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Abstract: Extended surfaces or fins offer an efficient solution in many engineering situations that
demand a higher heat transfer, including cooling gas-turbine components and electronic chips via
internal convective flows. However, fins require a higher active surface area for higher heat transfer,
which may not be always feasible in a confined environment. A feasible solution to enhance heat
transfer from fins can be the use of nanofluids, which are the combination of a fluid base and
nanoparticles. The main purpose of this study is, therefore, to optimize a rectangular fin intruded
into the mixed convective confined space filled with a nanofluid and by means of constructal
design. Here, a two-dimensional macroscopic numerical model has been developed for Al2O3–water
nanofluid to investigate the heat transfer and fluid flow inside a square confined-space with an
intruded rectangular fin and to optimize the fin geometry for maximizing the heat transfer using the
constructal design method. The flow fields, temperature fields, heat transfer rates, and the transition
from forced to mixed convection are examined for different values of Rayleigh and Reynolds numbers
for various fin geometries in order to maximize the heat transfer from the fin to the surrounding
nanofluid flow. The outcome of this study provides important insights into the constructal design
method for the confined environment, which would be beneficial in developing novel fin geometries
with enhanced and controlled heat-transfer for engineering problems, including cooling gas-turbine
components and electronic chips.
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1. Introduction

The study of convective heat transfer of conventional heat-transfer fluids in confined spaces
has drawn an enormous attention of researchers for a long period of time due to its wide variety
of the engineering and industrial applications (such as solar collectors, nuclear reactors, and food
processing) [1–12]. However, conventional heat-transfer fluids (such as water, ethylene glycol,
and engine oil) have limited capabilities in term of thermal properties. Conversely, solids, such
as Al2O3, SiO2, TiO2, and CuO, have much higher thermal conductivities compared to that of
conventional heat-transfer fluids. Thus, researchers have proposed various nanofluids utilizing
the higher thermal properties of solid nanoparticles in order to enhance the thermal performance.
Nanofluids are suspensions of nano-sized solid particles in base fluids that can have higher thermal
properties compared to that of base fluids, making them more efficient for heat transfer applications.
Over the past years, many studies have been conducted for nanofluids for showing their better
thermal properties and thermal performances as well as for understating the mechanisms of heat
transport in nanofluids [13–18]. For instance, Eastman and co-authors [13] showed that a significant
improvement in thermal conductivity of CuO–water nanofluid with 5% of nanocrystalline CuO
particles suspended in water. Conversely, Buongiorno [14] provided an explanation for the abnormal
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heat transfer coefficient increases with nanoparticle concentrations. It was concluded that the nanofluid
properties vary within the boundary layer because of the effect of the temperature gradient and
thermophoresis. Ghasemi and Aminossadati [16] presented a numerical study of an inclined enclosure
filled with CuO–water nanofluid and it was concluded that heat transfer could be improved by the
addition of nanoparticles into the base fluid but there would be an optimum solid volume fraction that
maximizes the heat transfer rate. Recently, Bouhalleb and Abbassi [18] showed similar results to those
of Ghasemi and Aminossadati [16]. It was shown that the size of the nanoparticles is a more critical
parameter than the concentration itself. However, the effect of the particle size will be negligible for low
nanoparticles concentrations. Thus, there will be a tradeoff between the heat transfer enhancement due
to the change of conductivity, specific heat capacity, and other thermophysical properties of nanofluids
for low nanoparticles concentrations. Nevertheless, nanofluids have been considered as advanced
heat transfer fluids for many industrial applications (including cooling of electronic components,
production machinery, and combustion engines as well as petroleum refineries and power generation,
lubrication technologies, food processing, and nuclear reactor cooling) due to their higher heat transfer
capabilities [19–24].

A significant amount of research efforts, both numerical and experimental, has been devoted to
understanding the convective heat transfer and fluid flow of conventional heat transfer fluids in cavities.
For example, convective heat transfer inside cavities has been analyzed for triangular, trapezoidal,
cylindrical, square, and wavy cavities by many researchers [1–7,25–29]. Particularly the studies done by
Mahmud and co-authors [3–5] and Nardini and co-authors [28] for square and wavy cavities provided
a better understanding of the physics regarding the fluid flow and heat transfer in cavities and thermal
enhancement and optimization. In comparison, less effort is given to understand the convective
heat transfer of nanofluids in cavities, in spite of several benefits of nanofluids, which can be highly
beneficial for solar collectors and electronic cooling devices to enhance heat transfer [16,19–21,24].
Most of these studies, however, dealt with natural convection of nanofluids and it was shown that
the heat transfer rate increases for the natural convection in cavities with the increase of nanoparticle
concentration. Especially, Jou and Tzeng [20] studied natural convection in rectangular enclosures
and showed that the buoyancy parameter and volume fraction of nanofluids cause an increase in
the average heat transfer coefficient, while Oztop and Abu-Nada [21] studied natural convection in
partially heated rectangular enclosures filled with various nanofluids and a similar conclusion was
made. In addition, a decent amount of effort has been devoted to understanding the mixed convective
flow and heat transfer in cavities filled with nanofluids [22,23,30–32]. For example, Abu-Nada and
Chamkha [32] studied mixed convection flow of a nanofluid in a wavy wall cavity and demonstrated
that the presence of nanoparticles produced a significant heat transfer augmentation. However, the
study of geometric optimization of rectangular fins with the nanofluid and constructal design method
is elusive. In the past, the constructal design has guided researchers toward the discovery of efficient
cooling structures for various cavities [33–36]. Previous constructal design studies were primarily
based on air- or water-filled cavities. It was not employed to the geometry optimization of fins
inside cavities filled with nanofluids. Therefore, the main purpose of this study is to investigate the
geometrical optimization of fins in confined spaces filled with nanofluids by means of the constructal
design concept.

