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Abstract: Recently, it has been experimentally shown that the sheath acceleration of protons
from ultra-thin metal targets irradiated by sub-picosecond laser pulses of intensities above
1021 W/cm2 is suppressed compared to well-established models. This detrimental effect
has been attributed to a self-generation of gigagauss-level quasi-static magnetic fields
in expanded plasmas on the rear side of a target. Here we present a set of numerical
simulations which support this statement. Based on 2D full-scale PIC simulations, it is
shown that the scaling of a cutoff energy of the accelerated protons with intensity deviates
from a well-established Mora model for laser pulses with a duration exceeding 500 fs. This
deviation is showed to be connected to effective magnetization of the hottest electrons
producing at the maximum of the laser pulse intensity. We propose a modification of
the Mora model which incorporates the effect of the possible electron magnetization.
Comparing it to the simulation results shows that by appropriately choosing a single fitting
parameter, the model produces results that quantitatively coincide with simulations.

Keywords: laser plasma interaction; ion acceleration; femtosecond pulse

1. Introduction
Laser-plasma sources of high-energy protons and ions can find applications in hadron

therapy, the radiography of fields in dense plasma, and the production of neutron beams [1–6].
In particular, recent work has demonstrated a laser-plasma neutron source for neutronog-
raphy and neutron spectroscopy [7,8]. However, practical applications require a further
increase in the brightness of the ion sources as well as the energy of the ions in them. This
can be achieved by using more intense and longer laser pulses [9–11]. However, as was
shown in a recent paper [12], when using laser pulses with a duration of hundreds of
femtoseconds and an intensity of the order of 1021 W/cm2, the efficiency of laser-plasma
ion acceleration drops due to the self-magnetization effect of the expanding plasma. Thus,
it is necessary to investigate this effect in more detail and, in particular, to construct models
that take it into account.

The most common method of laser-plasma ion acceleration at currently achievable
radiation intensities is Target Normal Sheath Acceleration (TNSA) [13]. When a relatively
thin—on the order of several microns—solid-state target is exposed to laser radiation with
an intensity above 1018 W/cm2, the effective absorption of laser energy occurs due to
the generation of beams of high-energy relativistic electrons thrown deep into the target.
These electrons, flying through the target without scattering, fly out from the rear side of
the target and create a quasi-static electric field, which ionizes the rear of the target and
initiates its expansion. As a result, a plume of the collisionless plasma is formed, in which
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electrons are heated to relativistic energies, while ions remain cold and move laminarly,
being gradually accelerating.

The Mora model [14] is often used to describe this process. However, it does not
take into account the effect of magnetic field generation in the expanding plasma. This
magnetic field is generated by a current of high-energy electrons injected by a laser pulse
and propagating along the symmetry axis of the system. At high intensities, this field
can become so large that it begins, first, to deflect ions, resulting in the formation of a
ring-shaped distribution on the detector [15], and second, begins to deflect electrons as
well. As a result, the plasma is magnetized, the electrons begin to drift in the magnetic field,
their effective velocity drops, and they become unable to reach the expanding front. This
effectively reduces the maximum energy of the accelerated ions, which was observed in
the experiment [12,16,17].

In this work, a more detailed study of the self-magnetization effect of the expanding
plasma cloud is carried out by numerical simulation and a simple model estimation of the
magnitude of the generated magnetic field is proposed. This allows to formulate a relatively
simple modification of the Mora model, taking into account the self-magnetization effect.
The fitting parameters of the modified model are selected by comparison with the results of
numerical simulations over a relatively wide range of laser pulse durations and intensities.

2. Methods
2.1. Numerical Simulations

Numerical modeling was carried out by the fully electrodynamic relativistic Particle-
In-Cell (PIC) method, which allowed us to solve the closed system of Maxwell’s equations
for the electromagnetic field and kinetic equations for plasma ions and electrons [18].
Modeling was carried out using the PICADOR software package [19].

