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Abstract: A tutorial on robust control, adaptive control, robust adaptive control and adaptive control
of robotic manipulators is presented in a systematic manner. Some limitations of the above methods
are also illustrated. The relationships between the robust control, adaptive control and robust adaptive
control are demonstrated. Basic information on the joint space control, operational space control and
force control is also given. This tutorial summarizes the most advanced control techniques currently
in use in a very simple manner, and applies to robotic manipulators, which can provide an informative
guideline for students who have little knowledge of controls or who want to understand the adaptive
control of robotics in a systematic way.

Keywords: robust control; adaptive control; robust adaptive control; robotic manipulator;
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1. Introduction

Robotics have been widely utilized in many areas, such as manufacturing, service, medical,
space, underwater, the military, etc. Research on robotics has been underway for decades. Research on
kinematics [1], synthesizing design [2,3], workspace analysis [4,5], singularity analysis [6,7], stiffness
performance [8], dynamics [9], control designs and novel applications of robotics [10-12] has attracted
much attention. One of the most important topics nowadays is the control issue. In this paper, a general
review and discussion of robust control, adaptive control, robust adaptive control and adaptive control
of robotic manipulators are presented.

In order to study the control problem, one needs to have a dynamic model; in order to have
adynamic model, one must first deal with the basic kinematics. Asillustrated in Figure 1, the relationship
between kinematic, dynamic, and control is simply illustrated. For the kinematics issue, the purpose of
kinematic modelling is to determine where the joint should be positioned in order to achieve a desired
trajectory; through dynamic modelling, one knows how much torque is necessary in each joint in
order to have the corresponding joint position. For the dynamic modelling issue, there are two main
methods of dynamic modelling, the Lagrange method and the Newton-Euler method. The Lagrange
method is an energy-based modelling approach and it is the most widely used technique. Usually
the dynamic equations of robotic manipulators are very complex and highly nonlinear. The purpose
of dynamic modelling is to determined how much torque one needs to apply to each joint so that
a desired trajectory can be achieved.
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Figure 1. Overall flow.

2. Joint Space Control and Operational Space Control

Joint space control: the drawback of joint space control for a multi-DOF robotic manipulator is
that we need to do an inverse kinematic calculation, which is very cumbersome as it is known that the
inverse kinematic for a serial manipulator is complicated compared to a forward kinematic calculation.
Furthermore, since for the joint space control one first needs to imagine the final goal position for the
end-effector, we have to do an inverse kinematic calculation to determine what the corresponding joint
angles need to be. Because of this, another drawback of joint space control is that in real time, when a
robotic manipulator meets an unexpected obstacle, one has to redo the whole motion planning. Due to
the above limitations, operational space control is therefore put forward by Khatib [13].

Operational space control: by applying a force F at the end-effector, and through multiplying a J7,
one can calculate the corresponding joint torque 7 needed in order to achieve the task space control:

r=]'F. 1)

In operational space control, one has motion control and force control. Motion control is to control
the motion of the end-effector, and force control is to control how much force the end-effector has.
In some situations (e.g., a manipulator cleans a window), motion control and force control need to
be considered at the same time. In this way, the effector has the proper force at the effector so that
the effector will not break the window. If a robot is interacting with the environment, we have to
deal with the force control and motion control. Unified motion and force control were studied in [13].
A recent study [14] focused on the compliant motion and force control, where the robot end-effector is
controlled by the contacting force; this type of control does not need trajectory planning.

3. Robust Control

The main idea behind the robust control is to replace the nt'-order problem by a first-order
problem. The first step is to create an intermediate variable, which we denote as S. This intermediate
variable S needs to satisfy the following two conditions: (1) S contains the control law u, and (2)
S — 0 = x(t) = 0, where x(t) is the difference between the real value x(t) and the desired value x;(t).

