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Abstract

The engineering design of complex systems increasingly relies on model-based methods 
that generate large-scale models with a vast multitude of couplings between the functional 
requirements and design parameters. The so-called Axiomatic Design Approach tries to 
characterize and evaluate the couplings between functional requirements (𝐹𝑅s) and design 
parameters (𝐷𝑃s) by imposing a square matrix form for the mapping. In full generality 
however, the physical modeling of complex systems produces rectangular matrices due 
to an a priori unequal number of 𝐹𝑅s and 𝐷𝑃s, as dictated by physical laws and already 
shown with mathematical rigour in previous works. By using the full rectangular form 
of the coupling matrix, this paper presents an analytical framework that uses classical 
sensitivity-based analysis to identify, quantify, and visualize coupling structures represented 
by rectangular design matrices. Normalized visualizations of the Jacobian matrix in the form 
of so-called heatmaps then help to reveal intrinsic subsystem structures and highlight areas 
of strong internal couplings and minimal inter-subsystem interactions. The heatmap thus 
helps to detect weakly coupled subsystem blocks, supports a more systematic decomposition 
and allows a targeted optimization in a loose analogy to the original idea of the so-called 
Independence Axiom in axiomatic design. This methodology permits the sequential or even 
independent optimization of subsystems or parts thereof, facilitating a reliable and efficient 
system-level design. The proposed approach is demonstrated through two applications: 
a Formula Student race car and a small satellite design. The case studies illustrate how 
rectangular matrix analysis can provide a practical basis for guiding system decomposition 
and design decisions in model-based engineering systems. 

Keywords: axiomatic design; rectangular design matrices; coupling analysis; sensitivity 
analysis; system decomposition; model-based systems engineering

1. Introduction
The design and optimization of complex engineering systems increasingly relies on 

digitally integrated, model-based development processes [1]. In such settings, large-scale 
simulation models are used to explore design spaces and automate optimization, but they 
also generate complex systems of equations whose internal coupling structures are difficult 
to analyze and control [2]. Unintended couplings between functional requirements and 
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design parameters reduce robustness, hinder modularization, and complicate system-level 
optimization [3]. The concept of Axiomatic Design [4] provides a formal framework for 
addressing coupling through the so-called Independence Axiom, which requires that func-
tional requirements be satisfied independently. In its classical formulation, this principle is 
evaluated using square design matrices that map functional requirements to design param-
eters. A diagonal or triangular matrix form corresponds then to uncoupled or decoupled 
designs, while fully populated matrices indicate coupled designs [5].

Although effective at the conceptual level, this formulation is limited when applied to 
model-based engineering problems [6]. In practice, sensitivity analyses of physical systems 
typically yield in full generality rectangular matrices that relate system characteristics to 
design parameters [7]. Dimensional homogeneity imposes constraints on the number of 
independent dimensionless quantities that can describe a physical system, as formalized by 
the Buckingham Π-Theorem [8]. Building on this dimensional-analysis result, Rudolph [6] 
shows that the corresponding general mapping between the evaluation space and the 
physical design-parameter space is generally rectangular rather than square and therefore 
represents the upper limit of the matrix representation. Thus, classical Axiomatic Design 
offers limited guidance for interpreting coupling and independence under such restrictive 
conditions [9].

This paper proposes an analytical framework for coupling analysis based on rect-
angular design matrices. Inspired by the concept of Axiomatic Design, the framework 
employs sensitivity-based analysis to quantify and uses normalized Jacobian matrices to 
visualize couplings as heatmaps, identify weakly coupled rectangular subsystem structures, 
and support systematic system decomposition [10]. The approach enables sequential or 
independent optimization of subsystems by exploiting decoupled block structures that 
reflect intrinsic subsystem organizations, thereby addressing the mathematical challenges 
associated with inherently rectangular design matrices in classical Axiomatic Design [11].

While sensitivity analysis and Jacobian-based system investigations are well estab-
lished in engineering design, their interpretation within the framework of Axiomatic Design 
remains largely limited to the classical square design matrix formulation [10]. The contribu-
tion of this paper is therefore not the introduction of a new sensitivity analysis method itself, 
but the systematic integration of rectangular Jacobian matrices into the concept of Axiomatic 
Design. By interpreting sorted sensitivity structures as weakly coupled subsystem blocks, 
the proposed approach provides the mathematical foundation and practical extension of 
the Independence Axiom for model-based engineering systems in which the number of 
design parameters and functional requirements generally differ. The present work therefore 
builds explicitly on several elements developed in earlier studies. The sensitivity-based sus-
pension analysis and the associated Formula Student results were previously investigated 
in [10,11], while the normalized sensitivity representation and matrix-sorting approach 
were developed and discussed in [11,12]. Likewise, the FireSAT design language and parts 
of its underlying model originate from earlier work [13,14]. These previous contributions 
are used here as methodological and application foundations rather than as new results of 
the present study. The novel contribution of this paper is their integration into a common 
analytical framework that interprets the full rectangular Jacobian as a generalized design 
matrix within Axiomatic Design, explicitly relates its coupling structure to the Indepen-
dence Axiom, and derives a consistent decomposition and optimization rationale across 
two different model-based engineering applications. The case studies are therefore used 
primarily to demonstrate and contextualize this integrated framework rather than to claim 
the underlying engineering models or individual sensitivity results as new.

Related approaches for analyzing dependencies in engineering systems include 
sensitivity-based methods, Jacobian analysis, and Design Structure Matrices (DSM) [15–17]. 
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DSM methods are widely used to represent and organize dependencies between system 
elements and to support modularization and decomposition of complex products and 
processes [17]. Likewise, sensitivity analysis and Jacobian matrices are established tools for 
quantifying the influence of design variables on system responses [7]. The present work 
does not introduce these methods themselves but interprets the full rectangular Jacobian 
matrix as a generalized design matrix within Axiomatic Design and uses the resulting 
coupling structure to identify weakly coupled subsystem blocks and support decomposi-
tion and optimization planning. Therefore, the framework is intended for model-based 
engineering problems where quantitative system models are available and sensitivities can 
be computed with respect to continuous design variables. Typical applications include 
simulation-driven design, multidisciplinary optimization, and model-based systems engi-
neering. The approach is not intended to replace methods for discrete architecture selection 
or topological design synthesis, but rather to support decomposition and optimization once 
a model structure and a corresponding system of equations have been established.

The remainder of the paper is structured as follows. Section 2 reviews the fundamentals 
of Axiomatic Design. Section 3 analyzes coupling structures in model-based systems. 
Section 4 presents the proposed framework, followed by case studies in Sections 5 and 6. 
The paper concludes with a discussion and conclusions.

2. Axiomatic Design and Design Matrices
This chapter briefly reviews the fundamentals of Axiomatic Design, the definitions of 

functional requirements (𝐹𝑅s) and design parameters (𝐷𝑃s), and the concept of design 
matrices. These concepts form the basis for the framework and analyses presented in the 
following sections.

2.1. Fundamentals of Axiomatic Design
Axiomatic Design provides a formal framework for reasoning about engineering design 

decisions through a small set of fundamental axioms [4]. The theory aims to establish 
objective criteria for evaluating and comparing design alternatives, independent of domain-
specific techniques [18]. At its core, Axiomatic Design distinguishes between different 
domains of the design process and formalizes the mappings between them. In its classical 
formulation, Axiomatic Design considers four domains: the customer domain, the functional 
domain, the physical domain, and the process domain, as illustrated in Figure 1.

{CAs}

•

•

•
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{FRs}

•

•

•

Functional
Domain

{DPs}

•

•

•

Physical
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mapping mapping mapping

Figure 1. Four domains of Axiomatic Design with primary mappings from left to right [4].