In the present study, a two-dimensional, steady-state macroscopic mixture model has been
employed to investigate heat transfer and fluid flow of Al2O3–water nanofluid in a square lid-driven
cavity with an intruded rectangular fin and to optimize a constant temperature rectangular fin for
maximizing the heat transfer using the constructal design method. The macroscopic mixture model has
been widely used by many researchers to study nanofluid heat transfer with low-particle concentration
as it provides reasonably accurate results with less computing power and time [21–24,32,37,38].
Thus, the macroscopic model is the best suited for the present study. Although we have been
working with multiple water-based nanofluids, we have considered Al2O3–water nanofluid for the
present study, as Al2O3–water nanofluid often shows superior performances over CuO–water or other
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water-based nanofluids. In addition, Al2O3 nanoparticles in water are less prone to deposition than
CuO nanoparticles. According to the constructal design method, optimization of fins in confined
spaces can be subjected to two constraints, namely, the total fin area constraint and the confined space
area constraint, while the degrees of freedom are the fin and confined space aspect ratios. For these
degrees of freedom, several values of the Rayleigh (Ra) and Reynolds (Re) numbers are considered in
examining flow fields, temperature fields, and heat transfer.

2. Mathematical and Numerical Modeling

2.1. Governing Equations

The governing equations for the laminar, two-dimensional, steady-state mixed convective fluid
flow and heat transfer with the Boussinesq approximation in the y-direction are written for Al2O3–water
nanofluid as [39]:
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where u and v are the horizontal and vertical velocities, p is the thermodynamic pressure, µnf is
the dynamic viscosity, ρnf is the mass density, βnf is the thermal expansion coefficient, T is the
temperature, g is the gravitational acceleration, knf is the heat conductivity, and (cp)nf is the heat
capacity. The subscript nf represents the effective nanofluid properties. The following assumptions
are adopted for the above-mentioned governing equations:

(i) the heat due to friction between the nanoparticles and base fluid is negligible compared to
conduction at the heated surface, i.e., the viscous dissipation of energy is negligible,

(ii) both the fluid phase and nanoparticles are in a thermal equilibrium and flowing at the
same velocity,

(iii) nanofluid is Newtonian whose thermophysical properties are assumed to be constant, and
(iv) the Brownian motion of nanoparticles, aggregation of nanoparticles, and the nanoparticle size

effects are neglected for simplification by considering low operating temperature and low
nanoparticle concentration.

These assumptions are in-line with other modeling efforts and we have found that these
assumptions are appropriate for the present study. Since the present macroscopic model does not
include the particle size, one would expect some deviation with experimental results when the particle
sizes are either too small or too large. Nevertheless, the macroscopic numerical model will provide
some important insights into the mixed convective heat transfer behavior of Al2O3–water nanofluid,
which can be useful in developing novel fin geometries with enhanced and controlled heat-transfer for
engineering problems.

The thermophysical properties of Al2O3–water nanofluid, namely, thermal conductivity, density,
viscosity, and specific heat, are estimated using the correlations/models that are widely used for
nanofluids with low particle concentrations [21–24,32,40]. Specifically, the effective dynamic viscosity
of Al2O3–water nanofluid is calculated according to the Brinkman model [41,42] and the effective
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thermal conductivity is determined using the Maxwell model [43–45]. The expressions for nanofluid
effective dynamic viscosity (µnf) and effective thermal conductivity (knf) are given as:

µn f =
µ f

(1− ϕ)2.5 (5)

kn f = k f

ks + 2k f − 2ϕ
(

k f − ks

)
ks + 2k f + ϕ

(
k f − ks

) (6)

where µnf and µf are the dynamic viscosity of nanofluid and base fluid, respectively, ϕ is the
volume fraction of Al2O3 nanoparticles in water, and ks and kf are the thermal conductivity of Al2O3

nanoparticles and base fluid, respectively. The nanofluid density, the specific heat at constant pressure,
and the coefficient of thermal expansion are calculated according to the mixing theory by the following
relations [43–50]:

ρn f = (1− ϕ)ρ f + ϕρs (7)(
ρcp
)

n f = (1− ϕ)
(
ρcp
)

f + ϕ
(
ρcp
)

s (8)

(ρβ)n f = (1− ϕ)(ρβ) f + ϕ(ρβ)s (9)

where the subscripts s and f denote solid nanoparticle and base fluid (in this case water), respectively.
It is worthwhile to note that heat capacity and density of Al2O3–water nanofluid depend on
the concentration of Al2O3 nanoparticles in water and are unrelated to nanoparticle morphology
(size, shape etc.). However, both thermal conductivity and viscosity can be influenced by the shape
and size of the Al2O3 nanoparticles, which are negligible in the present investigation due to low
operating temperature and low nanoparticles concentration. The effective nanofluid properties are
estimated as functions of nanoparticle concentration and the thermophysical properties of water and
Al2O3 nanoparticles. The thermophysical properties of water and Al2O3 nanoparticles that are used in
determining the effective nanofluid properties are listed in Table 1 [21,39].

Table 1. Thermophysical properties of the base fluid and Al2O3 nanoparticles that are used for
estimating nanofluid properties.

Physical Properties Base Fluid Nanoparticles

cp (J/kg·K) 4179 765
ρ (kg/m3) 997.10 3970
k (W/m·K) 6.13 × 10−1 40

β (1/K) 2.10 × 10−4 8.5 × 10−6

µ (kg/m) 1.002 × 10−3 –
Pr 6.83 –

2.2. Problem Description

The present problem considers a lid-driven square cavity with a rectangular fin intruded in its
bottom center as shown in Figure 1. The top surface (lid) of the cavity moves in the x-axis direction with
a velocity of umax and a constant temperature (Tmin) is defined on it. The fin surface has a constant wall
temperature (Tmax) boundary condition, which is higher than the lid temperature. In Figure 1, H and L
are the height and length of the cavity, H1 and L1 are the height and length of the fin, and A and Afin
are the areas of the cavity and the fin, respectively. All other surfaces are considered adiabatic and the
no-slip condition is applied everywhere. The dimensionless velocities (u* and v*) and temperature (T*)
denoted in Figure 1 are defined as:

u∗ =
u

umax
, v∗ =

v
umax

, and T∗ =
T − Tmin

Tmax − Tmin
(10)
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For the geometric evaluation with constructal design, the degrees of freedoms for the present
problem, which can influence the heat transfer performances, are the cavity area (HL) and fin area
(H1L1). The fraction between fin and cavity areas is defined by the equation given below, which is kept
constant at 0.05 for the base case and varied between 0.05 and 0.15 for the other cases.

φ =
A f in

A
=

H1L1

HL
(11)
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Figure 1. Schematic diagram of the mixed convective flow domain with an intruded rectangular fin in
its bottom center and various boundary conditions for the numerical simulation.

