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Abstract: We have studied the superexchange interaction J;; in doped 2D cuprates. The AFM
interaction strongly depends on the state of the lattice of a CuO, layer surrounded by two LaO rock
salt layers. In a static U and D stripe nanostructure, the homogeneous AFM interaction is impossible
due tothe U/D/U... periodic stripe sequence and Ty = 0. In a dynamic stripe nanostructure, the
ideal CuO, layer with nonlocal effects and the homogeneous AFM interaction are restored. However,
the interaction J;; decreases by the exponential factor due to partial dynamic quenching. The meaning
of the transition from the dynamic to the static cases lies in the spontaneous #-symmetry breaking
with respect to the rotation of all the tilted CuOg octahedra by an orientation angle 66 = n - (45°)
(where n =1 +4) in the U and D stripe nanostructure of the CuO; layer. Moreover, the structural
features help to study various experimental data on the charge inhomogeneity, Fermi level pinning
in the p type cuprates only and time reversal symmetry breaking from a unified point of view.
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1. Introduction

The unique functionality of several materials with a perovskite structure, such as
cuprates Refs. [1-4], can be tuned by atomic substitutions, tolerance factor, misfit strain
and pressure, which control structural tilts and nanoscale phase separation. The scanning
tunneling microscopy and spectroscopy (STM and STS) [5-9] and advanced experimental
X-ray methods [10-14] in a wide range of temperature and doping unambiguously indicate
that there is a clear connection between the multiscale stripe texture and the quantum
coherence of quasiparticles in 2D perovskite high-Tc superconductors. The stripe charge
nanostructure is also accompanied by spin inhomogeneity [15-23], and it is believed that
high-temperature superconductivity (HTSC) originates from magnetic spin excitations that
bind Cooper pairs [24-27]. The magnetic interaction in parent AFM 2D cuprates is the well-
known superexchange interaction [28]. The AFM interaction between the nearest spins of
Cu?" ions in the CuO, layer is strong (~0.146 eV) [29], and it is much stronger than the in-
terplanar exchange, which is mainly responsible for long-range magnetic ordering observed
in undoped cuprates. For La,CuOy (LCO), the Neel temperature is Ty ~ 300 K. In the
traditional picture of BCS superconductivity, magnetism destroys Cooper pairs. However,
superconductivity in these HTSCs develops from a “bad metal”, whose resistivity is higher
than that of BCS superconductors, and the AFM magnetism itself is related to the initial
“bad metal” state, where superconductivity occurs when long-range magnetic ordering is
suppressed at a relatively weak hole doping (x ~ 0.01). Indeed, in the resonating-valence
bond (RVB) approach and ¢ — | model [24,30-33], HTSC emerges due to the condensation
of hole pairs, induced by the exchange interaction Jj;. Pairing of holes in this mechanism is
caused by the interband transfer of quasiparticles in the CuO, layer with short-range AFM
ordering. Retardation effects for this mechanism are insignificant. Another view on the
HTSC state in the cuprates (see for example [34,35]) is that AFM spin fluctuations become
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particularly longer-ranged and soft at low hole doping. In fact, there is a resonant magnetic
mode [36-38] within the HTSC phase, where the scenario of spin fluctuations represents
the lowest bosonic mode relevant for the d-wave HTSC pairing in the energy range ~J;;.

If the magnetic interaction is a reliable candidate that can be used as a glue for
holes [39], then how will it change in the inhomogeneous nanostructure of doped 2D
cuprates? Actual research on the properties of a quantum spin liquid in the double per-
ovskite oxides with the general formula of AyMe,O¢ [40-42] does not provide a direct
answer to this question, since there is no anion substitution in the CuO; layer of HTSC
cuprates. However, the dynamical charge and spin nanoinhomogeneities are identified
and discussed in current neutron and STM experiments [43—46]. Based on the large isotope
effect in high-Tc superconductors with the stripe nanostructure [47-49], here we study
superexhange interaction taking into account the phonon nature of the stripe structure in
high-Tc cuprates. It will be shown that the charge and spin nanoscale phase separation can
be derived at least qualitatively in the lattice approach, and the homogeneous interaction J;;
is restored at a certain hole concentration corresponding to an equal-dimensional periodic
stripe structure of a linear or chess type. Furthermore, this is a good reason to test your
feelings in accordance with the opinion: “. . .there remains the nagging feeling that even if
the basic pairing mechanism ultimately arises from the short-range antiferromagnetic cor-
relations in the layer, some important ingredient may be missing from the theory we have
described” (see the review [25]). In conclusion, we discuss the observable consequences
from the lattice concept of the stripe nature.