Design activities are structured as mappings between these domains, most notably 
between the functional domain, where the desired system behavior is specified, and the 
physical domain, where design solutions are realized [19]. This structured decomposi-
tion allows designers to explicitly consider cause-and-effect relationships within complex 
systems. The theory is governed by two axioms. The Independence Axiom states that 
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the functional requirements of a design should remain independent of one another. The 
Information Axiom states that, among designs that satisfy the Independence Axiom, the 
one with the minimum information content should be selected [4]. In practice, the Indepen-
dence Axiom plays a dominant role in early-stage system design, as it directly constrains 
the structure of the design solution, while the Information Axiom is typically applied at 
later stages once feasible design alternatives have been identified [20].

By framing design as a mapping between requirements and solutions, Axiomatic 
Design provides a formal basis for analyzing complexity, coupling, and robustness in 
engineered systems. This makes it particularly suitable for applications in model-based and 
system-level design contexts [21].

2.2. Functional Requirements and Design Parameters
Within Axiomatic Design, functional requirements (𝐹𝑅s) and design parameters (𝐷𝑃s) 

form the fundamental variables of the design process. Functional requirements describe 
what the system must achieve and are defined in the functional domain, whereas design 
parameters describe how these requirements are physically realized in the physical do-
main [4].

A key principle of Axiomatic Design is the hierarchical decomposition of functional 
requirements and design parameters. High-level system requirements are decomposed 
into lower-level 𝐹𝑅s, which are mapped to corresponding 𝐷𝑃s at the same level of abstrac-
tion. This process of ‘zigzagging’ between the functional and physical domains ensures 
traceability and consistency throughout the design hierarchy [22]. Crucially, functional re-
quirements are defined as solution-independent. They must not prescribe specific physical 
implementations, as doing so would prematurely constrain the design space and potentially 
violate the Independence Axiom. Design parameters, in contrast, are explicitly solution-
specific and represent design decisions that can be adjusted or substituted during the design 
process [19]. The classical formulation of Axiomatic Design implicitly assumes a one-to-
one correspondence between 𝐹𝑅s and 𝐷𝑃s at a given level of decomposition. While this 
assumption simplifies analysis and supports the evaluation of independence, it is often 
violated in real-world systems, where the number of functional requirements and available 
design parameters may differ [20]. This observation motivates a more general treatment of 
the 𝐹𝑅 and 𝐷𝑃 relationship, which is addressed in later sections of this paper.

2.3. Design Matrices and the Independence Axiom
The relationship between functional requirements and design parameters is formally 

expressed through the design equation [4]:

{𝐹𝑅} = [𝐴]{𝐷𝑃} (1)

where {𝐹𝑅} is the vector of functional requirements, {𝐷𝑃} is the vector of design parameters, 
and [𝐴] is the design matrix. Each element 𝐴𝑖𝑗 indicates whether and to what extent the 
design parameter 𝐷𝑃𝑗 influences the functional requirement 𝐹𝑅𝑖. The structure of the design 
matrix provides a means of assessing compliance with the Independence Axiom. If the 
matrix is diagonal, each functional requirement is affected by one design parameter, and 
the design is classified as uncoupled. If the matrix is triangular, the design is decoupled, 
meaning that the 𝐹𝑅s can be satisfied independently through a specific sequence of 𝐷𝑃 ad-
justments [4]. Fully populated matrices correspond to coupled designs, in which changes to 
one 𝐷𝑃 affect multiple 𝐹𝑅s simultaneously, thereby violating the Independence Axiom [19]. 
Figure 2 illustrates the three typical cases:
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]


[


𝑋 𝑋 𝑋
𝑋 𝑋 𝑋
𝑋 𝑋 𝑋

]


Figure 2. Different design matrix structures in Axiomatic Design [4].

In classical Axiomatic Design, design matrices are typically square, reflecting the 
one-to-one correspondence between 𝐹𝑅s and 𝐷𝑃s. However, in many real-world and model-
based systems, the number of functional requirements does not match the number of 
available design parameters [23]. Considering design matrices in their full generality is 
therefore essential for extending Axiomatic Design to complex engineered systems, as will 
be discussed in the following sections.

3. Coupling Structures in Model-Based Systems
The design, development, and optimization of complex engineering systems, such as 

modern vehicle suspension systems, constitute an inherently complex process spanning 
multiple engineering disciplines and involving several design loops [10]. Automating 
this iterative process through digital and model-based methods typically generates corre-
spondingly large systems of equations. The structural analysis of couplings within these 
systems is critical for guiding the design process to maximize the independence of functional 
requirements, as mandated by the principles of Axiomatic Design [4].

The strength of interactions between design parameters (𝐷𝑃s, e.g., suspension coor-
dinates of a vehicle) and system characteristics of the design (in this context referred to 
as 𝐾, e.g., camber or toe angle changes) can be systematically assessed using sensitivity 
analysis [11]. This is commonly represented via the Jacobian matrix (𝐽), which encapsulates 
the normalized derivatives of the system characteristics with respect to the design parame-
ters [10], where each entry 𝐽𝑖𝑗 reflects the change in the 𝑖-th characteristic (𝐾𝑖) relative to 
the 𝑗-th design parameter (𝐷𝑃𝑗).

In the context of this work, the Jacobian matrix can be understood as a compact repre-
sentation of how strongly system characteristics respond to changes in design parameters. 
Each matrix entry represents a local sensitivity and therefore quantifies the influence of a 
particular design parameter on a particular system characteristic [10]. Rather than introduc-
ing a new mathematical construct, the Jacobian matrix serves as an established engineering 
tool for capturing and organizing coupling information in a form that can subsequently be 
interpreted through the principles of Axiomatic Design [11].

3.1. Limitations of Square Design Matrices
The fundamental guiding principle in Axiomatic Design is the Independence Axiom, 

which requires that the functional requirements of a system must be maintained indepen-
dently of each other [19]. Ideally, an engineering design should ensure that each functional 
requirement is satisfied by a dedicated design parameter without causing undesirable 
interactions with other requirements [4].

In mathematical terms, Axiomatic Design postulates that this functional independence 
is represented by a design matrix that must be either diagonal or triangular, as illustrated 
in Figure 2. A diagonal matrix is characteristic of an uncoupled design, where each 𝐹𝑅 is 
satisfied independently by exactly one 𝐷𝑃 [6]. A triangular matrix represents a decoupled 
design, guaranteeing the independence of 𝐹𝑅s only if the 𝐷𝑃s are adjusted in a specified 
sequence [24].

However, the assumption of square matrices in the strict application of Axiomatic 
Design theory is a subject of controversy in specialized literature. The primary criticism is 
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that the design matrix 𝐽 derived from the sensitivity analysis, which describes the interac-
tion between design parameters and system behavior, is inherently rectangular in its full 
generality, not square [6].

3.2. Rectangular Design Matrices in Full Generality
The general rectangular form of the design matrix is explained by the fundamental 

laws of physics, specifically the Buckingham Π-Theorem [8]. This theorem establishes that 
when mapping 𝑛 dimensional variables (𝑥𝑛) onto 𝑚 dimensionless invariants (𝜋𝑚), the 
condition 𝑚 ≤ 𝑛 must always hold [8]. Rudolph [6] subsequently applies this dimensional 
analysis framework to the mapping between the evaluation space and the physical design 
parameter space and shows that the corresponding general matrix is rectangular rather than 
square. Thus, the rectangular matrix represents the general upper limit of the mathematical 
representation, while a square matrix results as a special case when an appropriate number 
of design parameters is held constant [6]. Consequently, the resultant Jacobian matrix (𝐽), 
shown in Figure 3, is typically wider than it is tall, thereby providing the ‘true upper limit’ 
for the mathematical representation rooted in the requirement of dimensional homogeneity 
underlying all physical modeling [6].

