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Abstract 

The theoretical description of phase transitions in condensed matter represents one of the 
most profound and enduring challenges in modern physics, spanning more than a cen-
tury of intellectual development. From the phenomenological models of van der Waals in 
1873 and Landau in 1937, through the statistical-mechanical rigor of integral equation 
theories of Ornstein and Zernike in 1914, Percus and Yevick in 1958, to Wilson’s renor-
malization group in 1971 and contemporary spectral methods such as the Self-Consistent 
Spectral Potential Mean-Field (SC-SPMF) method of Villani, the theoretical landscape has 
evolved through successive refinements that have progressively deepened our under-
standing of critical phenomena, metastability, and universality. Despite these remarkable 
advances, the prediction of phase transition temperatures, the characterization of critical 
behavior, and the understanding of metastability and hysteresis remain active areas of 
research, particularly for first-order transitions such as melting and crystallization. This 
review develops a central thesis: the difficulty of describing phase transitions in con-
densed matter arises from the intrinsically irreducible complexity of N-body systems. 
The behavior of a system of N interacting particles cannot, in general, be reduced to the 
behavior of N independent two-body systems. This is the essence of the N-body problem: 
the interactions between particles create collective effects that cannot be understood by 
considering pairwise interactions in isolation. The irreducible nature of this problem 
manifests itself in the hierarchy of correlation functions, where the n-body distribution 
function depends on the (n + 1)-body distribution function, leading to an infinite hierar-
chy that cannot be closed without approximations. The SC-SPMF method resolves the 
complexity of the problem through a spectral reduction that transforms the irreducible 
N-body problem into a self-consistent two-body problem in a mean field. The spectral 
criterion for phase transitions introduced by the SC-SPMF method represents a funda-
mental departure from traditional approaches: the transition is marked by a change in 
the curvature of the first eigenvalue µ1 (T). This criterion does not rely on arbitrary 
thresholds but on a qualitative change in the spectral response of the system, reflecting a 
fundamental change in the nature of correlations. The review is organized into three 
main parts. The first establishes the historical and conceptual foundations, tracing the 
evolution of theoretical approaches from van der Waals to the renormalization group, 
examining the successes and limitations of each approach, and identifying the common 
thread of approximate closures and functionals that has motivated the development of 
alternative methods. The second addresses the fundamental problem of complexity in 
N-body systems, exploring the BBGKY hierarchy, the irreducibility of many-body cor-
relations, and the failure of pairwise reduction; it then presents the spectral mean-field 
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approach as a rigorous solution to this problem, demonstrating how the eigenvalue 
spectrum of the Fisher operator encodes the collective behavior of the system. The third 
provides a comprehensive account of the SC-SPMF method. The SC-SPMF method offers 
several distinct advantages over existing approaches: it requires no approximate closures 
(unlike integral equation theories), no excess free energy functionals (unlike density 
functional theory), and no extensive computational resources (unlike molecular dynam-
ics or Monte Carlo simulations). The coordination shell structure emerges 
self-consistently from the spectral decomposition, and the method naturally captures 
hysteresis and metastability because the self-consistent cycle provides stable solutions as 
long as the Fisher equation yields negative eigenvalues. The predictive power of the 
method is demonstrated by its ability to reproduce experimental structural parameters 
and to reveal the path-dependent universality that has not been observed in previous 
theoretical studies. 

Keywords: phase transitions; condensed matter; N-body problem; spectral mean-field 
method; potential of mean force; Fisher equation; radial distribution function; universal-
ity; hysteresis; metastability; melting; freezing; Kirkwood relation; renormalization 
group; complexity; many-body correlations; critical exponents 
 

1. Introduction 
Phase transitions are among the most fundamental and ubiquitous phenomena in 

nature. They govern the formation of crystals from melts, the structure and stability of 
glaciers, the behavior of magma deep within the Earth’s crust, the processing of polymers 
in industrial settings, and the very existence of life itself, which depends on the unique 
properties of water between its freezing and boiling points. First-order phase transitions, 
in particular, are central to our understanding of condensed matter, yet they remain 
among the most challenging phenomena to describe theoretically. The solid-to-liquid and 
liquid-to-solid transitions, specifically, have occupied a central place in the physical sci-
ences for over a century, driving the development of some of the most powerful con-
ceptual frameworks in statistical mechanics and condensed matter physics. 

Consider, for a moment, the apparent simplicity of the melting of ice. A crystal of 
ice, with its precisely ordered arrangement of water molecules in a hexagonal lattice, is 
heated to 273.15 K at atmospheric pressure. At this temperature, the ordered structure 
collapses into the disordered, flowing state we call liquid water. The transition occurs at a 
fixed temperature, with a well-defined enthalpy of fusion of 333.55 J/g (6.01 kJ/mol). Yet, 
despite this apparent simplicity, the theoretical description of this transition has eluded 
chemists and physicists for over a century. Why should such a commonplace phenome-
non resist theoretical description? The answer lies in the fundamental nature of the tran-
sition itself and the irreducible complexity of the many-body systems in which it occurs. 

1.1. The Nature of First-Order Phase Transitions 

Melting is a strongly first-order phase transition, characterized by a set of features 
that distinguish it from continuous (second-order) transitions and that collectively pose 
profound challenges for theoretical description: 

Discontinuities in thermodynamic quantities: First-order transitions are marked by ab-
rupt changes in thermodynamic properties. The density changes discontinuously from 
0.9167 g/cm3 (ice at 273.15 K) to 0.9998 g/cm3 (water at 273.15 K), a change of approxi-
mately 9%. The entropy changes by ΔS = 22.0 J/(mol·K), corresponding to the latent heat 
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of fusion (ΔH = TΔS = 6.01 kJ/mol). These discontinuities reflect the fundamental rear-
rangement of molecular interactions that occurs at the transition. 

