 10 stations, and it
is possible to limit by distance, for example, to use only stations that are up to 10 km away.
In any of the above methods, there is a possibility that we will use stations with values that
will mislead us, both because they are behind other stations, and then the information is
not the most related to the point we would like to calculate, and because some stations will
be next to other stations. Then we will give them an additional weight to the weight of the
first station. The method to solve this situation is to check how much a certain station is
hidden from other stations, and if it is hidden to a large extent, it is given a low weight.

wC_l—I<cos(o;)+1>s 3)

where « is the angle between the line of the interpolated point (I) and the hiding station (H)
and the line of the measurement station (M) and the hiding station (H) (see Figure 3), s is
the slice power and it will be discussed later in this paper.

cos («) can take a value between minus one and one, when we add one to it, we
obtain a value between zero and two, and then when we divide by two we obtain a value
between zero and one. That is, when the angle is 180 degrees, meaning there is complete
concealment, we will find that the station’s weight is zero, and then the station will not be
used for interpolation, and when the angle is zero degrees, meaning it is located exactly
behind the measurement station or behind the calculation point, it will not interfere at
all and the measurement station will receive full weight since the weight function will
be one. Any station that is not on a straight line connecting the calculation point to the
measurement station will be subtracted from the weight given to the measurement station.
When the station that can conceal is very far from the line connecting the calculation point
to the measurement station, the angle that is created will be small and therefore will hardly
affect the weight.

Figure 3. Angle & when calculating the CUTHI weight is at the hiding red station (H) between the
blue interpolated point (I) and the red measurement station (M).
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The total weight of each point will be the multiplication of the IDW weight and the
clustering weight; it will replace the traditional IDW weight (Equation (2)):

Wj = WeWigy 4)

In this method, stations located between the calculation point and the measurement
station will hide the measurement station, and it will have less effect on the calculation
point (or will not have any effect at all if the hiding station is exactly on the line connecting
the calculation point and the measurement station). A cluster of stations is essentially a
group of stations, some of which completely or partially hide the other stations; thus, the
weight of each station in the cluster will be smaller. In the same way, when we move away
from the measurement points towards the edge of the calculation area, most of the stations
will appear as a cluster; therefore, for points close to the edge of the calculation area, we
will effectively use only the closer stations.

2.2. Power Coefficient

The power coefficient (s) in Equation (3) governs the influence of the CUTHI weight,
which ranges from 0 to 1. Maintaining this range necessitates a positive value for s.
Examining two extreme scenarios illuminates its impact: When s equals zero, the CUTHI
weight becomes uniformly 1, effectively rendering it inconsequential and resulting in the
standard IDW function. Conversely, as s approaches a large value, the CUTHI weight
exerts substantial influence, emphasizing stations that experience minimal interference
from others in the calculation.

2.3. Test Cases

In this article, we will examine three test cases: The first test case is elevation data
of the Mount Meron area, between latitudes 35.2 E-34.2 E and longitudes 32.2 N-32.4 N.
The elevation data were taken from SRTM files with a horizontal resolution of 30 m. The
average height is 443 m, the maximum height is 947, and the minimum height is —56 m.
The standard deviation is 156 m.

The second test case is the mean precipitation between 1991 and 2020 in rain gauges
spread around Israel. The data were taken from the Israel Meteorological Service. The
average value is 506 mm, the maximum value is 988 mm, and the minimum value is 22 mm.
The standard deviation is 179 mm.

The third test case is a mathematical function.

flry)=x -y (5)

The values of x and y are between —50 and 150. This test case is purely theoretical
compared to the other two test cases, which are based on experimental data. Based
on 10,000 random sampling points, the average value is 27,675, the maximum value is
3,447,649, and the minimum value is —3,417,185. The standard deviation is 1,305,180.

