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Abstract: Flux as well as spatial and angular resolution for a microbeam small-angle X-ray scattering
set-up, comprising Laue optics and multiple focusing elements are modeled within five-dimensional
phase space analysis. A variety of X-ray optics configurations for highest angular resolution and for
highest spatial resolution are analyzed.
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1. Introduction

Microbeam small-angle X-ray scattering, in short microSAXS, adds another dimension to the
well-established small-angle scattering technique [1]. Not only can spatially inhomogeneous samples
be studied in detail [2,3], but also microfluidic sample environments become accessible by the
technique [4,5]. A microbeam small-angle X-ray scattering (microSAXS) experiment has to overcome
contradictory requirements: for a high resolution in SAXS the beam should have as low a divergence
as possible. In order to obtain high spatial resolution the beam has to be focused to micron size,
introducing enhanced divergence. The design challenge is how to achieve the desired scanning
resolution while maintaining a reasonable scattering resolution at a good photon flux.

The considerations presented here are inspired by the Sector 2b and 3b side-bounce stations at the
upgraded Cornell High Energy Synchrotron Source. Both stations feature a fixed scattering angle of
2θB = 36◦, which corresponds to fixed beam energies of 9.7 keV, 15.9 keV, and 22.5 keV for the diamond
111, 220, and 400 reflections, respectively. Due to heatload concerns the Laue geometry is favorable,
as it minimizes X-ray absorption. An attractive feature of the Laue geometry is Laue focusing [6,7]
which results in 1:1 focusing of the beam for symmetric cut crystals. This focusing effect has to be taken
into account for properly designing the main focusing optics. In the following it is shown how phase
space analysis (PSA) can be used as a convenient tool for determining flux, gain, as well as spatial and
angular resolution and thus modelling the beamline in its entirety.

2. Method

PSA was introduced for synchrotron radiation X-ray optics by Matsushita and Kaminaga [8,9],
inspired by methods used in accelerator science. Here the variant by Pedersen and Riekel [10] will be
used with extension to the full five-dimensional phase space [11]. A photon beam is considered as a
distribution of rays ρ(x, x′, z, z′, η) with slight deviations in position (x, z), angle (x′, z′) and energy
η = ∆E/E from the optical axis. We follow here the convention that (x, x′) lie in the horizontal
plane, (z, z′) in the vertical plane and y points along the beam direction. PSA relies on the paraxial
approximation which works well for X-ray optics where typically all rays are close to the optical axis.
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By approximation of all distribution functions by Gaussians [10], a particularly compact formulation
can be found [11].

The X-ray flux Φ emitted by an undulator can be determined from the on-axis brilliance B and the
phase space density ρ(x, x′, z, z′, η):

Φ = B
∫
ρ(x, x′, z, z′, η) dx dx′dz dz′dη

The phase space density can be written in compact matrix form as

ρ = exp
(
−0.5 XTG0X

)
Here X is the vector of the five phase space variables, and XT its transposed. The source

matrix G0 for the on-axis radiation of an undulator in a straight section is diagonal and contains
the inverse beam variances. A Cornell Compact Undulator [12] has a source brightness of
5.6 × 1017 photons/mm2/mrad2/0.1% bandwidth for the considered photon energy at an electron
energy of 6 GeV and a current of 200 mA. The deviations of individual rays from the optical axis are
assumed to have a normal distribution with standard deviations σx , σx′ , σz , σz′ , ση and are listed in
Table 1.

Table 1. Source parameters of a Cornell Compact Undulator.

σx (mm) σx′ (Mrad) σz (mm) σz′ (Mrad) ση (0.1%BW)

0.30 0.087 0.023 0.013 26

As the beam propagates through the optical system, the phase space density matrices are modified
according to:

Gn = An + TT
n Gn−1 Tn

An is the acceptance matrix of the nth optical element and Tn is the transformation matrix of the
previous phase space density matrix by the optical element. The following expressions for the A and T
matrices will be relevant to our considerations.

2.1. Flight Path of Length L without Aperture

A f p = 0, T f p(L) =


1 −L 0 0 0
0 1 0 0 0
0 0 1 −L 0
0 0 0 1 0
0 0 0 0 1


Flight paths are assumed to have a diameter large enough to not clip the beam, i.e., all rays are

accepted. The transformation matrix describes the evolution of the phase space density as the beam
propagates along the flight path.