Metastability: One of the most striking features of first-order transitions is the exist-
ence of metastable states. Ice can be superheated above its melting point, and water can 
be supercooled below it, without the transition occurring. These metastable states are 
intrinsically nonequilibrium phenomena that can persist for macroscopic times—hours, 
days, or even years in some cases. The existence of metastability implies that the ther-
modynamic state of the system is not uniquely determined by temperature and pressure 
but depends on the system’s history. 

Hysteresis: The temperature of melting observed upon heating differs from the 
temperature of freezing observed upon cooling. This hysteresis reflects the different nu-
cleation mechanisms involved in the two processes and is a direct manifestation of the 
metastability described above. The width of the hysteresis loop depends on the cool-
ing/heating rate, the system size, and the presence of impurities or defects. 

Nucleation and growth: The transition between phases does not occur simultaneously 
throughout the system but proceeds through the formation of critical nuclei of the new 
phase, followed by their growth. This kinetic aspect introduces a strong dependence on 
time and system size. The nucleation process itself is a stochastic event that requires the 
formation of a critical cluster of the new phase, a process that can be described by clas-
sical nucleation theory but with significant uncertainties. 

Finite-size effects: In small systems, the transition is rounded and shifted relative to 
the thermodynamic limit. The discontinuity in thermodynamic properties is smoothed 
out, and the definition of the transition temperature becomes ambiguous. These effects 
complicate the interpretation of experimental data from nanosystems and of simulation 
results from finite-size boxes. 

To address these difficulties, the finite-size scaling (FSS) technique provides a system-
atic framework for determining whether a transition is first-order or second-order in the 
thermodynamic limit. For second-order transitions, response functions such as the sus-
ceptibility and the specific heat diverge at the critical point, with exponents governed by 
the correlation length. For first-order transitions, the correlation length remains finite at 
the transition, and FSS predicts a different scaling behavior: the peak height of the sus-
ceptibility scales as χmax~Ld, and the specific heat peak scales as Cmax~Ld, where L is the 
linear dimension of the system. In addition, the probability distribution of the order pa-
rameter (or of the energy) exhibits a double-peak structure near a first-order transition, 
reflecting the coexistence of the two phases in a finite system. The depth of the 
free-energy barrier between the peaks scales as ΔF~Ld−1. These signatures provide robust 
criteria for distinguishing first-order from second-order transitions in numerical simula-
tions and complement the finite-size analysis based on the rounding and shifting of the 
transition temperature. 

The theoretical description of such transitions therefore requires a framework that 
can simultaneously account for: (1) the equilibrium properties of both phases (structure, 
thermodynamics, equation of state); (2) the metastable states and their lifetimes; (3) the 
kinetics of nucleation and growth; (4) the fluctuations that drive the transition; (5) the fi-
nite-size effects that complicate the interpretation of experimental and simulation data, 
including the scaling behavior described above; and (6) the path dependence that gives 
rise to hysteresis [1–3]. 

1.2. The Historical Evolution of Phase Transition Theories 

The theoretical study of phase transitions has evolved through several distinct 
stages, each built upon the successes and addressing the limitations of its predecessors. 
This historical progression reveals a consistent pattern: each new approach has provided 
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deeper insight while simultaneously revealing new layers of complexity that demand 
further theoretical development. 

Phenomenological theories (van der Waals, 1873; Landau, 1937): These theories intro-
duced the concepts of the order parameter and the expansion of the free energy in pow-
ers of the order parameter, providing qualitative descriptions of phase transitions and 
unifying diverse phenomena under a common framework. Van der Waals’ equation of 
state successfully captured the liquid–gas coexistence curve and the critical point, while 
Landau’s theory provided a general framework for describing symmetry-breaking tran-
sitions. However, these theories failed to predict accurate critical exponents, as they ne-
glected the crucial role of fluctuations near the critical point. The predicted exponents (β = 
1/2, γ = 1, ν = 1/2) were inconsistent with experimental observations, which revealed β ≈ 
1/3 for fluids and β ≈ 0.326 for the 3D Ising model [4–9]. 

Statistical thermodynamics of fluids (Ornstein-Zernike, 1914; Kirkwood, 1935; Per-
cus-Yevick, 1958): These approaches related the microscopic structure of fluids to in-
terparticle interactions through integral equations. The Ornstein-Zernike equation pro-
vided a fundamental connection between the total correlation function and the direct 
correlation function, while the Kirkwood relation connected the radial distribution func-
tion to the potential of mean force. The Percus-Yevick and Hypernetted-Chain closures 
provided approximate solutions to the OZ equation. However, these closures introduced 
thermodynamic inconsistencies and were not exact for three-dimensional systems. The 
choice of closure was often system-dependent, and the results could vary significantly 
between closures [10–18]. 

Classical Density Functional Theory (cDFT) (Evans, 1979; Mermin, 1965): This formally 
exact framework expresses the grand potential as a functional of the density profile, 
providing a powerful method for studying inhomogeneous systems. The equilibrium 
density profile is obtained by minimization of the grand potential. However, cDFT re-
quires approximate excess free energy functionals, which are system-dependent and in-
troduce systematic errors. The construction of accurate functionals for systems with 
long-range interactions, charge, or quantum effects remains a significant challenge. Fur-
thermore, cDFT is formulated for equilibrium states and does not naturally capture 
metastability or hysteresis [19–27]. 