The search for optimized fin configuration is conducted by using a combination of constructal
design and exhaustive search [51,52], i.e., examining all the possible configurations as shown in
Figure 2. Here, the area of the cavity is kept fixed and different fin aspect ratios (H1/L1) are tested
to find the optimum aspect ratio ((H1/L1)opt) and corresponding Nusselt number (Nuavg,max). A set
of nondimensional numbers is used to modify the relation between the buoyancy and inertial forces.
These parameters are Reynolds (Re), Rayleigh (Ra), Prandtl (Pr), and Richardson (Ri) numbers.
All these dimensionless numbers change with nanoparticles concentrations. Thus, these dimensionless
numbers are defined using nanofluid properties instead of base-fluid properties, as follows:

Re =
ρn f umax H

µn f
, Ra =

gβn f ∆TH3

vn f αn f
, Pr =

vn f

αn f
, and Ri =

Ra
Re2Pr

(12)

where αnf is the thermal diffusivity and νnf is the kinematic viscosity of the nanofluid. For different
buoyancy forces considered in this study, the Rayleigh numbers are varied between 103 and 107.
For different inertial forces, the Reynolds numbers are varied between 100 and 2000. Finally,
the average Nusselt number (Nuavg) is calculated through the integration of the local Nusselt number
(NuH) over the fin surface, as follows:

Nuavg =
1
S′

∫
s

NuHdS′ =
1
S′

∫
s

hn f H
kn f

dS′ (13)
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where S′ denotes the fin surface and hnf is the effective heat transfer coefficient of the nanofluid.
To better understand the effect of the addition of nanoparticles in base fluid, an effective average
Nusselt number is defined in addition to the local and average Nusselt number of Equation (13):

Nuavg,eff =
kn f

k f
Nuavg (14)

where knf and kf are the thermal conductivities of nanofluid and base fluid, respectively.Inventions 2018, 3, x 6 of 20 
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ratio of (H1/L1)opt.

3. Numerical Methods and Model Verification

The numerical solution is obtained by solving the governing equations with associated boundary
conditions using ANSYS-Fluent [53]. A second-order upwind scheme is used for the spatial
discretization of the aforementioned equations. Further, the velocity–pressure coupling is done by the
SIMPLE algorithm and the pressure based solver is used to compute the solution [54]. The convergence
criteria were set such that when the residuals were smaller than 10−8 for the energy equation and 10−6

for the mass and momentum equations the solution was considered converged.

3.1. Mesh Sensitivity Test

To ensure the simulation results presented in this paper are independent of mesh sizes, a
rigorous mesh sensitivity test was conducted for different fin sizes with various meshes (uniform and
non-uniform meshes, with or without biases) and various conditions. For all the cases, we observed
that the results were within 1% for higher mesh numbers (over 10,000 meshes). No numerical issues
were observed during the simulations, except the corner of the fin, and all the cases were converged
within the convergence criteria.

The results of a typical mesh sensitivity test for non-uniform meshes are shown in Figure 3 for
three cases. Figure 3a shows the results for mesh densities of 40 × 40, 80 × 80, 100 × 100, 120 × 120,
and 160 × 160. Here, the mean Nusselt number between the fin and top wall of Figure 1 is reported
for Ra = 105, H1/L1 = 0.5, and ϕ = 1%. Moreover, the mean Nusselt number involves the integration
of local Nusselt numbers for both hot and cold walls. Thus, the mean Nusselt number is found to
be an appropriate parameter compared to the average Nusselt number. As depicted in Figure 3a,
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the mean Nusselt number converges to the true value as the mesh size increases. For the two highest
meshes, the difference between the mean Nusselt numbers is less than 0.7%. Figure 3b shows the local
Nusselt number along with the fin surface for the mesh densities of 40 × 40, 100 × 100, 120 × 120, and
160 × 160. As observed, the local Nusselt numbers almost identical for all three high mesh densities.
There are no significant variations between the results of 100 × 100 and 120 × 120 meshes. Basically,
all data are overlapping. Conversely, Figure 3c shows the percentage of error in the average Nusselt
number for three fin area fractions as noted in the legend. Here, five different mesh volumes (50 × 50,
100 × 100, 120 × 120, 140 × 140, and 200 × 200) are considered and the results are shown for the
parameters of Ra = 105, Re = 1000, ϕ = 1%, and H1/L1 = 0.2, and repeated for the area fraction (φ) of
0.05, 0.10, and 0.15. It has been observed that all the meshes, except 50× 50, can provide results that are
within 0.5% of error. Moreover, the meshes of 120 × 120 and higher can produce more accurate results
and the percentage of error is less than 0.3%. From Figure 3 it is clear that the grid with 120 × 120
volume mesh is fine enough to obtain accurate results. Therefore, the 120 × 120 volume mesh is
considered to perform the remaining simulations.
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Figure 3. Convergence of numerical simulation for different mesh densities. (a) mean Nusselt number
between hot and cold surfaces; (b) local Nusselt number over the fin surface; and (c) percentage of
error for the average Nusselt number for three fin area fractions.

3.2. Model Verification

To validate the present model, we have employed a simplified geometry approach as no results
are available in the open literature for the geometry considered in the present study. Four cases are
considered to compare both the local and average values that include natural and mixed convections,
pure fluid and nanofluid, and numerical and experimental data. In the first case, a simplified
geometry is considered with the omission of intruded fin for the natural convection flow in an
enclosed cavity filled by pure fluid, in order to compare the benchmark results with those obtained
by Davis [55]. The top and bottom walls of the enclosure are insulated and the vertical sides are held
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at temperatures Tmax and Tmin with gravitational acceleration acting vertically downwards. Table 2
shows the comparison between present numerical results with the results presented by Davis for
different Rayleigh numbers. Nuavg is estimated by integrating local Nusselt numbers over the heated
surface. It is quite clear that the present numerical results are in good agreement with the benchmark
data presented by Davis [55].

Table 2. Comparison of results obtained in this study with benchmark data of Davis [55].