2. Color Approach to Nanoscale Inhomogeneity and D and U Stripe Structure

We focus on the tilting effects as a required attribute of the observed stripes [50]. The
idea of the color approach [51] is the identification of stripes due to the tilting effects (tilting
of the CuOg octahedron as a whole). The fact is that different stripes differ not only in the
hole concentration and spin, but in the type of nuclear configuration (see Figure 1).

D stripe ((1,),0,0) U stripe (aU,aL.,O)
- 2
- 0, =45° .
ad v
[LaO (up):r
a b

Figure 1. View of the tilted CuOg octahedra of the D (a) and U (b) stripes with different tilting effects
in LSCO. The insets show the tilting effects in accordance with the Glazer’s notations [52].

We have classified the observed stripe configurations into a ninth-order symmetric
Abelian group G(a) consisting of two types of stripes U(6;) and D(6p) rotated at the
right angle relative to each other [51]. The sought stripe group G(«) represents all possible
reaction products between different initial nuclear configurations in the form of group
multiplication, where an ideal non-tilted prototype of the perovskite CuOg octahedron
is used as a group unit. In all the “structural reactions” of nuclear configurations of the
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stripes, the tilting angle « of the perovskite octahedron with respect to the rock salt LaO
layers is retained, rather than their initial symmetry, as is the case, for example, of chemical
reactions, in accordance with the Woodworth—-Hoffman rules [53]. The number of nuclear
configurations of the observed stripes in LSCO is reduced to one of the two U(6y;) (where
Oy = 45°,135°,225°,315°) or D(6p) (where 6p = 0,90°,180°,270°) stripes, and their spatial
distribution in the CuO; layer is represented by possible plane graphs with the chromatic
number x < 4 in the four-color theorem. Using four colors: U(45°), U(225°)—red (R),
U(135°), U(315°)—Dblue (B) and also D(0°), D(180°)—green (G); D(90°), D(270° )—yellow
(Y), we can always color an arbitrary plane map, and the four colors R, G, B, Y are just
four subgroups in G(a). The group can also be represented as a direct product of the
subgroups of any different colors, e.g., G(a) = R x B = G x Y, etc. The D(0p) stripes
occur as overlapping different U (6;) and U (6 £ 90°) stripes in an R/ G/ B sequence, for
example, upon U (6y;) stripes disordering with doping, and vice versa, U (6y;) stripes can
occur as overlapping D(6p) and D(6p £ 90°) stripes in the G/R/Y sequence.

These two stripe sequences can be combined into one, for example into Y/R/G/B,
from which, by rotating all the tilted CuOg octahedra around the ¢ axis by the angle
66 = n - (45°), we can obtain other three B/Y/R/G, G/B/Y/R and R/G/B/Y. The
rotation also leads to a shift over the G(«) group and transverse shift of the linear stripe and
diagonal shift of the checkerboard structures in Figure 2. This means that the ground state
of the CuQ; layer in Figure 2 is fourfold degenerate with respect to the rotation. Indeed, we
can also form a novel JT cell (see Figure 2), and during its translation the number of hole
carriers and spins in the JT cell is retained. The state ¥y, of the JT cell is fourfold degenerate
by the initial phase 6, = 0,45°,90°, 135°, which splits upon tunneling the CuOg octahedra
over the states of the D(6p) and U(6y;) stripes. With the spontaneous 6-symmetry breaking,
a static picture which is formed with the help of the JT cell is shown in Figure 2.
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Figure 2. Structural motive for the four-fold degenerate state ¥y, of the novel JT cell. The initial
phase 0, Yo, —color code and coloring of the graph with x = 2 are also shown.
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Let us consider the JT cell to understand the nature of the inhomogeneous distribution
of the hole and spin density in the CuO; layer. The cell has the Jahn—Teller (JT) nature,
as shown in Figure 3, where the (pseudo) JT effect is non-local and associated with the
presence of positively charged LaO rock salt layers. The tilting angle a;; at the orientation
angle 6y corresponds to the relaxation 41, modes, and the tilting angle ap at the orientation
angle p corresponds to the JT active bj¢ modes.