A two-dimensional problem was investigated. The width of the modeling region in
all calculations was fixed and equal to 80 µm, and the length varied depending on the
duration and intensity of the laser pulse in the range from 280 to 480 µm, so that by the end
of the laser pulse, plasma did not leave the simulated region. The grid spacing was 20 nm
along both axes. Absorbing conditions for particles and fields were used at the boundaries
of the modeled region. The simulation time varied from 3 ps to 6 ps depending on the laser
pulse duration, with the same time step of 0.02 fs.

The plasma at the initial moment of time was a layer with sharp boundaries with
a thickness of 2 µm at a distance of 30 µm from the left boundary of the computational
region. The main part of the plasma consisted of aluminum ions Al9+. On the rear side of
the aluminum layer, there was a thin (20 nm) layer of hydrogen ions (protons) simulating
the natural contamination usually present on the surface of targets in experiments. The
plasma density was equal to the natural aluminum density of 2.7 g/cm3, corresponding to
an electron concentration of 4.5 × 1023 cm−3. The temperature of the electrons and ions at
the beginning was 100 eV. The number of particles in the cell at the initial time was 200.

The laser pulse was generated at the left boundary of the computational domain. It
had a Gaussian shape in both the longitudinal and transverse directions and was focused
on the front surface of the plasma layer normal to it into a spot with a diameter of 4 µm or
1.5 µm at Full Width at Half Maximum (FWHM) of intensity. The pulse duration ranged
from 400 fs to 1 ps at FWHM, and its intensity at the focus ranged from 3 × 1019 W/cm2 to
3 × 1021 W/cm2.

2.2. Mora Model

The Mora model [14] for laser-plasma ion acceleration in the TNSA regime is based
on the well-known solution of the problem of the collisionless plasma expansion into
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vacuum [20–22]. According to this solution, the ions flying at the front of the expanding
cloud have the maximum energy, which grows with time according to the law

εi = 2Te
[
ln
(
2ωpiτ

)]2, (1)

where Te is the electron temperature expressed in energy units, ωpi is the ion plasma
frequency in an unperturbed plasma, and τ is the time elapsed since the beginning
of the expansion.

In the Mora model, it is assumed that Te is the temperature of the hot fraction of
electrons injected into the target by the laser pulse. It is equal to the oscillation energy of the
electrons in the laser field and, when calculated carefully, is related to the field amplitude
as follows [23]:

Te = mec2
(

π

2K(−a2)
− 1
)

, (2)

where me is the mass of the electron, c is the speed of light, K(x) is the modified Bessel
function of the second kind of the 1st order, and a = eE/meωc is a dimensionless field
amplitude (E is an electric field amplitude, ω is a frequency of laser radiation, and e is the
elementary charge). At high intensities, a ≫ 1, and Te ≈ amec2.

As can be seen from Equation (1), the ion energy is mainly determined by the electron
temperature. The dependence on the plasma frequency and time is logarithmic and
therefore weak, so they can be estimated on an order of magnitude and used as fitting
parameters of the model. Thus, the plasma ion frequency can be estimated by assuming
that the concentration of thrown-in electrons is approximately equal to the relativistically
corrected critical electron concentration Ne = γNcr = γε0meω2/e2 (ε0 is the vacuum
permittivity, and γ =

√
1 + a2 is a relativistic gamma-factor of electrons in a wave of

amplitude a). So we have ωpi = (Ze2γNcr/ε0mi)
1/2 = ω(Zme/mi)

1/2(1 + a2)1/4 (Z is an
ion charge number, mi is an ion mass). The acceleration time for sufficiently long laser
pulses so that ωτL(Zme/mi)

1/2 ≫ 1 (in practice, this is achieved for pulses of the order of
100 fs or more in duration) is determined mainly by the pulse duration τL: τ = τL.

