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Abstract

:

Segmental arched forms composed of discrete units are among the most common construction systems, ranging from historic masonry vaults to contemporary precast concrete shells. Simple fabrication, transport, and assembly have particularly made these structural systems convenient choices to construct infrastructures such as bridges in challenging environmental conditions. The most important drawback of segmental vaults is basically the poor mechanical behaviour at the joints connecting their constituent segments. The influence of the joint shape and location on structural performances has been widely explored in the literature, including studies on different stereotomy, bond patterns, and interlocking joint shapes. To date, however, a few methods have been developed to design optimal joint layouts, but they are limited to extremely limited geometric parameters and material properties. To remedy this, this paper presents a novel method to design the strongest joint layout in 2D arched structures while allowing joints to take on a range of diverse shapes. To do so, a masonry arched form is represented as a layout of potential joints, and the optimization problems developed based on the two plastic methods of classic limit analysis and discontinuity layout optimization find the joint layout that corresponds to the maximum load-bearing capacity.
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1. Introduction


1.1. Segmentation of Masonry Curved Structures throughout History


Curved structural forms, including shells, domes, vaults, and arches, are strong geometries [1] that can bear large amounts of external loads through the optimal distribution of materials. These complex shapes usually need to be segmented into smaller parts to simplify fabrication [2,3], facilitate transport [4], and improve assembly [5,6]. Historic segmental vaults and domes were composed of masonry tiles, bricks, or stone blocks and were frequently used in the built environments to span large spaces. Furthermore, historically, masonry (and particularly stone) arches were used to construct bridges in the challenging environmental conditions stayed functional in the transport networks for decades or even centuries [7].



Later, masonry arched forms evolved in the form of precast concrete shells widely applied in contemporary architecture, engineering, and construction (AEC) industry. Precise quality control during the manufacturing and fabrication process, rapid assembly, and a relatively low waste production during the construction are the main advantages of the precast concrete when compared to the one cast in situ [8]. Furthermore, advances in computational fabrication such as additive manufacturing with concrete or digital stereotomy of stones map a promising future for the sustainable design and construction of freeform segmental masonry arched forms.



Basically, segmenting a structure can result in weakening its response to loads; e.g., the load that it bears may decrease since a continuum is broken up into segments. To remedy this situation, the constituent blocks of a segmental structure can be kept together, using fillers such as mortars usually applied in historic masonry vaults, and grouts and epoxy resins implemented between the precast concrete blocks. The fillers, however, can be eroded over time and reduce the tensile strength of masonry, as shown in [9]. Therefore, several analyses carried out on historic masonry buildings [10,11] as well as precast concrete structures [8] simply consider zero tensile resistance at joints as if they are mortarless (dry) joints. Furthermore, the typical strategies to improve the masonry capacity are the consolidation techniques with tie-rods or strength anchors [12,13] or the use of tie roads in particular to improve the stability of vaults or support walls [14].



The position of the joints in an assemblage of units and their shape can also significantly affect the structural behaviour. Apparently, finding the right place and shapes for the joints can improve the assemblage load-bearing capacity. In this case, even if the fillers between the joints or the tie rods connecting the segments are eroded, the joint resistance does not significantly change. As a result, finding the appropriate joint shape and layout can be considered a long-term strategy to segment a vault without considerable loss of its structural load bearing capacity.



The influence of the joint shape and location on the mechanical behaviour of segmental assemblages has been widely considered in the literature. In the context of historic masonry vaults, it has been observed that different brick bond patterns determining the joint shape and location may have considerably different load-bearing capacities even when the joints are considered cohesionless [10]. One straightforward example is a hemispheric dome with stacked and running bond patterns. Carrying its self-weight, the former should have at least the minimum thickness-to-radius ratio of 0.0425 according to [15], while the latter can remain stable with a thickness close to zero if the friction coefficient at the joints is considered large enough [15,16]. Along the same line, the structural performance of different types of masonry vaults, including cross-vaults, barrel vaults and domes, constructed by bond patterns such as running bond and herringbone patterns, have been extensively investigated in the literature, as reviewed by Boni et al. [17]. The influence of bond patterns, such as the English bond [18,19] and herringbone patterns [20], as well as that of the orientation of the masonry apparatus [21], on the homogenization techniques implemented in finite element analyses has also been considered for both flat and arched form assemblages.



Stereotomy (the art of cutting stones) is another common historic construction method that determines the joint layout. For example, considering the friction of the joints to be finite, several studies were carried out to find the minimum thickness of semi-circular [22,23,24], elliptical [22], corbel, and triangular arches [25] with different stereotomy models such as those with radial, vertical, and horizontal orientations [17]. Another good example carried out by Forgács et al. [26] focused on the influence of three stereotomy techniques of (1) the false skew arch, (2) the helicoidal method, and (3) the logarithmic method (Figure 1) on the load bearing capacity of a skew masonry arch subjected to its weight and a uniformly distributed vertical load parallel to its abutments. The study showed that the logarithmic skew arches have the highest load bearing capacity, even though they were not so popular in the 19th century, due to the complex geometry of the constituent blocks, which needed a demanding stereotomy at the time. As presented in the following, such construction constraints, though, have been gradually eliminated through the emergence of the digital fabrication techniques. In addition, innovative production techniques [27] nowadays allow new perspectives to design units with customised shape and with a reduced economic and environmental costs [28].




