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Abstract

:

Scanning probes reveal complex, inhomogeneous patterns on the surface of many condensed matter systems. In some cases, the patterns form self-similar, fractal geometric clusters. In this paper, we advance the theory of criticality as it pertains to those geometric clusters (defined as connected sets of nearest-neighbor aligned spins) in the context of Ising models. We show how data from surface probes can be used to distinguish whether electronic patterns observed at the surface of a material are confined to the surface, or whether the patterns originate in the bulk. Whereas thermodynamic critical exponents are derived from the behavior of Fortuin–Kasteleyn (FK) clusters, critical exponents can be similarly defined for geometric clusters. We find that these geometric critical exponents are not only distinct numerically from the thermodynamic and uncorrelated percolation exponents, but that they separately satisfy scaling relations at the critical fixed points discussed in the text. We furthermore find that the two-dimensional (2D) cross-sections of geometric clusters in the three-dimensional (3D) Ising model display critical scaling behavior at the bulk phase transition temperature. In particular, we show that when considered on a 2D slice of a 3D system, the pair connectivity function familiar from percolation theory displays more robust critical behavior than the spin-spin correlation function, and we calculate the corresponding critical exponent. We discuss the implications of these two distinct length scales in Ising models. We also calculate the pair connectivity exponent in the clean 2D case. These results extend the theory of geometric criticality in the clean Ising universality classes, and facilitate the broad application of geometric cluster analysis techniques to maximize the information that can be extracted from scanning image probe data in condensed matter systems.
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1. Introduction


Since their invention in 1982, scanning probes have revolutionized our understanding of materials and their surfaces, yielding an ever increasing wealth of data available for in-depth analysis, on a wide variety of systems [1]. At least seventeen types of scanning probes have been developed [2,3], revealing new information about quantum materials via, e.g., scanning tunneling microscopy [4,5,6], scanning near-field optical microscopy [7,8], scanning X-ray methods [9,10,11], and atomic force microscopy [12], among others. Theory has been sprinting to catch up in order to interpret it all, and also to discover new ways of extracting information from the data, in order to fully realize this promise of new knowledge from the increasing variety of scanning probes and their ever-increasing experimental capabilities. While scanning probes have varying penetration depths, and therefore varying native ability to probe at least some of the bulk, their real strength lies in the exquisite spatial resolution at the surface. To date, the majority of theoretical treatments have focused on microscopic physics [2], with few theoretical treatments offering guidance for how to interpret the wealth of information [13] available in the multiscale pattern formation often observed on surfaces. We have recently pioneered a new set of techniques for analyzing scanning probe data by mapping two-component image data to random Ising models [14], based on geometric cluster methods imported from disordered statistical mechanics. A geometric cluster is defined as a set of aligned nearest-neighbor sites. The key insight is that near criticality, the spatial configurations of geometric clusters are controlled by the critical fixed point, and therefore the geometric properties encode critical exponents. The method is capable of extracting information from experimental data about disorder, interactions, and dimension. We have already successfully applied this new technique to uncover a unification of the fundamental physics governing the multiscale pattern formation observed in two disparate strongly correlated electronic materials (cuprate superconductors [14,15] and vanadium dioxide [16]).



However, because it is the Fortuin–Kasteleyn (FK) clusters (See Figure 1) which encode thermodynamic criticality [17], rather than the geometric clusters which are directly accessible experimentally via scanning probes and which we employ in our method, little is known about the general theoretical structure of geometric clusters in clean and random Ising models, and the critical exponents associated with the geometric clusters are unknown for many of the fixed points which are key to interpreting experimental data. In this paper, we advance the theory of criticality as it pertains to geometric clusters in clean Ising models to further develop geometric cluster analysis techniques [14], in order to maximize the information that can be extracted from experiments using these new methods. Although the geometric clusters do not encode thermodynamic criticality, we conjecture that when the geometric clusters percolate, whether at or below the thermodynamic critical temperature, the geometric clusters do encode geometric criticality, complete with its own set of critical exponents, which we further conjecture are distinct from the exponents of uncorrelated percolation when arising in the context of an interacting model.



This paper is organized as follows. We first describe in Section 2 the model under consideration. We then ask in Section 3 whether the pair connectivity function can be a power law in any system other than uncorrelated percolation (to which we will answer “yes”). In Section 4, we present some conjectures considering geometric criticality as distinct from thermodynamic criticality. Next, we present in Section 5 our results for the critical geometric cluster exponents on 2D slices of the clean 3D Ising model (denoted by C-3Dx, where x means cross-section), and in Section 6 our simulations of the pair connectivity function of the clean 2D Ising model (denoted by C-2D). In Section 7 we discuss the relation of the order parameter in a 3D ferromagnetic Ising model to the percolation of geometric clusters on 2D slices of the 3D system and derive that the position of the 2D slice geometric cluster percolation point coincides with bulk critical point. In Section 8 we discuss the implications of the pair connectivity length scale in Ising models. Finally, in Section 9, we discuss and summarize our findings about geometric criticality, and present conclusions in Section 10. In addition, a List of Symbols can be found in Table 1, and a List of Critical Exponents can be found in Table 2.




2. The Model


In strongly correlated electronic systems, the combination of disorder and strong correlations can drive complex pattern formation [13], but disentangling correlations from disorder in the experimental system is an open problem. Recently, we have developed new cluster analysis techniques for interpreting scanning image probe data [14] in cases where the spatial data can be abstracted to two components (and thus may be mapped to an Ising variable [22,23]), and where the resulting cluster patterns display structure on multiple length scales.



Scanning probe experiments often reveal complex pattern formation at the surface of strongly correlated electronic systems [13,24]. For example, charge stripe orientations display complex geometric patterns at the surface of some cuprate superconductors, as revealed by scanning tunneling microscopy [5,25]. Complex patterns have also been observed in thin films of VO2 and NdNiO3 as they transition from metal to insulator, via scanning near-field optical microscopy [7,8,26] and via scanning X-ray microscopy [9]. Using the cluster analysis techniques we developed, we showed that in these cases the dominant type of disorder driving the pattern formation is in the random field [27] universality class, and we argued that this is the origin of nonequilibrium behavior in both systems [8,9,14,15,16].



In this paper, we expand the diagnostic toolset of the geometric cluster analyses we have developed to include the functional form and qualitative behavior of the connectivity function, derived directly from geometric clusters. We find that the pair connectivity function can be a power law at more than just uncorrelated percolation points, and we compute the corresponding critical exponent via Monte Carlo simulations.



We consider a short-range Ising model:


  H = − J  ∑  〈 i j 〉    σ i   σ j   ,  



(1)




where the sum runs over the sites of a cubic lattice for 3D systems, and over a square lattice for 2D systems, chosen with spacing at least as small as the resolution of the images to be studied. The tendency for neighboring regions in the data image to be of like character is modeled as a nearest neighbor ferromagnetic interaction J.



The Ising variable    σ i  = ± 1   on each coarse-grained site represents one of the two possible states, such as the two possible electron nematic orientations in the cuprates, or the two states of conductivity (metallic or insulating) in VO2. For the two examples above, our cluster analysis [14,15,16] of the image data shows that the geometric clusters (which are defined as the connected set of the nearest neighbor sites with Ising variables being the same value) extracted from the multiscale pattern formation display universal scaling behavior over multiple decades, suggesting criticality and universality as the origin of the spatial complexity revealed by scanning probe microscopy in strongly correlated electronic systems. By comparing the data-extracted critical exponents derived from the self-similarity of the geometric clusters with the theoretical values for the fixed points contained in Equation (1), we have shown [14] that it is possible to identify the universality class governing the scaling behavior of the geometric clusters observed on surfaces of novel materials.



Once the universality class driving the pattern formation has been identified, this in turn yields information about the relative importance of disorder and interactions, the dominant type of disorder in the system, and the dimension of the phenomenon studied [14,15,16,25]. For example, by extracting the critical exponents associated with the geometric clusters appearing at the surface of a material, it is possible to understand whether those clusters are forming merely due to surface effects, or whether the clusters form throughout the bulk of the material and then intersect the surface, because the critical exponents are sensitive to dimension.




3. Where Is the Connectivity Function Power Law?


Although geometric clusters do not encode thermodynamic criticality, we claim that whenever the geometric clusters percolate, the resulting power law behavior encodes a type of geometric criticality [28,29]. We further claim that such geometric critical points in interacting models are new, distinct fixed points, which are different from uncorrelated percolation, as supported by our results to be presented in this paper. The pair connectivity function, derived from geometric clusters, is known to be power law at uncorrelated percolation points. The pair connectivity function    g conn   ( r )    is defined as the probability that two sites separated by a distance r belong to the same connected finite cluster. Can it also be power law at certain fixed points in interacting models? The most natural clusters to define in Ising models are the geometric clusters, defined by nearest-neighbor sets of like Ising “spins”. The geometric clusters have the advantage that they are directly accessible in image probe data in a two-component system, and they are the clusters we employ in our method.



