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Abstract: The current study focuses on the characteristics of flow, heat, and mass transfer in the
context of their applications. There has been a lot of interest in the use of non-Newtonian fluids in
biological and technical disciplines. Having such a substantial interest in non-Newtonian fluids,
our goal is to explore the flow of Oldroyd-B liquid over a stretching sheet by considering Cattaneo–
Christov double diffusion and heat source/sink. Furthermore, the relaxation chemical reaction and
thermophoretic particle deposition are considered in the modelling. The equations that represent
the indicated flow are changed to ordinary differential equations (ODEs) by choosing relevant
similarity variables. The reduced equations are solved using the Runge–Kutta–Fehlberg fourth–fifth
order technique (RKF-45) and a shooting scheme. Physical descriptions are strategized and argued
using graphical representations to provide a clear understanding of the behaviour of dimensionless
parameters on dimensionless velocity, concentration, and temperature profiles. The results reveal that
the rising values of the rotation parameter lead to a decline in the fluid velocity. The rise in values of
relaxation time parameters of temperature and concentration decreases the thermal and concentration
profiles, respectively. The increase in values of the heat source/sink parameter advances the thermal
profile. The rise in values of the thermophoretic and chemical reaction rate parameters declines the
concentration profile.

Keywords: Oldroyd-B liquid; Cattaneo–Christov double diffusion; stretching sheet; thermophoretic
particle deposition; relaxation chemical reaction

1. Introduction

The non-Newtonian liquid concerns in fluid mechanics have attracted the interest of
various researchers because of their usage in industry and technology. The flow behaviour
of non-Newtonian liquids must be studied in depth to have a thorough grasp of them
and their various applications. When it comes to non-Newtonian fluid mechanics, engi-
neers, physicists, and mathematicians face a unique challenge. Due to the complexity of
non-Newtonian liquids, no one constitutive equation can account for all of their charac-
teristics. As a consequence, many non-Newtonian liquid models have been presented. In
recent years, the Oldroyd-B fluid (OBF), which includes the Maxwell liquid and classical
Newtonian liquid as special cases, has risen to a unique place among the many fluids
of the rate type. Most polymeric and biological fluids have memory and elastic effects,
which are accounted for by an OBF. It has been widely used in many applications, with
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simulation results based on a wide range of experimental data. Irfan et al. [1] explained
the impact of thermal-solutal stratifications on the stagnation point flow of an OBF. Reddy
et al. [2] inspected the flow of fluid models such as Maxwell, Oldroyd-B, and Jeffery with
a heat source/sink through a cone. Almakki et al. [3] investigated the entropy formation
using Brownian movement and thermophoresis diffusions using Maxwell, Oldroyd-B,
and Jeffery nanofluid models. Ramzan et al. [4] showed the MD effect on the flow of a
ferromagnetic OBF with melting and activation energy effects. Sarada et al. [5] reviewed
the lack of a thermal equilibrium effect on OBF and Jeffrey fluid flow on a stretching sheet.

Due to their many applications in industrial and engineering equipment such as poly-
mer processes, plastics extrusion, heat exchangers, and freezers, researchers are increasingly
paying excessive attention to mass and heat transfer studies. The laws of Fourier and Fick
are used to explain how heat and mass flow through a medium as a result of temperature
and concentration variations. According to Fourier’s rule, heat transmission has an unlim-
ited speed and propagates across the medium, which provides a parabolic-type equation
for temperature. To solve this heat transport problem, Fourier’s law must be tweaked.
Cattaneo modified Fourier’s law by multiplying the thermal relaxation time parameter by
the heat flow time derivative, resulting in a hyperbolic-type equation for heat transport
phenomena. As a result, heat transport has a limited speed across the medium. To explain
the thermal relaxation factor in heat transport, the Cattaneo–Christov heat flow model was
proposed. Hayat et al. [6] explored the impact of Cattaneo-Christov double diffusion on
the flow of Walters-B nanofluid on an SS with heat sink/source effects. Gireesha et al. [7]
analyzed the effect of a modified Fourier heat flux on a dusty liquid stream on an SS.
Sowmya et al. [8] explored the magnetized flow of Williamson nanomaterial liquid on an
SS with the non-Fourier heat flux model with Brownian motion and thermophoresis (BMT)
effects. Prasannakumara [9] described a flow of Maxwell liquid on a sheet containing
suspended nanomaterials with the Cattaneo–Christov heat flow model. Gowda et al. [10]
conferred the slip effect on a Casson–Maxwell nanofluid flow on a stretchable disk with
double diffusion effects.