1.2. Innovative Design and Construction Methods for Masonry Curved Structures


Contemporary manufacturing techniques, mostly developed based on the casting processes, facilitated fabrication of clay and concrete blocks with complex geometries. For example, most of the precast concrete panels have non-planar faces, allowing them to be simply interlocked to each other. Similarly, interlocking masonry blocks are commonly used to construct the contemporary masonry walls. Interlocking joints have usually one or several keys (locks) with, e.g., rectangular, trapezoidal, and circular cross-sections. Recently, several works have addressed the relationship between different joint shapes (keys’ shape and number) and the load bearing capacity of structures, including simple flat walls [29,30,31,32,33], cylindrical assemblages [34], and arched form bridges with shear keys [8,35].



However, these works focused their investigation on the influence of a limited number of geometric parameters of the modular interlocking blocks, since the current manufacturing industry has been mostly developed based on casting processes using modular casts. On the other hand, recent transformations in digital manufacturing, including additive manufacturing techniques to print masonry blocks [36,37] and concrete panels with parallel [38,39] and non-parallel [40] layers, as well as cutting stones with CNC machines [41], have enabled us to construct segmental shells such that each of their constituent blocks has a unique shape [38,39,40,41,42,43,44,45]. These promising manufacturing advancements have motivated architects and industrial designers, as well as civil, mechanical, and industrial engineers, both in academia and industry, to develop the design methods generating segmental assemblages composed of segments with complex shapes optimizing fabrication, construction process, etc. [1,2,3,4,5,6].



On the other hand, to date, very few research works have paved the way for the development of methods to design the specific shape and location for each individual joint with the aim to maximize the load an assemblage can bear. Rippmann [46] showed that the bearing capacity of a compression-only, rigid, and frictionless body does not change after being tessellated by the joints normal to the flow of axial forces. The authors of this paper developed SiDMACIB, in the frame of a MCSA_IF [47], as one of the first efforts to design structurally sound interlocking blocks with finite shear and friction. In that project, the static approach of limit analysis was extended to the interlocking joints with orthotropic sliding behaviour governed by combined frictional and material shear strength properties. A method was developed to quantify the infeasibility of interlocking assemblages due to the sliding failure, namely the sliding infeasibility [48,49]. Additionally, an optimization method was developed in which the shape of the interlocking joints was automatically adjusted to minimize the sliding infeasibility [50]. These results, however, remain limited to corrugated interlocking faces at this stage.




1.3. Research Objectives


The objective of this paper is to find the strongest joints of a curved structure, which can take on a wide range of shapes. Given the overall geometry of a structure and a loading scheme, this work investigates the joint shapes and locations (i.e., joint layout) providing the strongest connections between the blocks so that the load-bearing capacity of the structure is maximized. To this aim, limit analysis [51] and discontinuity layout optimization (DLO) [52] are adopted to develop two optimization methods that find the strongest joint layout within a masonry structure.



These fall into the discontinuous analysis methods abstracting structural systems to solid and interface elements, which basically are the planes of weakness within a model [53]. It is worth highlighting that finite-element (FE) [54] and discrete-element (DE) [55] approaches are based on the deformability of solids, while interfaces between the solids make jumps in the possible stress–strain rate fields. On the contrary, the two considerably computational efficient and yet perfectly accurate methods of limit analysis and DLO set the solids to be fully rigid while the stresses are solely distributed on the potential failure interfaces. These two methods allow calculating the maximum load factor by which the internal forces on the interfaces are statically admissible (lower bound theorem or static approach) or the minimum load factor by which the flow rule at the interfaces is met (upper bound theorem or kinematic approach). The main difference between the static approach of the classic limit analysis (used in this paper) and DLO is that the former solves the equilibrium problem for every rigid element spanning the interfaces to obtain the stress state at the interfaces, while the latter solves the equilibrium problem for each individual interface (discontinuity) so that the forces at the endpoints of an interface equilibrate the shear and normal forces acting on that interface as well as the external normal and tangential forces applied to it [52].



Using the limit analysis approach, a continuum can be represented by a limited number of interfaces where the major cracks in an assemblage may occur, as proposed by macro-block [56,57] and NURBS-based [58] limit analyses; as an alternative, the continuum can be represented by several interfaces considered as joints between the constituent units of an assemblage [59,60] as well as by potential failure planes within a micro-block at which the unit may crack [48,61]. Then, an assemblage of blocks with finite shear and tensile resistances can be represented by a set of so called “internal interfaces” within the constituent blocks (depicted in red dashed lines in Figure 2b), and “peripheral interfaces” at the boundary of those blocks (depicted in green continuous lines in Figure 2b). The peripheral interfaces are in fact joints between the blocks (Figure 2c), and from now on, only the former name is used in this paper.