However, geometric clusters in Ising models are still poorly understood theoretically, presumably because they do not necessarily percolate at the thermodynamic transition temperature,   T c  . Rather, it is the FK clusters which percolate at the thermodynamic transition temperature   T c  , and which encode the thermodynamic critical behavior [17]. The FK clusters also constitute the critical “droplets” of the Fisher droplet model [30]. In the case of the clean 2D Ising model (C-2D), it has been shown that the geometric clusters also percolate at the thermodynamic transition, where the percolation temperature   T p   is equal to the thermodynamic transition temperature:    T p  =  T c    [28]. In other cases, such as the clean and random bond Ising models in three dimensions, it has been shown that the bulk geometric clusters percolate at a temperature    T p  <  T c   , inside the ordered phase [28,29,31,32].



For the thermodynamic fixed points of Equation (1) at which    T p  =  T c    (as happens at C-2D), the geometric clusters have well-defined fractal dimensions [33], both fractal volume dimension   d v   and fractal hull dimension   d h  . In addition, geometric clusters defined on a 2D slice of the clean 3D Ising model also display fractal behavior [34]. At these points, because of their fractal structure, the large-scale geometric clusters are self-similar, i.e., they look the same on all length scales. This is a tell-tale characteristic of power law behavior, which leads us to our first conjecture:



Conjecture #1:

The connectivity function is a power law at all critical points for which the geometric clusters have fractal dimensions,   d v   and   d h  .





Our results in Section 6 indicate that indeed the connectivity function is a power law at the C-2D critical fixed point, in support of Conjecture #1. This is of course implicit in the pioneering work of Coniglio and coworkers on the percolation of geometric clusters in this model [28,35]. Our results in Section 5 show that the connectivity function is also a power law on a 2D slice as the clean 3D Ising system passes through thermodynamic criticality at   T c  3 D   . (See Figures 5 and 6). It was already known from the work in Ref. [34] that geometric clusters defined on a 2D slice have well-defined fractal dimensions at   T c  3 D    in the clean 3D Ising model, lending further support to Conjecture #1.




4. Geometric Criticality and Thermodynamic Criticality: Two Types of Critical Exponents


It is known that at the clean 2D Ising (C-2D) fixed point, there are two distinct sets of critical exponents: one set associated with the thermodynamic criticality and encoded by the FK clusters, and a different set associated with “geometric criticality”, encoded by the geometric clusters [17,28,33]. As both types of clusters percolate right at the transition temperature,    T p  =  T c   , both types of clusters exhibit power law behavior, yielding two distinct sets of critical exponents, one set derived from each type of cluster. While the scaling laws governing the exponent relations at this fixed point are the same for the two types of clusters, the values of the geometric exponents are not equal to the values of the thermodynamic exponents, and neither set is equal to the values of uncorrelated percolation exponents. In this sense, the C-2D fixed point is therefore both a thermodynamic critical point and a type of geometric critical point. This also implies that there are two order parameters for the 2D clean Ising model (the magnetization and the infinite geometric cluster); as we will show below, corresponding to the two order parameters are two distinct length scales.



The set of critical exponents derived from the thermodynamic order parameter (in this case, the magnetization), is associated with percolation of the FK clusters, and encodes thermodynamic criticality—we will denote these exponents by the subscript “c” (to match the “c” in the thermodynamic critical temperature   T c  ). This type of exponent has been widely discussed in the literature. The other set of exponents is derived from the percolation order parameter, which is the infinite network strength, defined as the ratio of the number of sites in the infinite connected geometric cluster to the total number of sites in the system. This second set of critical exponents is associated with percolation of geometric clusters, and encodes geometric criticality—we will denote these exponents by the subscript “p” (for percolation).



The fact that there can be two distinct sets of exponents has been largely ignored in the literature, except at the C-2D [28,33] fixed point where    T p  =  T c   , and in the clean 3D Ising model [31,36] where    T p  <  T c   . The percolation temperature is also known to be inside the ordered phase    T p  <  T c    in 3D random bond Ising models, as well [28,29,31,32]. When    T p  <  T c   , we claim that as the geometric clusters percolate at   T p  , they display a type of criticality, even though the system is not at the thermodynamic critical point. To understand why, it is first helpful to have an intuition about how   T p   in an interacting model is related to uncorrelated percolation. The relation of the percolation temperature   T p   to   T c   is constrained by the site percolation thresholds in the uncorrelated case: on a square lattice, the percolation threshold is    p c  = 0.59  , while on a cubic lattice, it is    p c  = 0.31 ,   where p is the fraction of sites that are occupied. (In the Ising case, p becomes the fraction of sites with aligned spins [28].)



The high temperature limit of Equation (1) maps to uncorrelated percolation with   p = 0.5  . So, in 2D, neither up nor down spins percolate at   T → ∞ ,   since   p  ( T → ∞ )  = 0.5 <  p c  = 0.59   on a square lattice. Since a majority geometric cluster spans the system in the ordered phase, it must pass through a percolation point at    T p  =  T c    if the transition is continuous. Indeed, it has been proven rigorously that    T p  =  T c    in clean 2D Ising models [28]. Consistent with the argument above, it is known that    Δ p  =  Δ c  = 0   in the 2D random field Ising model [37] where  Δ  is the disorder strength. We expect similar physics to obtain in the random bond Ising model in two dimensions.



In three dimensions, the high temperature limit of Equation (1) still maps to uncorrelated site percolation with   p = 0.5  , but now both up and down spins span the system, since   p  ( T → ∞ )  = 0.5 >  p c  = 0.31   on a cubic lattice, where   p c   is the site percolation threshold. Upon decreasing temperature, the majority clusters grow below   T c  , but since they were already spanning the system, the majority clusters do not pass through a percolation point. However, the minority geometric clusters must pass through a percolation point as they begin to shrink below   T c  , although there is no obvious reason why they should do so at   T c  . In fact, in the clean 3D case, it has been rigorously shown that    T p  <  T c    [31]. This inequality also holds in the random bond case as well [32].



At C-2D, the two sets of critical exponents separately satisfy the same scaling relations. For example, as discussed in Refs. [28,33], the familiar exponent relations   d − 2 + η = 2 β / ν = 2 ( d −  d v  )   are satisfied by the thermodynamic exponents as   d − 2 +  η c  = 2  β c  /  ν c  = 2  ( d −  d  v , c   )   , and the same exponent relations are separately satisfied by the connectivity function and the geometric clusters as   d − 2 +  η p  = 2  β p  /  ν p  = 2  ( d −  d  v , p   )   . The thermodynamic exponents in this case are [38,39]    η c  = 0.25  ,    β c  /  ν c  = 1 / 8  , and    d  v , c   = 15 / 8  , where the volume fractal dimension   d  v , c    is derived from the fractal structure of the FK clusters at the critical point [33]. Inserting these values into the above scaling relations yields   2 − 2 + 0.25 = 2 * ( 1 / 8 ) = 2 * ( 2 − 15 / 8 )  , and the exponents are clearly self-consistent. The exponents associated with percolation of the geometric clusters are    β p  /  ν p  = 5 / 96   and    d  v , p   = 187 / 96   [33], where the volume fractal dimension   d  v , p    is derived from the fractal structure of the geometric clusters as they percolate at    T p  =  T c   . Inserting these values into the exponent relation   2  β p  /  ν p  = 2  ( d −  d  v , p   )    yields   2 * ( 5 / 96 ) = 2 * ( 2 − 187 / 96 )  , indicating that the geometric clusters also satisfy scaling relations at C-2D.



Although we have not found an explicit, direct calculation in the literature of the exponent   η p   at C-2D, which in this case should be derived from the pair connectivity function familiar from percolation theory, our results based on numerical simulations of the connectivity function    g conn   ( r )    at C-2D indicate that   d − 2 +  η p  = 0.104 ± 0.002   as shown in Figure 7, consistent within error bars with the scaling relation   d − 2 +  η p  = 2  β p  /  ν p    (  0.104 ± 0.002 ≈ 2 * ( 5 / 96 )  ). Thus, we see that at C-2D, there are two distinct sets of exponents, and that the geometric exponents also satisfy the scaling relations of criticality. This brings us to our second conjecture:



Conjecture #2:

There are two distinct sets of critical exponents which both satisfy scaling relations at all critical points for which    T p  =  T c   : one derived from the FK clusters, and the other derived from the geometric clusters.






5. Numerical Results for the Critical Exponents Defined on 2D Slices of a 3D System


We are ultimately interested in understanding the origin of the complex, two-component pattern formation observed at the surfaces of some strongly correlated electronic systems [13,14,16] via scanning image probes. In cases where the data show multiscale clusters of two distinct types, one of the drivers of such behavior can be proximity to a critical point of an Ising model, Equation (1). We focus in this paper on the clean Ising case; future work will include the effects of disorder. The problem at hand, then, is to map the properties of the observed geometric clusters to critical exponents of the model. We focus here on five exponents that can be directly extracted from the microscopy imaging data, and can be used to compare with different models to identify the universality class (explained more fully below): The Fisher exponent  τ  which describes the cluster size distribution; the volume fractal dimension   d v   and the hull fractal dimension   d h   of geometric clusters; the anomalous dimension   η c  | |    which controls the spin-spin correlation function; and as we will see below,   η p  | |    which controls the pair connectivity function.