U (135°)

LaO i
[ a (upper)] T4
+++ <
H,
0, =aR
CuO2 layer o

++ +

++

I:LaO (down ):|+

Figure 3. Graphic scheme: (a) by, tilting modes active in the non-local CuOg octahedron JT effect, as

well as (b) a1, relaxation modes in the D and U stripes. The arrows in (a,b) show the relationship

between the tilting and conventional local modes. (¢) Non-local JT effect in the CuO; layer surrounded

by the symmetrical LaO rock salt layers.

The absence of superconductivity in the AFM CuO layers on graphene [54,55] indicates
the key role of rock salt layers in 2D doped cuprates [4]. The direct similarity of the
structures of the undoped LCO and non-JT La;NiO4 materials [56], where Ni%t ions are
in the high spin state S = 1, which also indicates the missing JT effect in the Np(d°)
sector of the configuration space of the CuO, layer. However, in the N_(d4®) sector of the
doped LSCO, the hole carriers are in the Zhang—Rice singlet state 1A, ¢ [57], and this is
a JT state [58]. Moreover, the JT pseudo-effect depends on the doping concentration in
a threshold way. Indeed, the hole carriers in the D(6p) stripes can induce a non-local JT
pseudo-effect in the i-th CuOg octahedron with a Hamiltonian (see Figure 3).

A (Qur Qo) = e1p,, Y bl bio-tena, T aai0+ Vi, Qu X (a5 bio + bair) + U(Qus Qo)
a o a

in the hole sector N_(d®) of the configuration space of the CuO, layer. Here, a;

]Algr b

L
(o)X, 18 bandbl.?:;y( o)X,

M

are two hole parts of the quasiparticle operator

d;

+ ‘Tb Alg h,o
iAc l + Z <h|d1/\a|‘7b>x
h=1A4,1 By
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_Xafb,A]g_i_{ Zi,/\—32 —r
1 — —_
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generating two-hole 1A1g and 1318 states in the N_ (d®) sector. If |1h) = ’1A1g>, then the
operator d;; ., takes the well-known form for the Hubbard model [59]. It is assumed that
the U(Qa, Qp) potential is created by the LaO rock salt layers, and the equilibrium ion

0H7(Qu, Qo)

positions in the CuO; layer can be obtained from the equation —55-5
use the set Op and ap ~ 14° = 18°, which are observed at T = 100 K for the D stripes [50].

= 0. Here, we
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The concentration dependence of the magnitude ap(x) in the JT effect can be obtained
using the u /v transformation in the Hamiltonian (1) with the coefficients

1. €ip, ~ Elay,
(le) - (1 D(Qa) )l (3)

1 ip,, — 814y,

z + +
where D(Qu) = |/ (e15, 14, ) —|—4(Vb1gQa> and af, = 0(Qu)a}, + u(Qu)bh, b}, =
0(Qu)b;, — u(Qq)d; . Then, the Hamiltonian (1) may be written as

]T (Q"" QGD) =£- Q”‘ wabla + €y Q"l Zam io’r (4)

where ¢+ (Q,) = %{81 Ay T €18y, £ D(Qa)} are the energies of the hole quasiparticles
in the two-hole singlets |'A;¢) and |!By,) taking into account the JT interaction Vj, .
The equilibrium tilting angle ap at U(Qu, Qp,) ~ (Ka?)/2 takes the form ap(x) =

RV, \ 2 2 .