. . . . 1= . .
The intermediate variable S is chosen as: S = (% + /\)n x, where A is a positive constant. So, for a
L]

second-order system, we choose S as S = x + AX.
; and for

>~

Furthermore, for a second-order system, if |S| < O, then the corresponding X<

¢
A= -1
Taking the following as an example (second-order system). A second-order system X+

o2
a(t)x cos3x = u, with 1 <a(t) < 2. A standard second-order system is usually written as follows:

an n'M-order system, if |S| < 0, then the corresponding X<

¥ = f(x,t) +b(x, t)u @)
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(1] .2
Thus x +a(t)x cos3x = u can be written as follows:

(L] .2

x = —a(t)x cos3x+ u. 3)

Since the range for a(t) is 1 < a(t) < 2, we choose the middle value, i.e.,

A 02
f =-15x cos3x, 4)

So that,
o2
F = 0.5x |cos 3x]. 5)

The intermediate variable S is as follows:

S=x+Ax. (6)
Then . . .
S=Xx+Ax = f(x,t) +b(x, t)u—xy+ Ax. @)
Here u is chosen such that the following condition is met:
1d
—__ < —
528> < 1Sl ®)
where 7 is a positive constant. The above condition is called a sliding condition.
Since . . .
S=Xx+Ax=f+u-x5+Ax, )
we define i\t such that é =0,
A (1] ;
I=—f+x3—A%. (10)
With u = 1//\1,
. A
S=f-/ (11)

. A A
So %%52 =S5-S = S5(f - f), we can see that S(f — f) and —1|S| cannot be compared, thus the
control law is rewritten as follows:
w=1- ksgn(S). (12)

[} A A
Thus %%Sz =S-S5 =S(f—f)—kIS|, in order to make S(f — f) —k|S| < —n|S|, we choose k = F + 1.
So, the control law can be written as follows:

u = ﬁ—ksgn(S)

= —jAr Xy Ax— ksgn(S) (13)

.2 o0 =~ .2 ~ ~
= 1.5x cos3x + x; — Ax — (0.5x |cos 3x| + 1)sgn(x + Ax)

The drawback of the above approach is that since the control law u = - ksgn(S) incorporates the
sgn(S), there is control chattering. One possible solution is for the control law to be changed such that
u=1-k- sat(%) ; in this way, the control chattering can be eliminated, but there will be a small tracking
error. Another possible solution is that instead of adding a ksgn(S) in the control law, which produces
control chattering, maybe we can do it in a different way. The problem lies in the fact that when we
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choose control law u = 1I, the sliding condition cannot be satisfied. Future work should be focused on
this question: how can we meet the sliding condition without adding ksgn(S)?

To go one step further, in the robust control, we know that the parameters are unknown and are
bounded within a certain range. If the unknown parameters can be described as unknown constants,
we can add an adaptation to make the system work as if the unknown constants are known. This is the
so-called adaptive control, which is described in the following section.

4. Adaptive Control

Here we use the following pendulum (which can also be seen as a 1-DOF robot; an example is
shown in Figure 2) to illustrate the adaptive control.

x
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Figure 2. 1-DOF pendulum.

First, the dynamic equation is as follows:
].x. + b;c|;c| +mglsinx = u, (14)

where b;c|9.c| is the dragging term. Here the unknown constants are |, b and mgl, and we write them in
a matrix form as:

am J
as mgl

We choose the Lyapunov candidate function as follows:
1 @
V= 5 J- 5%, (16)

where S is the intermediate variable. Taking the time derivative of the above equation, we have

V=5-]-S 17)
—5-(u=y-a)
where y is a known function and is written as y = —[ J.C: x| sinx ] ; 4 is an unknown constant and

is written as above.
We choose the control law as follows:

u=ya—kS, (18)
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where k is a positive constant and the term kS is actually a PD control, and the term yél\ is used to cancel
the dynamics. Plugging the control law from Equation (18) into Equation (17), we get:

=S-(u—y-a) (19)
— —kS% + Sya

~ A A . X . .
where a = a —a, a means the estimate of 4, so @ means the parameter estimation error. From the

above equation, we see that there is a Syz. If this Syz does not exist, wehave V- 0=5 -5 0=x =0
L]

and x =0, according to Barbalat’s lemma. So, the question is how to eliminate this Syz . If one adds
a term to the Lyapunov candidate function (so when we take the time derivative of this term, Sya,
and the time derivative of the added term can be made to equal 0), then the above problem is solved.

=T .~
So, we add a term %a P~'a to the Lyapunov candidate function, where P is constant (e.g., can be
considered an identity matrix), and thus the Lyapunov candidate function can be rewritten as follows.

~T 3
The reason 1a P~la is added is that in the Lyapunov candidate function, 1] - S? can be considered
as the square of the parameter tracking error, so by adding the square of parameter estimation error,

we might get rid of the term Syz by using the adaptation law [15].