We are interested in this section in the critical behavior displayed by the 2D slice geometric clusters near the 3D clean Ising phase transition (C-3Dx) which occurs at the bulk 3D transition temperature   T c  3 D   . (In Section 7 we will demonstrate that this temperature indeed coincides with the 2D slice percolation point   T p  s l i c e   .) The simulations of the clean Ising system are performed near   T c  3 D    for the study of geometric criticality on 2D slices, and the Wolff single cluster algorithm [40] is known to be successful in mitigating critical slowing down effects near criticality. Therefore, we use this well-established cluster updating algorithm in our simulations. We adopt open boundary condition, because this representation is consistent with our context of microscopy experiments on real materials with finite scale. Throughout the paper, we use the logarithmic binning method which is a standard technique for analyzing the scaling behavior [41]. For the 3D cubic lattice, we use    T c  3 D   = 4.51152786 J   [19,20], and all simulations are performed using system sizes from    L 3  =  80 3    to    L 3  =  192 3    averaged over a large number of configurations in the Monte Carlo simulation in the order of magnitude   10 4  . We take samples of configurations every 1000 Wolff steps after the system reaches equilibrium, in order to mitigate explicit spatial correlations between different images. As one whole cluster is updated for each Wolff iteration, 1000 steps are empirically a large enough interval to make two neighboring sample images look totally different.



In the simulations, we have found that the percolation critical exponents extracted from   ( + )  -clusters and   ( − )  -clusters, respectively, are consistent with each other. This is expected, since at    T p slice  =  T c  3 D     there is   ( + ) / ( − )   symmetry (see Section 7). Therefore, we present the results with both clusters considered together for better statistics.



The cluster size distribution   D ( s )   measures the number of geometric clusters with a given size s, and scales with   s  − τ    as geometric clusters become critical. It is important to remember that when considered in the bulk context, geometric clusters do not display criticality at the bulk transition temperature   T c  3 D   , but rather the minority clusters experience a percolation transition (and therefore display criticality) (At high temperatures in three dimensions, both   ( + )   and   ( − )   clusters span the system, since the uncorrelated percolation transition in a cubic lattice occurs at a fraction of 31%. At very low temperatures in 3D, the system is spanned only by a majority cluster. The percolation transition for geometric clusters happens inside the ordered phase,    T p  3 D   <  T c  3 D    , when minority clusters cease to span the system) at a lower temperature    T p  3 D   <  T c  3 D    . However, we find that when a 2D slice of the system is considered, the geometric clusters as defined on the slice do display critical behavior in the form of power law scaling at the bulk transition temperature   T c  3 D   . For a 2D slice embedded in the 3D bulk system, we find that   D  ( s )  ∼  s  − τ     at   T c  3 D   , with the Fisher exponent  τ  specific for geometric clusters defined on a 2D cross section of a 3D system. With a finite field of view (FOV),   D ( s )   in the bulk is known to have a scaling bump, which skews  τ  to a lower value [42]. In order to mitigate this effect, we analyze   D ( s )   using only internal clusters, i.e., those which do not touch a boundary.   D ( s )   of the internal clusters shows unskewed power law behavior within a cutoff [43].



Figure 2 shows the cluster size distribution   D ( s )   of internal 2D cross-sectional clusters for different system sizes at    T p slice  =  T c  3 D    . For each system size, we exclude the last two points, which deviate from power law scaling, and fit all the other points within this cutoff [43]. Based on the observed power law behaviors in Figure 2, we use the discrete logarithmic derivative method (DLD) [44] to extract  τ . Since we are only interested in the slope   − τ  , we normalize all the   D ( s )   with   D ( s = 1 ) = 1   for better comparison between different system sizes. As can be seen in the figure, depending on the system size, power law scaling persists for about 2.5 decades of scaling. We extrapolate  τ  extracted at   T c  3 D    to   L → ∞  , and we find that a linear fit of   τ  ( L )    yields   τ = 2.001 ± 0.013   as   L → ∞  . Here, the extrapolation follows the linear regression method with error-in-variables [45]. In general, the critical exponents cannot be directly obtained from a rigorous parametric fitting because the exact analytical form of the finite scaling functions are usually unknown. Under this case, linear extrapolation is a standard first-order approximation method for exponent extractions [46], and we use this for critical exponent extrapolations throughout the whole paper. The natural finite-size scaling hypothesis for the cluster size distribution at criticality reads   D  ( s , L )  =   (  L 2  )   − τ    D ^   ( s /  L 2  )   , where   D ^   is a universal scaling function [46]. The inset (b) in Figure 2 shows that using the exponent  τ  derived as above, the results from the main panel exhibit scaling collapse to a universal scaling function   D ^   as expected.



The cluster volumes s and hulls h become fractal near a percolation point. The fractal nature of the 2D cross-sectional cluster volumes at    T p slice  =  T c  3 D     can be described by   s ∼  R s  d v     with fractional rather than integer   d v   for   s ≫ 1  . Here,   d v   is the volume fractal dimension, and   R s   is the radius of gyration of the cluster,


   R s 2  ≡  1 2   ∑  i , j     |  r i  −  r j  |  2  /  s 2   



(2)




where the sum is over sites in the cluster, and   r i   and   r j   are the positions of the ith and jth sites [47]. Figure 3 shows a DLD power law fit of   s ∼  R s  d v    , using only the internal clusters to mitigate boundary effects. Since the scaling relation is for   s ≫ 1  , we exclude the first 3 points which correspond to the non-universal short-length regime. All the other points belong to the power law scaling regime. The power law fits at    T p slice  =  T c  3 D     persist for about two decades of scaling, depending on the system size. A straightforward fit extrapolating   d v   to the thermodynamic limit yields    d v  = 1.856 ± 0.018  . The inset Figure 3b illustrates the scaling collapse for different system sizes to the universal function   s ^   using the extrapolated values of   d v  , based on the finite-size scaling hypothesis   s =  L  d v    s ^   (  R s  / L )    [46].



The cluster hulls h scale with   h ∼  R h  d h     near a percolation point. The clusters are said to be fractal if   d h   is fractional rather than integer. In this case, we are only tracking the outer (externally accessible) surfaces of each cluster. Thus, one surface might contain not only the cluster itself, but also the subclusters inside. Therefore,   R h   here refers to the radius of gyration of all the sites enclosed by the hull, including any subclusters:


   R h 2  ≡  1 2   ∑  i , j ∈ h     |  r i  −  r j  |  2  /  s 2   



(3)







To mitigate the boundary effect, we still use only the internal clusters in the DLD fit. We exclude the first 2 point from the fit (h is a smaller measure than s for a cluster), which deviate from the power law scaling regime and correspond to non-universal short distance physics. As shown in Figure 4, the power law behavior extends over about 2 decades, depending on the system size. A straightforward fit extrapolating to the thermodynamic limit at    T p slice  =  T c  3 D     yields    d h  = 1.714 ± 0.022  . The inset Figure 4b shows the scaling collapse for different system sizes to the universal function   h ^   using the extrapolated values of   d h  , based on the finite-size scaling hypothesis   h =  L  d h    h ^   (  R h  / L )    [46].



As introduced in the previous section, the pair connectivity function    g conn   ( r )    is defined as the probability that two sites separated by a distance r belong to the same finite cluster. This correlation function scales with    g conn   ( r )  ∼  r  − ( d − 2 +  η p  )     close to the percolation point. Figure 5 shows    g conn   ( r )    at    T p slice  =  T c  3 D     with different system sizes. As shown by the figure, in addition to the power law behavior, associated with    g conn   ( r )    there appears to be an exponential decay characterized by the correlation length scale of the finite system. Therefore, we infer the scaling form


   g conn   ( r )  ∼  r  − ( d − 2 +  η p  )    e  − r /  ξ p     



(4)




with a finite correlation length, and then fit the curves in the main panel using this scaling form. From the fits, we find that the curves of    g conn   ( r )    are consistent with the shape of the scaling form with some large percolation correlation length   ξ p   comparable with the finite system size. The inset (a) of Figure 5 shows the extracted anomalous dimension   d − 2 +  η p    from the scaling form fits in the main panel. A straightforward fit extrapolating to   L → ∞   yields   d − 2 +  η p  = 0.322 ± 0.002  . The curves in the main panel collapse onto each other for the extrapolated   d − 2 +  η p   , as shown by the inset (b) of Figure 5.



In Figure 6, we show the C-3Dx pair connectivity function    g conn   ( r )    simulated with system size   L = 192   for different temperatures near   T c  3 D   . It is evident that for   T ≳  T c  3 D    ,    g conn   ( r )    is consistent with the shape of the scaling form in Equation (4) and for   T <  T c  3 D    ,    g conn   ( r )    turns up at large r. For    g conn   ( r )    calculated using all the possible pairs in the system, this up-turn is a characteristic behavior of the connectivity function when the system transitions from the “disordered side” (zero infinite network strength   R = 0  ) to the “ordered side” (non-zero infinite network strength   R > 0  ) through a percolation point, indicating the presence of an infinite cluster on a 2D slice. (Here R is the percolation order parameter defined on the 2D slice, also called the infinite network strength, and defined as the ratio of the number of sites in the infinite connected geometric cluster to the total number of sites in the system.) Therefore, this behavior can be used as a diagnostic tool to estimate the percolation point in an experimental situation. In the present case, this up-turn happens in the vicinity of   T c  3 D   , corroborating the idea that   T p slice   coincides with the bulk thermodynamic transition temperature,    T p slice  =  T c  3 D    .