In the test case of the mathematical function and the test case of the elevation data,
there is a seemingly unlimited number of points that can be used for interpolation, each
time N random points are selected. In the test case of the rain gauges, there are also
hundreds of measurement stations, and N random stations are selected from them. Since
we have more measurement stations than we want to display, we can choose different
measurement stations in each iteration (there are iterations, when the N is high, in which
some of the stations will be the same as the stations in another iteration). Using a large
number of iterations for each N in each test case will strengthen the accuracy of the method.
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Each of the test cases evaluates a different scenario. When we test the mathematical
function, we are testing a smooth function with clear behavior. The test case of the elevations
of Mount Meron is used for a function that depends on tectonic processes and natural
weathering over millions of years, when the phenomenon consists of several wavelengths,
a wavelength of tens of kilometers describing the mountain itself, and short wavelengths of
hundreds of meters describing the wadis. The rain gauge test case shows the average annual
rainfall over thirty years, and the typical distance of the rain is affected by the distance
from the sea and the rain shadow desert as well as by the latitude, so the wavelengths are
larger than in the previous test case. Also, averaging the data over thirty years smooths
the function.

In each of the test cases, we will validate the interpolation calculation with the mea-
surement points. We will check the correlation coefficient and the RMSD between the
calculated value and the real value. The tests will compare the accuracy of IDW and the
accuracy of CUTHI at different values of the power variable s.

To assess the accuracy of interpolation methods like IDW, a cross-validation approach
can be employed [6,7,9]. This method involves systematically removing one measure-
ment station at a time and using the interpolation technique to estimate the value at the
removed station’s location. The estimated value is then compared to the actual measured
value, allowing for the calculation of error statistics across all stations. This provides a
comprehensive evaluation of the interpolation method’s performance.

For each station that is tested, we will check the mean square deviation (RMSD) and
the coefficient of determination (R?). The power coefficient s in the CUTHI formula was
chosen after a sensitivity test was carried out and the power in which the deviation is
minimal was taken.

1 N
RMSD = \/Nzk_l(xk,i — Xim)? (6)

where N is the number of measurement stations, Xgj = 1, ..., N are the measured values,
and xi; =1, ..., N are the interpolated values.

N (v o 32
R2_1_ Ype (ki — Xim) -

25:1 (xk,m - 1)2

_ 1yvN :
where x = 5} Xk, is the mean of observed values.

3. Results

Initially, we aimed to determine the optimal coefficient s from Equation 3. To achieve
this, we examined the three test cases and identified the optimal coefficient for varying num-
bers of measuring stations (3-120) within each case. This process was repeated 100 times
for each scenario. The optimal value of s was the median value of a cross-validation for
each repeat. Figure 4 presents the optimal median value of S, chosen over the mean due
to its higher likelihood of representing the true optimal value. The figure illustrates the
best value of s as a function of the number of stations for rain gauges (red), elevation map
(blue), and the mathematical function (green). While the optimal coefficient fluctuates with
a low number of stations, it generally decreases for the mathematical function and rain
gauges and increases for the elevation data, ultimately converging to a similar value for a
high number of stations. The variation in optimal s values across the 100 experiments, each
with different station locations, suggests that the spatial arrangement of stations may also
influence the ideal coefficient value.
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Figure 4. The value of s that gives the minimal error as a function of measuring points for the rain
gauges test case (red), the elevation map (blue), and the mathematical function (green).

The accuracy of CUTHI was compared to IDW across various test cases. Figure 5
illustrates the coefficient of determination for the rainfall measurements (upper panel), the
elevation data in the Mount Meron area (middle panel), and the mathematical function
(lower panel) with the accuracy plotted as a function of the number of stations. IDW
accuracy is shown in red, while CUTHI accuracy is depicted for different power values
(s): blue for s = 2.0, green for s = 1.0, and yellow for s = 0.5. Figure 6 illustrates the RMSD
for the same cases. One can see that CUTHI generally outperforms IDW when there
are more than 10 rain gauges, 10 function points, or 25 elevation points. This suggests
that CUTHI is particularly effective when sufficient stations are available to achieve good
results, as indicated by a positive R? value in cross-validation. However, this criterion may
not always be necessary, especially when interpolating points are near existing stations,
as cross-validation was primarily tested for stations that are not in close proximity. The
clustering effect, which CUTHI aims to address, becomes more prevalent with a larger
number of stations. Among the test cases, power coefficients, s = 0.5 appear to yield slightly
higher accuracy.