2.2. Laue Monochromator

Acceptance and Transformation matrices for a Laue monochromator are given by [10,13]

AMono = σ
−2
D


0 0 0 0 0
0 1 0 0 − tanθB

0 0 1 0 0
0 0 0 1 0
0 − tanθB 0 0 (tanθB)

2


Tmono =



b 0 0 0 0
0 b−1 0 0 −

(
1 + b−1

)
tanθB

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
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θB = 18◦ corresponds to the fixed Bragg angle, σD is derived from the Darwin width of the 220 reflection
wD = 0.016 in 0.1% band width in the Gaussian approximation:

σD = wD tan(θD)/
√

2πb

and b to the asymmetry parameter [9,10,13].

b = sin(θB + µ)/ sin(θB − µ)

where µ is the miscut angle. For demonstration purposes we will focus here solely on the case of a
symmetric 220 reflection with µ = 0 and b = 1.

2.3. Focusing Element–Compound Refractive Lens

Aap =



σ−2
ap 0 0 0 0
0 1 0 0 0
0 0 σ−2

ap 0 0
0 0 0 1 0
0 0 0 0 1


,T f oc( f ) =


1 0 0 0 0
− f−1 1 0 0 0

0 0 1 0 0
0 0 − f−1 1 0
0 0 0 0 1


Compound refractive lenses [14] have a finite aperture of a typical diameter wap =0.5 mm. In the

Gaussian approximation the positional variance is obtained from σ2
ap = w2

ap/2π. The focal length of
the lens is given by f .

2.4. Reflection and Transmission Factors

Beam attenuation factors due to the transmission of X-ray windows and compound refractive
lenses, or due to reflections from monochromators and mirrors enter the analysis as simple multiplicative
factors for the flux. We will assume that there is only a single 0.5 mm Beryllium window at end of the
incident flight path which has a transmission of RW = 98% [15]. The reflection factor from a typical
X-ray mirror is of similar order [15]. Flat X-ray mirrors are used for the suppression of higher order
harmonics of the monochromator. For a perfect-crystal Laue monochromator the maximum reflected
intensity is RM = 50% [16].

The transmission of a compound refractive lense can be determined using the online calculator by
RXOptics [17]. For a compound refractive lens with a focal length of 250 mm we need 85 Be lenses
with a minimum curvature radius of 0.05 mm and a transmission of RL1 =23%. We will also consider
generating a secondary source point using a second compound refractive lens with a focal length of
1 m which will need 19 Be single lenses and yield a transmission of RL2 = 62%.

2.5. Intensities and Marginal Widths along the Beam Path

The power of the Gaussian approximation lies therein, that instead of solving high-dimensional
integrals the flux at any position along the beam path can be determined directly from the transformed
phase space density matrices [11]:

Φ(R, G) = (2π)2.5B R det(G)−0.5

Another important concept is marginal standard deviations [18], for instance the standard
deviation in x with all other phase space variables integrated over. These provide the actual measurable
beam parameters and can again be expressed by determinants [11]:

σmarg,i = (det(Gii)/det(G))0.5
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where Gii is the matrix obtained from G by crossing out the ith row and ith column and i corresponds
to either x, x′, z, z′ or η. Note that all expressions are analytical functions along the beam path y and
intensities and marginal beam widths can be obtained at any point along the beam path.

If all acceptances were trivial e.g., all acceptance matrices A = 0, the flux would be preserved
throughout the optical system, as all T matrices merely shear the source density distribution which
preserves the phase space volume and thus the flux. In contrast, apertures and crystal acceptance,
as well as attenuation factors, reduce the intensity, and the goal is to optimize flux impinging on the
sample while attaining the target beam parameters. The highest resolution obtained in small-angle
scattering is both a function of beam size at the detector and the beam divergence; this makes microSAXS
an interesting challenge in optics optimization.