We have studied the scaling behavior of cross-sectional 2D slice geometric clusters embedded in the 3D bulk clean Ising system. We have found robust power law scaling (about two decades) for the measures related to the self-similarity of geometric clusters at   T c  3 D   , as well as the existence of universal scaling functions. All of these phenomena corroborate the conjecture that geometric criticality on a 2D slice occurs at the bulk critical temperature    T p slice  =  T c  3 D    , and we have extracted the corresponding critical cluster exponents, as summarized in Table 3.




6. Numerical Results for the Connectivity Function in the Clean 2D Ising Model


In the clean 2D Ising model, the percolation point coincides with the critical point, and both up and down geometric clusters percolate symmetrically at    T p  2 D   =  T c  2 D     under zero external field [28,51]. The values of the exponents  τ ,   d v   and   d h   are already given in the work by Janke et al. [33], as summarized in Table 3. In the present work, we simulate the connectivity function in order to obtain the value of the anomalous dimension   d − 2 +  η p   . Figure 7 shows the connectivity function    g conn   ( r )    at    T p  2 D   =  T c  2 D    , with    T c  2 D   = 1 / l n  ( 1 +  2  )    for the square lattice [52]. The inset (a) shows   d − 2 +  η p    extracted from the scaling form fit of the connectivity function    g conn   ( r )  ∼  r  − ( d − 2 +  η p  )    e  − r /  ξ p      at   T c  2 D    for different system sizes, and a straightforward fit extrapolating to the thermodynamic limit gives   d − 2 +  η p  = 0.104 ± 0.002  . With this value, all of the curves in the main panel collapse on top of each other, as shown by the inset (b). Figure 8 shows the behavior of    g conn   ( r )    around   T c  2 D    with system size fixed at   L = 256  . As for the case of C-3Dx, we find that for   T >  T c  2 D    , the pair connectivity function    g conn   ( r )    is consistent with the scaling form shape and for   T <  T c  2 D       g conn   ( r )    turns up. This change of behavior happens in the close vicinity of   T c  2 D   , consistent with the idea that    T p  2 D   =  T c  2 D    .




7. Relation of Infinite Cluster to Bulk Magnetization on a 2D Slice


The bulk minority geometric clusters for the clean 3D Ising model are known to percolate inside the ordered phase, with the percolation temperature    T p  3 D   = 0.93  T c  3 D   <  T c  3 D     [31,36]. Therefore, the bulk geometric clusters do not display fractal properties at the critical temperature   T c  , although they do at   T p  3 D   . At first glance, one might think that the geometric clusters on a 2D slice, which are cross-sections of the 3D bulk clusters, should also display critical scaling behavior at the bulk percolation temperature   T p  3 D   . However, as shown in Figure 9a, the geometric clusters defined on a 2D cross-section at   T p  3 D    do not display self-similar scaling behavior, since the minority clusters are small, and a single majority cluster spans the slice. This shows that   T p  3 D    is not the percolation point for 2D slice geometric clusters. On the other hand, inspired by the fact that the percolation point coincides with the critical point for 2D Ising model [28], we find that at   T c  3 D   , as shown by Figure 9b, the 2D cross-sectional geometric clusters indeed show self-similarity and fractal behavior over all lengthscales in the field of view. This is consistent with the findings of Ref. [34], which argues that    T p slice  =  T c  3 D    . Additionally, our numerical simulation in Section 5 corroborates    T p slice  =  T c  3 D     from various perspectives, including robust power law behaviors of 2D slice geometric clusters at   T c  3 D    and change of behavior of pair-connectivity function through   T c  3 D   .



In the clean 2D Ising model, Coniglio and co-workers [28] showed that the percolation temperature coincides with the thermodynamic transition temperature,    T p  =  T c   , by showing that   M < R  , where M is the net magnetization and R is the infinite network strength, defined as the ratio of the number of sites in the infinite connected geometric cluster to the total number of sites in the system. This stems from the very physical idea that in a 2D system with thermal fluctuations, a net magnetization requires that at least one geometric cluster spans the system. From Figure 9, it appears that something similar must be going on in the 3D Ising model, when clusters are defined as a 2D slice. As will be discussed later in this section, our numerical results indeed show that   M <  R  s l i c e    , where   R  s l i c e    is the infinite network strength defined on a plane of a 3D system (Note that in Ref. [51], Coniglio et al. showed that   M < R   in any dimension, for   T < T c  . The question here is whether   M <  R x    on a 2D slice in a 3D system).



To rigorously prove that    T p slice  =  T c  3 D     would require a proof the following lemma: For a 2D slice of the 3D ferromagnetic Ising model with nearest-neighbor interactions at zero external field (  H = 0  ) and below the critical temperature (  T <  T c   ), we have


     M  (  0 +  , T )  ≤  R ↑  s l i c e    (  0 +  , T )  −  R ↓  s l i c e    (  0 +  , T )  .     



(5)







The symbol   0 +  (  0 −  ) means   H = 0   with   ( + )  -boundary (  ( − )  -boundary) condition. For our discussion, we limit ourselves to the   ( + )  -boundary by convention, and the results of   ( − )  -boundary follow those of   ( + )  -boundary under symmetry.   M (  0 +  , T )   is the reduced spontaneous magnetization on the 2D slice (which is identical to the reduced spontaneous magnetization of the bulk system at thermodynamic limit), and is given by   M  (  0 +  , T )  =   〈   π ˜  0  〉  +  −   〈  π 0  〉  +   . Here


      π i  =  1 2   ( 1 −  σ i  )          π ˜  i  =  1 2   ( 1 +  σ i  )      



(6)




are the lattice gas variables relative to the ith site, and    σ i  = ± 1   is the usual Ising spin variable.    π ˜  i   (  π i  ) is equivalently the characteristic function of the event that spin i is up (down). The characterstic function of an event is that when the event happens, the function takes the value 1, otherwise it takes the value 0. The subscript 0 refers to the origin, and    〈 〉  +   means the thermal average for the Ising model with   ( + )  -boundary. Here we only take one slice for each Ising configuration to be counted in the thermal average, and we do not average over slices belonging to the same configuration in order to reduce spatial dependence. Therefore, there is a one-to-one correspondence between the slice configuration and bulk system configuration, and by convention we fix the slice to be the   z = 0   plane in the   Z 3   cubic lattice so that the slice contains the origin.    R ↑  s l i c e    (  0 +  , T )   (   R ↓  s l i c e    (  0 +  , T )   ) is the 2D slice infinite network strength for up(down) spins, defined as the probability that the origin belongs to the infinite 2D slice   ( + )  -cluster (  ( − )  -cluster), or equivalently, it is the weight of the infinite 2D slice   ( + )  -cluster(  ( − )  -cluster). Mathematically, it is given by    R ↑  s l i c e    (  0 +  , T )  =   〈   γ ˜  0 ∞  〉  +    (   R ↓  s l i c e    (  0 +  , T )  =   〈  γ 0 ∞  〉  +   ), where    γ ˜  i ∞  (  γ i ∞  ) is the characteristic function of the event that spin in i belongs to the infinite 2D slice   ( + )  -cluster(  ( − )  -cluster).



For the 2D slice of a cubic lattice system, which is a simple planar graph admitting an elementary cell and two axes of symmetry, we have the statement that (i) an infinite 2D slice   ( + )  -cluster cannot coexist with an infinite 2D slice   ( − )  -cluster, and (ii) the number of each type of infinite 2D slice cluster must be either 0 or 1 [28,51,53,54,55]. This means that


      R ↑  s l i c e    ( H , T )   R ↓  s l i c e    ( H , T )  = 0 ,     



(7)




and thus, there can only be at most one infinite   ( + )  -cluster on the 2D slice with the   ( + )   boundary condition. While one can conceive of two infinite clusters which both span the system (i.e., skinny clusters which stretch from one side to the opposite side), the isotropy of the model ensures that the naturally occurring clusters are isotropic in the thermodynamic limit. Therefore, Equation (2) equivalently becomes


     M  (  0 +  , T )  ≤  R ↑  s l i c e    (  0 +  , T )  ,     



(8)




as intuitively discussed in the previous paragraph.



The rigorous demonstration of (4) requires that the Markov property [56] and the Fortuin–Kasteleyn–Ginibre (FKG) inequality [57] both hold [28]. The FKG inequality (the FKG inequality concerns the relation of the expectation value of the product of two functions of Ising variables to the product of the expectation values. See Refs. [28,57].) may be directly extended to the 2D slice since it is applicable to any finite set in the bulk system. However, the Markov property cannot be restricted to a 2D slice, since the Markov chain may extend off the slice in a 3D system. Rather than delving into a mathematical physics approach, for the purpose of this paper, we numerically demonstrate the fact that the inequality (4) holds for the 2D slice embedded in the 3D Ising model, as revealed by Figure 10.