Assuming an overall geometry with a network of interfaces (depicted in blue dotted lines in Figure 2a), the designer can choose the peripheral ones between the constituent blocks, so that the rest of the interfaces are taken as the internal interfaces within the blocks. Different segmental models can then be presented as different sets of internal and peripheral interfaces with different load-bearing capacities. This paper in fact explores a set of internal and peripheral interfaces providing the maximum load bearing capacity as the strongest segmental model.



Apparently, this approach is highly mesh-dependent; i.e., the final result is fully dependent on the initial prescribed network of interfaces. Therefore, by increasing the number of interfaces, the more accurate collapse load would be obtained. However, in classic limit analysis, the number of interfaces is rather limited since, as explained above, they are constrained to be at the boundaries of the prescribed rigid solid elements. Instead, by formulating the equilibrium problem of each interface independently of its adjacent elements, DLO can involve a large number of interfaces in the optimization algorithm. This method first propagates a large number of nodes over a continuum and then considers every line connecting two arbitrary nodes to be a potential failure interface, and that considerably increases the number of interfaces involved [52]. Evidently, increasing the number of interfaces by implementing DLO allows us to expand the search space of the segmentation problem, increasing the accuracy of the results.



In the following, Section 2 introduces a segmentation method to find the strongest joint layout for a 2D problem. Giving some simple examples, this section first sets up a shape exploration approach showing the collapse load factors for different sets of internal and peripheral interfaces obtained by the lower bound theorem of limit analysis. Then, an optimization algorithm is developed based on the limit analysis model to find a set of internal and peripheral interfaces with the maximum load-bearing capacity. This section finally presents another segmentation algorithm developed based on DLO to allow exploring the optimal joint layout among the larger number of given interfaces. Section 3 demonstrates the application of the proposed segmentation method to find the optimally segmented semi-circular arch for various friction angles. In the end, the conclusions are provided in Section 4.





2. Joint Layout Optimization


2.1. Load Bearing Capacity of a Segmental Model


In this section, the concept of the proposed segmentation method is presented for a simple 2D problem, for which the joint layout optimization is then developed in Section 2.2 and Section 2.3. For the sake of an easy explanation of the segmentation concept, this example is governed by the Tresca yield criterion (weightless cohesive material), involving shear resistances independent of normal forces [62]. The method, however, is easily extendable to include the Coulomb’s yield criterion, as presented in Section 3, to segment a semi-circular arch.



To find the best location and shape for its joints, the given unsegmented geometry of a structure is abstracted to a number of interfaces (segmenting lines), considered as potential joints. Two sets of interfaces are introduced, i.e., internal and peripheral interfaces, and internal forces and bending moments are applied to their centroid. These interfaces are spanned by rigid elements whose centroids are subjected to external forces (dead and live loads). All the segmenting lines are made of the same no-tension materials with finite shear. Adopting the Tresca model, the shear resistance of interface k is s, …, lk, where s is the shear strength of the interface and lk is length of the interface, whether internal or peripheral. The shear strength of an internal interface (within a segment) is equal to the segment material shear strength si, while the shear strength of a peripheral interface (e.g., mortared joint) is equal to the mortar shear strength sp. It is worth noting that in this paper, ‘resistance’ refers to the resultant force/moment on the overall interface, while ‘strength’ refers to the interfacial material property per unit length.



Based on the choice of internal or peripheral interface for each of them, different configurations of joints (represented by peripheral interfaces) can be assumed. The load bearing capacity of each configuration is assessed using the lower bound approach of limit analysis and the convex contact formulation [51], and the best configuration will be that providing the closest solution to the unsegmented structure.



Figure 3 demonstrates a simple example of a rectangular continuum with four blue dotted segmenting lines, while the segments can be convex or concave. As introduced above, when the model is discretised along a segmenting line, this line acts as a peripheral interface shared between two segments (green continuous lines in Figure 3). Otherwise, the segmenting line can simply be taken as an internal interface within a segment with zero tensile and finite shear resistance (red dashed lines in Figure 3).