The boundary layer flow across a stretching surface (SS) has contracted a lot of interest
because of its many applications in engineering, manufacturing, and metallurgy. Heat
transfer is critical since it allows for controlling the cooling rates and the production of
finished items with desired characteristics. Several studies on the flow of various fluids
over an SS with different affecting parameters have been reported in relation to these.
Hayat et al. [11] conferred the convective heat transfer in the flow of Walters-B liquid on
an SS. Prasannakumara [12] exemplified the local thermal non-equilibrium effect on the
stream of nanoliquid on an SS by considering the Tiwari–Das model. Christopher et al. [13]
discussed the chemical reaction consequence on the flow of hybrid nanoliquid on an SS
with Cattaneo–Christov heat flux. Gowda et al. [14] examined the convective stream of
second grade fluid on a coiled SS with Dufour and Soret effects. Alhadhrami et al. [15]
pondered the LTNE impact on the flow of Casson liquid on an SS with a porous medium.
Recently, Ali et al. [16–20] conferred the flow of different fluids past stretching surfaces
with several influencing factors by considering different nanoparticles’ suspension.

Particles suspended in a liquid flow may move for a variety of causes. This motion
might be caused by viscous drag, Brownian diffusion, inertia, or other body forces. The
thermophoretic force is created when suspended particles travel from high heat areas to
low thermal regions, and the subsequent particle motion is termed as thermophoresis. The
findings of investigations on the deposition of aerosol particles on surfaces have proved
valuable in various engineering domains. The thermophoresis phenomenon has a primary
role in several fields such as bioengineering [21–23]. Recently, several researchers have
discussed the significance of thermophoresis in different nanofluid flows [24–30]. Shehzad
et al. [31] inspected the convective flow of Maxwell liquid in a spinning disk by considering
the thermophoretic particle deposition (TPD). Kumar et al. [32,33] examined the impact
of TPD on indifferent fluid flows’ temperature and mass distribution. Chen et al. [34]
studied the TPD in Casson liquid flow with general Fourier and Fick’s laws. Alhadhrami
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et al. [35] swotted the impact of TPD on a Glauert wall jet slip flow in the presence of
nanofluid. A chemical reaction has been more critical in studying mass transfer in a variety
of engineering processes in recent years. Zang et al. [36] used the Cattaneo-Christov double
diffusion model to confer the mass and heat transport in the dissipative flow of an OBF on
an SS by using a chemical reaction with relaxation-time characteristics. Mburu et al. [37]
used relaxation–retardation viscous dissipation to confer the dissipative flow of an OBF on
a surface by using a chemical reaction with relaxation-time characteristics. Khan et al. [38]
studied the consequence of a chemical reaction on a viscous liquid stream on a curved
SS. Gowda et al. [39] conferred the Marangoni convective flow of liquid on a surface with
binary chemical reaction. Yusuf et al. [40] explored the consequence of a chemical reaction
on a Williamson fluid stream on an inclined plate.

As per the research mentioned above, numerous researchers have explored the flow,
heat, and mass transfer in Oldroyd-B liquid flow through the linearly stretching sheet
and solved the governing equations using various analytical approaches. We noticed
that no previous research had addressed the topic after conducting a comprehensive
examination of the literature. This investigation considers the linearly stretching sheet
since it has numerous applications in the plastic and metal extrusion industries. According
to the preceding literature review, no numerical solution for the given flow has ever been
investigated. This research gap motivated us to investigate the impact of effective factors
on the flow features of an OBF on the SS using the RKF-45 method. Thus, the main goal
of this study is to examine the three-dimensional incompressible steady Oldroyd-B flow
over a linearly stretching sheet by using the Cattaneo–Christov theory and thermophoretic
particle deposition. Furthermore, the graphs are also used to discuss the variations in
detailed profiles as a consequence of several dimensionless parameters.

2. Mathematical Formulation

Consider a three-dimensional incompressible steady OBF flow over a linearly stretch-
ing sheet with Uw(x) = ax. The fluid flow is considered in the domain z > 0 and the surface
is associated in the x–y plane. With constant angular velocity Ω, the liquid is rotating about
the z-axis. The mass and heat transfer components are inspected in the existence of concen-
tration and thermal diffusions with the relaxation of mass and heat fluxes, respectively. In
the presence of heat production or absorption, the boundary layer flow is also taken into
account. Considering the above assumptions, the governing equations of the flow model
can be written as follow (refs. [41–43])

∂u
∂x

+
∂v
∂y

+
∂w
∂z

= 0 (1)

u ∂u
∂x + v ∂u
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where

Ωe = u2 ∂2T
∂x2 + v2 ∂2T

∂y2 + w2 ∂2T
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 (7)