By symmetry, we have    R ↑  s l i c e    ( H , T )  =  R ↓  s l i c e    ( − H , T )   . Therefore, from Equation (3), for   T ≥  T c  3 D    , we must have    R ↑  s l i c e    ( 0 , T )  =  R ↓  s l i c e    ( 0 , T )  = 0  . For   T <  T c  3 D    , Equations (3) and (4) yield    R ↓  s l i c e    (  0 +  , T )  = 0   and    R ↑  s l i c e    (  0 +  , T )  ≥ M  (  0 +  , T )  > 0  . If we suppose that the finite cluster weight is continuous and has a limit at   T c  3 D   , then due to symmetry we have    lim  T →  T c  3 D       〈   γ ˜  0  〉  +  =  lim  T →  T c  3 D       〈  γ 0  〉  +   . From


     M (  0 +  , T )    =      〈   π ˜  0  〉  +  −   〈  π 0  〉  +        =      〈   γ ˜  0  〉  +  −   〈  γ 0  〉  +  +   〈   γ ˜  0 ∞  〉  +  −   〈  γ 0 ∞  〉  +  ,     



(9)




we have    lim  T →  T c  3 D       〈   γ ˜  0 ∞  〉  +  =  lim  T →  T c  3 D       〈  γ 0 ∞  〉  +   , which then leads to    lim  T →  T c  3 D      R ↑  s l i c e    (  0 +  , T )  = 0  , so that no jump occurs at   T c  3 D   . This is intuitively consistent with a continuous phase transition. In other words, under the   ( + )   boundary condition with zero external field, the 2D slice   ( + )  -cluster percolates at   T c  3 D   , as characterized by the percolation order parameter    R ↑  s l i c e    (  0 +  , T )    which continuously changes from 0 to non-zero.



All of the above statements apply to the   ( − )  -cluster with   ( − )   boundary condition under symmetry. Thus, for zero applied field   H = 0  , the   ( + )  -cluster and   ( − )  -cluster defined on a 2D slice both approach the percolation point at the limit   T →  T c  3 D    . The spontaneous infinite cluster type in the ordered phase   T <  T c  3 D     is decided by the boundary condition (whether   ( + )   or   ( − )  ), and is symmetric under   H =  0 +  ↔ H =  0 −   . Therefore, with   H = 0   at the limit   T →  T c  3 D    , both types of clusters percolate on the slice, and due to symmetry they present the same universal scaling behavior with the same critical exponents.



As supported by our numerical simulation as summarized in Table 3, this critical percolation point of geometric clusters defined on 2D slices of the bulk system in the 3D clean Ising model is a new universality class of geometric criticality, distinct from that of the clean 2D model and uncorrelated percolation in 2D, as well as that of the bulk percolation which occurs inside the ordered phase of the 3D system, since    T p  3 D   ≠  T p slice   .




8. Two Correlation Lengths


In this section we elaborate on the two different correlation lengths associated with the pair connectivity function and the spin-spin correlation function. In Figure 11, we show the pair connectivity function   g conn   and spin-spin correlation function   g spin   for both the 2D slice of the 3D clean Ising model and 2D clean Ising model near their respective transition temperatures with specific system sizes (  L = 160   for C-3Dx and   L = 256   for C-2D). The spin-spin correlation function is defined as


   g spin   ( r )  =   σ 0   σ i   −   σ 0     σ i    



(10)




where r is the distance between the origin and site i. Since   g spin   approaches 0 for large r, it can fluctuate into negative values under our simulation with finite system sizes and finite number of configurations for averaging. Once negative values appear, in Figure 11 we cut off the remaining points with larger length scales on the log-log plots.



By doing scaling form fits of the correlation functions, we can extract the correlation length for each function. The scaling form that we fit for the pair connectivity function    g conn   ( r )    is in Equation (4), which gives the correlation length   ξ p   of geometric criticality. We use the following scaling form fit for    g spin   ( r )    near criticality:


   g spin  ∼  r  − ( d − 2 +  η c  )    e  − r /  ξ c     



(11)







In Panel (a) of Figure 11, which is calculated at the thermodynamic critical temperature    T c  3 D    ( L → ∞ )    of the infinite size system for C-3Dx, these two correlation lengths are    ξ p  = 168 ± 4.9   and    ξ c  = 19.5 ± 0.6  , where the error bars are estimated from the standard deviation of the correlation lengths in the simulations from the critical form   ξ ∝   1 / | T − T c |  ν    over the temperature range reported in Figure 12. In Panel (b) of Figure 11, which is calculated at thermodynamic critical temperature    T c  2 D    ( L → ∞ )    of the infinite size system for C-2D, these correlation lengths are    ξ p  = 327 ± 9.5   and    ξ c  = 95 ± 2.8  , where the error bars are once again estimated from the standard deviation of the correlation lengths in the simulations from the critical form   ξ ∝   1 / | T − T c |  ν    over the temperature range reported in Figure 12. Note that in both cases,   ξ p   extracted by this method has exceeded the system size, and is subject to finite size effects. In addition, these graphs should be considered to be near but not at criticality, since finite size effects lower the transition temperature from the bulk value. Nevertheless, in both cases,   ξ p   is much larger than   ξ c  . From the scaling form fits, we have   d − 2 +  η c  = 1.078 ± 0.068   for C-3Dx, and   d − 2 +  η c  = 0.272 ± 0.008   for C-2D. They are very close to the established values   d − 2 +  η c  = 1.0336   [58] and   d − 2 +  η c  = 0.25   [38,59], respectively, corroborating the validity of our results for the spin-spin correlation lengths. The results for   d − 2 +  η p    from the fits are already reflected in the insets (a) of Figure 5 and Figure 7.



As implied in our previous discussion, these two different correlation lengths correspond to two categories of criticality, geometric criticality (  ξ p  ) and thermodynamic criticality (  ξ c  ), with two distinct order parameters (the infinite network strength R and the magnetization M, respectively). For C-2D, it is well established that the correlation length exponents   ν p   (based on geometric clusters) and   ν c   (based on FK clusters) are different and are related by    ν p  ≥  ν c    [28]. Therefore, near the critical point    T p  2 D   =  T c  2 D    , from the relation    ξ ∼ | T −   T c    |   − ν    , the connectivity correlation length of geometric clusters is expected to be large compared to the spin-spin correlation length (   ξ p  >  ξ c   ). This is consistent with our simulation Figure 11b. Our simulation Figure 11a reveals that    ξ p  >  ξ c    also applies for C-3Dx.



To further validate this inequality, in Figure 12, we compute the two correlation lengths for C-3Dx geometric criticality as a function of temperature near the critical point    T p  s l i c e   =  T c  3 D     on the disordered side, where the correlation function is consistent with the scaling form shape. As shown by Figure 12,   ξ p   is always much larger than   ξ c  , and they increase as   T →  T c   . This suggests that the exponent inequality    ν p  ≥  ν c    also applies for C-3Dx.




9. Discussion


So far, we have argued that the bulk thermodynamic critical point of the 3D clean Ising model coincides with the percolation of geometric clusters defined on a 2D slice,    T p  s l i c e   =  T c  3 D    . Furthermore, we have numerically investigate this geometric criticality by extracting the critical cluster exponents and studying the behaviors of the pair-connectivity functions (together with the 2D clean Ising model). These results have several important implications:



(1) There are two length scales in the clean 3D Ising model. Aside from the usual length scale associated with the spin-spin correlation length   ξ c  , we have defined a new length scale,   ξ p  , which is the correlation length of the pair connectivity function of geometric clusters defined on a 2D slice. We have furthermore shown that these two length scales diverge differently as   T →  T c  3 D    , and that the generic case is that    ξ p  >  ξ c   . One consequence of this is that near this critical point, experiments which can detect clusters on a slice (for example, scanning probes like scanning tunneling microscopy) should reveal that the pair connectivity function defined on a slice is power law over a larger region of the phase diagram than the spin-spin correlation function. That is, the critical region appears to be larger when measured via a pair correlation function than via a spin-spin correlation function. The argument above also applies to the 2D clean Ising model.



(2) As discussed in the context of Conjecture #2 in Section 4, for the 2D clean Ising model, the geometric cluster percolation exponents and thermodynamic critical exponents are different in definition and values, but they satisfy the same scaling relation in their own respective closed sets. As in the purely 2D case, there are also two distinct sets of critical exponents at   T c  3 D    for the clean 3D Ising model. One set comes from the geometric clusters defined on a 2D slice of the clean 3D Ising system, and the other from the bulk FK clusters. Using the numerical values derived in this work, the scaling relation   d − 2 + η = 2 ( d −  d v  )   is satisfied within error bars. Inserting the values from Table 3,   d − 2 +  η p  = 0.322 ± 0.002  , and    d  v , p   = 1.856 ± 0.018   gives   2 ( d −  d  v , p   ) = 0.288 ± 0.036  . The scaling relation   τ =  ( d +  d v  )  /  d v    is almost satisfied: From the Table, we have   τ = 2.001 ± 0.013   and    d  v , p   = 1.856 ± 0.018  , so that    ( d +  d  v , p   )  /  d  v , p   = 2.078 ± 0.010  . Recall that the scaling function associated with the exponent  τ  suffers from a significant scaling bump, which skews the value of  τ  to lower values in finite size systems. The slight mismatch in this scaling relation is likely due to this well-known finite size effect for  τ  [42].



We find some indication that the Coniglio inequalities for these two different sets of critical exponents also hold on a 2D slice of the 3D clean Ising model. For example, our results in Figure 12 suggest that the exponent inequality derived by Coniglio and coworkers [28] for the correlation length exponents   ν p   and   ν c   at the C-2D critical point also holds at the C-3Dx critical point,    ν p  ≥  ν c   .