3. Application

Depending on the experimental requirements the anticipated beamline should be capable of
performing both high resolution SAXS (mode A) and scanning microbeam SAXS with either 10 µm
or 1 µm resolution (modes B and C). Here it is assumed that the focusing elements can be removed
from the beam path for a quick change-over between configurations. Most advantageous for ease of
operation are on-axis focusing elements, such as X-ray compound refractive lenses or Fresnel zone
plates. Figure 1 provides an overview of the three optics configurations discussed below. In the
following we will focus on the medium beam energy of 15.9 keV, as obtained with a symmetric Laue
220 reflection.
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Figure 1. Operating modes A, B, and C, shown in the horizontal plane. M is a diamond monochromator
crystal with Laue focusing, S is the sample position. L1 is the primary focusing lens. L2 is the secondary
focusing lens creating a virtual source point for L1 in configuration C.

3.1. Configuration A: Laue Focusing Only

This configuration is the best to achieve high angular resolution. The beam has a 1:1 Laue focusing
which preserves the divergence of the source, but reduces the beam widths. Although the detector is
upstream of the 1:1 focus point, the beam diameter is reduced significantly. Note that Laue focusing is
only effective in the horizontal plane. However, the vertical beam size and divergence at the source are
a factor of 10 smaller than in the horizontal plane, as is typical for synchrotron sources, and hence
prefocusing is not as essential as in the horizontal plane.
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The phase space description is in this case:

G1 = TT
f p(LUM) G0 T f p(LUM)

G2 = Amono + TT
mono G1 Tmono

G3 = TT
f p(L1) G2 T f p(L1)

G4 = TT
f p(LSD) G3 T f p(LSD)

LUM = 16.8 m is the distance between undulator and Laue monochromator crystal which is
unusually short compared with other synchrotron sources operating at 6 GeV. This length is the same
for all configurations; thus the beam matrices G1 and G2 remain the same for all three configurations.
The distance from monochromator to sample is L1 = 7.25 m. We chose the maximum sample–detector
distance LSD = 5 m for all our considerations. Of particular interest in this configuration are the beam
matrices G3 and G4 which contain the flux and beam widths at sample and detector, respectively.
For the flux and gain calculation we also need the reflection factor as well as the window transmission:

R = RMRW

The results of the calculation for all configurations are summarized in Table 2.

Table 2. Flux, beam size and divergence (as standard deviations), resolution, and gain for modes A,
B, and C. For beam size, divergence, and resolution the top and bottom numbers correspond to the
horizontal and vertical dimensions, respectively.

Mode Flux at Sample
(Photons/s)

Beam Size at
Sample (µm)

Divergence at
Sample (Mrad)

Beam Size at
Detector (mm)

Resolution
(nm) Gain

A 1.3 × 1012 855,316 0.087 0.48 2730
10.013 0.39 3420

B 3.6 × 1010 7.7 0.78 3.8 335
1566.2 0.65 3.2 402

C 1.2 × 109 1.1 0.78 3.9 334
7070.3 0.75 3.8 345

3.2. Configuration B: Laue Focusing and Focusing Element

In configuration B we introduce another focusing element (or “lens” in short) close to the sample.
G1 and G2 are the same as before. L′1 = 7 m is now the distance between monochromator and lens,
and L′2 = 0.25 m the distance from lens to the sample. Compound refractive lenses with a parabolic
profile have an aperture of typically = 0.5 mm; Fresnel zone plates can even have smaller apertures.

G′3 = TT
f p(L

′
1) G2 T f p(L′1)

G′4 = Aap + TT
f oc( f ′) G′3 T f oc( f ′)

G′5 = TT
f p(L

′
2) G′4 T f p(L′2)

G′6 = TT
f p(LSD) G′5 T f p(LSD)

As the lens is in a convergent beam due to the Laue focusing, the optical distances for source and
image are now:

p′ = L′1 − LUM, q′ = L′2
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Note that p′ is negative, as the virtual source point of the lens is downstream of the lens.
The focusing length is then given in the thin lens approximation as

f ′ = p′q′/(p′ + q′) = 0.26 m

In configuration B the beam matrices G′5 and G′6 contain all of the beam information at sample
and detector, respectively. The transmission/reflection factor now contains the transmission of the
compound refractive lens:

R′ = RMRL1RW

3.3. Configuration C: Laue Focusing and Two Lenses

In order to achieve focusing down to 1 µm, we have to use two lenses. Lens L1 remains the same
as in configuration B. Lens L2 is located L′′ 1 = 1.5 m downstream from the monochromator and focuses
the Laue-focused beam to a secondary source point at L′′ 2 = 1 m. The distance from the secondary
source point to lens L1 is L′′ 3 = 5 m. The distance of lens L1 to the sample is L′′ 4 = 0.25 m, as before.