Rectangular Design Matrix 𝐽 with Subsystem Blocks

[



𝑋 𝑋 0 0 0 0
𝑋 𝑋 0 0 0 𝑋
0 0 𝑋 𝑋 𝑋 𝑋
0 0 0 𝑋 𝑋 0

]



Figure 3. Schema of a general rectangular Jacobian matrix 𝐽. Diagonal elements represent direct 
sensitivities of vehicle kinematic characteristics 𝐾𝑖 to their respective design parameters 𝐷𝑃𝑖, off-
diagonal 𝑋 entries indicate existing but undesired couplings.

In this generalized matrix representation, the diagonal elements 𝐽𝑖𝑖 capture the direct 
sensitivities of the system behavior (in this example, the kinematic characteristics, 𝐾𝑖) to 
their respective design parameters (𝐷𝑃𝑖), whereas the off-diagonal elements 𝐽𝑖𝑗 (for 𝑖 ≠ 𝑗) 
quantify the unintended couplings among the various parameters and characteristics [11].

Analysis of sensitivity results in model-based systems typically reveals distinct rect-
angular block structures when visualized (e.g., in a heatmap) [25]. These structures 
demonstrate the intrinsic subsystem architecture of the design, as variables primarily cou-
ple strongly within their respective subsystems and have relatively few interface variables 
connecting them to the rest of the system. By sorting the matrix entries based on non-zero 
elements, the Jacobian matrix can be successfully arranged to visualize these decoupled 
rectangular areas [10].

4. Analytical Framework for Rectangular Design Matrices
The realization that the design matrix 𝐽 inherent to physical modeling is rectangular in 

its full generality fundamentally reshapes the analytical framework for design evaluation 
in model-based systems. This dimensional constraint, determined by the Buckingham 
Π-Theorem [8], constitutes the true upper limit of mathematical representation for physical 
systems [6]. Building upon this generalized structure, the analytical framework utilizes 
advanced sensitivity analysis techniques to systematically map the complex relationships 
between functional requirements (𝐹𝑅s) and design parameters (𝐷𝑃s). This approach 
transcends the rigid requirement of a square design matrix, offering a method to identify 
and manage couplings even in underdetermined systems, which are typical in complex 
engineering endeavors where the number of 𝑛 𝐷𝑃s often exceeds the number of 𝑚 𝐹𝑅s 
(𝑛 ≥ 𝑚) [6].
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4.1. Coupling Analysis in Model-Based Systems Engineering
Coupling analysis is integral to model-based systems engineering (MBSE) [26], pro-

viding a systematic methodology for building and populating the system of equations that 
underlie complex engineering products. In this framework, the systems are modeled in an 
object-oriented manner, with object attributes connected through mathematical equations. 
While certain attributes represent design parameters (𝐷𝑃s), others correspond to functional 
requirements (𝐹𝑅s), which inherently introduce couplings between them. Graph-based 
design languages and an associated design compiler are employed to manage and generate 
these equations efficiently, enabling the automated creation, organization, and evaluation 
of the model structure [27]. Coupling analysis is performed by quantifying the sensitivity 
of measurable system characteristics to variations in design parameters. This is typically 
represented by a Jacobian matrix 𝐽, which captures the magnitude and direction of these 
interdependencies [10].

The procedure for generating the input data for 𝐽 involves systematically varying design 
parameters (e.g., suspension coordinates of a race car) and analyzing their effect on system 
characteristics (e.g., dynamic camber and toe angle of the vehicle) [11]. The measured 
changes are processed using the difference quotient method to approximate the derivatives 
of the functions [28]. Crucially, to present the derivative data in a dimensionless form, the 
results are dimensionally normalized at the operating point (𝑥0, 𝑦0). This normalization is 
advantageous because the numerical result directly correlates with the degree of nonlin-
earity (e.g., a value of 1 signifies a linear relationship, a value of 2 a quadratic one), if the 
underlying equation is a monomial [12].

The resulting normalized derivatives are assembled into the Jacobian matrix 𝐽, where 
each non-zero entry 𝐽𝑖𝑗 quantifies the strength of the coupling between the 𝑖-th system 
characteristic and the 𝑗-th design parameter [11]; see Figure 4.

Unsorted Design Matrix Sorted Design Matrix

Figure 4. Heatmap of a rectangular Jacobian matrix before and after sorting. Rows represent system 
characteristics (𝐾), and columns represent design parameters (𝐷𝑃). For the continuous sensitivity 
representation, red denotes positive normalized sensitivities, blue denotes negative normalized 
sensitivities, and white denotes no influence of the respective 𝐷𝑃 on 𝐾.

These data are typically visualized using a heatmap, which translates the numerical 
matrix entries into colored areas to provide a clear visual representation of the couplings. 
White areas indicate no influence (zero entry), while colored areas (red for proportional 
change, blue for inverse change) denote significant coupling [29]. A critical step in the 
analysis is the structural identification of the system architecture by sorting the entries of 
the raw Jacobian matrix, as illustrated in Figure 4.

By arranging the rows and columns according to the number of non-zero elements, 
following the procedure described in ([12] Section 3.3.3), parameters appearing in fewer 
quantities are placed towards the left, while parameters affecting many quantities are placed 
towards the right; correspondingly, quantities depending on fewer parameters are placed 
towards the lower rows, while quantities depending on many parameters are placed towards 
the upper rows. This sorting can, for example, be performed in MATLAB®  (version R2024b) 
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using the colperm function, with the same permutation applied to the corresponding rows 
and columns, thereby preserving the numerical content of the matrix. The resulting heatmap 
reveals distinct, generally rectangular areas that are predominantly decoupled from one 
another. These areas are identified as contiguous regions of high non-zero density separated 
from the remainder of the matrix by regions of low density or zero entries. Such regions 
indicate groups of parameters and system characteristics that are strongly coupled with 
each other but only weakly coupled to the rest of the system, and are therefore interpreted 
as candidate subsystems. No numerical threshold is applied to define the subsystem blocks; 
the sorting itself is based on the presence or absence of non-zero entries, while the block 
boundaries are determined from the resulting density structure. The 𝑋/0 representation 
is therefore a structural visualization of non-zero versus zero sensitivities and does not 
introduce a user-defined numerical threshold for subsystem identification. The continuous 
normalized Jacobian values are retained for quantifying the magnitude and direction of the 
individual couplings. This organized structure reflects the intrinsic subsystem structures of 
the design, showing that system variables couple strongly mainly inside their respective 
subsystems, typically having much fewer interface variables toward the outside [11,30].

4.2. Design Decoupling and Design Freedom
In the context of the rectangular design matrix, the principles of Axiomatic Design 

guide the optimization strategy, focusing on achieving an efficient and systematically struc-
tured solution [11]. The Independence Axiom motivates the reduction of unnecessary 
couplings between functional requirements and their physical realization [4]. Within the 
proposed framework, this objective is operationalized through the analysis of the coupling 
structure between measurable system characteristics (𝐾) and design parameters (𝐷𝑃), 
represented by the off-diagonal Jacobian elements |𝐽𝑖𝑗|. While certain couplings may be 
unavoidable or even desirable from a system perspective, their explicit identification sup-
ports more informed decomposition and optimization decisions. Reducing unnecessary 
off-diagonal couplings increases the degree of functional independence and helps reveal 
subsystem boundaries. The objective is not necessarily to eliminate all interactions, but 
rather to understand and manage them in a transparent and systematic manner. The Infor-
mation Axiom provides the second directive, which is to minimize the information content 
by reducing the total number of influential design parameters. Minimizing the number of 
parameters reduces system complexity and supports a more robust solution [4]. In practice, 
utilizing the sorting results of the heatmap allows designers to identify the primary design 
drivers (variables with the greatest influence on multiple characteristics). This insight 
permits the systematic selection of the most influential design parameters for optimization, 
enabling effective system simplification [10].