Renormalization Group Theory (RG) (Wilson, 1971; Wilson & Fisher, 1972): This rigorous 
approach explained the singular behavior near critical points and predicted accurate 
critical exponents, establishing the foundations of the modern theory of critical phe-
nomena. The RG theory demonstrated that the singularities arise from the divergence of 
the correlation length and the resulting scale invariance, and it provided a systematic 
method for calculating critical exponents through the ε-expansion. However, the RG 
approach is most powerful for continuous (second-order) transitions, where the correla-
tion length diverges. For first-order transitions, where the correlation length remains fi-
nite, the RG approach is less directly applicable. Moreover, applying the RG to specific 
systems with complex interactions remains a formidable challenge [28–37]. 

Computer simulations (Molecular Dynamics and Monte Carlo): These methods have 
provided invaluable insights from first principles, allowing the direct calculation of 
structural and thermodynamic properties without the approximations inherent in ana-
lytical theories. Molecular dynamics simulates the time evolution of the system by nu-
merically integrating the equations of motion, while Monte Carlo methods sample the 
configuration space using random moves. However, simulations are computationally 
expensive and yield statistical results that require careful analysis of finite-size effects 
and sampling errors. The simulation of rare events, such as nucleation, requires special-
ized methods and extensive computational resources. Furthermore, simulations are lim-
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ited to time scales of nanoseconds to microseconds, which may be insufficient to study 
slow processes such as nucleation near the melting point [38–44]. 

Spectral Mean-Field Methods (Villani, 2026): These recent approaches interpret the 
structure of coordination shells through the eigenvalue spectrum of the Fisher operator 
[45], offering a spectral criterion for stability and capturing path-dependent universality 
without relying on approximate closures or excess functionals. The spectral approach has 
its conceptual roots in Boscovich’s curve (1763), which proposed that the interaction 
between particles could be described by an oscillatory force-distance curve with alter-
nating regions of attraction and repulsion [46,47]. The Self-Consistent Spectral Potential 
Mean-Field (SC-SPMF) method extends this idea by introducing a fully self-consistent 
cycle between the Kirkwood relation and the Fisher equation, providing a powerful 
framework for studying first-order phase transitions [48,49]. 

1.3. The N-Body Problem 

The N-body problem is one of the oldest and most fundamental problems in phys-
ics. Given a system of N interacting particles, the goal is to predict the positions and 
momenta of all particles as a function of time. In classical mechanics, this requires solving 
Newton’s equations of motion for all N particles simultaneously, where the forces Fij 
depend on the positions of all pairs of particles. For N = 2, the problem is exactly solvable: 
the relative motion of two particles interacting through a central potential can be reduced 
to a one-body problem with a reduced mass. For N ≥ 3, however, the problem is generally 
not exactly solvable. The interactions between multiple particles create collective effects 
that cannot be understood by considering pairwise interactions in isolation. This is the 
essence of the N-body problem: the behavior of the whole is not simply the sum of the 
behaviors of its parts. 

In quantum mechanics, the situation is even more challenging. The 
time-independent Schrödinger equation for N interacting particles lives in a 
3N-dimensional configuration space, which grows exponentially with N. For a macro-
scopic system with N~1023, the problem is manifestly impossible to solve exactly. The 
wavefunction Ψ cannot even be written down, let alone computed. The problem is not 
merely computationally intractable, it is conceptually irreducible [50–55]. 

1.4. The Irreducibility Question 

The fundamental question is as follows: Is the N-body problem irreducible? Can it 
be reduced to a smaller number of degrees of freedom without losing essential physics? 
The answer depends on the nature of the interactions and the state of the system. 

Dilute gases: In the low-density limit, the system is approximately ideal, and the 
N-body problem reduces to the two-body problem. The virial expansion expresses the 
thermodynamic properties in terms of the virial coefficients, which are determined by the 
two-body interactions. The deviations from ideal behavior can be systematically calcu-
lated as a series in the density, with the nth virial coefficient requiring the solution of the 
n-body problem. However, for sufficiently low densities, the n-body contributions (n ≥ 3) 
become negligible. 

Dense fluids: In the high-density limit, many-body effects become important. The 
interactions between particles are screened and modified by the presence of other parti-
cles. The pair distribution function g(r) depends on the three-body and higher distribu-
tion functions through the BBGKY hierarchy. The problem is irreducible in the sense that 
the two-body correlations cannot be determined without knowledge of the three-body 
correlations, which in turn depend on the four-body correlations, and so on. This infinite 
hierarchy cannot be closed without approximations. 



Condens. Matter 2026, 11, 39 6 of 31 
 

https://doi.org/10.3390/condmat11040039 

Crystalline solids: In the solid phase, the system is ordered and the positions of the 
particles are approximately fixed around the lattice sites. The N-body problem reduces to 
a problem of lattice vibrations (phonons), which can be treated within the harmonic ap-
proximation. The normal modes of the lattice provide a complete description of the 
small-amplitude vibrations. However, the harmonic approximation breaks down at high 
temperatures, and anharmonic effects become important. The description of defects, 
dislocations, and grain boundaries adds further complexity. 

Critical region: Near the critical point, fluctuations become large and the system ex-
hibits scale invariance. The correlation length diverges, and the behavior is dominated by 
long-wavelength fluctuations that couple all degrees of freedom. The problem is irre-
ducible in the sense that the collective behavior cannot be described by considering iso-
lated pairs of particles. The renormalization group provides a powerful framework for 
understanding this collective behavior, but it is challenging to apply to specific systems. 

1.5. Spectral Reduction of the Complexity Problem 

The Fisher operator )(2ˆ 2 rUkTF K+∇−=  is a Hermitian operator with a 
discrete spectrum of eigenvalues µi. The spectrum can be divided into two regions: 
bound states, µi < 0 corresponding to localized correlation modes (coordination shells); 
continuum states, µi → 0 corresponding to delocalized correlations. 

The SC-SPMF method resolves the problem of irreducible complexity in N-body 
systems through a self-consistent spectral reduction. This reduction is achieved through 
four fundamental steps. 