Rayleigh Number
Nuavg

Percentage of Error (%)
Benchmark Data Present Study

Ra = 103 1.116 1.110 0.541
Ra = 104 2.243 2.247 0.178
Ra = 105 4.519 4.537 0.397
Ra = 106 8.799 8.925 1.412

In the second case, the present numerical model is verified by comparing the average Nusselt
number (Nuavg) for a convective flow in a partially heated rectangular cavity filled with pure fluid
with the numerical results reported by Oztop and Abu-Nada [21]. Here, a partially heated rectangular
cavity is considered with the omission of the intruded fin (shown in Figure 4), which is identical
to the geometry used by Oztop and Abu-Nada. This geometry considers a heater on the left wall,
which is half the size of wall height and maintained at a constant temperature (Tmax) higher than
the right wall (Tmin). The top and bottom walls of the cavity are considered insulated. As shown in
Figure 4, the comparison between the present numerical results with the results presented by Oztop
and Abu-Nada for different Rayleigh numbers. Nuavg is estimated by integrating local Nusselt number
over the heater surface. Based on Figure 4, it is quite clear that present numerical results for a partially
heated rectangular cavity are in good agreement with the results available in Ref. [21].
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Figure 4. Schematic diagram of a partially heated rectangular cavity filled with pure fluid and the
average Nusselt number (Nuavg) as a function of Rayleigh number (Ra) for a comparison of present
model data with published data for a partially heated rectangular cavity filled with pure fluid [21].
Reproduced from Ref. [39], with the permission of AIP Publishing.

The third test for validation of our numerical method has been performed for a mixed convective
scenario using a simplified lid-driven square cavity for comparing velocity and temperature within
the cavity. The results of the lid-driven square cavity case are presented in Figure 5. The dimensionless
local velocity and temperature profiles at the cavity center (x* = x/L = 0.5) for a mixed convective flow
with Re = 100 are shown along with the height of the cavity (y* = y/H). The present model data are
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compared with the data presented by Nalassamy and Prasad [56]. Both the velocity and temperature
profiles of the present model show excellent agreement with the results predicted by Nalassamy and
Prasad [56].

The fourth test for validation of our numerical method has been performed for a square
cavity filled with nanofluid that has adiabatic horizontal walls and heated vertical walls. Here,
the present model is compared with the experimental data of Ghodsinezhad et al. [57]. The normalized
temperature profile along the mid-section of the cavity is shown in Figure 6 for Al2O3–water nanofluid
with nanoparticle concentration of 1%. It can be seen that the velocity components of present model
slightly deviate from the experimental data near the walls, but the rest of the temperature profile
shows a good agreement with the experimental data. Overall, the solutions of present numerical code
are in a very good agreement with the experimental data available in open literature. In summary,
the validations shown in Table 2 and Figures 4–6 for the four cases of experiments and numerical
models demonstrate that the results presented in this manuscript are accurate.
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Figure 5. The comparison between dimensionless local velocity (u*) and temperature (T*) at the cavity
center (x* = 0.5) along the height of a simplified lid-driven square cavity without the fin with those of
Nalassamy and Prasad [56].
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Figure 6. The comparison between present model and experimental data for normalized temperature
with normalized distance. The experimental data are taken from Ref. [57].

4. Results and Discussion

In this section, the numerical results of the mixed convection flow and heat transfer of Al2O3–water
nanofluid in a lid-driven square cavity with an intruded rectangular fin are presented. To optimize
the fin geometry for maximizing the heat transfer, this study explores the possibilities of varying the
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strength of buoyancy force (103 ≤ Ra ≤ 107), strength of inertial force (100 ≤ Re ≤ 2000), and mixed
convective strength (10−3 ≤ Ri ≤ 102) for various fin aspect ratios (H1/L1), keeping the cavity size
and the fin area ratio (φ) fixed. The fin aspect ratio (H1/L1) was varied from 0.1 to 10. In addition,
the simulations are performed for various Al2O3 nanoparticles concentrations and two other fin area
fractions. Here the Prandtl number of water is 6.83, while the Prandtl numbers of Al2O3–water
nanofluids are estimated as 6.59, 6.37, and 5.97 for 1%, 2%, and 4% nanoparticle concentrations,
respectively. For all the simulations, the base case parameters are chosen as: Re = 1000, Ra = 105,
1% Al2O3, and φ = 0.05.

4.1. Effect of Fin Shape on Local Heat Transfer

The effect of the fin shape on local heat transfer is analyzed by looking into the local Nusselt
number (NuH) profiles and flow and thermal fields for various fin aspect ratios. The local Nusselt
number is an important aspect to understand heat transfer of each small element before going into the
global heat transfer in the form of average Nusselt numbers. Figure 7 shows the local Nusselt number
profiles along the fin surface for different fin aspect ratios for the base case parameters (Re = 1000,
Ra = 105, ϕ = 1%, and φ = 0.05). Here the fin surface curve length is scaled with the fin curve length
that is exposed inside the cavity (=2H1 + L1).