Applying the lower bound theorem of limit analysis and the convex contact formulation [51], the internal forces and moments at the centroid of the internal and peripheral interfaces for each assumed configuration can be found by solving the problem formulated as:


  {      max λ       s u b j e c t e d   t o :       λ ·   L + A · f =   − D        N k    ≤ 0        |   M k   |  ≤ 0.5    N k  ·  l k        ∀   k   ∈ p e r i p h e r a l   i n t e r f a c e s   →  |   T k   |    ≤    s p  ·  l k        ∀   k ∈ i n t e r n a l   i n t e r f a c e s   →  |   T k   |    ≤    s i  ·  l k        ∀   k ∈ s u p p o r t s     →  |   T k   |    ≤    s b  ·  l k        



(1)




where λ is the collapse load factor; L and D, respectively, are the vectors of live and dead loads, applied to the centroids of the solid elements among the segmenting lines; f is the vector of internal forces and moments; A is the equilibrium coefficient matrix; for each interface k, Nk, Tk, and Mk are normal and tangential forces and bending moment at the interface centroid, respectively; and sp, si, and sb are the shear strengths of the peripheral, internal, and supporting interfaces, respectively.



For the load condition illustrated in Figure 4, when sp = 0 N/m, si = 1 N/m, and sb = 1 N/m, the obtained λ and internal forces (in Newton) for the unsegmented and one of the segmental models is reported in Figure 4. This problem, as well as all the other examples provided in Section 2 and Section 3, have been solved by MATLAB’s linprog function, developed to solve linear programming problems.



Given the same loading scheme and material properties, the computed λ for all the possible configurations of the segmental model, named Ep1 to Ep12, are presented in Table 1. It is evident that among them, only Ep4 has the same load factor as the unsegmented model.



Apparently, Ep4 is the strongest segmental model for the chosen loading scheme illustrated in Figure 4. Changing the load condition, e.g., through negation of the lateral force, the load factor of Ep4 becomes zero. This means that the ideal segmental configuration should be strong enough against several loading schemes. It is worth noting that this is a general challenge in various structural shape and topology optimization problems. This issue is however out of scope of this paper.




2.2. Joint Layout Optimization Based on Classic Limit Analysis


As presented in the previous section, two key inputs of the proposed segmentation method are a continuum and a network of segmenting lines only along which the model may be segmented. Every segmenting line may act as a peripheral interface at the boundary of a constituent segment or an internal interface inside the segment. From now on and to simplify the explanation, the segmenting lines (blue dotted lines in Figure 4a) are called neutral interfaces. When neutral interface k is considered to be a peripheral interface, its sliding resistance will be sp, …, lk, and when it is set to be an internal interface, its sliding resistance is increased to be si, …, lk, with si > sp. On the other hand, it is assumed that the continuum has no-tension behaviour and the elements bounded by the neutral interfaces are considered rigid elements.



In Section 2.1, all the possible sets of peripheral and internal interfaces are manually generated, and the related load factors are computed to observe which segmental models have the same load-bearing capacity as the unsegmented model. In this section, an optimization method is developed by which the segmental model with the minimum load-bearing capacity reduction with respect to the monolithic model is found automatically. This optimization method tries to maximize the load factor, while the optimization can choose a neutral interface to be an either peripheral or internal interface. To do so, the shear strength at neutral interface k (sk) is considered an optimization variable that can only take two values (sp or si), and the problem in Equation (1) can be re-formulated as:


   {     max λ       s u b j e c t e d   t o :       λ ·   L + A · f =   − D        N k    ≤ 0        |   M k   |  ≤ 0.5    N k  ·  l k        ∀   k   ∉ s u p p o r t s →  |   T k   |    ≤    s k  ·  l k                             s k  ∈  {   s p    ,    s i   }        ∀   k ∈ s u p p o r t s     →  |   T k   |    ≤    s b  ·  l k        



(2)







This optimization problem has some continuous variables, including the load factor and the internal forces and moments on the interfaces, and some discrete variables that are in fact the shear strengths at all the neutral interfaces, except those between the model and the supports.



This problem always has at least one optimal solution in which all the neutral interfaces are chosen to be the internal interfaces. This solution in fact represents the unsegmented model that is obviously not the desired solution. When two optimal models (segmental and unsegmented) with the same maximum load factors exist (like Ep1 and Ep4 in Table 1), the optimization algorithm should be encouraged to choose the segmental model; i.e., the optimization tool should be encouraged to choose sp over si.



One option to encourage optimization is to minimize the shear strengths (i.e., to maximise the negative value of shear strengths) at all the interfaces except the supports. Since sp is smaller than si, the optimization tends to choose sp over si. However, the main goal of the optimization is to maximize the load factor (and not to minimize the shear strengths at interfaces), and as a result, the load factor maximization should have the considerably greater weight in the optimization. To do so, the objective function of Equation (3) can be revised as follows:


  max ( λ −   10   − c     ·   S )                         c ∈ ℕ  



(3)




where S = {s1, s2, …, sm}, with m being the number of the neutral interfaces except those that are located at the supports.



Moreover, more than one segmental model with the maximum load factor may exist for a problem. The revised objective function would be able to choose the model that has the largest number of peripheral interfaces.