1 12T =
V==]-8+za P! 2
> J-S5°+ Za a (20)
oT
V =S.]-S+a P14
oT
:S-(u—y-a)+£z\P‘1£1\ 1)
o7
— —kS2+Sya+a Pla
Making the last two terms equal to 0, we have
oT
X A _1/\ -
Sya.+ a P7la=0 22)
=1 =-Py'S
q = —PyS is our adaptation law. It should be further noted that if one integrates both sides

of the adaptation law and plugs them into Equation (22), the adaptive control becomes PID control.
As an extra note, Barbalat’s lemma is only used for a non-autonomous system X = f(x,t). Itis stated
that if a scalar V(x, t) is lower bounded and %V(x, t) <0, then 4V (x,t) > 0as t — oo.

As a case study and numerical example, Figure 3 shows the joint output under the adaptive control
and PD control, respectively, for two different payload scenarios. The proportional and derivative
gains of the PD control are selected as 5 and 3, respectively, here as a case study. It is observed that
by using the adaptive control, the joint output becomes more robust and converges more quickly
than that of the PD control. Compared to the PD control, which takes about 38 s to converge to 0,
the adaptive control case converges to 0 within 20 s. This indicates that the adaptive control is more
robust than the traditional PD control [16]. By applying different gains, similar results can be obtained.
The same goes for joint 2. Note that the above adaptation law can be considered an integral control if
one integrates both sides of Equation (22). That is why we did not include the integral term of the
traditional PD control.
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Figure 3. Joint 1 output under two different controls.
Here we showed the pure adaptive control, i.e., unknown parameters being described by
an unknown constant. If we combine the adaptive control and robust control, the unknown parameters
are partitioned into two parts. The unknown parameters can be described by an unknown constant,

while the unknown parameters can only be described by certain bounds; this is what we are going to
focus in the next section, i.e., robust adaptive control.

5. Robust Adaptive Control

We use the above pendulum as an example, but the dynamic equation is changed to the following:

].x. + b;c|;c| + mglsinx = f(x, X, £) +u, (23)

A A
where f is bounded by ‘f(x, ) — f(x, t)‘ <F, f(x,t) and F are known.
The goal here is to make the system behave as if the unknown constant 2 were known, in other
words, as if we only have to be robust to f(x, ).
Here we define a variable Sa, such that |S| < ¢ & Sp = 0.
Similarly, the Lyapunov candidate function is chosen as follows:

V=3]5a (24)

We choose the control law as follows:

A

u:yg—k-sat(%)—f(x,t). (25)
The first term is used to cancel the dynamics, the second term is a stabilization term, and the

third term is used to cancel the f term. f represents, for example, the unknown friction term of the

A
dynamics, where f represents the estimate of f. The abbreviation part lists some relevant terms used.
Taking the time derivative of the above Lyapunov candidate function, we have:
V =5,-]-S
~ A
= Sa - (~k-sat(5) +ya+ f(x,t) = f(x,1)) (26)
~ A
= —kISal+ Saya + Sa(f = f)

~ A
We can see that the above equation has two extra terms, Syya and Sp(f — f). Using a similar
approach, we add something to the Lyapunov candidate function, then we have:
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1 o 1T 4=
V—2] SA +2aP a. (27)
oT
V =S4-J-S+a P4
oT
~ A
= Sa- (~k-sat($) +ya+ f(x,t) - f(x,t) +a Pla (28)
oT
~ A A A
= —kISal+ Saya +Sa(f - f) +a P~ a
oT
By making S Ayz +a Pl = 0, we have the following;:
oT
X A _1/\ o
SAy.a+a P~a=0 (29)
= Zl\ = —PyTSA
and .
V = —kISal+ Sa(f = ) (30)
Selecting k = F + 1, we have
V= —KISal+ Sa(f - f
v __|A|+ A(f_f) N (31)
= =(F+n)ISal+Sa(f = f)
Thus,
V <-nlSal £0. (32)

According to Barbalat’s lemma, V — 0 = S5 — 0.

6. Adaptive Control

The reason the PD controller works is that it mimics the spring-damper system, and according
to the global invariant set theorem, the system can globally tend to the stability point. Here we give
detailed proof of why PD control works in the position control problem. Before proceeding, it should
be noted that the “I” term in the PID control can actually be seen as adaptive control.