The existence of the rectangular design matrix, where typically 𝑛 > 𝑚, indicates 
an inherent situation of underdetermination, meaning there are more design parameters 
available than functional requirements (or quantifiable constraints). This often results in 
redundancy or coupling [19]. The analytical framework provides the necessary tools to 
manage this design freedom by guiding designers to focus their optimization efforts on the 
most critical subset of parameters, thereby minimizing the couplings required to satisfy the 
functional demands [11].

4.3. Implications for System Architecture Decisions
The findings derived from the coupling analysis of the rectangular design matrix 

inform a highly effective optimization heuristic designed to improve the system architecture. 
This heuristic is based on analyzing the coupling structure of the system of equations to 
derive a corresponding decomposition structure [11].
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The identification of weakly coupled, rectangular blocks in the Jacobian matrix is 
essential, as it permits the decomposition of the overall optimization problem into separate 
subproblems. Since the couplings between these decomposed subsystems are negligible, 
the design and optimization objectives can be solved sequentially or independently. This 
decomposition strategy substantially reduces the complexity of working with large nonlinear 
equation systems typical of MBSE approaches [11,26].

Figure 5 illustrates how the rectangular design matrix can be decomposed into weakly 
coupled subsystems, highlighting the hierarchical sequence for independent or sequen-
tial optimization.

Subsystem 1 Off-diagonal
Elements

Off-diagonal
Elements

Subsystem 2

Step 1

Step 2

Figure 5. Hierarchical decomposition of a rectangular design matrix into weakly coupled subsystems. 
Arrows represent the suggested optimization sequence.

Architecturally, this modeling methodology aligns closely with the objectives of ef-
ficient object-oriented programming: prioritizing ’strong coherence and loose coupling’ 
between modules [19]. This approach supports the separation of the engineering task 
into subsystems that minimize external interfaces while maintaining internal integrity. 
Furthermore, this analytical framework supports the inherent hierarchical nature of the 
system design, where complex design tasks are recursively broken down into levels of 
increasing detail [4]. The sequencing of the decomposition steps must follow the depen-
dencies articulated by the effective triangular or block structure derived from the coupling 
analysis, ensuring that lower-level decisions are consistent with higher-level architectural 
choices [20]. The results from this systematic decomposition are then directly utilized in 
optimization routines by precisely limiting the solver’s access to only the identified relevant 
design variables, thereby increasing computational efficiency and targeting specific design 
characteristics [11].

5. Case Study I: Formula Student Race Car
This section introduces a Formula Student race car suspension as a representative case 

study to demonstrate the application of the proposed framework for coupling analysis and 
system decomposition using the original idea of decoupling from Axiomatic Design in a 
realistic model-based engineering context.

5.1. System Decomposition and Functional Requirements
The design, development, and optimization of modern suspension systems, particularly 

for high-performance vehicles such as Formula Student race cars, are highly complex 
processes spanning multiple engineering disciplines, such as vehicle dynamics, kinematics 
analysis, structural optimization, collision detection, and 3D CAD design [31]. To manage 
this complexity, the overall process for suspension design and optimization is modeled 
and automated using graph-based design languages and the associated design compiler 
DC43®  [32]. This holistic approach enables the decomposition of complex design problems 
into structured, automated loops.
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The present case study is framed using the principles of Axiomatic Design, which 
provides a methodical approach to system improvement [4]. For suspension kinematics, 
the investigated system characteristics (𝐾) include the dynamic changes in wheel camber, 
toe, and track width, roll center height, anti-dive, caster angle, and trail as well as king pin 
inclination and scrub radius. These characteristics represent quantifiable system responses 
at the physical or evaluation level. They are therefore not treated as functional requirements 
themselves. Instead, they serve as measurable evaluation characteristics through which the 
fulfillment of higher-level, solution-independent functional requirements can be assessed. 
Specific optimization goals often involve maximizing camber and minimizing toe angle 
variation during vertical suspension movement. In particular, minimizing dynamic toe 
angle variation, or bump steer, is crucial for ensuring predictable handling, especially on 
bumpy tracks [10].

5.2. Mathematical Formulation of the Suspension Kinematic Analysis
The kinematic analysis is based on the relevant suspension coordinates in the design 

position, as illustrated in Figure 6. For the present case study, only the vertical suspension 
motion is considered. The suspension is modeled as a system of rigid links, such that the 
relevant distances between the attachment points remain constant during the motion. The 
initial distances between the outer A-Arm points, the tie-rod attachment points, and the 
wheel center are therefore determined in this design position.

The motion is initiated by rotating the lower A-Arm about its chassis-side axis #�𝑎 . This 
axis is defined by the two chassis-side points #     �𝐴𝐵𝐹 and #     �𝐴𝐵𝐵 and normalized according to

#�𝑎 =
#     �𝐴𝐵𝐹 − #     �𝐴𝐵𝐵

| #     �𝐴𝐵𝐹 − #     �𝐴𝐵𝐵|
. (2)

This requires
| #     �𝐴𝐵𝐹 − #     �𝐴𝐵𝐵| > 0 (3)

and the outer lower A-Arm point is subsequently expressed relative to the rotation axis as
#�𝑃𝑡 = #      �𝐴𝐵𝑂 − #     �𝐴𝐵𝐹. (4)

For a prescribed rotation angle 𝛼, the corresponding rotation is described by

#   �#   �𝑀𝑅 =
(


𝑎2
1(1 − 𝑐𝑜𝑠 𝛼) + 𝑐𝑜𝑠 𝛼 𝑎1𝑎2(1 − 𝑐𝑜𝑠 𝛼) − 𝑎3𝑠𝑖𝑛 𝛼 𝑎1𝑎3(1 − 𝑐𝑜𝑠 𝛼) + 𝑎2𝑠𝑖𝑛 𝛼

𝑎2𝑎1(1 − 𝑐𝑜𝑠 𝛼) + 𝑎3𝑠𝑖𝑛 𝛼 𝑎2
2(1 − 𝑐𝑜𝑠 𝛼) + 𝑐𝑜𝑠 𝛼 𝑎2𝑎3(1 − 𝑐𝑜𝑠 𝛼) − 𝑎1𝑠𝑖𝑛 𝛼

𝑎3𝑎1(1 − 𝑐𝑜𝑠 𝛼) − 𝑎2𝑠𝑖𝑛 𝛼 𝑎3𝑎2(1 − 𝑐𝑜𝑠 𝛼) + 𝑎1𝑠𝑖𝑛 𝛼 𝑎2
3(1 − 𝑐𝑜𝑠 𝛼) + 𝑐𝑜𝑠 𝛼

)


(5)

The transformed point is obtained from

#   �𝑃𝑟,𝑡 =
#    �
#    �𝑀𝑅 ⋅ #�𝑃𝑡 (6)

and translated back to the original rotation axis according to
#         �𝐴𝐵𝑂,𝑟 = #   �𝑃𝑟,𝑡 + #     �𝐴𝐵𝐹. (7)

The corresponding rotation of the upper A-Arm is determined such that the distance 
between its outer point and the transformed lower A-Arm point remains equal to the 
distance in the design position.