Finally, Equation (3) can be updated as follows:


   {     max ( λ −     10   − c     ·   S )                         c ∈ N         s u b j e c t e d   t o :       λ ·   L + A · f =   − D        N k    ≤ 0        |   M k   |  ≤ 0.5    N k  ·  l k        ∀   k   ∉ s u p p o r t s →  |   T k   |    ≤    s k  ·  l k                             s k  ∈  {   s p    ,    s i   }        ∀   k ∈ s u p p o r t s     →  |   T k   |    ≤    s b  ·  l k        



(4)







Figure 5 presents the example manually developed in Section 2.1 along with all the variables involved in the optimization.



This problem was solved automatically, and the optimization results are presented in Figure 6, when c is set to be 2. The result is in fact the same as the segmental model Ep4 in Table 1, which is the only segmental model whose collapse load factor is identical to the unsegmented model.



Apparently, to segment more complex geometries, some geometrical constraints should be added to the optimization. First and foremost, the initial input interfaces can be divided to two subsets: one includes the neutral interfaces that can act as either peripheral or internal interfaces (blue dotted lines in Figure 7a); the other one represents the interfaces that can only act as internal interfaces and are added as planes of weakness within the segments to increase the accuracy of the results (red dashed lines in Figure 7b).



Furthermore, a set of internal and peripheral interfaces obtained by the optimization algorithm should generate a meaningful segmental model. For example, the peripheral interfaces should be able to model an individual block (Figure 7b). However, introducing geometric constraints to the optimization is beyond the scope of this paper and will be taken into consideration in future research.



In the next section, the same optimization concept will be developed based on the discontinuity layout optimization (DLO) method, which is highly mesh-independent compared to limit analysis.




2.3. Joint Layout Optimization Based on DLO


As briefly explained in Section 1, using the DLO approach, a continuum is modelled as several nodes properly distributed on the continuum, and the optimization algorithm finds the maximum load factor by which each individual interface connecting two arbitrary nodes are in equilibrium, and the normal and tangential forces on the interfaces meet the related constraints.



DLO was initially developed based on the Tresca and Mohr-Coulomb failure criteria for 2D problems only involving shear failure [52] and later was extended to include the rocking failure [63]. However, for the sake of an easy explanation of the segmentation optimization for 2D problems, the Tresca model is herein adopted, and the rocking failure is excluded from the optimization so that interfaces can only undergo shear displacements (no rotation).



According to the static approach of DLO, shear Tk and normal Nk forces acting on interface k equilibrate the applied shear and normal dead loads (DTk and DNk) and live loads (LTk and LNk) on the interface as well as the horizontal (vxi and vxi+1) and vertical (vyi and vyi+1) forces at the nodes i and i+1 placed at the endpoints of the interface. Figure 8 illustrates an equilibrated interface with no applied external load, while the general equilibrium equation is [52]:


   [      cos θ     sin θ     − cos θ     − sin θ       − sin θ     cos θ     sin θ     − cos θ      ]   [       v i x         v i y         v  i + 1  x         v  i + 1  y       ]  + λ  [       L k T         L k N       ]  −  [       T k         N k       ]  = −  [       D k T         D k N       ]   



(5)







The yield constraints on Tk and Nk can also be written as:


   [      − 1    0     1   0     ]   [       T k         N k       ]  ≤  [       s k    ·    l k           s k    ·    l k       ]   



(6)




where sk is the shear strength at interface k.



Then, to find the strongest set of internal and peripheral interfaces, an optimization problem can be formulated to maximize the load factor λ by finding the optimal shear strengths s1 to sm for the neutral interfaces 1 to m (all the interfaces except those that are located at supports), which can be of either peripheral sp or internal si type.



Same as the optimization problem formulated in Section 2.2, to encourage the algorithm to choose sp over si, minimization of s1 to sm is added to the objective function, while maximization of λ is weighted as the main objective of this function:


   {     max ( λ −     10   − c     ·   S )                         c ∈ N         s u b j e c t e d   t o :       λ ·   L + A · v − q =   − D       ∀   k   ∉ s u p p o r t s →  |   T k   |    ≤    s k  ·  l k                             s k  ∈  {   s p    ,    s i   }        ∀   k ∈ s u p p o r t s     →  |   T k   |    ≤    s b  ·  l k        



(7)




where v is the vector of horizontal and vertical loads on the nodes, A is the related equilibrium coefficient matrix, and q is the vector of tangential and normal forces on the interfaces.



Figure 9a depicts a continuum with a network of neutral interfaces, subjected to the loading scheme similar to the example provided in Section 2.1 and Section 2.2, taking into account that, using DLO, loads can only be applied to interfaces. The variables involved in the optimization are illustrated in Figure 9b–d.



The optimization problem of Equation (7) was solved, and the results are presented in Figure 10, when c is set to be 2. The result is in fact the same as the results provided by limit analysis, as well as the segmental model Ep4 in Table 1. This can be considered as a validation of the model proposed in Section 2.2.