Thus, for sufficiently long and intense laser pulses, the following approximate formula
for the cutoff energy of the ion spectrum is obtained:

εc = 2amax

[
ln
(

2ωτL(Zme/mi)
1/2
)]2

, (3)

where amax is the maximum field amplitude in the laser pulse. In practice, numerical
modeling has shown that this formula gives the correct dependence on the parameters but
few times lower than the absolute value of the energy. This difference can be eliminated by
introducing a fitting multiplier, the specific value of which depends on the shape of the
laser pulse (in the case of a Gaussian pulse—on its focusing diameter and duration) [24,25].

3. Results
3.1. Magnetic Field Generation Model

To estimate the magnitude of the toroidal magnetic field generated in the expanding
plasma, consider the following model, schematically depicted in Figure 1. Laser radiation
incident on the left boundary of a target with thickness d generates a stream of high-energy
electrons traveling to the right and flying in a cone with an opening angle of 2θ. As they
fly off the rear edge of the target, they create a toroidal magnetic field [16]. To estimate the
magnitude of this field, we consider two limiting cases.
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Figure 1. Model of toroidal magnetic field generation. The laser pulse (magenta) interacts with the
surface of the target (green) and generates a stream of high-energy electrons flying in a cone with an
opening angle of θ. On the rear surface of the target, this current generates a magnetic field B.

At small current densities, its magnetic self-interaction can be considered negligibly
small, and then the magnitude of the magnetic field can be estimated by the magnetostatic
formula for the cylindrical current. If the concentration of electrons in the flow flying out of
the target is Ne and the radius of the flow on the right boundary of the target is rrear, then
the total current of electrons is i = eNecπr2

rear, where it is taken into account that electrons
move at a speed close to the speed of light. Such a current will produce a magnetic field
that reaches a maximum at a distance rrear and equals to

Bcur =
µ0i

2πrrear
=

1
2

µ0eNecrrear (4)

At high current densities, however, the self-interaction of the electron current can no
longer be neglected. It will start pinching, which will destroy the simple current structure.
In the limiting case of current densities so large that electrons are magnetized by the
magnetic fields generated by them, the magnitude of the magnetic field will be limited by
the equality of the kinetic pressure of electrons and the magnetic pressure. In this case, the
magnitude of the magnetic field can be estimated as follows:

Bsat = (2µ0NeTe)
1/2, (5)

where Te is estimated by the expression (2).
Since the electron flow expands as it passes through the target, its radius at the exit of

the target will be different from its radius at the moment of generation. If we assume that
the radius of the generated beam is approximately equal to the radius of the laser focusing
spot rspot, then the radius of the beam at the exit of the target can be determined from a
simple geometric equality:

rrear = rspot + d tan θ (6)

The angle θ is difficult to estimate theoretically, but comparison with numerical sim-
ulations and experimental results gives good agreement when its value is of the order of
π/4 [25].

The expansion of the beam leads also to a drop in the electron concentration. We
can assume that the electron concentration at the moment of generation is approximately
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equal to the relativistic critical concentration γNcr, so at the rear side of the target, it will be
equal to

Ne = Ncr

(
1 + a2

)1/2
(

rrear

rspot

)2
. (7)

Thus, the values of the generated magnetic fields can be related to the parameters of
the incident laser radiation.

With increasing laser intensity, one can expect a transition from low to high electron
flux intensity and, consequently, a transition from the model described by the expression (4)
to the model described by the expression (5). To verify this, as well as to evaluate how close
the field estimates given by these expressions are to the real values, we plot the dependence
of the magnetic field obtained in the numerical simulations near the point of electron exit
from the target on the laser field intensity and compare them with the predictions of the
models. The result is shown in the Figure 2.

Figure 2. Comparison of the magnetic field magnitude predicted by the models in the unmagnetized
case (4) and in the magnetized case (5) with the results of PIC simulations (points) for pulses with
durations of (a) 400 fs and (b) 700 fs focused into a 4 µm spot.

Note, first, that the magnetic field values predicted by the models coincide very
well with the results of numerical simulations. Second, we can see that, as expected, the
model (4) better describes the field at low intensities, and the model (5) at high intensities.