Figure 7 highlights the location of the fin corners; the first left region represents the left vertical
surface of the fin, the middle region represents the fin top surface, and the right section represents
the right vertical surface of the fin. Two peaks in each curve of Figure 7 indicate the corners of the
rectangular fin and the distance between peaks represents the fin width (L1). The results show that each
curve always has a peak, especially large for left-hand side, of local Nusselt number, this phenomenon
is considered to be due to the increase of the pressure when going through the corner, which result to
have a higher heat transfer near the left-hand peak. This effect is less significant on the right-hand peak
as the fluid motion is interfered and blocked by the fin before the fluid reaches the right-hand side,
therefore, the increase of heat transfer is considerably less and all local Nusselt numbers are skewed
towards the left-hand side. This could be explained by the direction of lid velocity. Since the lid is
moving from left to right, fluid motion is downward near the right surface of the fin and the direction
of thermal diffusion is upward, which in turns, negate the heat transfer from the fin surface to the
surrounding nanofluid. Conversely, fluid motion and the direction of thermal diffusion are upward on
the left side of the fin. Thus, heat transfer from the fin surface is higher at the left corner of the fin.
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The results shown in Figure 7 can be further analyzed by carefully investigating flow and thermal
fields for different fin aspect ratios. The flow and thermal fields are depicted in the forms of scaled
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velocity contours and isotherms in Figures 8 and 9, respectively. Figure 8 shows the scaled velocity
contours for Re = 1000 and Ra = 105 for three aspect ratios, including the lowest (H1/L1 = 0.1) and
the highest (H1/L1 = 10). As seen from the contours, the inertial force helps to remove the heat from
the surface of the fin. At the lowest aspect ratio (Figure 8a), only a small fraction of fluid over the
fin top surface is forced by the external force, while a large amount of fluid is almost stagnant. This
indicates that the advection takes place only in the middle section of the fin top surface. As the fin
aspect ratio increases (Figure 8b), a better convection takes place over the fin top surface that actually
increases the average Nusselt number and provides a better heat transfer. Further increase of the
fin aspect ratio (Figure 8c) starts to hinder the flow to penetrate inside the cavity that eventually
reduces the thermal energy transport and decreases significantly at the highest aspect ratio. It is
noticed that almost two-thirds of nanofluid inside the cavity is stagnant and does not participate in the
convective transport.Inventions 2018, 3, x 11 of 20 
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Isotherms corresponding to Figure 8 are shown in Figure 9. One can easily observe that the
distribution of temperature is almost homogeneous over the top surface of the fin for the lowest
aspect ratio (Figure 9a), while the lateral surfaces of the fin show an augmentation of the temperature
magnitude due to stagnant nanofluid. For H1/L1 = 0.5, the nanofluid penetrates in a more intensive
way into the region between the fin and the cavity allowing a higher thermal energy transfer from the
fin to the surrounding flow. For the higher aspect ratio (H1/L1 = 10), the temperature distribution is
poor compared to the lowest aspect ratio and most of the heat is trapped near the two sides of the fin
causing an augmentation of the temperature magnitude and reduces thermal energy transfer from
the fin to the surrounding flow. Figure 9a further indicates that due to the higher width of the fin,
nanofluid does not have active flow on the left and right bottom corner of the cavity, which resulted
in the peaks to be smaller in local Nusselt number profile as depicted in Figure 7 for H1/L1 = 0.1.
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Since the lower temperature stream of the nanofluid flow is directly flowing into the top surface,
the temperature gradient is higher on the fin top surface, resulting in a higher local Nusselt number
as depicted in Figure 9b. Figure 9c shows that most of the convective heat transfer is dominant on
the right fin surface and extremely low on the left surface, which is predominantly thermal diffusion.
This is due to the geometrical issue that such a tall fin (H1/L1 = 10) almost completely separates
the cavity into two halves. Most of the fluid becomes stagnant on the left side and circulates only in
the right-hand part.

The effect of lid velocity on the local heat transfer is shown in Figure 10. For all aspect ratios,
it is observed that the increase in the lid velocity, and thus the Reynolds number, greatly increase the
heat transfer due to the higher convective flows. Here, the results are shown in a fixed aspect ratio
(H1/L1 = 0.5) for different Reynolds numbers as indicated in the figure legend. It is observed that the
local heat transfer from the fin surface to the surrounding nanofluid is almost uniform throughout the
fin curve length for low Reynolds numbers. As the Reynolds number increases, the local heat transfer
from the upper fin surface increases significantly and a peak has been observed at the left corner of the
fin. As discussed in the previous section, this is due to the fluid vortex and better circulation inside
the cavity as well as due to the direction of lid velocity. On the right side of the fin, fluid motion and
thermal diffusion are acting against each other, while on the left side of the fin they act in the same
upward direction. Thus, higher heat transfer occurs at the left corner of the fin. This can be further
explained by analyzing the flow and thermal fields for various Reynolds numbers.

The flow and thermal fields corresponding to Figure 10 are depicted in the forms of scaled velocity
contours and isotherms in Figures 11 and 12, respectively, for Re =100, 500, and 1000. Here a diffusive
behavior of the flow in the lower region of the cavity is observed at low Reynolds number (Re = 100).
Fluid velocity near the top surface of the fin is nearly zero, which indicates that the lid velocity has a
negligible effect on the thermal diffusion. As the Reynolds number increases, the magnitude of the
local Nusselt number in the left corner of the fin shows the highest value (Figure 10). This indicates
that the displacement of hot fluid by the cold fluid from the fin surface by the main vortex generated
inside the cavity, as depicted in Figure 11b. The increase in the Reynolds number results in a higher
advection of fluid inside the cavity. Thus, there is higher heat transfer from the fin to the surrounding
nanofluid. In this case, the convective term in the momentum equation overcomes the diffusion
term. Further increase of the Reynolds number (Re = 1000) indicates a complete dominance of fluid
motion throughout the cavity. One can easily observe the thermal diffusion at low Reynolds numbers
(Figure 12a) and the dominant convection at high Reynolds number (Figure 12c).
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Figure 12. Dimensionless thermal contours for three different Reynolds number for H1/L1 = 0.5 and
Ra = 105 for the fin area fraction of 0.05 and an Al2O3-volume fraction of 1%. (a) Re = 100; (b) Re = 500;
(c) Re = 1000.

4.2. Effects of Reynolds and Rayleigh Numbers on Average Nusselt Number

The influences of Reynolds numbers on overall heat transfer between the fin and nanofluid are
explored by plotting the average Nusselt number (Nuavg) with the fin aspect ratio (H1/L1) for various
Reynolds numbers, as shown in Figure 13. Figure 13a indicates that the heat transfer from the fin
increases as the fin aspect ratio increases from 0.1 and it reaches a maximum point and then decreases.
It is also observed that higher Reynolds numbers provide a higher heat transfer. However, the trend
remains the same for all Reynolds numbers, primarily due to the forced convection at Ra = 105, which
can be verified by Figure 13b as it shows the forced, mixed, and natural convection regimes as a
function of Richardson, Reynolds, and Rayleigh numbers for 1% Al2O3–water nanofluid. As observed
in Figure 13b, the heat transfer regime for Ra = 105 and 500 < Re < 2000 is predominantly the forced
convection as the Richardson number remains below 0.1. Figure 13a further reveals that the wider
fin has a better heat transfer performance than a taller fin for all Reynolds numbers. For instance,
at Re = 2000, the highest Nusselt number is observed near the fin aspect ratio of 0.5. At Re = 2000
and H1/L1 = 0.5, the Nuavg is 35.5, which is nearly 31.9% and 120% higher than that obtained for the
lowest and highest fin aspect ratios, H1/L1 = 0.1 and H1/L1 = 10, respectively. Clearly, the increase
of superficial area does not necessarily lead to an increase of heat transfer rate from the fin to the
surrounding nanofluid flow.
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Figure 13. (a) Effect of fin aspect ratio (H1/L1) on the average Nusselt number (Nuavg) for various
Reynolds numbers and (b) Richardson number as a function of Reynolds number for various Rayleigh
numbers for 1% Al2O3–water nanofluid. The variations of Nuavg are depicted for ϕ = 1% and φ = 0.05.
Different line types correspond to different Reynolds or Rayleigh numbers as indicated in the legend.
Reproduced from Ref. [39], with the permission of AIP Publishing.