Step 1: From N to 2. The N-body distribution function is reduced to the pair distribu-
tion function g(r) through integration over all but two particles. This reduction is exact in 
equilibrium statistical mechanics. The two-particle distribution function is defined as: 


=≠

−−=
N

ji
ii rrrrrrg

1
2121

)2( )()(),(  δδ  

where the sum runs over all distinct ordered pairs of particles. The product of the two 
delta functions is non-zero only when particle i is located at r1 and particle j is located at 
r2. The sum thus counts the number of ordered pairs of particles that simultaneously 
occupy the positions r1 and r2. For a homogeneous and isotropic system, this function 
depends only on the distance r = ∣r1 − r2∣ and is related to the radial distribution function 
g(r) by: 

)(),( 2
21

)2( rgrrg ρ=
 

where ρ = N/V is the average number density. In the ideal gas limit, g(r) = 1 for all r, and 
ρ(2) = ρ2, which is the product of the average densities at the two positions. 

Thus, g(r) encodes the structural information of the N-body system in a two-body 
form, while still retaining the average effects of all other particles through the ensemble 
average. The pair distribution function contains the essential information about the 
structure of the system, including the positions and widths of the coordination shells. 

Step 2: From 2 to 1. The pair distribution function is further reduced to the eigenstates 
of the Fisher operator through the spectral decomposition: 

2

1
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=
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where ψi (r) are the eigenfunctions of the Fisher equation and αi are statistical weights. 
This decomposition is an approximation, but the self-consistency of the method ensures 
that the essential many-body effects are retained. The number of bound states M equals 
the number of coordination shells in the system. 

The statistical weights αi, determine the relative contribution of each eigenstate to 
the radial distribution function. They are chosen according to the Boltzmann distribution: 

 −

−

=

j

i j

i

e
e

βμ

βμ

α  

where β = 1/(kT) and the sum runs over all eigenstates, including both bound states (µi < 
0) and continuum states (µi ≥ 0). The weights are normalized so that ∑i αi = 1, ensuring 
that g(r) → 1 as r → ∞. Physically, the statistical weights express the thermal population 
of each eigenstate. States with lower (more negative) eigenvalues have larger Boltzmann 
factors and therefore larger weights. At low temperatures, the ground state dominates 
(α1 ≈ 1), corresponding to well-defined coordination shells. As the temperature increases, 
the excited states become progressively populated, the weights become more evenly 
distributed, and the coordination shells broaden and eventually merge into the contin-
uum. 

Step 3: Self-consistency. The Kirkwood-Fisher cycle 
)1()()()( +→→→ nnn

B
n gUg ψ  ensures that the PMF and g(r) are mutually con-

sistent, effectively encoding the many-body effects in the spectral properties: 

)(ln)( )()( rgkTrU nn
B −=

, Kirkwood relation [10]; 

)()()()(2 )()()()()(2 rrrUrkT nnnn
B

n ψμψψ =+∇−
, Fisher equa-

tion [44]; 

=+

i

n
i

n
i

n rrg
2)()()1( )()( ψα

, Spectral reconstruction [48,49]. 
The cycle is iterated until convergence, at which point the PMF and g(r) are mutually 

consistent. This self-consistency is the key to capturing the many-body effects that are 
neglected in simple mean-field theories. 

Step 4: Spectral encoding. The irreducible correlations of the N-body system are en-
coded in the eigenvalue spectrum and the statistical weights of the Fisher operator. The 
spectrum reflects the collective behavior of the system: 

Bound states (µi < 0): Correspond to localized coordination shells, characteristic of the 
stable solid phase. 

Continuum states (µi → 0): Correspond to delocalized correlations, characteristic of 
the liquid or gas phase. 

Statistical weights (αi): Reflect the relative importance of the different eigenstates, 
determined by the Boltzmann distribution. 

The SC-SPMF method, therefore, does not simply ignore the irreducible correlations 
but re-expresses them in the spectral representation that is more tractable and provides a 
direct physical interpretation. The irreducible complexity of the N-body system is not 
eliminated but transformed into a form that can be analyzed and understood. 
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1.6. The SC-SPMF Criterion for Phase Transitions 

The SC-SPMF simulations enable the formulation of a spectral criterion for phase 
transitions that is fundamentally different from traditional criteria [49]. The transition is 
marked by a change in the curvature of µ1 (T), not by µ1 = 0. This criterion is based on the 
following observations: 

In the solid phase, µ1 < 0 and is approximately linear in T: 

µ1 (T) ≈ µ1 (0) + aT, a > 0. 

In the liquid phase, µ1 < 0 but approaches zero asymptotically. The curvature 
d2µ1/dT2 is negative. 

Near the transition, the curvature changes from negative to positive. The transition 
is identified as the inflection point where d2µ1/dT2 = 0. 

This criterion has several important implications: 
No reliance on absolute values: The transition is not determined by µ1 = 0, which would 

require an arbitrary threshold. The criterion is based on a qualitative change in the spec-
tral response. 

Qualitative change: The transition is a qualitative change in the nature of the correla-
tions, not merely a quantitative change. The change in curvature reflects a fundamental 
change in the stability of the system. 

Universality: The criterion is independent of the specific system and depends only on 
the spectral properties. This suggests that the spectral criterion may provide a universal 
signature of first-order phase transitions. 