3.2. Modified Mora Model

The transition to the regime in which the electrons in the expanding plasma cloud are
magnetized affects the ion acceleration process. At the considered parameters, the typical
energies of accelerated protons are 10–100 MeV, i.e., their velocities lie in the range 0.15–0.4
c. In the unmagnetized case, electrons, being ultrarelativistic, easily reach the front of the
expanding plasma and, reversed by charge separation forces, begin to perform oscillatory
motion throughout the plasma volume, which leads to effective temperature equalization
throughout the whole volume. In contrast, in the magnetized case, electrons move along
the plasma with the drift velocity caused by the gradient of the magnetic field. The velocity
of this drift in a sufficiently large cloud will be lower than the velocity of proton front
motion so that the electrons are effectively isolated from the front. Since the intensity of
laser radiation in the pulse increases gradually, this leads to the inhomogeneous heating
of the plasma cloud as hotter electrons are thrown into the plasma at later time moments.
Ions flying at the front of the expanding plasma have the highest energy. Thus, the hottest
electrons do not contribute to the acceleration of the most energetic ions, which leads to an
effective decrease in the energy achieved by them.
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To take this process into account in the above-described Mora model, we propose a
simple modification based on the approximation of an instantaneous transition from the
unmagnetized state of the plasma to the magnetized state. As a criterion for the transition,
we propose to use a comparison of the Larmor radius of the electron RL to the distance
d f between the front of the accelerated ions and the rear boundary of the target. If the
radius RL for the magnetic field corresponding to the intensity maximum in the laser
pulse is larger than the distance d f at the moment of arrival of the intensity maximum, we
will assume that the plasma remains unmagnetized during the whole interaction and the
expression (3) remains unchanged. In the opposite case, we should find such a moment of
time tcr at which the radius RL becomes comparable with the distance d f , and use in the
Formula (3) the field amplitude at this moment of time instead of the maximum value.

To estimate the Larmor radius, we will use the magnetic field calculated from one of
the models proposed in the previous section. Since they give close values of the field, we
can use any of them. In our work, we use the model (5):

RL(t) =
mecγT
eBsat

=

(
mea(t)

2µ0e2Ne(t)

)1/2

, (8)

where γT = 1 + Te/mec2 ≈ Te/mec2 is a gamma factor of a thermal electron, and we use
approximation Te(t) ≈ a(t)mec2 valid for a(t) ≫ 1, and Ne(t) is given by (7).

The distance d f can be estimated from the ion front velocity, determined by the energy
of the cutoff ions εc, and the time t elapsed since the beginning of the interaction:

d f (t) = ct

(
1 −

(
mic2

mic2 + εc(t)

)2)1/2

, (9)

where εc(t) is determined by (3) with amax being the current laser amplitude a(t) and
τL = t.

Note that both the radius RL (8) and the distance d f (9) depend on the laser amplitude.
In this case, at the initial moment of time Te = 0, d f = 0, RL → ∞, and later d f begins to
increase (the plasma front begins to move), and RL decreases (the magnetic field grows), so
the problem is reduced to finding such a tcr at which RL equals to d f . If there is no such
moment of time, it means that the plasma remains unmagnetized the whole time, and one
should use the maximum temperature of electrons reached at the moment of time t = τL/2.

In practice, however, the equality RL = d f turns out to be too coarse a criterion, and for
better agreement with the numerical simulation, the introduction of the fitting parameter
α is required such that the criterion for the transition from the unmagnetized regime to
the magnetized regime is the equality RL = αd f . As shown below, good agreement in a
relatively wide range of interaction parameters is achieved at the value α = 0.2.

3.3. PIC Simulations of Ion Energy Scaling

In order to compare the original Mora model with the proposed modification and to
evaluate the correctness of the proposed model, a multiparameter numerical simulation is
carried out. During this modeling, the dependence of the cutoff energy of the accelerated
proton spectrum on the laser intensity is measured for different pulse durations and
focusing spot diameters. The results are presented in Figure 3. The theoretical curves for
the Mora model and its modification proposed in this work are also given.