The influences of Rayleigh numbers on overall heat transfer between the fin and nanofluid are
explored by plotting Nuavg with Reynolds numbers, as shown in Figure 14. Figure 14a shows the
effects of the Rayleigh numbers on the heat transfer between the fin and nanofluid that are analyzed by
varying the Rayleigh number from 103 to 107, as indicated in the legend. For low Rayleigh numbers,
the effects of buoyancy force on the heat transfer are almost negligible or small for the entire range of
Reynolds numbers. For high Rayleigh numbers, the effects are noticeable at low Reynolds number,
where the effects of inertial force are small. However, at a high Rayleigh number and Reynolds number,
the variations between the average Nusselt numbers with Rayleigh numbers are small compared
with the variations observed at low Reynolds numbers. Here, the inertial force is acting against the
buoyancy force, which reduces the mixed convective heat transfer. This can be further explained
by examining Figure 13b, as it shows that at Re = 1000, changing the Rayleigh number from 103

to 106 does not change the heat transfer regime. In all four cases of Rayleigh number, fluid motion
is dominated by the forced convection. Conversely, for low Reynolds number (Re < 500), Nuavg

increases with Rayleigh numbers as the fluid motion at high Rayleigh numbers is dominated by the
mixed convection (0.1 < Ri < 10). For low Re, one can also increase the Richardson number over 0.1
by increasing Rayleigh number, which will shift the heat transfer regime from the forced convection
to the mixed convection, as shown in Figure 14b where Nuavg values are also included for several
higher Rayleigh numbers (Ra > 106). As observed, Nuavg increases with Richardson numbers, i.e., with
Rayleigh numbers, in the mixed convection regime. Here, heat transfer from the fin sidewalls increases
as the buoyancy force increases with the Rayleigh numbers due to the mixed convection. Clearly,
the increase of Rayleigh number can also be effective in the maximization of the heat transfer for
low Reynolds numbers (Re ≤ 100) due to the buoyancy force dominance flow. When comparing the
cases for Ra = 103 to Ra = 105 at Re = 100, the increase in the heat transfer is over 20%, as observed in
Figure 14a.



Inventions 2018, 3, 27 15 of 21

Inventions 2018, 3, x 14 of 20 

by varying the Rayleigh number from 103 to 107, as indicated in the legend. For low Rayleigh 
numbers, the effects of buoyancy force on the heat transfer are almost negligible or small for the entire 
range of Reynolds numbers. For high Rayleigh numbers, the effects are noticeable at low Reynolds 
number, where the effects of inertial force are small. However, at a high Rayleigh number and 
Reynolds number, the variations between the average Nusselt numbers with Rayleigh numbers are 
small compared with the variations observed at low Reynolds numbers. Here, the inertial force is 
acting against the buoyancy force, which reduces the mixed convective heat transfer. This can be 
further explained by examining Figure 13b, as it shows that at Re = 1000, changing the Rayleigh 
number from 103 to 106 does not change the heat transfer regime. In all four cases of Rayleigh number, 
fluid motion is dominated by the forced convection. Conversely, for low Reynolds number (Re < 500), 
Nuavg increases with Rayleigh numbers as the fluid motion at high Rayleigh numbers is dominated 
by the mixed convection (0.1 < Ri < 10). For low Re, one can also increase the Richardson number over 
0.1 by increasing Rayleigh number, which will shift the heat transfer regime from the forced 
convection to the mixed convection, as shown in Figure 14b where Nuavg values are also included for 
several higher Rayleigh numbers (Ra > 106). As observed, Nuavg increases with Richardson numbers, 
i.e., with Rayleigh numbers, in the mixed convection regime. Here, heat transfer from the fin 
sidewalls increases as the buoyancy force increases with the Rayleigh numbers due to the mixed 
convection. Clearly, the increase of Rayleigh number can also be effective in the maximization of the 
heat transfer for low Reynolds numbers (Re ≤ 100) due to the buoyancy force dominance flow. When 
comparing the cases for Ra = 103 to Ra = 105 at Re = 100, the increase in the heat transfer is over 20%, 
as observed in Figure 14a. 

 
Figure 14. (a) Effect of Reynolds number on the average Nusselt number (Nuavg) for various Rayleigh 
numbers and (b) effect of Richardson number on Nuavg for various Reynolds numbers. Different line 
types correspond to different Reynolds or Rayleigh numbers as indicated in the legend. 

It is worthwhile to mention that the trend observed in Figure 14b is valid only for the square 
cavity with a reasonably sized fin. For no fin and a fin with a low aspect ratio, we can capture a 
distinct transition from the forced to mixed convection regime at 0.1 < Ri < 10. This can be shown by 
plotting Nuavg as a function of the Richardson number for various fin aspect ratios. Figure 15 shows 
the Nuavg as a function of the Richardson number for three fin aspect ratios and two Reynolds 
numbers. Figure 15a shows that for all three aspect ratios, Nuavg is constant for Richardson number 
less than 0.1. As the Richardson number increases from 0.1, Nuavg increases with the Richardson 
number for H1/L1 ≥ 0.5. For H1/L1 = 0.1, we see a distinct transition zone from the forced to mixed 
convection regime that starts at about Ri = 0.2 and the transitions end at about Ri = 2. This scenario is 
observed for all Reynolds numbers for H1/L1 > 0.2. However, the transition zone shifts based on the 
value of the Reynolds number. As shown in Figure 15b for two Reynolds numbers, the transition 
from the forced convection regime to mixed convection is clearly visible even at low Reynolds 
number. For low Reynolds number, the onset of significant effects of buoyancy occurred when Ri 
reached about 1.2 as compared to the value of 0.2 for Re = 1000 and the transition zone is much 
smaller. 