It is known that the PD controller can be described as follows:

T = —Kpq - Kpg, (33)

where ; = g — g4 and g; means the joint desired position. Considering the virtual physics, the PD
controller can be seen as a virtual spring (P) and virtual damper (D). The reason why the PD controller
works can be traced to the Lyapunov theory. The first step is to have a Lyapunov candidate function

as follows:
V= kinetic energy + potential energy

.T [ ] %T =~ (34)
=1q H(9)q+ 1q Kpq
Therefore,

° ol
V=g

() .T ~
(t=Dq) +4q Kpg. (35)
Plugging the control law 7 = —Kpg - KDé into the above equation, we get

o oT .
V=-7 (Kp+D)j<0 (36)
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According to the global invariant set theorem, V=0> é =0= H.q. = —Kpg = .q. = —H‘le; +
0 unless 7] = 0; in other words, unless g equals g;4. This shows that, starting anywhere, if we apply the
PD controller, the system globally tends to g = g,.

The control issue has been developed in the last few decades. PID control (usually PD control) is
widely used in industry due to its simplicity. In controlling a robot end-effector position, industries use
the PD controller in each joint of a robotic manipulator to control the robot end-effector goal position in
order to accomplish a desired position control. As previously mentioned, the reason the PD controller
works for controlling a goal position of a robot end-effector in industries nowadays is that the PD
control mimics a spring-damper system (as illustrated in Figure 4). According to the global invariant set
theorem (an extended version of the Lyapunov theorem), the system can globally tend to the stability
point. However, if a robot needs to have a specified trajectory or fast motion control, the PD control
approach is not good enough to handle the above situations since it does not tell you what is going on
in the process of moving a robot. A more advanced control system is therefore required—for example,
adaptive control [17]. As in [18], for a 2-DOF serial manipulator with revolute joints, as shown in
Figure 5, first, we have the dynamic equation as follows:

H(q)q +C(q,9)7 + D(9,9)7 + 8(q) =1, (37)

where g is the joint angles, H(q) is the inertia matrix, C(q, )] is the centripetal and Coriolis torque,
D(q,7)q is the friction, and g(q) is the gravitational torque.

Figure 4. PD control analogy.

Figure 5. Two-linkage mechanism. 11 and 12 are the lengths of the two links, and thetal and theta2 are
the two angles.

First of all, the Lyapunov candidate function is chosen as follows:

V= %STH(q)S, (38)

where S = g + Ag and Z = g —q4. Then one can calculate V as follows:
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V = sT( - Hj, - C4, - Dj - g). (39)
The above —Ht.1: - Cq.r - Dl.] — g can be written as —y(q, c.y, 5,, .q.r)a, where y(q, l}, coyr, .q.,) is known
and a is unknown constant, i.e., —Hé; - Cq.r - Dé — g can be written as a known function times

an unknown constant:
[ ]

V=5"(t-y(0.4.4,4,)9)- (40)
By choosing the control law
T = ya-KpS, (41)
we have .
V = —STKpS + STya. (42)

A T .~

It is noted that we have an extra STya ; in order to eliminate this term, another term %a Pl

is added to the above Lyapunov candidate function, then the Lyapunov candidate function can be
rewritten as follows:

1 1T i~
V= EsTH(q)s +5a pla. (43)
Then
ol
V =-STKpS + STya + %2 Pz, (44)

where 7 = 1 —a. So, by making the last two terms equal to 0, i.e., by choosing the adaptation law
as follows:

oT
T, A 18 p-1% _
Sy.a+2aP a=0 (45)
== -PyS
we have .
V = -STKpS. (46)

Based on Barbalat’s lemma, when 1./ -0=S5— 0:>; — 0 and ; — 0.

Similarly, as a case study and numerical example, Figure 6 shows the joint 1 and joint 2 outputs
under adaptive control and PD control, respectively. The proportional and derivative gains of the
PD control are selected as 5 and 3, respectively, here as a case study. It is observed that by using the
adaptive control, the joint output converges more quickly than that of the PD control, as with the
one-DOF case. As compared with the PD control, which takes about 16 s to converge to 0, the adaptive
control case converges to 0 within 9 s. This indicates that the adaptive control here is more robust than
the traditional PD control [16]. The same goes for joint 1. Again, through applying different gains,
similar results can be proven.