1.7. Path-Dependent Universality 

The critical exponent β determined by the SC-SPMF method differs significantly 
along the two thermodynamic paths: 

µ1 (T)∝∣T − Tc∣β 
Along the heating path (solid → liquid, order → disorder), the critical exponent is 

found to be β = 0.36 ± 0.02. This value is consistent with the 3D Ising universality class, 
which describes systems with short-range interactions and a scalar order parameter. This 
indicates that during melting, the transition is dominated by local, short-range interac-
tions as thermal fluctuations disrupt the ordered solid structure by breaking bonds lo-
cally. Along the cooling path (liquid → solid, disorder → order), the critical exponent is 
found to be β = 0.51 ± 0.02. This value is consistent with the mean-field universality class, 
which describes systems with long-range interactions or systems above the upper critical 
dimension. This indicates that during freezing, the transition is dominated by coopera-
tive, long-range effective interactions that require the simultaneous alignment of many 
particles to form the ordered solid structure. 

The difference in the critical exponents reflects the fundamentally different nature of 
the two processes. During heating (melting), the solid phase is characterized by local, 
short-range interactions that are disrupted by thermal fluctuations; the transition is 
driven by the local breaking of bonds, which occurs when the thermal energy becomes 
comparable to the binding energy of the coordination shell. During cooling (freezing), the 
liquid phase is characterized by cooperative, long-range interactions that require the 
simultaneous alignment of many particles; the transition is driven by the global ordering 
of the system, which occurs when the correlation length becomes comparable to the sys-
tem size. 

This discovery highlights the crucial role of memory effects and structural metasta-
bility in determining the critical behavior of first-order transitions. The history of the 
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system—whether it has been heated from the solid or cooled from the liq-
uid—determines the effective interactions that govern the transition. This path depend-
ence is not captured by equilibrium theories, which assume that the thermodynamic state 
is uniquely determined by temperature and pressure. 

1.8. Organization of the Review 

This review is organized into three main parts, each addressing a different aspect of 
the problem of phase transitions in condensed matter: 

Foundations and Historical Development establishes the historical and conceptual 
foundations, tracing the evolution of theoretical approaches from van der Waals to the 
renormalization group. It examines the successes and limitations of each approach and 
identifies the common thread of approximate closures and functionals that has motivated 
the development of alternative methods. The chapters in this part include: phenomeno-
logical theories (van der Waals, Landau) (1); statistical thermodynamics of fluids (OZ, 
PY, HNC, Kirkwood) (2); density functional theory (cDFT) (3); renormalization group 
theory (4); computer simulations (MD, MC) (5). 

Complexity and the N-Body Problem addresses the fundamental problem of complexity 
in N-body systems, exploring the BBGKY hierarchy, the irreducibility of many-body 
correlations, and the failure of pairwise reduction. It then presents the spectral mean-field 
approach as a rigorous solution to this problem, demonstrating how the eigenvalue 
spectrum of the Fisher operator encodes the collective behavior of the system. The chap-
ters in this part include: the irreducible complexity of N-body systems (1); the spectral 
approach to complexity (2); the reduction in the N-body problem in the SPMF framework 
(3); the Fisher equation and its solution (4). 

The SC-SPMF Method provides a comprehensive account of the approach. It presents 
a detailed analysis of structural parameters, hysteresis, metastability, and critical expo-
nents, and compares the SC-SPMF method with other approaches. The chapters in this 
part include: self-consistent cycle in detail (1); Comparison with other methods (2); con-
clusions the and future directions (3). 

2. Phenomenological Theories of Phase Transitions 
2.1. The Van Der Waals Equation 

The van der Waals equation of state, presented in his 1873 doctoral dissertation 
“Over de continuiteit van den gas- en vloeistoftoestand” (On the Continuity of the Gas-
eous and Liquid States), represents a watershed moment in the history of physics. For the 
first time, a single equation described both the gaseous and liquid states, capturing the 
essential physics of the liquid–gas transition. 

The equation is: 

RTbV
V
aP m
m

=−+ ))(( 2  

The physical interpretation of the two parameters is profound: the excluded volume, 
representing the finite size of molecules. The volume accessible to the molecules is re-
duced by the volume occupied by the molecules themselves. For hard spheres of diame-
ter b = 32 πσ3NA, where NA is Avogadro’s number (1); the attractive interaction parame-
ter, representing the long-range attractive forces between molecules. The pressure is re-
duced by the attractive forces, which pull molecules together and reduce the frequency of 
collisions with the walls (2). 

The van der Waals equation successfully captures several key features of the liquid–
gas transition: 
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The coexistence curve: For temperatures below the critical temperature Tc, the equa-
tion has three real roots for the volume at a given pressure. The two stable roots corre-
spond to the liquid and gas phases, and the coexistence curve is obtained by applying 
Maxwell’s equal-area construction. 

The critical point is defined by the conditions: 

0,0 2

2

=







∂
∂=








∂
∂

TmTm V
P

V
P

 

These conditions yield: 

2, 27
,

27
8,3

b
aP

bR
aTbV cccm ===  

and the critical compressibility factor: 

8
3, ==

c

cmc
c RT

VP
Z  

The van der Waals equation can be written in reduced form (The law of corresponding 
states): 

rr
r

r TV
V

P 8)13)(3( 2 =−+  

where Pr = P/Pc, Vr = Vm/Vm,c and Tr = T/Tc. This reduced form is universal, implying that 
all fluids obey the same equation when expressed in terms of reduced variables. 

Despite these remarkable successes, the van der Waals equation has significant lim-
itations: 

Inaccurate critical exponents: Near the critical point, the order parameter (density 
difference) follows: 

2/1)( TTcgl −∝− ρρ  

yielding β = 1/2. However, experiments on fluids such as CO2 and xenon give β ≈ 1/3, and 
the exact solution of the three-dimensional Ising model gives β ≈ 0.326. 

Failure near the critical point: The van der Waals equation predicts a finite disconti-
nuity in the specific heat at the critical point, while experiments show a divergence. 

Inaccurate coexistence curve: The coexistence curve predicted by the van der Waals 
equation is too broad, and the critical region is too narrow. 