:t\/ ( I?g > — (VbAlg) where R = ; (b} by — dfdg). Thus, in the doped LSCO cuprates,
i Vb21 .

pseudo effect with ap # 0 can be observed. At A = & By, ~ 1Ay, = 0 [60] we obtain the

14. 14 1p. 1p
there is a hole doping level x. = <XZ.A18 Aig _ i Pig By > = KA and above which, the JT

quadratic hole doping dependence for the JT contribution:
(an, Q9D’ - Z (bl—;bw - Llwam) ©)

where E;OT) = Vbz1 . / 2K. Any homogeneous hole density at x < x will be unstable to the

creation of local D areas with a higher hole density xp > x. and <ﬁ ]T> = < Y H ]T> # 0.

i=i D
The boundaries contribution to the lattice energy is absent, because the boundaries between

the stripes are in fact atomically sharp. At the small hole doping, the total JT contribution
<ﬁ ]T> ~ x due to the increasing width of the D stripes with the constant hole concentration
xp. This is a xp—constant scenario, where xp > x..

3. Electron-Hole Pairs in the Superexchange Interaction

Let us consider the superexchange interaction Jj; in the static stripe structure in Figure 2.
In the case of spontaneous #-symmetry breaking (the JT cell state ¥y, is non-degenerate),
the doped LSCO cuprate has a static nanostructure, where the exchange interaction is
missing in the D stripes (where S; = 0), and in the U stripes the superexchange interaction
is equal to the one in undoped LCO materials:

Z ]tots S (6)

Here, the interaction ]l-t]?’t =Y ]l-]-(h, e) can be calculated in the adiabatic approximation.
h,e

Superexchange interaction (6) arises as a result of the superposition of contributions from
all possible virtual electron-hole pairs on the interacting i-th and j-th ions (see Figure 4).
The sign of the J;;(h,e) contribution to the ]l-t]?’t interaction is determined by a simple

rule. If the spins of an electron and a hole in a virtual pair are equal, .§h = gg, this
is the AFM contribution. If §, = §, £ 1, it is the FM contribution. Other terms are
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missing, and all the electron-hole wave functions |h) and |e) in the hopping integral
ghmen — y ti].()\)\’) Y75, (hn)y e (en) [61-63]in the superexchange
AN o

ij
2
hn,en
2(5")

tot _ V. y _
]ij = hzg:]l](hn, en)/]l](hn/en) A(hn,en)’ )
A(hn,en) = g, + €, — 2¢y
are calculated in the adiabatic approximation, where
Yire (k) = (hldji,|n) = ((N-, Sp)|d},|(No, Sn)) ®)

Yiao(en) = {eld;y 1) = (N4, Se)|d;,[(No, Sn))

The pairs of indices hn and en run over all possible quasiparticle excitations (e, 1)
and (h, n) between many-electron states |1) and |e(h)) with the energies ¢, and ¢,y in the
sectors Ny and N+ of the configuration space in Figure 4.

N@)  Ny@)  N@)
le) )

)

J, (he) m

Figure 4. Graphic representation of the electron-hole pairs for the interacting i-th and j-th Cu®* ions.
Each pair corresponds to a double exchange loop (solid or dotted lines).

?z'h,ne
g

the Hubbard’s model there is only one such element corresponding to the excitations
between lower and upper Hubbard bands. In cuprates, the main contribution from the

electron-hole pair with [n) = 2by,, |[i) = 'Ajg and |e) = 'A has the AFM character
u .
Z?].Of ~ ]i(j )(1A2b1g,1A1g2b1g) (see Figure 4) [64], where

These quasiparticle excitations are described by non-diagonal elements ¢.""™. In

2t§].
LA2byg, 1 A1g?hyg)

i (1A2b1g,1A1g2b1g) - X ~0.15eV )

where A(1A%byg, Ay byg) = €14, — 2<52blg - Valglxu> = Upand e, = 2(52b1g - Vglgtxu> +
Uy. However, the transverse percolation of the exchange interaction | itzg;B’ where ig and
jp in the octahedra CuOg are in different red(R) and blue(B) stripes in the static regular
Y/R/G/B...stripe structure, is unlikely.

If there is no spontaneous f-symmetry breaking and the JT cell state is four-fold
degenerate, then the exchange interaction in the JT cell presented above is incomplete,
due to the the novel configuration space. Here, the i-th CuOg octahedron (the black point
in Figure 5) can simultaneously be in the U and D stripe states of any color of the four
possible R, B and G, Y. In addition to the initial quasiparticles in the static stripe structure,
specific hole quasiparticles appear in the CuO; layer, but they are accompanied by changes
don = ap — ayy and 06 = Op — Oy shown in Figure 5.
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Figure 5. Left graphical representation shows the anisotropic non-local effects in the CuOg octahedron
located in the JT cell with the fourfold degeneracy. The right diagram presents the electron-hole pairs
contributing to the exchange interaction when both the i-th and j-th magnetic ions are in the JT cell.
Here, the U and D stripe widths are the same to demonstrate the appearance of an ideal CuO, layer
with mobile hole carriers only with the equal stripe widths.