3. Implementation and Validation


In this section, and to assess the applicability of the segmentation method proposed in Section 2 to curved structural forms, a simple semi-circular arch with four radial neutral interfaces is considered, with angles of 26.67°, 60°, 120°, and 160° with respect to the horizontal line (Figure 11). Considering all the interfaces to be peripheral, the model is identical to the first example provided by Stockdale et al. [64]. The segments below interfaces 1 and 4 are fully fixed, while the arch is subjected to its weight and a constant lateral acceleration (in terms of load factor). The material density is also set to be 400 kg/m3. Stockdale et al. [64] used a kinematic collapse load calculator (KCLC) previously implemented as a MATLAB-CAD limit analysis tool, by which the designer can first choose a mechanism (with given location of hinges and/or slipping joints) among seven kinematically admissible ones for a dry stacked masonry arch subjected to its own weight and a constant lateral acceleration. Then, the tool checks the feasibility of the chosen mechanism configuration and (if it is feasible) computes the related load factor.



In this paper, the analysis is carried out for three different friction angles, while the peripheral interfaces (that are in fact dry joints) are governed by the cohesionless Coulomb’s law of friction. How the segmentation method of Section 2 is extended to the Coulomb’s friction law is presented in the following. It is worth noting that both the current paper and [64] adopt an associated sliding rule.



Finding the optimal joint layout for this simple example basically proves that the proposed method is perfectly applicable to the more complex problem of, e.g., Figure 12 with the denser network of neutral interfaces that, apparently, allows segmental arches to be generated with planar and/or non-planar interlocking joints. Modelling segmental arched forms having joints with complex geometries will be comprehensively investigated in future work.



For the model illustrated in Figure 11, when a neutral interface is chosen as an internal interface, the shear behaviour of the interface is independent of the normal force (i.e., it is a cohesive face with friction angle = 0). On the other hand, when a neutral interface is selected as a peripheral interface, the frictional behaviour of the interface is governed by the cohesionless Coulomb’s law of friction. To this aim, Equation (2) in Section 2.1 based on the lower bound theorem of limit analysis is updated as follows:


   {     max λ       s u b j e c t e d   t o :       λ ·   L + A · f =   − D        N k    ≤ 0        |   M k   |  ≤ 0.5    N k  ·  l k        ∀   k   ∈ p e r i p h e r a l   i n t e r f a c e s   →  |   T k   |  ≤ tan φ ·  N k        ∀   k ∈ i n t e r n a l   i n t e r f a c e s   →  |   T k   |  ≤  s i  ·  l k        



(8)




where φ is the friction angle at the peripheral joints, si is the masonry shear strength at the internal interfaces that here is set to be 3 × 104 N/m2, and k refers to all interfaces, except the supports depicted by blue continuous lines in Figure 11.



Considering all the neutral interfaces to be peripheral, the first row of Table 2 reports the load factors λ found by Equation (8) for two friction angles (35° and 17.6°), while the second row shows the computed load factors λ reported by Stockdale et al. [64]. In particular, the first load factor reported in the second row of Table 2 (φ = 35°) is related to the standard (hinging) mechanism with four hinges when the frictional resistances are considered large enough, while the second one is related to the mechanism in which hinge 1 of the standard mechanism is exchanged with a slipping joint, when the friction angle is set to be 17.6°. As shown in the table, the results obtained by Equation (8) and Stockdale et al. [64] are in good agreement with each other.



Furthermore, the lines of thrust obtained by Equation (8) in Figure 13 evidently confirm that the arch with the high friction coefficient (φ = 35°) fails due to the standard four-hinge mechanism, while the expected collapse mechanism for an arch with a lower friction coefficient (φ = 17.6°) is similar to the second mechanism introduced in [64]. The thrust line is modelled through a spline whose points are the application points of the internal forces on the interfaces, while the curve is tangential to these forces.



After validating Equation (8) for the semi-circular arch with five segments (as elaborated above), this equation is used to find the load-bearing capacities of segmental arches modelled with different combinations of peripheral and internal interfaces.



First, it has been observed that for any set of peripheral and internal interfaces, the load factor becomes 0.8279 when the friction angle is 35°, and four hinges are generated at the interfaces 1 to 4 (standard failure mechanism). The results simply show that when the frictional resistance at the peripheral interfaces is large enough, all the segmental arches have the same load-bearing capacity as the unsegmented model, since both the internal and peripheral interfaces are resistant enough to tolerate the related shear forces.



On the other hand, Table 3 presents the computed load factors, thrust lines, and failure mechanisms of different segmental arches for two lower friction angles, i.e., 27.28° (second column) and 17.6° (third column).



As shown in the table, when φ = 27.28°, two different collapse mechanisms can be generated for different sets of peripheral and internal forces. First, it can be observed that interfaces 2 to 4 are strong enough against shear forces, being either of internal or peripheral type. On the contrary, interface 1 slips if acting as a peripheral interface and rotates when set to be an internal interface. In fact, for Eci with i = 1, 3, 5, 8, 10, 11, 12, 13, the four-hinge mechanism is always obtained with λ = 0.8279, while the obtained mechanism for Eci with i = 2, 4, 6, 7, 9, 15, 16 comprises a slipping joint on interface 1 and three hinges on interfaces 2 to 4 with the load factor reduced to 0.8084.