Mean-field approximation: The van der Waals equation is a mean-field theory that ne-
glects fluctuations. Near the critical point, fluctuations become large, and the mean-field 
approximation breaks down. 

2.2. Landau’s Theory of Phase Transitions 

Landau’s theory of phase transitions (1937) introduced the revolutionary concept of 
the order parameter—a thermodynamic quantity that distinguishes between ordered and 
disordered phases. The order parameter is zero in the disordered (high-symmetry) phase 
and non-zero in the ordered (low-symmetry) phase. 

Landau proposed that near the critical point, the free energy could be expanded as a 
power series in the order parameter ϕ: 
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where a(T) = a0 (T−Tc), a0 > 0, b(T) > 0 and, c(T) = 0 for a continuous second-order transi-
tion. 

The equilibrium value of the order parameter is obtained by minimizing the free 
energy: 
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For T > Tc, the minimum is at ϕ = 0 (disordered phase). For T < Tc, the minimum is at: 

c

c
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Ta )(
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Thus: 

2/1)( cTT −∝φ  

so β = 1/2. 
The Landau theory can be generalized to describe first-order transitions by includ-

ing a negative b(T) term in ),( φTF . 
In this case, the free energy has two minima separated by a barrier, corresponding 

to the coexistence of two phases. The first-order transition occurs when the two minima 
of the potential have the same depth (i.e., the same free energy). The conditions for co-
existence are: 

Condition for the minimum: 

0)( 42 =++=
∂
∂ φφφ

φ
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which gives: ϕ0 = 0 (disordered phase) and c
acbb

2
42

2 −±−=±φ
 (ordered 

phases). 
Condition of equal depth (coexistence): 

),(),( 0 ordTFTF φφ =  

This condition determines the transition temperature Tm (where the two minima 
have the same free energy). The Landau theory has several important features: 

Universality: The theory predicts that the critical exponents depend only on the 
symmetry of the order parameter and the spatial dimensionality, not on microscopic 
details. 

Symmetry breaking: The transition is associated with spontaneous symmetry break-
ing—the order parameter selects a particular orientation in the symmetry space. 

Fluctuations: The theory treats fluctuations in a Gaussian approximation, neglecting 
higher-order fluctuations. 

The limitations of Landau theory are as follows: 
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Mean-field approximation: Like the van der Waals equation, Landau theory neglects 
fluctuations. The theory is exact for systems with an infinite range of interactions but fails 
for systems with short-range interactions in dimensions d ≤ 4. 

Inaccurate critical exponents: The predicted exponents (β = 1/2, γ = 1, ν = 1/2, δ = 3) are 
inconsistent with experimental results. 

Failure for strong first-order transitions: For strongly first-order transitions, the Landau 
expansion may not converge, and the description of metastability is problematic. 

2.3. The Failure of Classical Theories: Experimental Evidence 

The discrepancy between classical theories and experimental observations became 
apparent in the early 20th century. Key experimental findings included: 

Critical exponents: Systematic studies of fluids, magnetic materials, and binary mix-
tures revealed universal critical exponents that differed significantly from the mean-field 
predictions (Table 1). 

Table 1. Critical exponents for the 3D Ising universality class compared with classical mean-field 
values. Mean-field exponents are exact from Landau theory. The 3D Ising values for α, γ, and δ are 
taken from Pelissetto and Vicari (2002); the value for ν is from Campostrini et al. (2002); and the 
value for β is from Talapov and Blöte (1996). 

Exponent Description Mean-Field Experimental (3D Ising) 
α Specific heat 0 (discontinuity) 0.110 ± 0.005 
β Order parameter ½ 0.326 ± 0.002 
γ Susceptibility 1 1.237 ± 0.002 
ν Correlation length ½ 0.630 ± 0.001 
δ Critical isotherm 3 4.789 ± 0.010 

Scaling relations: The experimental exponents satisfy scaling relations such as: α + 2β 
+ γ = 2 (Rushbrooke’s relation) or νd = 2−α (Josephson’s relation). The mean-field expo-
nents do not satisfy all of these relations. 

Universality: The exponents depend only on the spatial dimensionality d, the sym-
metry of the order parameter, and the range of interactions. Fluids, binary mixtures, and 
magnetic materials with the same symmetry belong to the same universality class. 

The 2D Ising model: Onsager’s exact solution (1944) of the two-dimensional Ising 
model provided a rigorous counterexample to mean-field theory. The specific heat di-
verges logarithmically: C~−ln∣T−Tc∣ and the exponents are β = 1/8, γ = 7/4, ν = 1. 

These findings motivated the development of the renormalization group theory, 
which would ultimately explain both the success of mean-field theory (above the upper 
critical dimension) and its failure (below the upper critical dimension). 

3. Statistical Thermodynamics of Fluids 
3.1. The Ornstein-Zernike Equation and Integral Equation Theories 

The Ornstein-Zernike (OZ) equation, introduced in 1914, provides a fundamental 
connection between the interparticle potential and the structure of fluids. The equation 
defines the direct correlation function c(r) through the relation: 

')'()'()()( drrrhrcrcrh −+= ρ  

where r is the separation vector between two particles (the observation point); r′ is the 
integration variable that varies over all space (the position of a third particle relative to 
the first); ∣r − r′∣ is the distance between the second and the third particle, dr′ is the vol-
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ume element in three-dimensional space (not a linear interval, but a volume). Therefore, 
r′ is the independent integration variable that assumes all values in space. In addition, 
h(r) = g(r) − 1 is the total correlation function, g(r) is the radial distribution function, and ρ 
is the number density. 

The physical interpretation of the OZ equation is profound. The total correlation 
between two particles can be decomposed into a direct part (the direct correlation func-
tion) and an indirect part propagated through all other particles. This decomposition 
reflects the many-body nature of the problem: the correlation between two particles is 
influenced by the presence of all other particles in the system. 