The upright-side tie rod point #  �𝑇𝑈 is subsequently determined from the intersection 
of three spheres. Since the distances to the outer lower and upper A-Arm points and the 
tie-rod length remain constant, the corresponding constraints are

| #          �𝑇𝑈 𝑇𝐶|2 = (𝑇𝑈,𝑥 − 𝑇𝐶,𝑥)2 + (𝑇𝑈,𝑦 − 𝑇𝐶,𝑦)2 + (𝑇𝑈,𝑧 − 𝑇𝐶,𝑧)2 (8)
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| #              �𝑇𝑈 𝐴𝐵𝑂|2 = (𝑇𝑈,𝑥 − 𝐴𝐵𝑂,𝑥)2 + (𝑇𝑈,𝑦 − 𝐴𝐵𝑂,𝑦)2 + (𝑇𝑈,𝑧 − 𝐴𝐵𝑂,𝑧)2 (9)

| #               �𝑇𝑈 𝐴𝑇𝑂|2 = (𝑇𝑈,𝑥 − 𝐴𝑇𝑂,𝑥)2 + (𝑇𝑈,𝑦 − 𝐴𝑇𝑂,𝑦)2 + (𝑇𝑈,𝑧 − 𝐴𝑇𝑂,𝑧)2 (10)

The resulting system yields two possible intersection points. The physically valid 
solution is selected by comparison with the known solution in the design position.

The wheel-center coordinate #    �𝑊𝐶 is determined analogously from three constant-
distance constraints:

| #            �𝑊𝐶 𝑇𝑈 |
2

= (𝑊𝐶,𝑥 − 𝑇𝑈,𝑥)2 + (𝑊𝐶,𝑦 − 𝑇𝑈,𝑦)2 + (𝑊𝐶,𝑧 − 𝑇𝑈,𝑧)2 (11)

| #                �𝑊𝐶 𝐴𝐵𝑂|
2

= (𝑊𝐶,𝑥 − 𝐴𝐵𝑂,𝑥)2 + (𝑊𝐶,𝑦 − 𝐴𝐵𝑂,𝑦)2 + (𝑊𝐶,𝑧 − 𝐴𝐵𝑂,𝑧)2 (12)

| #                �𝑊𝐶 𝐴𝑇𝑂|
2

= (𝑊𝐶,𝑥 − 𝐴𝑇𝑂,𝑥)2 + (𝑊𝐶,𝑦 − 𝐴𝑇𝑂,𝑦)2 + (𝑊𝐶,𝑧 − 𝐴𝑇𝑂,𝑧)2 (13)

The physically valid intersection is selected according to the known wheel-center 
configuration in the design position. The remaining kinematic points are determined using 
the same rigid-link constraints.

The complete vertical motion is generated by varying the rotation angle 𝛼 of the lower A-
Arm over the whole rebound to bump range. For each value of 𝛼, the constrained coordinates 
are calculated and stored as a corresponding suspension configuration. The resulting 
sequence of configurations provides the basis for calculating the kinematic suspension 
characteristics 𝐾, which are subsequently used for the sensitivity analysis.

Figure 6. Suspension coordinates used for analysis: [11]. A-Arm bottom front (𝐴𝐵𝐹) 1⃝, A-Arm bottom 
back (𝐴𝐵𝐵) 2⃝, A-Arm bottom out (𝐴𝐵𝑂) 3⃝, A-Arm top front (𝐴𝑇𝐹) 4⃝, A-Arm top back (𝐴𝑇𝐵) 5⃝, A-
Arm top out (𝐴𝑇𝑂) 6⃝, tie rod chassis (𝑇𝐶) 7⃝, tie rod upright (𝑇𝑈) 8⃝, wheel contact patch (𝑊𝐶𝑃) 9⃝.

5.3. Design Matrix Construction
To understand the relationships between the design variables and the kinematic char-

acteristics, a sensitivity analysis is performed [33]. This analysis aims to identify the design 
drivers that have the strongest influence on the static and dynamic characteristics of the 
suspension, thereby improving the kinematics optimization process [11].
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The design parameters (𝐷𝑃s) that are subject to variation include the coordi-
nates (𝑥, 𝑦, 𝑧) of critical suspension points (e.g., A-Arm attachment points or tie rod points), 
which amount to 24 parameters. Along with the track width, these parameters result in 
25 variables for evaluation, as illustrated in Figure 6.

The effect of varying these 𝐷𝑃s on the kinematic characteristics (𝐾) is represented 
using their derivatives, which are determined using the difference quotient method [28]:

Δ𝑦
Δ𝑥 =

𝑓 (𝑥1) − 𝑓 (𝑥0)
𝑥1 − 𝑥0

(14)

Accordingly, the rows of the Jacobian matrix represent system characteristics, and the 
resulting matrix quantifies their local sensitivity to solution-specific design parameters. To 
ensure comparability of the values of the derivatives and to reveal their nonlinear relation-
ships, the derivatives are dimensionally normalized using the operating point (𝑥0, 𝑦0) [12]:

||
𝜕𝑦𝑖
𝜕𝑥𝑗

|| =
𝜕𝑦𝑖
𝜕𝑥𝑗

|
𝑥𝑗 0

𝑦𝑖 0
| (15)

This normalization makes the sensitivities dimensionless but does not account for the 
engineering importance, allowable tolerances, or priorities of individual characteristics. The 
normalized derivatives are then organized into a normalized Jacobian matrix:

||𝐽𝑦(𝑥)|| =
(


𝜕𝑦1
𝜕𝑥1

| 𝑥1 0
𝑦1 0

| 𝜕𝑦1
𝜕𝑥2

| 𝑥2 0
𝑦1 0

| ⋯ 𝜕𝑦1
𝜕𝑥𝑛

| 𝑥𝑛 0
𝑦1 0

|
⋮ ⋮ ⋱ ⋮

𝜕𝑦𝑚
𝜕𝑥1

| 𝑥1 0
𝑦𝑚 0

| 𝜕𝑦𝑚
𝜕𝑥2

| 𝑥2 0
𝑦𝑚 0

| ⋯ 𝜕𝑦𝑚
𝜕𝑥𝑛

| 𝑥𝑛 0
𝑦𝑚 0

|

)


(16)

Each element of the normalized Jacobian matrix represents the local sensitivity of a 
system characteristic to a design parameter. The resulting matrix therefore quantifies the 
influence of individual design parameters on the kinematic characteristics. For the analysis 
of coupling structures, the distribution of sensitivity values across the matrix is examined 
to identify groups of strongly or weakly coupled characteristics and design parameters [10]. 
To visualize these relationships, the Jacobian matrix is presented as a heatmap, as shown 
later in Figure 7.

5.4. Design Optimization and Decoupling Strategies
According to the Independence Axiom, the objective is to minimize the couplings 

between the design parameters and the kinematic characteristics [4,11]. Minimizing these 
couplings is achieved by reducing the off-diagonal elements of the Jacobian matrix to the 
lowest possible values. Therefore, the generated data can be strategically sorted based on the 
number of non-zero elements [10]. This sorting process groups the most influential variables 
in the upper part of the heatmap, allowing primary design drivers to be easily identified. 
Furthermore, this rearrangement reveals rectangular areas that are largely decoupled from 
each other. Figure 7 shows a comparison of the resulting heatmaps prior sorting (left) and 
after sorting (right). The decoupled rectangular areas are marked accordingly. For the 
Formula Student race car suspension, the analysis revealed that the position of the A-Arms 
in the 𝑧-direction affects the largest number of kinematic characteristics and is thus of crucial 
importance [11].

The systematic block structure observed in the sorted heatmap reflects the intrinsic 
subsystem structures, where subsystem variables primarily couple internally and have fewer 
interface variables externally [4]. These topological insights form the basis for deriving a 
decomposition structure that allows system objectives to be optimized separately due to 
minimal or non-existent couplings after decomposition [11].
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Figure 7. Heatmap prior sorting (left) and post sorting (right). Reproduced from [11] and used here to 
illustrate the coupling-structure interpretation within the proposed framework. Red denotes positive, 
blue negative, and white no influence of each design parameter on its respective system characteristic. 