100 1000 2000
0

5

10

15

20

25

30

35

40

 Ra = 103

 Ra = 104

 Ra = 105

 Ra = 106

 Ra = 107

(a)  H1/L1 = 0.5,  = 1%,  = 0.05

Re

N
u a

vg

10-5 10-4 10-3 10-2 10-1 100 101
10

20

30

40

50

60

70
(b)  H1/L1 = 0.5,  = 1%,
       = 0.05 Mixed

ConvectionForced 
Convection Re = 500

 Re = 1000
 Re = 1500
 Re = 2000

Ri

 N
u a

vg

Figure 14. (a) Effect of Reynolds number on the average Nusselt number (Nuavg) for various Rayleigh
numbers and (b) effect of Richardson number on Nuavg for various Reynolds numbers. Different line
types correspond to different Reynolds or Rayleigh numbers as indicated in the legend.

It is worthwhile to mention that the trend observed in Figure 14b is valid only for the square
cavity with a reasonably sized fin. For no fin and a fin with a low aspect ratio, we can capture a
distinct transition from the forced to mixed convection regime at 0.1 < Ri < 10. This can be shown
by plotting Nuavg as a function of the Richardson number for various fin aspect ratios. Figure 15
shows the Nuavg as a function of the Richardson number for three fin aspect ratios and two Reynolds
numbers. Figure 15a shows that for all three aspect ratios, Nuavg is constant for Richardson number
less than 0.1. As the Richardson number increases from 0.1, Nuavg increases with the Richardson
number for H1/L1 ≥ 0.5. For H1/L1 = 0.1, we see a distinct transition zone from the forced to mixed
convection regime that starts at about Ri = 0.2 and the transitions end at about Ri = 2. This scenario
is observed for all Reynolds numbers for H1/L1 > 0.2. However, the transition zone shifts based on
the value of the Reynolds number. As shown in Figure 15b for two Reynolds numbers, the transition
from the forced convection regime to mixed convection is clearly visible even at low Reynolds number.
For low Reynolds number, the onset of significant effects of buoyancy occurred when Ri reached about
1.2 as compared to the value of 0.2 for Re = 1000 and the transition zone is much smaller.Inventions 2018, 3, x 15 of 20 
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Figure 15. Effect Richardson number on Nuavg for various fin aspect ratios and Reynolds numbers.
The onset of significant effects of buoyancy in part (a) and the transition zones are highlighted with
dashed circles in part (b).

4.3. Effect of Nanoparticles Concentration

Figure 16 shows the effects of Al2O3-volume fractions on overall heat transfer from the fin surface.
Here Figure 16a shows the effects of Al2O3-volume fractions on the average Nusselt number, where
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different line types are for different Al2O3–water nanofluids and symbols are for pure fluid. It is
observed that the addition of nanoparticles in a base fluid reduces the average Nusselt number for
all fin sizes. The addition of 1% Al2O3 nanoparticles in water does not show any change in the
average Nusselt number. However, 4% Al2O3 nanoparticles show a distinct reduction of the average
Nusselt number, particularly near H1/L1 = 0.5. Many studies, however, showed that the addition of
nanoparticles in base fluid increases the average Nusselt number when the nanoparticle concentration
increases [21,31,32]. We have not seen any such cases; rather we observe a decrease in the average
Nusselt number for all the values of Al2O3-volume fractions. Since the nanofluid becomes more viscous
with the addition of nanoparticles and reduces the convection current, the temperature gradients near
the fin surface reduce as well as the average Nusselt number. Although the average Nusselt number
decreases with nanoparticles concentrations, it does not necessarily indicate a reduction of heat transfer.
It simply indicates a reduction of convective heat transfer with respect to the conduction heat transfer
from the fin to the surrounding nanofluid. It is worthwhile to mention that 4% Al2O3 in water increases
the thermal conductivity about 16% than the base fluid. Hence, one can presume about 16% higher
conduction from the fin surface to nanofluid. If the change in convective heat transfer is less than 16%,
one will get a lower Nusselt number for such cases, as depicted in Figure 16a. If we consider that the
conduction between the fin and nanofluid is primarily dominated by the conduction between the base
fluid and fin surface and nanoparticles does not influence the conduction heat transfer at the surface
of the fin or within the thermal boundary layer, one would then expect a higher average Nusselt
number with the higher volume fractions of nanoparticles. This scenario can be depicted by defining
the average Nusselt number with respect to the base fluid thermal conductivity, defined as the effective
average Nusselt number (Nuavg,eff). Figure 16b depicts the effective average Nusselt number, which is
based on base fluid thermal conductivity for various Al2O3-volume fractions. As shown in Figure 16b,
the effective average Nusselt number increases with the addition of Al2O3 nanoparticles in water.
The higher the nanoparticles volume fractions, the higher the average Nusselt number is. Moreover,
results shown in Figure 16 indicate a favorable effect due to the higher thermal conductivity and an
unfavorable effect due to higher viscosity. The tradeoffs between these two opposing phenomena
may not be beneficial for the mixed convection in cavities. However, the addition of nanoparticles
may bring some benefits for the closed- or open-looped cooling/heating systems with the expense of
pumping power, as more heat will be conducted from the fin to the surrounding nanofluid due to their
higher thermal conductivities.Inventions 2018, 3, x 16 of 20 
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Figure 16. Effect of Al2O3-volume fraction on the average Nusselt number. (a) Average Nusselt number
based on nanofluid properties (denoted as Nuavg) and (b) effective average Nusselt number based on
base fluid conductivity (denoted as Nuavg,eff). The variations of Nuavg and Nuavg,eff are depicted for
Re = 1000, Ra = 105, and φ = 0.05. Different line types correspond to different Al2O3-volume fractions
as indicated in the legend and symbols are for the base fluid case.
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4.4. Effect of Fin Area Fraction