The thermophoretic velocity VT can be defined in the form [44]

VT = − k∗ν
Tr

∂T
∂Z

(8)

where k∗ has values from 0.2 to 1.2 as specified by Batchelor and Shen [45] and it is
well-defined by Talbot et al. [46] as

k∗ =
2Cs

(
λg
λp

+ CtKn
)[

1 + Kn
(

C1 + C2e
−C3
Kn

)]
(1 + 3CmKn)

(
1 + λg

λp
+ 2CtKn

) , (9)

where the thermal conductivities of fluid and diffused particles are represented by λg and
λp, and Ct = 2.20, Cs = 1.147, Cm = 1.146, C1 = 1.2, C2 = 0.41 and C3 = 0.88.

The flow is subjected to the related boundary constraints (refs. [41–43])

Z = 0 : u = Uw(x) = ax, v = 0, w = 0, T = Tw, C = Cw,
Z → ∞ : u→ 0, v→ 0, T → T∞, C → C∞

}
(10)

Considering the following suitable transformations, the governing equations can be
simplified into the dimensionless form (refs. [41–43])

u = ax f ′(η), v = axg(η), w = −
√

aν f (η), η =
√

a
ν z,

θ(η) = T−T∞
Tw−T∞

, χ(η) = C−C∞
Cw−C∞

.
(11)

Using the above similarity transformations, the continuity Equation (1) is satisfied identi-
cally. Furthermore, the remaining Equations (2)–(5) are reduced to the following equations

f ′′′ + f f ′′ − f ′2 + 2λg− 2λβ1 f g′ − β1( f 2 f ′′′ − 2 f f ′ f ′′ )
+β2(− f f iv + f ′′ 2 ) = 0

(12)

g′′ + f g′ − f ′g− 2λ
[

f ′ + β1( f ′2 − f f ′′ + g2)
]
+ β1

(
2 f f ′g′ − f 2g′′

)
+β2( f ′g′′ + f ′′ g′ − f g′′′ − g f ′′′ ) = 0,

(13)

θ′′ + Pr f θ′ − PrλE( f f ′θ′ + f 2θ′′ ) + PrQθ = 0 (14)

χ′′ + Sc f χ′ − λCSc
(

f f ′χ′ + f 2χ′′
)
+ Scσχ− ScσλC f χ′

+ScNt(χθ′′ + x′θ′) = 0
(15)

The corresponding boundary conditions are transformed as

η = 0 : f = 0, f ′ = 1, g = 0, θ = 1, χ = 1,
η → ∞ : f ′ → 0, g→ 0, f ′′ → 0, θ → 0, χ→ 0.

}
(16)

where λ =
Ω

a
, β1 = λ1a, β2 = λ2a, Q =

Q0

ρaCp
, λE = aΓe λC = aΓc
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Sc
ν

D
, Pr =

ν

α
, Nt =

k∗(Tw − T∞)

Tr
, σ =

kr

a

Numerical Procedure

It does not seem that achieving the numerical solution of the existing model, which
is very non-linear in nature, is feasible. As a result, we use an efficient traditional RKF-45
approach combined with shooting methodology to analyse the flow model for the afore-
mentioned coupled ODEs (12–15) as well as the boundary conditions, Equation (16), for
various values of the governing parameters. It is vital to note that the convergence is not
guaranteed, specifically if the missing initial values are incorrectly predicted. When one
of the domain end points is at infinity, another conflict occurs due to the instability of
boundary value problems. As a result, the most important step in this strategy is to choose
the appropriate finite value of η∞. We hand-picked an appropriate finite value of η∞ to
satisfy the far field boundary conditions asymptotically. Once convergence was achieved,
we used the RKF-45 method to integrate the resulting ordinary differential equations with
the supplied set of parameters to find the desired solution. Finally, in order to meet the
convergence condition, the procedure was repeated until the findings were accurate to the
specified degree of precision of 10−6 level. The step size was selected as ∆η = 0.0001 and,
along with the comparative error tolerance to 10−6, was well-organized for convergence
criteria. The results for the − f ′′ (0) and −θ′(0) were compared to existing publications to
verify the present technique (see Tables 1 and 2).

Table 1. An assessment − f ′′ (0) for some reduced cases.

β1. 0 0.2 0.4 0.6 0.8 1.2

Abel et al. [47] 0.999996 1.051948 1.101850 1.150163 1.196692 1.285257

Megahed [48] 0.999978 1.051945 1.101848 1.150160 1.196690 1.285253

Sadeghy et al. [49] 1.00000 1.05490 1.10084 1.15016 1.19872 ----------

Mustafa et al. [50] 1.000000 1.051890 1.101903 1.150137 1.196711 1.285363

Khan et al. [42] 1.000000 1.051889 1.101903 1.150137 1.196711 1.285363

Present results 1.000000 1.051890 1.101903 1.150137 1.196711 1.285363

Table 2. An assessment −θ′(0) for some reduced cases.