(3) The C-3Dx fixed point represents a new universality class: not only are the critical exponents numerically distinct from the geometric criticality of the 2D clean Ising system and from 2D uncorrelated percolation, but they are also distinct from the values of bulk percolation in the 3D clean Ising model, which happens inside the ordered phase    T p  3 D   <  T c  3 D   =  T p slice   .



(4) All of the above implies that there are two order parameters on the 2D slice of the 3D clean Ising model, just as there are two order parameters in the 2D clean Ising model. One of them is associated with the thermodynamic phase transition, and the other is associated with the geometric cluster percolation.




10. Conclusions and Outlook


In summary, we have studied geometric criticality associated with the correlated percolation of interacting geometric clusters on a 2D slice of clean 3D Ising models (C-3Dx). We find that as in the clean 2D Ising model (C-2D), the geometric criticality associated with the percolation of interacting geometric clusters at the C-3Dx critical fixed point corresponds to a unique geometric universality class which is distinct from that of uncorrelated percolation.



In addition, we find that at both the C-3Dx fixed point and the C-2D fixed point, the geometric clusters become fractal, meaning they acquire self-similar spatial structure leading to fractal hull and volume dimensions, and leading to power law behavior in the pair connectivity function. We find that in the vicinity of thermodynamic criticality, the pair connectivity function displays power law behavior over a wider region of the phase diagram than does the spin-spin correlation function.



One consequence of this finding is that the pair connectivity function can be a useful tool for diagnosing criticality in the context of image data from probes which can take “slice” data, as well as potentially from scanning surface image probes such as scanning tunneling microscopy, atomic force microscopy, and scanning infrared microscopy. In a future publication, we will explore the relation of these concepts to surface criticality, which is relevant for the application of these ideas to scanning surface probes. Especially in light of the tremendous increase in data coming from a growing number of scanning image probes [2], it is useful to have another method of analysis in hand. We expect that future studies regarding geometric criticality in random bond and random field Ising models will further facilitate the application of geometric cluster analyses to the interpretation of the many types of 2D image probe experimental techniques, especially in cases where complex pattern formation is observed [14,15,16,25].







Author Contributions


Investigation and methodology, all authors; Formal analysis, software, and validation, S.L.; Writing—original draft, S.L. and E.W.C.; Conceptualization, funding acquisition, project administration, supervision, writing—reviewing & editing, E.W.C. and K.A.D. All authors have read and agreed to the published version of the manuscript.




Funding


S.L. and E.W.C. acknowledge support from NSF Grant Nos. DMR-1508236 and DMR-2006192, and Department of Education Grant No. P116F140459. E.W.C. acknowledges support from the Research Corporation for Science Advancement Cottrell SEED Award. K.A.D. acknowledges support from NSF Grant Nos. DMS-1069224 and CBET-1336634. S.L. acknowledges support from a Bilsland Dissertation Fellowship. This research was supported in part through computational resources provided by Information Technology at Purdue, West Lafayette, IN, USA [60].




Data Availability Statement


The numerical results that support the findings of this study are available from the corresponding author upon reasonable request.




Acknowledgments


We thank J.E. Hoffman, E.J. Main, H. Nakanishi, B. Phillabaum, C.-L. Song, and A. Zimmers for helpful conversations.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Binnig, G.; Rohrer, H. In touch with atoms. Rev. Mod. Phys. 2013, 71, 324. [Google Scholar] [CrossRef]

	



Bonnell, D.A.; Basov, D.N.; Bode, M.; Diebold, U.; Kalinin, S.V.; Madhavan, V.; Novotny, L.; Salmeron, M.; Schwarz, U.D.; Weiss, P.S. Imaging physical phenomena with local probes: From electrons to photons. Rev. Mod. Phys. 2012, 84, 1343–1381. [Google Scholar] [CrossRef]

	



Moler, K.A. Imaging quantum materials. Nat. Mater. 2017, 16, 1049–1052. [Google Scholar] [CrossRef] [PubMed]

	



Zeljkovic, I.; Xu, Z.; Wen, J.; Gu, G.; Markiewicz, R.S.; Hoffman, J.E. Imaging the Impact of Single Oxygen Atoms on Superconducting Bi2+ySr2-yCaCu2O8+x. Science 2012, 337, 320–323. [Google Scholar] [CrossRef]

	



Kohsaka, Y.; Taylor, C.; Fujita, K.; Schmidt, A.; Lupien, C.; Hanaguri, T.; Azuma, M.; Takano, M.; Eisaki, H.; Takagi, H.; et al. An intrinsic bond-centered electronic glass with unidirectional domains in underdoped cuprates. Science 2007, 315, 1380–1385. [Google Scholar] [CrossRef]

	



Battisti, I.; Bastiaans, K.M.; Fedoseev, V.; Torre, A.d.L.; Iliopoulos, N.; Tamai, A.; Hunter, E.C.; Perry, R.S.; Zaanen, J.; Baumberger, F.; et al. Universality of pseudogap and emergent order in lightly doped Mott insulators. Nat. Phys. 2016, 13, 21–25. [Google Scholar] [CrossRef]

	



Qazilbash, M.M.; Brehm, M.; Chae, B.G.; Ho, P.C.; Andreev, G.O.; Kim, B.J.; Yun, S.J.; Balatsky, A.V.; Maple, M.B.; Keilmann, F.; et al. Mott Transition in VO2 Revealed by Infrared Spectroscopy and Nano-Imaging. Science 2007, 318, 1750–1753. [Google Scholar] [CrossRef] [PubMed]

	



Post, K.W.; McLeod, A.S.; Hepting, M.; Bluschke, M.; Wang, Y.; Cristiani, G.; Logvenov, G.; Charnukha, A.; Ni, G.X.; Radhakrishnan, P.; et al. Coexisting first- and second-order electronic phase transitions in a correlated oxide. Nat. Phys. 2018, 14, 1056–1061. [Google Scholar] [CrossRef]

	



Li, J.; Pelliciari, J.; Mazzoli, C.; Catalano, S.; Simmons, F.; Sadowski, J.T.; Levitan, A.; Gibert, M.; Carlson, E.; Triscone, J.M.; et al. Scale-invariant magnetic textures in the strongly correlated oxide NdNiO3. Nat. Commun. 2019, 10, 4568. [Google Scholar] [CrossRef] [PubMed]

	



Campi, G.; Bianconi, A. High-Temperature Superconductivity in a Hyperbolic Geometry of Complex Matter from Nanoscale to Mesoscopic Scale. J. Supercond. Nov. Magn. 2016, 29, 627–631. [Google Scholar] [CrossRef]

	



Poccia, N.; Fratini, M.; Ricci, A.; Campi, G.; Barba, L.; Vittorini-Orgeas, A.; Bianconi, G.; Aeppli, G.; Bianconi, A. Evolution and control of oxygen order in a cuprate superconductor. Nat. Mater. 2011, 10, 733–736. [Google Scholar] [CrossRef]

	



Mattoni, G.; Zubko, P.; Maccherozzi, F.; Torren, A.J.H.v.d.; Boltje, D.B.; Hadjimichael, M.; Manca, N.; Catalano, S.; Gibert, M.; Liu, Y.; et al. Striped nanoscale phase separation at the metal-insulator transition of heteroepitaxial nickelates. Nat. Commun. 2016, 7, 13141. [Google Scholar] [CrossRef]

	



Dagotto, E.; Dagotto, E. Complexity in Strongly Correlated Electronic Systems. Science 2005, 309, 257–262. [Google Scholar] [CrossRef]

	



Phillabaum, B.; Carlson, E.W.; Dahmen, K.A. Spatial complexity due to bulk electronic nematicity in a superconducting underdoped cuprate. Nat. Commun. 2012, 3, 915. [Google Scholar] [CrossRef]

	



Carlson, E.W.; Liu, S.; Phillabaum, B.; Dahmen, K.A. Decoding Spatial Complexity in Strongly Correlated Electronic Systems. J. Supercond. Nov. Magn. 2015, 28, 1237–1243. [Google Scholar] [CrossRef]

	



Liu, S.; Phillabaum, B.; Carlson, E.W.; Dahmen, K.A.; Vidhyadhiraja, N.S.; Qazilbash, M.M.; Basov, D.N. Random Field Driven Spatial Complexity at the Mott Transition in VO2. Phys. Rev. Lett. 2016, 116, 036401. [Google Scholar] [CrossRef]

	



Hu, C.K. Percolation, clusters, and phase transitions in spin models. Phys. Rev. B 1984, 29, 5103–5108. [Google Scholar] [CrossRef]

	



Fortuin, C.M.; Kasteleyn, P.W. On the random-cluster model: I. Introduction and relation to other models. Physica 1972, 57, 536. [Google Scholar] [CrossRef]

	



Livet, F. The Cluster Updating Monte Carlo Algorithm Applied to the 3 d Ising Problem. EPL (Europhys. Lett.) 1991, 16, 139. [Google Scholar] [CrossRef]

	



Talapov, A.L.; Blöte, H.W.J. The magnetization of the 3D Ising model. J. Phys. A Math. Gen. 1996, 29, 5727. [Google Scholar] [CrossRef]