The OZ equation is exact but does not provide a closed system of equations. To solve 
it, one must introduce a closure relation connecting c(r) and h(r) (or g(r) and the in-
terparticle potential u(r)). 

3.2. Closure Approximations: PY, HNC, and MSA 

Several closure approximations have been developed to solve the OZ equation. The 
PY closure, introduced by Percus and Yevick in 1958, is: 

[ ])(1)()( ruergrc β−=  

or equivalently: 

)()(1)( )( rcrherg ru −+=β  

The PY closure is particularly accurate for short-range repulsive potentials, such as 
hard spheres. For the hard-sphere fluid, the PY closure yields analytical solutions for the 
direct correlation function and the equation of state. The predicted structure factor and 
equation of state agree well with simulation results for densities up to the freezing den-
sity. 

However, the PY closure has several limitations: 
Thermodynamic inconsistency: The compressibility equation and the virial equation 

yield different equations of state, reflecting an inconsistency in the thermodynamic 
properties. 

Inaccuracy for attractive potentials: The PY closure becomes less accurate for systems 
with attractive interactions, particularly near the critical point. 

Failure for charged systems: The PY closure is not suitable for charged systems, where 
the long-range Coulomb interactions require special treatment. 

The HNC closure, developed independently by van Leeuwen, Groeneveld, and de 
Boer (1960), is: 

c(r) = h(r) − lng(r) − βu(r) 

or equivalently: 

g(r) = exp[−βu(r) + h(r) − c(r)] 

The HNC closure is more accurate than PY for potentials with long-range attrac-
tions, including charged systems. It satisfies the exact condition that c(r) → −βu(r) for r → 
∞. The HNC closure is also more consistent thermodynamically than the PY closure, 
although some inconsistencies remain. 

The limitations of the HNC closure include: 
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Numerical instability: The HNC equations can be difficult to solve numerically, par-
ticularly near the critical point or for strongly charged systems. 

Thermodynamic inconsistency: While less severe than in PY, some thermodynamic 
inconsistency remains. 

Failure for strongly coupled systems: For systems with strong interactions, the HNC 
closure may fail to predict the correct phase behavior. 

The MSA closure, developed for charged systems, is: 

g(r) = 0, r < σ 
c(r) = −βu(r), r > σ 

where σ is the hard-core diameter. The MSA is particularly useful for electrolyte solu-
tions and other charged systems, where it provides analytical solutions for the structure 
factor and thermodynamic properties. 

However, the MSA is limited to systems with a hard core and a tail that is either 
Coulombic or a simple exponential. It is not generally applicable to systems with arbi-
trary potentials. 

3.3. The Kirkwood Relation and the Potential of Mean Force 

The Kirkwood relation, introduced in 1935, defines the potential of mean force 
(PMF) in terms of the radial distribution function: 

UB (r) = −kTlng(r) 

The PMF represents the reversible work required to bring two particles from infinite 
separation to a distance r, averaged over all configurations of the remaining particles. It is 
an effective potential that includes the effects of all other particles in the system. 

The Kirkwood relation is exact and does not require any closure approximation. It is 
based on the fundamental relationship between the distribution function and the ther-
modynamic potential. However, the PMF is not the same as the bare interparticle poten-
tial u(r). The PMF includes the effects of many-body interactions and temperature, and it 
depends on the density and the thermodynamic state. 

The PMF has several important properties: 
Asymptotic behavior: As r → ∞, g(r) → 1, so UB (r) → 0. Thus, the PMF vanishes at 

large separations. 
Short-range behavior: As r → 0, g(r) → 0, so UB (r) → +∞. The PMF diverges at small 

separations, reflecting the strong repulsion between particles. 
Well structure: In the liquid state, the PMF typically has a deep well at the first coor-

dination shell distance, followed by smaller oscillations corresponding to higher coor-
dination shells. 

4. The Renormalization Group and Critical Phenomena 
4.1. The Renormalization Group 

Wilson’s renormalization group (RG) theory, developed in the early 1970s, repre-
sents one of the most significant advances in theoretical physics of the 20th century. The 
RG theory provided a rigorous explanation of the universal behavior near critical points, 
showing that the singularities arise from the divergence of the correlation length and the 
resulting scale invariance. The central idea of the RG is the systematic elimination of 
short-wavelength fluctuations. Consider a system described by a Hamiltonian H[ϕ] that 
depends on a field ϕ(r) and on a set of coupling parameters {Ki}. The RG transformation 
consists of: 
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Coarse-graining: Integrating out the short-wavelength (high-momentum) degrees of 
freedom, leaving a system with fewer degrees of freedom. 

Rescaling: Rescaling the length scale back to the original size. 
Renormalization: Rescaling the fields to maintain the normalization of the free energy. 
This procedure generates a flow in the space of interaction parameters: 

{Ki′} = R[{Ki}] 

where R is the RG transformation. The fixed points of this flow, where {Ki′} = {Ki}, deter-
mine the critical behavior. 

This procedure generates a flow in the space of interaction parameters: 

{Ki′} = R[{Ki}] 

where R is the RG transformation. In general, {Ki} → {Ki′} → {Ki′′} → ⋯: the parameters 
change under the transformation. At a fixed point, and only at a fixed point, we have {Ki′} 
= {Ki}. The fixed points determine the critical behavior because they correspond to 
scale-invariant systems, and the eigenvalues of the linearized RG transformation near a 
fixed point determine the critical exponents. 

4.2. The Renormalization Group Transformation 

To make the RG transformation concrete, consider a scalar field theory with Ham-
iltonian: 
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The RG transformation proceeds as follows: 
Decomposition: Split the field into slow (ϕ<) and fast (ϕ>) components: 

ϕ(r) = ϕ< (r) + ϕ> (r)where ϕ< contains Fourier modes with ∣k∣ < Λ/b and ϕ> contains modes 
with Λ/b < ∣k∣ < Λ, where Λ is the cutoff and b > 1 is the rescaling factor. 