Pr. 0.7 2.0 7.0

Khan and Pop [51] 0.4539 0.9113 1.8954

Wang [52] 0.4539 0.9114 1.8954

Gorla and Sidawi [53] 0.4539 0.9114 1.8954

Khan et al. [42] 0.454374 0.911155 1.822020

Present results 0.454369 0.911148 1.822015

3. Results and Discussion

The graphical effects of the physical dimensionless quantities on involved profiles are
discussed in this section. The equations that reflect the stated flow are changed to ODEs
by picking apt similarity variables. A numerical scheme (RKF-45) with a shooting scheme
is used to clearly understand the behaviour of flow profiles, which are strategized and
debated using graphs. Figure 1 shows the influence of λ on f ′(η). The rise in values of
λ decays the f ′(η). Figure 2 shows the impact of λ on g(η). The upsurge in values of λ
reduces the g(η). In physical terms, the λ is the ratio of stretching rate and rotation rate.
The velocity in the x-direction is seen to decrease when the Ω around the z-axis increases as
the λ values are increased. Due to this, both f ′(η) and g(η) decrease. The impact of β1 on
f ′(η) is shown in Figure 3. The upward β1 values decreases f ′(η). Physically, β1 depends
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on λ1. Thus, with the escalation in β1 this also augments λ1, which offers extra resistance
to the fluid motion which increases f ′(η). The influence of β2 on f ′(η) is shown in Figure 4.
The increasing values of β2 improves f ′(η). Physically, β2 depends on λ2. Thus, with the
rise in β2, this also augments λ2, which offers an additional resistance to the fluid motion,
which increases the f ′(η).
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The consequence of Q on θ(η) is shown in Figure 5. The escalating values of Q improve
θ(η). Internal heat absorption/generation either helps or degrades heat transport. Growth
in the Q thickens the layer related to θ(η). The existence of the heat source restrictions
in the flow state provides more excellent heat in this case. The presence of a heat source
energizes the fluid. Consequently, as heat is consumed, the buoyancy force accelerates the
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flow and improves the heat transfer. Figure 6 shows the effect of λE on θ(η). The rising
values of λE reduces the θ(η). Physically, we may state that with higher values of the
λE, the system exhibits a nonconducting characteristic that results in a narrowing of the
thermal distribution. Furthermore when λE = 0, the temperature distribution in Fourier’s
law is more significant than in the Cattaneo–Christov heat flow model.
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Figure 7 displays the impact of Sc on χ(η). The increase in values of Sc drops χ(η).
The smallest Sc correlates to the highest concentration of nanoparticles. For an upsurge
in the Sc, there is a decay in the concentration field owing to mass diffusion. The effect
of λC on χ(η) is shown in Figure 8. The escalating values of λC declines χ(η). In reality,
a greater λC generates a weaker mass diffusivity, resulting in a narrower concentration
distribution. A lower concentration field is produced by a higher value of λC. The effect of
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σ on χ(η) is shown in Figure 9. The rising values of σ decreases χ(η). The fact that strong
chemical reactions (σ > 0) have a tendency to reduce diffusion which is consequential in a
decrease in chemical molecular diffusivity of the species concentration. Due to this retarded
concentration of species, the χ1(η) is decreased. Figure 10 portrays the impact of Nt on
χ(η). The growing values of Nt upsurges χ(η). The growing values of Nt declines χ(η).
When the thermophoresis parameter is superior, then the thermophoretic force increases,
which pushes more particles nearer to the surface for a greater temperature differential, the
concentration profiles on the cold surface are reduced as temperature ratios are raised.
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Table 3 portrays the numerical values of f ′′ with respect to pertinent varied parameters.
The upsurge in the values of λ and β2 reduces f ′′ , but the contrary tendency is detected for
upward β1 values. The numerical values of θ′ with respect to pertinent varied parameters
are shown in Table 4. The escalation in the values of λ and β2 declines θ′, but the inverse
trend is detected for the upward values of Q,β1, and λE. The numerical value of χ′ with
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respect to pertinent varied parameters is presented in Table 5. The escalation in Sc,σ, and
Nt values declines χ′, but the reverse trend is detected for upward values of λC.

Table 3. The numerical values of f ′′ with respect to pertinent varied parameters.