To obtain contributions into Jj(hn,en) from the electron-hole pairs with a change in
the angles da and 60 = £45° in the JT cell, we need the i-th CuOg octahedron |h9DaD>
and |n9u,xu> states, where the indices U and D denote the stripe affiliation for the i-th

octahedron )
|h9DﬂlD> = |h> ‘XQDXM)>;

where |fz> = ‘1A1g>, 1E1g> and |n) = f2b1g>. Each of the R, G, B, Y colors in Figure 2 corre-
sponds to a harmonic oscillator wave function |x,) with a displaced 2D oscillator. These
states differ by |xa,, (Qa +&D)), | X0, (Qep) ) and |xay (Qa + au)), |xe, (Qsy, ) ), and the ma-
trix elements 7, (7) in Equation (8) for the i-th CuOg octahedron cell will be calculated with
the functions |h90 ch> and ‘nguau> located at the four equivalent nuclear configurations of
the JT cell corresponding to the phase 6, (see black dot in Figure 5). The matrix elements
7, (hn) contain vibronic reduction factors or partial dynamic quenching [65]:

e 2
2 ()

neuﬂ(u> = |n>‘X9quXu>/ (10)

)

(1A tA) = 11
N 202(0cD)‘t12j(x2,x2) . {_ 592+5w2}
A(1A1201, 1Ay ,) 2 J
where v = K/hwp (wp—Debye frequency) and
bij <x2' xz)v("‘D);%tza (1A1g'2blg)7x2a (1Af2b1g) : <XieD Xi9u><Xi(pD Xi¢u>/ (12)

where A(lfilgzblg,lAzblg) =2 [57 (ap) — Szhlg] + Uy, i (x2,x%) > i (z%,2%), and

<Xi9D Xi9u> ' <XiaD Xizxu> =
(Xiap (Qu + D) Xiop (00) | Xin, (Qu + tur) iay (Ou) 13)
~ exp{—v(86° + 6a?) /4}
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with da = ap — ayy ~ 9° +13°. With the absence of spontaneous 8-symmetry breaking, the

homogeneous superexchange interaction in the hole-doped LSCO cuprates is equal to
" 66% + da’

T (1A 25 142 2
I} = fij( A1"big, Ay blg) v (ap) 'eXP{—VZ}- (14)
This result (14) is independent of the choice of the i and j pair of the interacting
CuOg octahedra and the exchange ]l-t]‘-’t is homogeneous in the ideal CuO, layer with
nonlocal effects. Indeed, the neutron experiments in LCO cuprates demonstrate the thermal
anisotropic motion [66] similar to the oxygen ion motion shown in Figure 5. Similar
reduction factors in n doped LNCO cuprates are impossible, since there is no JT effect in
the N4 (d'0) electron sector.

4. Discussion and Conclusions

The JT pseudo effect in the N_ (d®) hole sector with the hole concentration x in the
range 0 < x < x, is accompanied by the charge and spin inhomogeneities due to the
nonzero tilting angle ap ~ 14 + 18° [50] of the CuOg¢ octahedra at the orientation angle
6p = 0°,90°,180°,270° in the D(6p ) stripes (see Figure 1). The U(6y;) stripes with the CuOg
octahedra tilted at an angle ay; ~ 5° [67] and oriented at an angle 6;; = 45°,135°,225°,315°
form dielectric regions. The observed regular line and checkerboard stripe structures [68,69]
with the chromatic number x = 2 generate a novel element of symmetry in the CuO, layer:
simultaneously rotating all the tilted CuOg octahedra by the angle §6,, = n - (45°) (where
n = 1+ 4) around the c axis. We can choose a novel JT cell, the initial structure and number
of hole carriers and spins in the JT cell will be retained during its translation. The state ¥y,
of the JT cell is fourfold degenerate by the initial phase 6,, = 0,45°,90°,135° (see Figure 2).
In particular, any CuOg octahedron can be located simultaneously, both in the U (6y;) and
D(6p) stripes without any well-specified orientation 6p(6;;) and tilting ap(ay;) angles.
The exchange interaction ]l-tj‘?t will be different, depending on whether the spontaneous
phase f-symmetry breaking occurs or not:

(i) The spontaneous §-symmetry breaking leads to a static spatial distribution of the
U(0y) and D(0p) stripes in the doped LSCO. The static distribution origins from the
different stripe width and shape, when there is no 6, phase degeneracy. The signature
of the static structure doesnot depend on the experimental timescale ranging from
107% s to 10712 5, but is sensitive to the temperature and hole concentration [47]. In the
static structure of the CuQO; layer, the superexchange interaction has the Anderson’s
form ]i(ju) = 2t? /Uy for the interacting ions Cu®" with spin 1/2, but is limited in
space by the U(6y;) stripes with the zero hole concentration.

(i) Without spontaneous f-symmetry breaking a novel JT cell can be constructed in the
periodic stripe nanostructure with the fourfold degenerate ¥y, state. The ideal CuO,
structure with nonlocal anisotropic effects and the homogeneous superexchange
are restored. The stripe boundaries, spin and charge inhomogeneities disappear,

and the superexchange is suppressed from its magnitude | i(ju) (in the undoped LCO

cuprate) by the exponential factor Ji?* ~ ]l.(].u) -v*(ap) - exp{—v(da? + 66%) /2} due
to dynamic quenching for the CuOg octahedra. We can evaluate the Ejr magnitude as
Ejr =~ hwp, where Ejr = K (5042 + 592), because the stripe fluctuations are observed
at the temperature ~100 K. Thus ]it]f’t ~ 0.61 - ]l%l -v?(ap), where 0.5 < v?(ap) < 1and
] l.l].l ~ 0.15 eV. The strip signatures noticeably weaken with the decreasing temperature,
but they are still detected as density waves of the hole pairs [43—46].

There is no direct analogy with a free rotator, since there is no continuous series 6p of
the tilted CuQOg octahedra for which the potential energy is minimal. Only tunneling and
hopping effects are possible at the low and high temperatures, respectively. This conclusion
does not contradict the results, where the low-temperature optical pump, soft X-ray probe
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measurements [13] detected the unexpected gapless nature of the charge ordering. Indeed,
the characteristic tunneling JT splitting < 10 sm~! (1 meV) [70] has the energy scale of
the transverse fluctuations observed in LBCO [13], and the magneto-optical measurements
identify the effects of time reversal symmetry breaking [71-74].

Note that a period of the charge stripes sequence U/D/U/ ... is two times less than
the period of the lattice stripe structure Y/R/G/B..., since the hole concentration xp
does not depend on the orientation angle fp. In (nonpseudo) Jahn-Teller materials, where
xc = 0 such as 3D AMeOj perovskites with regular MeOg octahedra, the hole segregation
into strip structures is impossible. The hole concentration xp in the D stripes does not
depend on the total hole concentration x in the CuO; layer, but the total D stripe area rises
with increasing hole doping. This xp constant scenario has clear experimental features
such as Fermi level pinning, where a shift of chemical potential is suppressed in the
underdoped region of p type LSCO cuprates [75]. In the n type LNCO cuprates, the JT
effect in N5 (d'°) configuration sector is missing. In contrast to LSCO, the superexchange
interaction Jj; should not be subject to dynamic quenching, and the monotonous increase of
the chemical potential is consistent with the absence of stripe fluctuations [75]. The dynamic
quenching magnitude in Equation (14) decreases exponentially with the increasing Debye
temperature fiwp /kp. A similar trend for the critical temperature Tc in the La, Y, Tl and Hg
based cuprates with Debye temperatures from 200 K to 600 K was found in Refs. [76,77].
Note also that our arguments in favor of the JT nature of the charge inhomogeneity is
an alternative to the fact that the competition between the kinetic energy and Coulomb
repulsion could cause holes to segregate into strip structures [78].
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