	



Onsager, L. Crystal Statistics. I. A Two-Dimensional Model with an Order-Disorder Transition. Phys. Rev. 1944, 65, 117–149. [Google Scholar] [CrossRef]

	



Newell, G.F.; Montroll, E.W. On the Theory of the Ising Model of Ferromagnetism. Rev. Mod. Phys. 1953, 25, 353–389. [Google Scholar] [CrossRef]

	



Puri, S.; Wadhawan, V. (Eds.) Kinetics of Phase Transitions; CRC Press: Boca Raton, FL, USA, 2009. [Google Scholar] [CrossRef]

	



Moreo, A.; Mayr, M.; Feiguin, A.; Yunoki, S.; Dagotto, E. Giant Cluster Coexistence in Doped Manganites and Other Compounds. Phys. Rev. Lett. 2000, 84, 5568–5571. [Google Scholar] [CrossRef]

	



Song, C.; Main, E.J.; Simmons, F.; Liu, S.; Phillabaum, B.; Dahmen, K.A.; Hudson, E.W.; Hoffman, J.E.; Carlson, E.W. Critical Nematic Correlations Throughout the Doping Range in BSCCO. arXiv 2021, arXiv:2111.05389. [Google Scholar]

	



Liu, M.K.; Wagner, M.; Abreu, E.; Kittiwatanakul, S.; McLeod, A.; Fei, Z.; Goldflam, M.; Dai, S.; Fogler, M.M.; Lu, J.; et al. Anisotropic Electronic State via Spontaneous Phase Separation in Strained Vanadium Dioxide Films. Phys. Rev. Lett. 2013, 111, 096602. [Google Scholar] [CrossRef]

	



Zachar, O.; Zaliznyak, I. Dimensional Crossover and Charge Order in Half-Doped Manganites and Cobaltites. Phys. Rev. Lett. 2003, 91, 036401. [Google Scholar] [CrossRef]

	



Coniglio, A.; Nappi, C.R.; Peruggi, F.; Russo, L. Percolation points and critical point in the Ising model. J. Phys. A Math. Gen. 1977, 10, 205. [Google Scholar] [CrossRef]

	



Dotsenko, V.; Picco, M.; Windey, P.; Harris, G.; Martinec, E.; Marinari, E. Self-avoiding surfaces in the 3d Ising model. Nucl. Phys. B 1995, 448, 577–620. [Google Scholar] [CrossRef]

	



Fisher, M. The theory of condensation and the critical point. Physics 1967, 3, 255–283. [Google Scholar] [CrossRef]

	



Sykes, M.F.; Gaunt, D.S. A note on the mean size of clusters in the Ising model. J. Phys. A Math. Gen. 1976, 9, 2131. [Google Scholar] [CrossRef]

	



Berche, P.; Chatelain, C.; Berche, B.; Janke, W. Bond dilution in the 3D Ising model: A Monte Carlo study. Eur. Phys. J. B-Condens. Matter Complex Syst. 2004, 38, 463–474. [Google Scholar] [CrossRef]

	



Janke, W.; Schakel, A.M.J. Fractal structure of spin clusters and domain walls in the two-dimensional Ising model. Phys. Rev. E 2005, 71, 036703. [Google Scholar] [CrossRef] [PubMed]

	



Saberi, A.A.; Dashti-Naserabadi, H. Three-dimensional Ising model, percolation theory and conformal invariance. EPL (Europhys. Lett.) 2010, 92, 67005. [Google Scholar] [CrossRef]

	



Coniglio, A.; Klein, W. Clusters and Ising critical droplets: A renormalisation group approach. J. Phys. A Math. Gen. 1980, 13, 2775. [Google Scholar] [CrossRef]

	



Nagao, N. Droplet Model for the three-dimensional Ising model. Phys. Lett. 1980, 79A, 442–444. [Google Scholar] [CrossRef]

	



Seppälä, E.T.; Petäjä, V.; Alava, M.J. Disorder, order, and domain wall roughening in the two-dimensional random field Ising model. Phys. Rev. E 1998, 58, 5217–5220. [Google Scholar] [CrossRef]

	



Kardar, M. Statistical Physics of Fields; Cambridge University Press: Cambridge, UK, 2007. [Google Scholar]

	



Diehl, H.W. Phase Transition and Critical Phenomena; Domb, C., Lebowitz, J.L., Eds.; Academic Press: London, UK, 1986; Volume 10, pp. 75–267. [Google Scholar]

	



Wolff, U. Collective Monte Carlo Updating for Spin Systems. Phys. Rev. Lett. 1989, 62, 361–364. [Google Scholar] [CrossRef]

	



Newman, M.E.J. Power laws, Pareto distributions and Zipf’s law. Contemp. Phys. 2005, 46, 323. [Google Scholar] [CrossRef]

	



Perković, O.; Dahmen, K.; Sethna, J.P. Avalanches, Barkhausen Noise, and Plain Old Criticality. Phys. Rev. Lett. 1995, 75, 4528–4531. [Google Scholar] [CrossRef]

	



Chen, Y.J.; Papanikolaou, S.; Sethna, J.P.; Zapperi, S.; Durin, G. Avalanche spatial structure and multivariable scaling functions: Sizes, heights, widths, and views through windows. Phys. Rev. E 2011, 84, 061103. [Google Scholar] [CrossRef]

	



Middleton, A.A.; Fisher, D.S. Three-dimensional random-field Ising magnet: Interfaces, scaling, and the nature of states. Phys. Rev. B 2002, 65, 134411. [Google Scholar] [CrossRef]

	



York, D.; Evensen, N.; Martinez, M.; Delgado, J. Unified equations for the slope, intercept, and standard errors of the best straight line. Am. J. Phys. 2004, 72, 367–375. [Google Scholar] [CrossRef]

	



Liu, Y. Unexpected Universality in Disordered Systems and Modeling Perpendicular Recording Media. Ph.D. Thesis, Department of Physics, University of Illinois at Urbana-Champaign, Champaign, IL, USA, 2009. [Google Scholar]

	



Stauffer, D.; Aharony, A. Introduction to Percolation Theory; Taylor & Francis: London, UK, 1992. [Google Scholar]

	



Cardy, J. Scaling and Renormalization in Statistical Physics; Cambridge University Press: Cambridge, UK, 1996. [Google Scholar]

	



Stauffer, D. Scaling theory of percolation clusters. Phys. Rep. 1979, 54, 1. [Google Scholar] [CrossRef]

	



Grossman, T.; Aharony, A. Structure and perimeters of percolation clusters. J. Phys. A 1986, 19, L745. [Google Scholar] [CrossRef]

	



Coniglio, A.; Nappi, C.; Peruggi, F.; Russo, L. Percolation and phase transitions in the Ising model. Commun. Math. Phys. 1976, 51, 315–323. [Google Scholar] [CrossRef]

	



Wu, F.Y. The Potts model. Rev. Mod. Phys. 1982, 54, 235–268. [Google Scholar] [CrossRef]

	



Harris, T.E. A lower bound for the critical probability in a certain percolation process. Math. Proc. Camb. Philos. Soc. 1960, 56, 13–20. [Google Scholar] [CrossRef]

	



Fisher, M.E. Critical Probabilities for Cluster Size and Percolation Problems. J. Math. Phys. 1961, 2, 620–627. [Google Scholar] [CrossRef]

	



Newman, C.; Schulman, L. Infinite clusters in percolation models. J. Stat. Phys. 1981, 26, 613–628. [Google Scholar] [CrossRef]

	



Markov, A.A. The Theory of Algorithms. Trudy Mat. Inst. Steklov. 1954, 42, 3–375. [Google Scholar]

	



Fortuin, C.M.; Kasteleyn, P.W.; Ginibre, J. Correlation inequalities on some partially ordered sets. Commun. Math. Phys. 1971, 22, 89–103. [Google Scholar] [CrossRef]

	



Guida, R.; Zinn-Justin, J. Critical exponents of the N-vector model. J. Phys. A Math. Gen. 1998, 31, 8103. [Google Scholar] [CrossRef]

	



Chaikin, P.; Lubensky, T. Principles of Condensed Matter Physics; Cambridge University Press: Cambridge, UK, 1995. [Google Scholar]

	



Hacker, T.; Yang, B.; McCartney, G. Empowering Faculty: A Campus Cyberinfrastructure Strategy for Research Communities. 2014. Available online: https://er.educause.edu/articles/2014/7/empowering-faculty-a-campus-cyberinfrastructure-strategy-for-research-communities (accessed on 20 July 2021).