G′′ 3 = TT
f p(L

′′
1) G2 T f p(L′′ 1)

G′′ 4 = Aap + TT
f oc

(
f ′′ 2

)
G′′ 3T f oc

(
f ′′ 2

)
G′′ 5 = TT

f p(L
′′

2 + L′′ 3) G′′ 4 T f p(L′′ 2 + L′′ 3)

G′′ 6 = Aap + TT
f oc

(
f ′′ 1

)
G′′ 5 T f oc

(
f ′′ 1

)
G′′ 7 = TT

f p(LSD) G′′ 6 T f p(LSD)

For the lens parameters we have this time:

p′′ 2 = L′′ 2 − LUM

q′′ 2 = L′′ 2

f ′′ 2 = p′′ 2q′′ 2/
(
p′′ 2 + q′′ 2

)
p′′ 1 = L′′ 3

q′′ 1 = L′′ 4

f ′′ 1 = p′′ 1q′′ 1/
(
p′′ 1 + q′′ 1

)
and for the reflection transmission factor

R′′ = RMRL2RL1RW

4. Results and Discussion

We are now ready to calculate actual numbers, such as the flux and the beamsize at the sample,
the beamsize at the detector, and the q-resolution. For the minimum scattering vector q we use the
rule-of-thumb that the beamstop should be about three times as wide as the beam, so that at least 99%
of the direct beam intensity is absorbed. The first resolvable peak is thus at 3σmarg,x. This yields a
minimum scattering angle 2θ = 3σmarg,x/LSD which corresponds to the minimum of the scattering
vector qmin = 4π sin(2θ/2)/λ. This in turn provides the maximum resolvable d-spacing

dmax = 2π/qmin
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which we will refer to as the resolution. The values for the three configurations are provided in
Table 2. Finally we will estimate the gain of the microfocusing optics. The gain is defined as the flux
in the microbeam focus per unfocused flux through a pinhole of the same size as the focal spot [19].
Within the phase space analysis framework, the gain can be obtained as

gain =
Φ(R′, G′5) σmarg,x(G3) σmarg,z(G3)

Φ(R, G3) σmarg,x(G′5) σmarg,z(G′5)

for configuration B as well as for configuration C using R′′ , G′′ 7 instead of R′, G′5, respectively.
Our calculations are based on the use of a perfect diamond Laue crystal, such as grown with

the high temperature/high pressure method. Despite the narrow Darwin width of the diamond
220 reflection of 0.016 × 10−3, such a crystal would yield a flux of 1.3 × 1012 photons/s at 15.9 keV beam
energy. When averaged over the beam divergence, the marginal distribution of η yields an effective
energy acceptance of 4.3 eV. A mosaic crystal would have an enhanced acceptance and yield a higher
flux, however at higher divergence and thus lower scattering resolution and a larger focal spot.

Within reasonable optical parameters, the resolution for single-lens focusing in configuration B is
limited to a spot size of around 8 µm. Only with two lenses (configuration C) can a horizontal spot
size of 1 µm be achieved. In this case the vertical beamsize is even smaller. This makes configuration
C attractive for grazing incidence scattering, because the size of the beam footprint on the sample is
reduced. A smaller footprint avoids geometric smearing [20], in particular for wide-angle scattering.
Nonetheless, the 20-times higher flux at the sample and the round beam, both in beam size and
divergence, makes configuration B an attractive option for experiments requiring high intensity,
but resolution. In addition, the scattering resolution at the detector is close to isotropic, eliminating the
need of resolution corrections.

5. Conclusions

PSA offers a straightforward way to obtain beam parameters and estimates of overall beamline
performance, such as flux and resolution. The results are available essentially instantaneous and thus
a variety of optics configurations can be simulated efficiently. PSA is the tool of choice for initial
beamline layout, predicting the performance of a perfect optical system for a finite distribution of rays.
When the basic layout is established, more powerful (but more time-consuming methods) such as ray
tracing [21] can be used for the critical components. The good agreement of PSA and ray tracing has
been demonstrated [22]. We have discussed here a variety of configurations suitable for a microSAXS
beamline, meeting the constraints of the sector 2b and 3b beamlines.
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