Given the lowest friction angle of 17.6°, three different collapse mechanisms can be generated for different sets of peripheral and internal forces. It can be noted that two interfaces 2 and 3 are strong enough against shear forces, being either peripheral or internal interfaces. Therefore, the obtained mechanisms for Eci with i = 1, 3, 10, 11 simply have four hinges with the highest load factor 0.8279. On the other hand, interface 1 acts as a slipping joint when it is peripheral and as a hinge when internal. As a result, the computed mechanisms for Eci with i = 2, 4, 6, 7, 9, 14, 15, 16 include a slipping joint on interface 1 and three hinges on interfaces 2 to 4 with the lowest load factor 0.483. Finally, interface 4 behaves as a slipping joint when it is peripheral and interface 1 is set to be internal, simultaneously. In this case, the obtained mechanisms for Eci with i = 5, 8, 12, 13 involve three hinges on interfaces 1 to 3 and a slipping joint on interface 4, while the computed load factor is 0.7969.



Apparently, to find the strongest shape and location of the joints, the search space should be expanded by increasing the number of neutral interfaces (e.g., Figure 12). As mentioned above, this will be taken into consideration in the future.



The results in Table 3 represent all the possible segmental arches manually developed to compare their load bearing capacities. In the following, the optimization algorithm presented in Section 2.2 is implemented to find the strongest segmental arch automatically. First, the optimization method formulated in Equation (4) can be updated to include the Coulomb’s friction law at the peripheral joints as follows:


   {     max ( λ −     10   − c     ·   R )                         c ∈ N         s u b j e c t e d   t o :       λ ·   L + A · f =   − D        N k    ≤ 0        |   M k   |  ≤ 0.5    N k  ·  l k         |   T k   |    ≤    r k                               r k  ∈  {  μ ·  N k  ,    s i  ·  l k   }        μ ·  N k  ≤  r k  ≤  s i  ·  l k            



(9)







In this equation, the absolute value of the internal shear force at interface k is constrained to be less than the interface sliding resistance rk, which could be either µ · Nk or si · lk. In fact, through bounding this discrete variable to be between µ · Nk and si · lk as an optimization constraint, the problem includes both cohesionless peripheral interfaces depending on normal forces and cohesive interfaces independent of normal forces.



Figure 14 demonstrates the optimal segmental arches obtained through solving the optimization problem of Equation (9), assuming φ equals to 35°, 27.28°, and 17.6°, respectively. These solutions agree with the corresponding ones in Table 3, with load factors similar to the unsegmented arch (λ = 0.8279). In fact, according to this table, for each of the three selected friction angles, more than one segmental model with maximum load factor exists. As highlighted in Section 2.2, the developed optimization algorithm chooses the model with the largest number of peripheral interfaces, among all the models with the maximum load factor.




4. Conclusions and Future Work


This paper has presented a segmentation method that finds the strongest shapes and locations for the joints within segmental masonry arched forms. Historically, the shape of the constituent segments of a masonry assemblage and the shape of the joints between the segments have mostly been governed by the construction constraints. However, recent advances in digital fabrication such as 3D concrete printing and digital stone stereotomy by CNC machines considerably reduce the fabrication and construction constraints and allow the fabrication of blocks with complex geometries. These advances can, e.g., enable us to design joints with complicated shapes that strongly connect and interlock the segments of an assemblage together.



Two methods of analysis, i.e., classic limit analysis and discontinuity layout optimization (DLO), have been adopted to develop the segmentation method, in which a dense network of neutral interfaces are first considered on an arched form as a continuum. Each neutral interface can either be a joint (peripheral interface) between the segments or an internal interface within the segment at which the segment may crack. Any set of peripheral and internal interfaces represents a segmental model, and the developed optimization methods have found the sets by which the maximum load can be tolerated. This concept has first been presented for a simple example of a 2D rectangular continuum, while the simplest version of DLO that only includes the sliding failures has been adopted. Then, the method has been implemented to segment a 2D semi-circular arch with three different friction angles on the peripheral interfaces.



This issue opens five lines of research topics that will be pursued in the future.



1. Adopting limit analysis, a model can be represented by a network of neutral interfaces among rigid solids. These solids, however, can be considered deformable using, e.g., finite element limit analysis, incremental limit analysis, and discrete element analysis. So, the segmentation concept is extendable to quasi-brittle materials (such as concrete and mortar) for which cohesive fractures are simply produced and propagated at joints or internal interfaces. These fractures, though, can provide large ductility for the overall assemblage of rigid or deformable blocks in terms of displacement capacity, as can widely be recognised in the masonry assemblages with large displacements [65]. The concept would not be simply applicable to ductile materials (e.g., segmental models made of steel segments).