Figures 7 and 8 visualize representative heatmaps in which the decoupled blocks can 
be identified and used to optimize the corresponding subsystems separately.

Figure 8. Comparison of heatmaps at the operating points before optimization (left) and after 
optimization (right). Reproduced from [11] and used here to illustrate the consistency of the decom-
position results and design parameter sensitivities. Red denotes positive, blue negative, and white no 
influence of each design parameter on its respective system characteristic. 

The objective is to leverage the specific structure of these heatmaps, which is charac-
teristic of model-based approaches in which individual subsystems are integrated into an 
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overall system. From a global perspective, optimizing the suspension system is a nonlinear 
problem. Therefore, the applied decomposition techniques are only valid in the vicinity 
of a given operating point [10]. Due to the relatively small variations around this oper-
ating point, the optimization problem can be solved sequentially. After completing the 
optimization procedure, the governing equations are solved jointly within the context of 
the complete system [11]. Figure 8 illustrates heatmaps for two operating points (𝑥0, 𝑦0).

The heatmap on the left shows the operating point before optimization, and the 
heatmap on the right shows the operating point after optimization. Comparing the two 
heatmaps reveals consistency in both the decomposition results and the orders of magnitude 
of the design parameter influences. This consistency supports the validity of the sequential 
solution strategy for the given optimization problem at the operating point [10]. Building 
on this consistency in the decomposition insights derived from the sensitivity analysis, the 
design optimization process becomes much more targeted and efficient [11].

6. Case Study II: Small Satellite
The FireSAT mission is an earth observation satellite mission detailed within the well-

established book Space Mission Analysis and Design [34] (often called SMAD-book for short), 
covering the entire design of a satellite mission in one single document. The SMAD-book 
serves as reference textbook in many systems engineering courses worldwide and the 
encoding of a very large portion of the book’s content in a design language makes the 
satellite design machine-analyzable as will be reported in the following.

The main payload of the FireSAT is an infrared camera for forest fire detection. As the 
subsystems of a satellite are highly interconnected, changing one singular parameter of a 
subsystem will have knock-on effects on the other subsystems. This means that even minor 
optimizations in one of the subsystems, for example the resolution of the satellite’s payload, 
will potentially impact the design of other subsystems quite substantially. In the following 
sections, these interactions are visualized with several heatmaps.

6.1. FireSAT Design Language
In analogy to the previous Formula Student case study, the FireSAT mission is automati-

cally designed by executing a design language within the systems engineering development 
environment DC43®  [32]. Much of the design language is based on the original works 
already presented in [13,14]. The full design language encompasses the design of the 
payload, orbit, structure, power system, communication telemetry, and command system as 
well as the attitude and orbit control system. Each of these subsystems comprises multiple 
components performing different functions. Executing the design language includes the 
design or selection of specific components to fulfill subsystem requirements. The results of 
the design language presented in this work were generated using an updated and modified 
version of the original design language, mostly due to an update of the underlying systems 
engineering software framework DC43® , from version two to version four. The current 
FireSAT design language comprises a total of 206 class definitions, 402 attributes and 760
design constraints in the form of symbolic equations.

The design of the satellite is separated into several consecutive steps. First, the payload 
is designed based on the chosen orbit altitude as well as the desired ground sample distance. 
This results in the dimensions of the payload, its mass, generated data and power demand. 
Each of these parameters is a main driver in the subsystems of structure, attitude and orbit 
control, data handling, and power. These subsystems are interconnected: the structure 
provides mounting areas for solar cells, while components such as data memories or reaction 
wheels require both power and available space.
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As no subsystem can be designed independently of the other, an iteration is required 
until the demands of all subsystems are met. This preliminary iteration contains only 
topological modifications, for example the selection of specific components, such as sensor 
types or the number of solar panels. This means that all parameters not set during model 
creation are automatically derived via their constraints, expressed as symbolic equations. 
These symbolic equations are the prerequisites for creating the heatmaps later.

The second design loop contains the packaging logic. This packaging decouples some 
of the design parameters, as the size of the satellite structure now depends on distances 
provided by an external CAD-kernel, no longer available for analysis within the scope of 
the heatmaps. Resizing the satellite therefore requires a redesign of the other subsystems, 
as the required torque for pointing the satellite or the available area for mounting solar cells 
may change. Consequently, the heatmaps shown later are derived from an intermediary 
design step, where most of the satellite geometry is not yet fully realized.

The figures in the following section contain a parameter naming convention based 
on this design language. As the design language is structured in classes containing at-
tributes, a parameter is named class name {graph id}.attribute name. For example, the length 
of the satellite is defined in the class MechanicalBudget, so the parameter MechanicalBud-
get{#13}.length describes the length of the satellite, and #13 means that the instance of the 
class MechanicalBudget has the node id 13 in the graph. This allows the differentiation of 
multiple component instances from the same class, for example two antennas.

6.2. Selection of Optimization Parameters
The number of parameters detailing the entire satellite pre-design is in the several 

hundreds. Consequently, this requires a careful selection and filtering process of design 
parameters to find suitable candidates for design optimization later. In this example, 
a total of 56 input parameters define the design of the satellite, resulting in 422 design 
parameters. These parameters have been filtered to a reduced view of 19 input parameters 
and 70 resulting design parameters. The filtering criteria were defined as parameters that 
cannot be modified, parameters with only a limited number of non-zero couplings to 
other design parameters, and intermediary parameters whose influence on system-level 
performance is represented through other parameters. The heatmap can be seen in Figure 9.

The input parameters comprise constants of nature, fixed design requirements and 
parameters describing selected components of the shelf (COTS). Only the first 19 of these 
parameters are shown. The omitted parameters are parameters of COTS which cannot be 
changed and impact only a few other parameters. In most cases, these were the masses and 
dimensions of individual components.

The design parameters are obtained by solving the mathematical constraints defined in 
the symbolic equations of the individual class definitions. These describe different system 
and component attributes, such as a required torque for actuator selection. In the case of 
the FireSAT design language, the design parameters may also contain requirements which 
depend on other design decisions. This necessitates the implementation of an iterative 
design variation within the design logic of the design language, which is re-executed until all 
requirements are met. One such example is the detection accuracy of the optical instrument. 
The detection accuracy depends heavily on the sensors selected during the design process. 
This can be seen in Figure 9 in the coupling of OpticalInstrument{#11}.detectionAccuracy and 
HG1802{#71}.angularAccuracy. HG1802 is the name of a COTS horizon sensor with a given 
angular accuracy as defined by the data sheet. The input parameter of its angular accuracy 
only impacts the detection accuracy of the satellite.
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Figure 9. Sorted heatmap of a FireSAT satellite with parameters covering a selection of requirements, 
constants of nature and properties from selected components on the x-axis and resulting design 
parameters on the y-axis. Parameter naming convention explained in text. The color scale represents 
the sign and magnitude of the normalized sensitivity, with red denoting positive sensitivities and 
blue denoting negative sensitivities.

Some input parameters with high impact on the design are unmodifiable, such as 
natural constants (e.g., Boltzmann constant, or speed of light), or cannot be feasibly varied, 
e.g., the radius of the Earth. Other design parameters are only intermediary parameters, 
for example the carrier frequencies of the antennas define the mass of the antennas which 
in turn defines the overall system mass. Individual component masses also impact the 
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inertia which in turn results in a required torque for the actuators. While relevant for the 
individual subsystem design, these parameters are excluded from the optimization of the 
overall satellite design because their influence is represented through other parameters. 
After filtering, five input parameters remain that enable the optimization of key performance 
indicators, such as the dimensions and the mass of the satellite, the available power from 
the solar array or the torque required from the reaction wheels. The normalized heatmap 
in its filtered form is shown in Figure 10.