Sometimes, friction is useful for the stability of the system. As a case study, a 2-DOF underwater
robot is studied here. As shown below in Figure 7, a 2-DOF robot arm is attached to an underwater
vehicle. The mass of the rocks and water resistance are unknown. Here we will design a control system
for the two joints to make the robot arm work properly even though all the parameters (e.g., mass
matrix, friction) are unknown. The following section will illustrate how friction can be useful in the
stability performance.
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Figure 6. Joint 2 outputs under two different controls.

Figure 7. 2-DOF under water robot.

Qe

It is known that S = g+ Ag = c.]— q.r, so in the dynamic equation, Dé can be written as

DE] = Dt.yr + DS; thus, the dynamic equation can be rewritten as follows:

H(9)q + C(4,9)9+ D(q,9)q: + g(q) = T - DS. 47)

So, instead of eliminating the friction term as illustrated above, one can use the friction term
instead. In the previous approach, one has HZ]; + Cq.r + D:] + & = ya, where a is an unknown constant
as described in Equation (15). In this case, one has HL.]: + Cq.r + Dq.r + & = Ynewt. Furthermore, in the

previous approach, V = —STKpS. In this case, V = —ST(Kp + D)S, and the control law and the
adaptation law are as follows:

T = Ynewll — KpS$ (48)
2 = —Pyuex S (49)
However, there are two main limitations to the above method: first, iin Z(t) = éz\(t) —a, one assumes
that the constant a2 does not change over time. This is a limitation. This is only valid when a changes
very slowly with respect to time, or when a robot grasps a load (because at the moment when the robot
grasps a load, we can assume that the time sets back to 0 and a becomes constant). This condition will
not be valid in some situations where a is changing fast with respect to time (e.g., when a robot does
fast or constant loading and unloading tasks). If this is the case, we need to remodel a. The second
limitation is that the above approach is joint space control, which is known to require pre-calculation
of the inverse kinematic of the serial manipulators, which is very cumbersome.

The above stability analysis is based on the Lyapunov theory. Another approach to the stability
analysis of adaptive control is based on the hyperstability theory. Examples can be found in [19].
Some recent studies dealing with the design of adaptive controllers for nonlinear systems can be found
in [20,21]. As a side note, learning control of robotics is quickly developed after the development of
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adaptive control of robotic manipulators. This is mainly used to address the problem of joint friction
and other uncertainties [22-33]. We will not elaborate on each of the references cited. For example,
in [23] nonparametric statistical learning is used for data-driven compensation of both torque and motor
reference. In [25], the use of approximants in the implementation of repetitive learning controls for the
asymptotic joint position tracking of robots with uncertain dynamics was presented. In [27], the authors
incorporated an off-line model based nonlinear iterative learning control to improve the stability of
sampled-data feedback control for robotics. In [29], a control system was developed by combining the
model-based adaptive control, repetitive learning control and PD control in which the model-based
adaptive control input dominates over the other inputs. In [33], the overall development of the learning
control for robotic manipulators was presented, and some advantages and disadvantages of the current
learning approaches are given. Details can be found in those references. Furthermore, the sliding mode
control issue is studied in [33], in which the sliding mode control system design based on input-output
stability and a computed torque approach for robots are studied. Furthermore, some difficulties in
sliding mode control in real time are described in [34—42]. Details can be found in those references.
Overall, sliding mode control is a robust control against disturbance and parameter variations, but can
also suffer from chattering.

7. Conclusions

In the above, we demonstrated robust control, adaptive control, robust adaptive control and
adaptive control of robotics, and showed that PD control mimics a spring-damper system, in which it
can globally tend to the stability point. We also demonstrated joint space control, operational space
control, force control and motion control. Some limitations of the above methods are also illustrated.
The author believes that this study can provide an informative guideline for students who want to
understand adaptive control in a systematic way.

In most complex dynamic problems, one way to address the issue is to rely on a virtual model,
i.e., a model that resembles the original model; since the original model is too complex to solve,
we solve the corresponding virtual model to reflect on the original model. For example, in the PD
control section, we used virtual physics to model the PD controller; in the robust adaptive control,
we introduced a variable Sx to reflect the original problem; in the robust control, we replaced the
nth-order problem by a first-order problem. Finally, one of the interesting topics in the control area is
incorporating artificial intelligence, machine learning, and neurorobotics into robot control to handle,
for example, delay issues. Since the most reliable and intelligent control system ever encountered is
the human internal control system, learning control design by replicating human internal control and
nervous systems for robotic manipulators is worth exploring.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.
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unknow constant (see Equation (15))
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unknown friction term
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