Note that, as stated above, a good coincidence in energies requires a multiplication of
the value given by the expression (3) by a fitting multiplier of order 1–2. This multiplier
is indicated in the corresponding plots and is the same for all intensities. It can also be
seen that at high intensities, there is a considerable deviation of the proton cutoff energy
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measured in the simulations from the predictions of the Mora model. The deviations begin
at intensities at which the transition to the magnetized regime is observed in Figure 2.
These deviations are more pronounced for longer pulses, for which the plasma has time to
expand to a considerable distance during the interaction. In this case, the modified Mora
model gives better agreement with the results of numerical simulations.

Figure 3. Comparison of the predictions of the original and modified Mora models with PIC
simulation results (dots) for pulses (a) of 400 fs duration and 4 µm focal spot, (b) of 700 fs duration
and 4 µm focal spot, (c) of 1000 fs duration and 1.5 µm focal spot. Model predictions are multiplied
by the fitting multiplier indicated in the legends.

Finally, it should be noted that we do not observe any significant deviation from the
Mora model for laser pulse durations less than 400 fs in the investigated intensity range.
For short pulses, the accelerating ion front does not have sufficient time to expand, so the
self-magnetization is not observed.

4. Conclusions
In this work, we have proposed a modification of the widely used Mora model of

ion acceleration in a so-called TNSA regime, in which a plasma expansion is induced
by the impact of relativistically intense laser radiation on thin solid-density targets. The
modification takes into account the effect of the self-magnetization of electrons in an
expanding plasma. Self-magnetization occurs when the plasma cloud size exceeds the
Larmor radius of electrons in the toroidal magnetic field self-generated by them. In this
case, the velocity of electrons is determined by their drift velocity and becomes less than
the velocity of the ion front, where the most energetic ions are located. As a result of self-
magnetization, the temperature of electrons ceases to be equalized over the entire volume
of the cloud, and the energy of ions at the front is determined not by the temperature of the
most energetic electrons generated at the moment of arrival of the maximum intensity of
the laser pulse but instead by the temperature of the colder fraction of electrons generated
at the moment of the beginning of self-magnetization.

Two models of magnetic field generation have been proposed to estimate the Larmor
radius of electrons: in the unmagnetized regime, the cylindrical current model, and in the
magnetized regime, the model of magnetic and electron kinetic pressure balance. Both
models give values of the generated magnetic fields close to each other.

Comparison of the proposed models with the results of fully kinetic electromagnetic
simulations showed good agreement of the magnitude of the generated magnetic field
with the cylindrical current model for lower intensities, and at sufficiently high intensities,
it is better described by the model of magnetized plasma. At the same time, during the
transition from one regime to another, a deviation of the ion energy measured in the
simulation from the predictions of the standard Mora model is also observed. A simple
modification of the Mora model has been proposed based on an assumption of rapid
transition from unmagnetized case to the magnetized one. In the latter, it is assumed
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that the ion energy is determined be the temperature of electron fraction generated in the
beginning of magnetization regime. Matching the only fitting parameter of the model,
which characterizes the ratio of the Larmor radius of electrons to the thickness of the
expanding cloud, allows to achieve satisfactory agreement between the proposed modified
Mora model and numerical calculations in a relatively wide range of laser pulse duration
and intensities.

The proposed model allows us to predict the cutoff energy of the accelerated ion
spectrum and can be applied in conditions where electron self-magnetization is important.
Numerical simulations show that such self-magnetization is observed for relatively long
laser pulses (greater than 400 fs) at intensities around and above 1021 W/cm2. We did not,
however, investigate much higher intensities around and above 1022 W/cm2, where other
physical phenomena such as radiation reaction start to play a role. This could be a possible
direction for a future work.
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