Due to the high interdependence of the satellite subsystems, optimizing individual 
aspects is difficult at the system level. The approach reveals certain parameters that can be 
optimized for, without impacting other system aspects. As an example, the length of the 
satellite bus can be varied without impacting its width and height. The detector width of 
the optical system impacts only the length attribute, while width and height depend on 
imaging quality and chosen operating wavelength.

Figure 10. Filtered heatmap of the FireSAT satellite with key performance indicators on the 𝑦-axis and 
design variables on the 𝑥-axis. The color scale represents the sign and magnitude of the normalized 
sensitivity, with red denoting positive sensitivities and blue denoting negative sensitivities.

Finally, it should be noted that the machine execution of any design language generates 
the underlying network of design constraints in the form of hundreds of symbolic equations. 
These equations are automatically solved, and the normalized Jacobian is computed from 
their solutions. Sorting and filtering are then individual, customizable analysis steps that 
depend on the user’s intent when searching for and inspecting ‘interesting’ design couplings. 
Of course, these filtering steps are context-dependent and allow an individualized design 
analysis based on the system designer’s intent.

In consequence and as a conclusion from the benefits observed in the two case studies, 
such a system-wide coupling analysis can provide a valuable capability in software platforms 
intended for complex system design.
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7. Discussion
The presented results show that coupling analysis based on rectangular design matri-

ces constitutes a natural and practically relevant extension of classical Axiomatic Design 
for model-based systems engineering. Sensitivity-derived Jacobian matrices reflect the 
structural realities of physical modeling and dimensional homogeneity, making rectangular 
matrices the general case rather than the exception. Based on these findings, the discussion 
is structured into two parts: the use case discussion in Section 7.1 and the method discussion 
in Section 7.2.

7.1. Use Case Discussion
The normalized heatmap visualization proves effective for exposing intrinsic subsystem 

structures. In both case studies, strong intra-subsystem couplings and weak inter-subsystem 
interactions emerge as clearly identifiable rectangular blocks. This provides an objective, 
model-based foundation for system decomposition and enables an operational interpreta-
tion of the Independence Axiom without enforcing artificial square-matrix constraints. A 
supplementary example illustrating the automated equation solving and heatmap genera-
tion in a graph-based design language is provided in Appendix A. It should be noted that 
the objective of the framework is not to eliminate all couplings within a system. Complex 
engineering products inherently contain necessary interactions between subsystems. The 
proposed analysis therefore aims to identify and manage coupling structures, while high-
lighting opportunities for decomposition where weakly coupled subsystem boundaries 
naturally emerge.

In this work, these previously developed engineering models and sensitivity results 
are not treated as new experimental findings; they rather serve as established application 
instances through which the proposed integrated interpretation can be examined. The 
Formula Student use case demonstrates that locally valid decomposition enables sequential 
optimization around a defined operating point, with stable coupling structures before and 
after optimization. The FireSAT satellite use case highlights the framework’s usefulness 
for early-stage architectural reasoning and decision making, where multiple architectural 
options with large parameter sets each must be filtered and structured prior to optimization.

Despite all the mentioned advantages in both use cases, several limitations must be 
acknowledged. The decomposition is local, based on linearized sensitivities around an 
operating point, so strong nonlinearities, large design changes, or discrete topological 
architecture decisions may alter coupling structures. The present study does not quantify 
the effective neighborhood of validity or evaluate the condition number of the Jacobian. 
Likewise, no dedicated test under strong nonlinearities or large design variations is included. 
A check before and after optimization is therefore necessary to assess whether the identified 
coupling structure remains sufficiently consistent for the intended optimization sequence. In 
addition, the present study does not include an uncertainty, tolerance, or robustness analysis; 
accordingly, robustness in the statistical or tolerance-based sense is not demonstrated by 
the presented results. Furthermore, subsystem identification via matrix sorting is, at least 
in its current form, still heuristic and therefore not yet formally unique, as discussed in [12] 
which provides further sorting options and details. Despite this open research question, the 
framework provides nevertheless a transparent, reproducible method for guiding design 
decisions where the concept of Axiomatic Design may offer only limited guidance.

Beyond engineering design, the proposed decomposition principle may also be appli-
cable to other domains characterized by structured dependency networks. Investigating 
such cross-domain applications constitutes an interesting direction for future research.
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7.2. Method Discussion
The normalized heatmap visualization was derived from the system equations in 

dimensional form (i.e., from equations of physical quantities with physical units, such as 
a physical quantity like a mass 𝑚 measured in [𝑘𝑔], or a velocity 𝑣 measured in [𝑚/𝑠]). 
Suppose that a system variable equation 𝑦 has the following form of a monomial equation, 
i.e., (with 𝑛 ∈ 𝑁, |𝑛| ≥ 1) [12]

𝑦 = 𝑐 𝑥𝑛 (17)

and for which the following point probe (𝑥0, 𝑦0) with 𝑦0 = 𝑐 𝑥𝑛
0  is valid. From Equation (17), 

the following partial derivative 𝜕𝑦/𝜕𝑥 can be derived with [12]

𝜕 𝑦
𝜕 𝑥 = 𝑛 𝑐 𝑥𝑛−1 (18)

and the normalization using the point solution (𝑥0, 𝑦0) from Equation (18) finally yields [12]

|
𝑥0
𝑦0

| ⋅
𝜕 𝑦
𝜕 𝑥

|𝑥=𝑥0

= | 𝑥0
𝑦0

| ⋅ 𝑛 𝑐 𝑥0
𝑛−1 = 𝑛 ⋅ 𝑐 𝑥0

𝑛−1

|𝑐 𝑥0
𝑛−1| = 𝑛 ⋅ 𝑠𝑖𝑔𝑛(𝑐 𝑥0

𝑛−1). (19)

It is therefore no surprise that the numerical values observed in most normalized heatmaps 
remain between −3 and +3, since in many cases the physical coupling of most design 
variables is of linear, quadratic or cubic nature or their inverse. Of course, this is deduced 
from the special monomial form of Equation (17) and does not hold for other kinds of 
relationships except for cases in which the local solutions and derivatives of these other 
kinds of relationships at the point (𝑥0, 𝑦0) are approximated by a monomial in the form of 
Equation (17), for which the shown derivation holds.

Additional methodological remark: Besides this normalized dimensionless representation 
of the derivatives in the form of the heatmaps, an investigation of further dimensionless 
methods in system representation and analysis was undertaken also in other contexts (e.g., in 
the project ALARMBOT, in which a digital twin for a motor engine was investigated). The 
mathematical distinction between a simple normalization (i.e., a fraction of two or several 
variables with cancelling physical units, often used in numerical solution schemes where a 
value 𝑢 is normalized with a reference value 𝑢0 in form of the dimensionless fraction 𝑢/𝑢0) 
and a true dimensionless invariant (as well a fraction of several variables with cancelling 
physical units, however with an additional constraint on the variables used) is the way in 
which the dimensionless invariant is built. Dimensionless invariants are always built as 
monomials of a set of physical variables (𝑥1, … , 𝑥𝑛), which are simultaneously coupled in a 
complete and dimensionally homogeneous physical relationship 𝑓 (𝑥1, … , 𝑥𝑛) = 0. If this 
condition is fulfilled, the dimensionless monomials qualify as dimensionless invariants.