2. Due to the advantages of DLO compared to the classic limit analysis, to use the dense network of neutral interfaces, the extension of the segmenting optimization based on more complex versions of DLO considering the rocking failure and 3D models can be taken into consideration.



3. In this paper, the flow rule used by both classic limit analysis and DLO is based on the associative friction model (dilation angle = friction angle). It is expected that for any segmental model, the non-associative load factor (with dilation angle = 0) is less than or equal to the associative one. However, the difference between the associative and non-associative load factors may vary from one joint layout to another one. Therefore, the segmental configuration with the maximum non-associative load factor is not necessarily similar to that with the maximum associative load factor. This issue will be investigated and developed in future works.



4. Despite the advances in digital fabrications, several fabrication and construction limits must still be introduced to the segmenting optimization of the constructable segments. These limits usually are developed as geometric constraints that should be properly taken into account.



5. One of the most common limitations of the structural shape optimization and form-finding strategy is that they are highly dependent on the loading and boundary conditions. Therefore, the segmentation method must be extended to include multiple loading schemes to model more reliable segmental assemblages resistant against various loading conditions.
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Figure 1. Three stereotomy techniques generating three different joint layouts with different load-bearing capacities: (a) false skew arch; (b) helicoidal method; (c) logarithmic method. Red arrows represent external loads applied to the arches beside their own weight. 
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Figure 2. A pavilion vault with: (a) internal and peripheral interfaces at the boundary of the segments; (b) only peripheral interfaces; (c) a network of interfaces. 
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Figure 3. Segmenting a continuum along the segmenting lines; each generated model includes a set of internal and/or peripheral interfaces. Capital letters A, B, and C are used to enumerate the segments. 
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Figure 4. (a) A simple 2D problem of a rectangular continuum with no-tension material having four segmenting lines. Internal forces (in Newtons) and moments (in Newton-meters) at the interfaces of: (b) the unsegmented model with λ = 0.5; (c) the segmental model with λ = 0.25. Capital letters A and B are used to enumerate the segments. 
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Figure 5. (a) Same 2D problem as Figure 4a developed using classic limit analysis. Variables involved in the segmentation method, including: (b) the load factor and the internal forces and moments; (c) the shear strength at each interface. 






Figure 5. (a) Same 2D problem as Figure 4a developed using classic limit analysis. Variables involved in the segmentation method, including: (b) the load factor and the internal forces and moments; (c) the shear strength at each interface.



[image: Infrastructures 07 00009 g005]







[image: Infrastructures 07 00009 g006a 550][image: Infrastructures 07 00009 g006b 550] 





Figure 6. (a) The optimization result with limit analysis for the 2D problem generating two segments, including: (b) the load factor and the internal forces (in Newton) and moments (in Newton-meter); (c) the shear strength at each interface. Capital letters A and B are used to enumerate the segments. 
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Figure 7. (a,b) Two subsets of initial input interfaces for complex geometries; (c) a set of internal and peripheral interfaces generating (d) invalid and (e) valid segments. 
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Figure 8. An equilibrated interface, with the tangential and normal forces acting on the interface as well as horizontal and vertical forces acting on the interface endpoints. 
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Figure 9. (a) Similar 2D problem to Figure 4a developed using DLO. Variables involved in the segmentation method including: (b) the load factor and the loads acting on the nodes; (c) internal forces acting on the interfaces; (d) the shear strength at each interface. 
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Figure 10. (a) The optimization result with DLO for the 2D problem generating two segments, including: (b) the load factor and the loads acting on the nodes; (c) the internal forces acting on the interfaces; (d) the shear strength at each interface. Capital letters A and B are used to enumerate the segments. 
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Figure 11. Semi-circular arch as originally presented by Stockdale et al. [64]. 
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Figure 12. (a) A dense network of neutral interfaces, allowing the (b) modelling of arch-shaped structures having joints with complex shapes that can generate (c) interlocking concave segments. 
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Figure 13. Internal forces (in Newtons) and moments (in Newton-meters) as well as the thrust line obtained by Equation (8) for the simple example of Figure 11 with peripheral joints, when the friction angle is: (a) 35° and (b) 17.6°. 
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Figure 14. Optimal solutions found by Equation (9) for the three friction angles of: (a) 35°; (b) 27.28°, and (c) 17.6°. 
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Table 1. Computed load factors for twelve configurations of the segmental models with no-tension material.
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	λ
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Table 2. Results obtained by Equation (8) and Stockdale et al. [64] for the simple example of Figure 11 when all the interfaces are peripheral.
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	φ = 35°
	φ = 17.6°





	λ obtained by Equation (8)
	0.8279
	0.483



	λ obtained by Stockdale et al. [64]
	0.8118
	0.4878
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Table 3. Computed load factors of sixteen segmental arches for friction angles of 27.28° and 17.6°.
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