Figure 7 shows the correlation between the measurements and the interpolation calcu-
lations in one iteration for the three test cases. The RMSD of the rain gauges (upper panel)
is 80 mm when using IDW and 55 mm when using CUTHI. The RMSD of the elevation
data (middle panel) is 95 m when using IDW and 72 m when using CUTHI. And the RMSD
of the function (lower panel) is 468,926 when using IDW and 171,431 when using CUTHL

It can be seen that in the middle of the graph, at the mean values, the accuracy of both
IDW and CUTHI is high, but as we move away from those values, CUTHI shows higher
accuracy. It can be seen that at low values, the IDW shows higher values that are closer to
the mean values and at high values, the IDW shows lower values that are also closer to the
mean values. This behavior is observed in all three cases.

To generate an interpolated map, values are calculated at each point based on the
desired resolution. Figure 8 depicts a rainfall map generated using both IDW (right panel)
and CUTHI (left panel) interpolation methods, based on data from rain gauges. While both
methods display measured values at their corresponding locations, differences become
apparent between stations and beyond the calculation area. Notably, IDW tends towards the
average value of all stations as the distance from measurement points increases, even within
the interpolation area. In contrast, CUTHI's calculated values are primarily influenced
by the nearest stations. This effect is particularly pronounced at the boundaries of the
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calculation area. Additionally, “bull’s-eye” patterns observed in IDW (e.g., in the lower left

corner) are absent in the CUTHI interpolation.
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Figure 5. The accuracy (R?) of IDW and CUTHI as a function of stations for the rain gauges test case

(upper panel), elevation test case (middle panel), and function test case (lower panel).
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Figure 7. The correlation between the observation data and the interpolation data for IDW (red) and
CUTHI (yellow) for the rain gauges test case (upper panel), elevation test case (middle panel), and
function test case (lower panel). The blue line represents a perfect match.
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Figure 8. Interpolation maps of the rain gauges test case using IDW (right panel) and CUTHI
(left panel).

4. Discussion and Conclusions

This work presents CUTHI, a novel interpolation method that builds upon the
strengths of IDW while addressing its key limitations. By accounting for the spatial arrange-
ment of measurement points and mitigating the influence of clustered or hidden stations,
CUTHI consistently outperforms traditional IDW in terms of accuracy, particularly in re-
gions with clustered data. The method’s effectiveness has been demonstrated across diverse
test cases, including elevation data, rainfall measurements, and a mathematical function.

If the space in which we want to perform interpolation has many measurement
stations, we would want to use only the stations that help us find the value at the required
location and would like to avoid using stations that interfere with our ability to calculate
the value at the required location. CUTHI’s method of classifying the stations into stations
that help and stations that interfere, or essentially giving a score for how helpful the station
is by using a hiding function. The hiding function is determined by the angle between
the calculation point, the hiding station, and the station that influences the calculation.
So, if the concealment station is exactly on the path between the calculation point and
the measurement station, the concealment will be maximum,; if the concealment station is
exactly behind the measurement station with respect to the calculation point or behind the
calculation point with respect to the measurement station, there will be no concealment
at all. In this way, when we have a cluster of stations, each station will give some of the
information and the ratio to the cluster will be approximately the same as for one station.
We wrote approximately, because this station is actually of a larger effective size.

CUTHLI’s ability to overcome the “bull’s eye” and inconsistency effects commonly
associated with IDW further underscores its advantages. Moreover, its simplicity makes it
a valuable tool for a wide range of applications that demand precise spatial interpolation.
The adaptability of CUTHI to higher dimensions expands its potential utility in various
scientific and engineering domains.

While CUTHI represents a significant advancement in spatial interpolation, future
research could explore further refinements and extensions. Investigating the relationship
between the optimal power coefficient and the spatial distribution of measurement points
could lead to more tailored and adaptive implementations. Additionally, exploring the
integration of CUTHI with other interpolation techniques (e.g., Kriging) or data fusion ap-
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proaches could unlock new possibilities for enhanced accuracy and robustness in complex
spatial analysis tasks.

In conclusion, CUTHI offers a compelling solution to the challenges posed by clustered
measurement points in spatial interpolation. Its superior accuracy and simplicity position
it as a valuable asset for researchers and practitioners across various fields. As spatial data
continue to proliferate, CUTHI's ability to extract meaningful insights from such data will
undoubtedly contribute to advancements in diverse areas of study and application.
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