The existence of these dimensionless invariants is guaranteed by the Π-Theorem of 
Buckingham [8] and these dimensionless invariants have interesting properties, which are 
closely related to the principle of physical similarity [27]. Despite our intensive research 
efforts within this and other research projects so far, our idea to exploit the additional 
existence of a dimensionless digital twin as the dimensionless counterpart to the dimensional 
system equations underlying the normalized sensitivity analysis appeared to be a conceptual 
idea we have so far not been able to exploit despite its potential which engaged us at the 
time in this research direction.

From a methodological viewpoint the results demonstrate that coupling structures 
derived directly from model-based sensitivity information provide a consistent, physically 
grounded basis for architectural reasoning and systematic system-level optimization, recon-
necting the a posteriori paradigm of ‘Axiomatic Design’ with the a priori software engineering 
paradigm of ‘Strong Coherence and Loose Coupling’ commonly used in object-oriented pro-
gramming and therefore implicitly underlying any digital modeling effort in object-oriented 
graph-based design languages.
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8. Conclusions
This study presents an analytical framework for a systematic coupling analysis based 

on rectangular design matrices. By combining the sensitivity analysis with a normalized 
heatmap visualization, the approach enables an easy and straightforward identification 
and interpretation of coupling structures without imposing square-matrix assumptions 
inherent to the original concept of Axiomatic Design.

The central contribution is a generalized interpretation of the original idea of the 
Independence Axiom through the identification of weakly coupled rectangular subsystem 
blocks. This perspective supports systematic system decomposition, targeted parameter 
selection, and sequential or independent subsystem optimization. The presented case 
studies confirm the practical relevance of the framework for complex engineering systems 
in real-world applications.

Our future works will continue to investigate an automated subsystem identification, 
the systematic integration with MBSE workflows, and also further applications beyond 
typical engineering design domains.
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Appendix A 
This section is intended to present a self-contained example of the equation solving 

and the heatmap generation from a graph-based design language in a nutshell. It starts 
with the thermodynamic model of a gas turbine as an illustrative example with 11 symbolic 
equations and 19 variables. It is taken from [27], where it is described in further detail. In 
order to match the number of unknowns with an equal number of equations, it is clear that 
8 additional boundary conditions are needed to make an equation system with 11 equations 
and 19 variables solvable.

The thermodynamic cycle of a gas turbine represents a rectangle in the (𝑇, 𝑠)-diagram 
with the four corners of the thermodynamic states 1, 2, 3 and 4. If the two thermodynamic 
quantities 𝑝 and 𝑇 are known, the complete thermodynamic state can be computed for a 
known medium with known gas constant 𝑅 from the ideal gas equation 𝑝 = 𝜌𝑅𝑇. The 
thermodynamic cycle process starts with the environmental conditions (state 1 with 𝑝1, 𝑇1), 
followed by an isentropic compression in the compressor (into state 2 with 𝑝2, 𝑇2), which 
is followed by an isobaric combustion in the combustion chamber (into state 3 with 𝑝3, 
𝑇3). Then an isentropic expansion in the turbine (into state 4 with 𝑝4, 𝑇4) is followed by an 
isobaric cooling of the exhaust gas back to environmental conditions (back to state 1 with 
𝑝1, 𝑇1) to close the thermodynamic cycle. Nevertheless, in order to understand the internal 
information processing within the design language, no special knowledge of the physics of 
a gas turbine is required, since for the understanding of the information processing it is 
sufficient to consider the nonlinear equations just as given.

The creation of a design language is a digital modeling effort of the involved physics. 
From a physics point of view, the class diagram in Figure A1a needs to contain the 
11 equations to model the physics and the definitions of the 19 physical variables as 
19 attributes. Since 8 variables are already initialized with values, the 11 equations allow 
for the remaining 11 unknowns to be solved. It is important to note that the 11 equations 
are defined in their implicit form, without any predetermined indication which variables in 
the equations will be later solved for. This is done automatically via an inbuilt constraint 
processing technique known as solution path generator. The technology of the solution path 
generator allows the declarative definition of the physics, which guarantees a maximum 
in flexibility in later what… if… scenarios in respect to conventional procedural program-
ming of the physics, which would require significant reprogramming. The result of the 
automated equation solving is written back into the design graph shown in Figure A1c, 
which is generated during the execution of the activity diagram in Figure A1b during the 
compilation process of the design language.

Figure A2 shows the corresponding solution sequence of the equations. This sequence 
starts of course with the given 8 boundary conditions shown in grey color and follows then 
a dedicated solution sequence determined at run-time based on a dependency analysis of 
the equations. This is realized by the aforementioned solution path generator.
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GasTurbine

p1 : bar

p2 : bar

p3 : bar

p4 : bar

T2 : K

T4 : K

W_dot_c : kW

Q_dot_a : kW

Q_dot_b : kW

W_dot_t : kW

W_dot_n : kW

T1 : K = 298[K]

kappa : ONE = 1.402[ONE]

c : ONE = 4.0[ONE]

m_dot : kg/s = 1.4[kg/s]

c_p : J/(kg·K) = 1008[J/(kg·K)]

T3 : K = 1280[K]

rho : kg/m³ = 1.3002[kg/m³]

R : J/(kg·K) = 287.04[J/(kg·K)]

(a)

root

gasTurbine

(b)

:GasTurbine{#0}
p1 = 1.11216[bar]

p2 = 4.44866[bar]

p3 = 4.44866[bar]

p4 = 1.11216[bar]

T2 = 443.452[K]

T4 = 860.16[K]

W_dot_c = 205.262[kW]

Q_dot_a = 793.321[kW]

Q_dot_b = 1180.54[kW]

W_dot_t = -592.478[kW]

W_dot_n = -387.216[kW]

T1 = 298.0[K]

kappa = 1.402

c = 4.0

m_dot = 1.4[kg/s]

c_p = 1008.0[J/(kg·K)]

T3 = 1280.0[K]

rho = 1.3002[kg/m³]

R = 287.04[J/(kg·K)]

(c)

Figure A1. Gas turbine example: class diagram, activity diagram and design graph. (a) Class diagram 
(showing 19 attributes and 11 equations). (b) Activity diagram. (c) Design graph.

Finally Figure A3 shows the resulting normalized heatmaps in both unsorted and sorted 
form. The coloring with red and blue allows a quick overview about the positive or negative 
influence of changes in the 8 boundary conditions on the 11 other design parameters. As a 
concrete reading example in Figure A3, the power delivered by the gas turbine .𝑊𝑛 (alias 
GasTurbine{#0}.W_dot_n) grows linearly with the mass flow .𝑚 (alias GasTurbine{#0}.m_dot) 
and similarly do .𝑄𝑎, .𝑄𝑏, .𝑊𝑐 and .𝑊𝑡.
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Figure A2. Gas turbine example: solution path. 

Figure A3. Gas turbine example: heatmaps prior to sorting (left) and post sorting (right). 

Final remark on modeling. In the example in Figure A1a, the digital modeling has been 
simplified as much as possible; i.e., all equations and boundary conditions have been put 
in one single class GasTurbine for their later instantiation, equation solving and heatmap 
generation. This has been done to avoid additional complexity to instantiate several classes 
with potentially several rules, thus increasing the modeling complexity beyond the level 
necessary to understand the equation processing.

In a typical modeling effort, the equations would be partitioned into different classes; 
i.e., the isentropic compression equation would be in a class called Compressor, the isobaric 
combustion equations would go into a class called CombustionChamber and the isentropic 
expansion equations into a class called Turbine and so forth. Such a dedicated splitting of 
the equations during modeling would allow much more flexibility in later instantiations; 
e.g., it would even allow the modeling of multi-stage gas turbines instead of only one 
single hard-coded single-stage turbine shown here. However, then the activity diagram 
contains more rules to instantiate the classes, diverting the focus from understanding the 
automated equation solving and heatmap generation and shifting it towards the many 
different alternatives in digital modeling.
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