λ β1 β2 f”

0.2 0.8 1.1 −0.8484

0 −0.8395

0.1 −0.8418

0.11 −0.8422

0.12 −0.8427

0.1 −0.7431

0.15 −0.7508

0.2 −0.7585

0.1 −1.1745

0.13 −1.1578

0.15 −1.1593

0.18 −1.6316

Table 4. The numerical values of θ′ with respect to pertinent varied parameters.

λ β1 β2 Q λE θ
′

0.2 0.8 1.1 0.5 0.7 −0.1544

0 −0.1652

0.1 −0.1625

0.11 −0.1619

0.12 −0.1615

0.1 −0.2587

0.13 −0.2537

0.15 −0.2504

0.18 −0.2455

0.1 0.0022

0.13 −0.0045

0.15 −0.0089

0.18 −0.0153

0.1 −0.5847

0.2 −0.4995

0.3 −0.4028

0.4 −0.2902

0.1 −0.1371

0.2 −0.1331

0.3 −0.1307

0.4 −0.1306
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Table 5. The numerical values of χ′ with respect to pertinent varied parameters.

Sc λC σ Nt χ
′

1.2 0.2 0.01 0.01 −0.6562

0.8 −0.5464

0.9 −0.574

1 −0.6016

1.1 −0.6276

0.1 −0.671

0.13 −0.6665

0.15 −0.6636

0.18 −0.6592

0.1 −0.569

0.13 −0.5379

0.15 −0.5166

0.18 −0.4834

0.1 −0.6498

0.13 −0.6477

0.15 −0.6464

0.18 −0.6445

4. Conclusions

The OBF flow analysis, in combination with mass and heat transfer initiated by an SS
is utilized in the polymer industry and numerous industrial activities such as glass blowing
and metallic sheet cooling. In the context of these applications, the current research explores
the flow of Oldroyd-B liquid on a stretching sheet by considering Cattaneo–Christov double
diffusion and heat source/sink. TPD is also considered in the modelling, and it is one of the
most fundamental mechanisms for carrying microscopic particles over a thermal gradient,
which is crucial in electronics and aeronautics. The equations that represent the indicated
flow are changed to ODEs by electing relevant similarity variables. The ODEs are then
solved using RKF-45 and shooting schemes. The behaviour of dimensionless parameters on
dimensionless velocity, concentration, and temperature profiles are analyzed graphically.
The following are the key findings of the present study:

v The rise in values of λ declines f ′(η) and g(η).
v The increasing values of β1 declines f ′(η), but a converse trend is seen for enhanced

β2 values.
v The rising values of Q improve θ(η).
v The rising values of λE reduces θ(η).
v The escalating values of λC and Sc declines χ(η).
v The increasing values of σ declines χ(η), but a reverse trend is seen for

enhanced Nt values.
v The rise in values of λ and β2 declines θ′, but the opposite trend is detected for

upward values of Q,β1, and λE.
v The growth in values of Sc,σ, and Nt declines χ′, but the conflicting trend is detected

for upward values of λC.

The future research could concentrate on the production of entropy as well as the
effects of convective boundary conditions, Stefan blowing, and uniform/non-uniform
heat sink/source on a variety of non-Newtonian fluid models with different nanoparticles’
suspension in order to develop suitable mathematical models and simulate a variety of
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hydrodynamic and thermal interface constraints under different conditions, and to develop
a mathematical model for different nanoliquid flows.
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Nomenclature

(u, v, w) velocity components
(x, y, z) directions
ρ density
µ dynamic viscosity
λ1 relaxation time
T∞ ambient temperature
Γc relaxation time for mass flux
kr reaction rate
D diffusion coefficient
υ kinematic viscosity
Q = Q0

ρaCp
heat source/sink parameter

Cw wall concentration
VT thermophoretic velocity
η similarity variable
χ(η) dimensionless concentration profile.
λ = Ω

a rotation parameter
λE = aΓe relaxation time parameter of temperature
Sc = ν

D Schmidt number
Nt =

k∗(Tw−T∞)
Tr

thermophoretic parameter
a positive constant
Ω angular velocity
λ2 retardation time
Cp specific heat
k thermal conductivity
C concentration
β2 = λ2a Deborah number for retardation time
Q0 heat source/sink coefficient
T temperature
Tw wall temperature
k∗ thermophoretic coefficient
Tr reference temperature
C∞ ambient concentration
f (η), g′(η) dimensionless velocity profiles
θ(η) dimensionless thermal profile
Γe relaxation time for heat flux
β1 = λ1a Deborah number for relaxation time
λC = aΓc relaxation time parameter of concentration
Pr = ν

α Prandtl number
σ = kr

a chemical reaction rate parameter
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