Increasing the size of the fin can be an alternative approach to enhancing the convective heat
transfer. Figure 17 shows the effect of the fin area fraction on the average Nusselt number. The results
are shown as functions of the fin aspect ratio and Reynolds number for three values of fin area fractions.
Increasing the size of the fin also increases the circumferential area of the fin, which enhances the
convective heat transfer as the surface area in contact with the fluid is increased. On the other hand,
increasing the fin size reduces the space available for fluid to flow through and flow can be blocked
by the enlarged fin and may result in a reduction of heat transfer due to the loss of the kinetic energy.
As a result, the average Nusselt number significantly reduces as the fin area is increased, as shown in
Figure 17a. The reduction is at its maximum at the optimum fin aspect ratio, which is 16% and 33%
reduction for φ = 0.10 and 0.15 from φ = 0.05, respectively. At higher fin aspect ratios, H1/L1 = 10,
4, 2 for φ = 0.05, 0.10, 0.15, respectively, the average Nusselt numbers for all three are minimum at
similar value, approximately Nuavg = 11. This is considered to be because such a high fin aspect
ratio completely blocks the cavity vertically and separate the cavity into two segments, thus all three
models can be described as the two separate rectangular cavities with moving the top wall and
single high-temperature vertical wall. As shown in Figure 17b, the reduction of heat transfer is more
significant at higher Reynolds number. Higher fin area fraction describes the larger object to disturb
the flow of the fluid. At low Reynolds number, the flow speed is slower and the flow can smoothly
maneuver around the inside feature, thus the increasing object size has less influence. However,
at higher Reynolds number, the higher speed of flow can be disturbed significantly, and the flow
circulates in a limited area similar to the result obtained for higher fin aspect ratios. Clearly, the size of
the fin with respect to the cavity area will have an impact on the overall heat transfer process. At the
same time, a larger fin may provide higher heat transfer for a fixed temperature gradient due to the
higher surface area when the cavity size is not fixed. However, a larger fin will introduce a larger flow
resistance due to the larger area inside the cavity.Inventions 2018, 3, x 17 of 20 
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Figure 17. Effect of fin area fraction on Nuavg as a function of (a) fin aspect ratio and (b) Reynolds
number for the base case parameters (Re = 1000, Ra = 105, ϕ = 1%, and φ = 0.05).

4.5. Optimization of Fin Aspect Ratio

The optimum fin aspect ratio, (H1/L1)opt and corresponding average Nusselt number (denoted as
Nuavg,max) as functions of Reynolds and Rayleigh numbers are shown in Figure 18. The optimum
fin aspect ratio is the one that maximizes the heat transfer between the fin and nanofluid. No great
variation in the optimum fin aspect ratio is observed with Reynolds numbers for the fin area fraction
of 0.05 and 1% Al2O3-volume fraction at Ra = 105, as depicted in Figure 18a. The optimum aspect
ratio stands approximately at (H1/L1)opt = 0.45 and decreases slightly at low Reynolds numbers. This
indicates that a wider fin would be a better choice than a taller fin when inertia force plays a dominant



Inventions 2018, 3, 27 18 of 21

role. The increase of the aspect ratio creates stagnant or no-circulation zones in the corner of the cavity,
decreasing the heat transfer between the fin and nanofluid. A taller fin increases the flow resistance
and hinders nanofluid circulation inside the cavity. The dimensionless velocity contours for various
fin aspect ratios (as shown in Figure 8) indicate the flow circulation as the fin aspect ratio changes from
0.1 to 10. Conversely, a significant variation in the optimum fin aspect ratio is observed with Rayleigh
numbers, as presented in Figure 18b. For low Rayleigh number, the optimum fin aspect ratio is almost
unchanged as the flow inside the cavity is predominantly the forced convective flow. For higher
Rayleigh numbers, the optimum fin aspect ratio increases as the heat transfer process shift toward
the mixed convection regime. The higher average Nusselt number indicates the higher convective
heat transfer as well. Clearly, Figure 18 indicates that the optimum fin aspect ratio is independent of
Rayleigh and Reynolds numbers in the forced convection regime, while it is strongly influenced by
Rayleigh and Reynolds numbers in the mixed convection regime.
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Figure 18. Optimum fin dimension ((H1/L1)opt) and corresponding average Nusselt number
(Nuavg,max) as a function of (a) Reynolds number and (b) Rayleigh number for ϕ = 1% and φ = 0.05.
Symbols are the numerical data points and the lines are the best fit.

5. Conclusions

A numerical study has been performed to investigate the mixed convection flow of Al2O3–water
nanofluid in a lid-driven square cavity with an intruded rectangular fin, and to optimize the fin
geometry for maximizing the heat transfer using the constructal design method. ANSYS-Fluent was
used for the numerical simulations. The effects of various aspects of heat transfer were analyzed,
such as the Reynolds number, Rayleigh number, Richardson number, aspect fin ratio, fin area ratio,
and nanoparticle concentration, in addition, the optimum fin aspect ratio for forced convection is
determined. The results suggest that the resistance to the flow caused by the different aspect ratio of the
fin has a strong influence on the mixed convective heat transfer inside the cavity. It is concluded that the
wider fin has a better heat transfer performance than a taller fin for all Reynolds numbers. For instance,
at Re = 2000, the highest Nusselt number is observed near the fin aspect ratio of 0.5. At Re = 2000
and H1/L1 = 0.5, the Nuavg is 35.5, which is nearly 31.9% and 120% higher than that obtained for the
lowest and highest fin aspect ratios, H1/L1 = 0.1 and H1/L1 = 10, respectively. Thus, the increase
of superficial area does not necessarily lead to an increase of heat transfer rate from the fin to the
surrounding nanofluid flow. The present results further reveal that the Reynolds number significantly
affects the heat transfer from the fin to the surrounding nanofluid due to better convection current,
while the Rayleigh number has less influence on the heat transfer. However, as the buoyancy force
increases, heat transfer increases with the Rayleigh number at high Rayleigh numbers. For optimum
fin aspect ratio, the Reynolds number shows little influence, while the variations of the Rayleigh
number significantly affect the fin’s optimum aspect ratio. For instance, the optimum fin aspect ratio
for φ = 0.05 is found to be 0.45 for all Reynolds numbers at Ra = 105, while the optimum fin aspect
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ratio changes with the Rayleigh number at Re = 1000. Thus, it can be further concluded that the
optimum fin aspect ratio is independent of Rayleigh and Reynolds numbers in the forced convection
regime, while it is strongly influenced by Rayleigh and Reynolds numbers in the mixed convection
regime. These results clearly highlighted the importance of the constructal design method for the
optimization of heat transfer for the fin and how the constructal design approach can be employed
in improving the thermal performance of a system. Furthermore, the simulation results highlighted
the benefit of using nanofluid in the mixed convective case. Moreover, the addition of nanoparticles
shows a higher heat transfer (Nuavg,eff) with respect to the base fluid, which may be beneficial for the
closed- or open-looped cooling/heating systems at the expense of pumping power, particularly for
solar collectors, nuclear reactors, and food processing.
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