[image: Condensedmatter 06 00039 g001 550] 





Figure 1. Geometric Clusters and Fortuin-Kasteleyn Clusters. (a) An example of an Ising configuration. Blue circles represent up spins; red circles represent down spins. Geometric clusters are nearest-neighbor connected sets of like spins. There are two red geometric clusters, with connecting bonds denoted in green. The blue sites also form a single geometric cluster. (b) To construct the FK clusters, allow the bonds of each geometric cluster to be broken with a Boltzmann-like probability, to mimic temperature fluctuations [18]. (c) The remaining set of nearest-neighbor connected clusters are the FK clusters. 
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Figure 2. Cluster size distribution   D  ( s )  ∼  s  − τ     of internal C-3Dx geometric clusters at    T p slice  =  T c  3 D     for system sizes from   L = 80   to   L = 192  . The inset (a) shows the extrapolation of  τ  from the DLD fits in the main panel to the thermodynamic limit   L → ∞  , which gives   τ = 2.001 ± 0.013  . The inset (b) shows the scaling collapse of the curves in the main panel, using the extrapolated  τ  in (a). 
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Figure 3. The power law fits for    R s  ∼  s  1 /  d v     , using internal C-3Dx geometric clusters at    T p slice  =  T c  3 D     for system sizes from   L = 80   to   L = 192  . The inset (a) shows the extrapolation of   d v   from the fits in the main panel to the thermodynamic limit   L → ∞  , which gives    d v  = 1.856 ± 0.018  . The inset (b) shows the scaling collapse of curves in the main panel, using the extrapolated   d v   in (a). 
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Figure 4. The power law fits for    R h  ∼  h  1 /  d h     , using internal C-3Dx geometric clusters at    T p slice  =  T c  3 D     for system sizes from   L = 80   to   L = 192  . The inset (a) shows the extrapolation of   d h   from the fits in the main panel to the thermodynamic limit   L → ∞  , which gives    d h  = 1.714 ± 0.022  . The inset (b) shows the scaling collapse of curves in the main panel, using the extrapolated   d h   in (a). 
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Figure 5. Pair connectivity function    g conn   ( r )    on the 2D slice of clean 3D Ising system with different system sizes from   L = 80   to   L = 192   at    T p slice  =  T c  3 D    . The inset (a) shows the extrapolation of   d − 2 +  η p    from the scaling form fits of    g conn   ( r )    in the main panel to the thermodynamic limit   L → ∞  , which yields   d − 2 +  η p  = 0.322 ± 0.002  . The inset (b) shows the scaling collapse of curves in the main panel, using the extrapolated   d − 2 +  η p    in (a). 
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Figure 6. Pair connectivity function    g conn   ( r )    on the 2D slice of the clean 3D Ising system with size   L = 192   at different temperatures around    T p slice  =  T c  3 D    .    g conn   ( r )    turns up at large r for   T <  T c  3 D    . 
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Figure 7. Pair connectivity function    g conn   ( r )    of the 2D clean Ising system with different sizes from   L = 96   to   L = 352   at    T p  2 D   =  T c  2 D    . The inset (a) shows the extrapolation of   d − 2 +  η p    from the scaling form fits of    g conn   ( r )    in the main panel to the thermodynamic limit   L → ∞  , which yields   d − 2 +  η p  = 0.104 ± 0.002  . The inset (b) shows the scaling collapse of curves in the main panel, using the extrapolated   d − 2 +  η p    in (a). 
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Figure 8. Pair connectivity function    g conn   ( r )    of the 2D clean Ising system with size   L = 256   at different temperatures around    T p  2 D   =  T c  2 D    . The change of behavior for    g conn   ( r )    from the scaling form shape to the turning-up shape happens in the close vicinity of    T p  2 D   =  T c  2 D    . 
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Figure 9. Illustration of the equilibrium 2D slice configuration embedded in the 3D Ising system with L = 192 at (a)   T =  T p  3 D     and (b)   T =  T c  3 D    . 
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Figure 10. Numerical results of the reduced spontaneous magnetization M and the infinite network strength R of the 2D slice embedded in 3D Ising system under zero external field with   L = 192   at   T <  T c  3 D    , averaged over a number of configurations in the order of magnitude ∼10   5  . M and R both approach 1 when T decreases, with   M < R  . The inset shows a log–log plot of M vs. R, compared to the power law scaling form ansatz   M ∝  R  2.37    . 






Figure 10. Numerical results of the reduced spontaneous magnetization M and the infinite network strength R of the 2D slice embedded in 3D Ising system under zero external field with   L = 192   at   T <  T c  3 D    , averaged over a number of configurations in the order of magnitude ∼10   5  . M and R both approach 1 when T decreases, with   M < R  . The inset shows a log–log plot of M vs. R, compared to the power law scaling form ansatz   M ∝  R  2.37    .



[image: Condensedmatter 06 00039 g010]







[image: Condensedmatter 06 00039 g011 550] 





Figure 11. Pair connectivity function    g conn   ( r )    and spin-spin correlation function    g spin   ( r )    for (a) C-3Dx with   L = 160   at the critical temperature    T c  3 D    ( L → ∞ )    and (b) C-2D with   L = 256   at the critical temperature    T c  2 D    ( L → ∞ )   . The black cross markers on the correlation functions denote the length scales of correlation lengths, extracted from a fit to Equations (4) and (11). The thick lines represent the power law behaviors of the correlation functions by setting the exponential terms to unity. 
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Figure 12. The two correlation lengths   ξ p   (pertaining to    g conn   ( r )   ) and   ξ c   (pertaining to    g spin   ( r )   ) for C-3Dx with   L = 160   for   T ≥  T c  3 D    ( L → ∞ )   , computed by using the scaling form fits of the correlation functions, Equations (4) and (11). The dotted line marks the thermodynamic critical temperature in the thermodynamic limit. 
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Table 1. List of symbols.
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	Symbol
	Definition





	   σ i   
	Ising variable on a site i (Equation (1))



	  J  | |   ;   J ⊥  
	In-plane and inter-plane Ising coupling constant (Equation (1))



	h
	Applied (uniform) magnetic field (Equation (1))



	   h i   
	Random (local) field (Equation (1))



	s
	Number of sites in a nearest-neighbor connected cluster



	h
	Number of sites on the hull of a cluster



	   R s   
	Radius of Gyration of a cluster (Equation (2))



	   R h   
	Radius of Gyration of the interior of a cluster (Equation (3))



	   D ( s )   
	Distribution of cluster sizes



	    g conn   ( r )    
	Pair connectivity function (Equation (4))



	    g spin   ( r )    
	Spin-spin correlation function (Equation (10))



	   ξ c   
	Spin-spin correlation length (Equation (11)



	   ξ p   
	Percolation correlation length (Equation (4))



	2D
	Two-dimensional



	3D
	Three-dimensional



	C-2D
	Clean 2D Ising model (i.e., no disorder)



	C-3D
	Clean 3D Ising model



	C-3Dx
	Interior slice of C-3D



	T
	Temperature



	   T c   
	Magnetic ordering temperature



	   T p   
	Percolaton temperature



	   T p slice   
	Percolation temperature on a slice



	  T c  3 D   ;   T p  3 D   
	Bulk (3D)   T c   and   T p  



	    T c  3 D    ( L → ∞ )  = 4.51152786 J   
	  T c   of C-3D in large system limit [19,20]



	    T c  2 D    ( L → ∞ )  =  2 / ln ( 1 +  2  )  J   
	  T c   of C-2D for infinite size system [21]



	p
	Percolation fraction



	   p c   
	Critical fraction for percolation



	FK
	Fortuin–Kasteleyn



	L
	Length of one side of simulation



	d
	Spatial dimension



	R
	Infinite network strength (Equation (5))



	  R ↑  s l i c e   ;   R ↓  s l i c e   
	Ininite network strength of up (down) spins on a slice (Equation (5))



	  π i  ;    π ˜  i  
	Lattice gas variables (Equation (6))



	    γ ˜  i ∞   
	Characteristic function that spin i belongs to the infinite 2D slice   ( + )  -cluster



	   γ i ∞   
	Characteristic function that spin i belongs to the infinite 2D slice   ( − )  -cluster
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Table 2. List of critical exponents, defined in terms of scaling relations near criticality.
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	Name
	Symbol
	Definition





	Fisher Exponent
	  τ  
	   D  ( s )  ∝  s τ    



	Volume Fractal Dimension
	   d v   
	   s ∝  R s  d v     



	Hull Fractal Dimension
	   d h   
	   h ∝  R h  d h     



	
	  β  
	    M ∼ | T −   T c    |  β    



	
	  ν  
	    ξ ∼ | T −   T c    |   − ν     



	Anomalous Exponent for Magnetism (Equation (10) and (11))
	   η c   
	    g spin   ( r )  ∼  r  − ( d − 2 +  η c  )     



	Anomalous Exponent for Percolation (Equation (4))
	   η p   
	    g conn   ( r )  ∼  r  − ( d − 2 +  η p  )     



	  η c   and   η p   as measured on a 2D (interior) slice
	  η c  | |   ;   η p  | |   
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Table 3. Theoretical/numerical values for the 2D geometric cluster self-similarity-characterized critical percolation exponents for Ising models and standard percolation model.
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	Model
	2D Ising Model [33,48]
	2D Slice of 3D Ising Model (This Work)
	Standard Percolation [47,49,50]





	Fixed Point
	C-2D
	C-3Dx
	P-2D



	  τ  
	   379 / 187 = 2.027   
	   2.001 ± 0.013   
	   187 / 91 = 2.055   



	   d v   
	   187 / 96 = 1.948   
	   1.856 ± 0.018   
	   91 / 48 = 1.896   



	   d h   
	   11 / 8 = 1.375   
	   1.714 ± 0.022   
	   7 / 4 = 1.75   



	   d − 2 +  η p    
	  0.104 ± 0.002   (this work)
	   0.322 ± 0.002   
	   5 / 24 = 0.208   
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