Integration: Integrate out the fast modes: 

[ ] [ ] ><< +−
>

− = φφφ φ HH eDe '

 
Thus, the effective action H′ for the slow modes ϕ< is obtained by integrating over 

all possible configurations of the fast modes ϕ>, where the total action H depends on the 
sum of the two contributions, slow and fast. The integral ∫Dϕ is a functional integral (or 
path integral), that is, an integration over infinitely many variables (one for each point in 
space) representing all possible configurations of the fast modes. 

Rescaling: Rescale lengths and fields: r′ = r/b, ϕ′(r′) = ζϕ< (r), where ζ is chosen to 
maintain the normalization of the kinetic term. 

Renormalization: The resulting Hamiltonian H′[ϕ′] has the same form as the original 
Hamiltonian but with renormalized parameters: r′ = b2(r0 + Δr), u′ = b4−d(u0 + Δu). 

The RG transformation generates a flow in the parameter space. The critical fixed 
point, where the correlation length diverges, corresponds to a fixed point of the RG 
transformation. 

4.3. Fixed Points and Critical Exponents 

Near a fixed point, the RG transformation can be linearized, neglecting higher-order 
terms: 
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where n is the total number of coupling parameters that define the system. 
In vector form: 

δK′ = TδK 

where 
δK = (δK1, δK2,…, δKn) is the vector of deviations of the parameters from the fixed 

point; 
δK′ = (δK1′, δK2′,…, δKn′) is the vector of deviations after one RG step; 
T = (Tij) is the linearization matrix (or Jacobian matrix) of the RG transformation 

evaluated at the fixed point. The eigenvalues of Tij determine the critical exponents: 
Relevant eigenvalues (λi > 1): These correspond to parameters that flow away from the 

fixed point. The number of relevant eigenvalues determines the number of independent 
scaling fields. 

Irrelevant eigenvalues (λi < 1): These correspond to parameters that flow toward the 
fixed point. They determine the corrections to scaling. 

Marginal eigenvalues (λi = 1): These correspond to parameters that do not change at 
the fixed point. 

For a system with a single relevant eigenvalue (the temperature field), the correla-
tion length behaves as: 

ξ∝∣T−Tc ∣−ν 
and the critical exponent are determined by the relevant eigenvalue: 

1ln
ln

λ
ν b=  

where b is the scaling factor of the renormalization group transformation, defined as the 
ratio of the length scales before and after the rescaling step. 

4.4. Limitations of the Renormalization Group Approach 

Despite its power and elegance, the RG approach has several limitations: 
Application to specific systems: The RG approach is most powerful for continuous 

(second-order) transitions, where the correlation length diverges and scale invariance 
emerges. For first-order transitions, where the correlation length remains finite at the 
transition, the RG approach is less directly applicable. The RG can describe first-order 
transitions as the result of the flow running into a first-order fixed point, but the predic-
tions are less precise. 

Complex interactions: Applying the RG to real materials with multiple interaction 
scales, complex symmetries, and long-range interactions is challenging. The RG approach 
requires identifying the relevant scaling fields and calculating the RG flow, which can be 
difficult for systems with complex Hamiltonians. 

Numerical implementation: The numerical implementation of the RG (e.g., the 
non-perturbative RG) is computationally demanding and requires careful treatment of 
approximations. 

Dynamical aspects: The RG approach is primarily designed for equilibrium systems. 
Extending it to nonequilibrium phenomena (e.g., nucleation, growth, aging) is challeng-
ing. 
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These limitations have motivated the development of alternative approaches, such 
as the spectral potential mean-field methods, which can describe first-order transitions, 
metastability, and hysteresis in a unified framework. 

5. Classical Density Functional Theory 
5.1. The Hohenberg-Mermin-Evans Framework 

Classical Density Functional Theory (cDFT) provides a formally exact framework for 
studying inhomogeneous fluids, including solid phases. The theory expresses the grand 
potential Ω (at fixed temperature, volume, and chemical potential) as a functional of the 
density profile ρ(r): 

Ω[ρ] = F[ρ] − µ∫ρ(r)dr 

where F[ρ] is the intrinsic Helmholtz free energy functional. The equilibrium density 
profile is obtained by minimizing the grand potential functional Ω[ρ]. The condition for 
a minimum is that its functional derivative with respect to the density profile ρ(r) van-
ishes at every point r: 

r
r

∀=Ω ,0
)(
][

δρ
ρδ

 

The intrinsic free energy functional can be decomposed into an ideal gas part and an 
excess part: 

F[ρ] = Fid [ρ] + Fex [ρ] 

where: 

Fid [ρ] = kT∫ρ(r)[ln(ρ(r)Λ3) − 1]dr 

And Λ = h/2πmkT is the thermal de Broglie wavelength, Λ3 is the corresponding 
thermal volume, and Fex [ρ] accounts for the interactions beyond the ideal gas term. 

The central challenge in cDFT is the construction of the excess free energy functional 
Fex [ρ]. For a system with pairwise interactions, the exact functional is: 

 −= '])[;',()'()'()(
2
1][ drdrrrgrrurrFex ρρρρ  

where g(r,r′;[ρ]) is the pair distribution function functional. However, g(r,r′;[ρ]) is not 
known exactly, so approximations are required. 

5.2. Approximations for the Excess Free Energy Functional 

Several approximations have been developed for the excess free energy functional. 
The Local Density Approximation (LDA) assumes that the excess free energy density at 
point r depends only on the local density ρ(r): 

= drrfF exex ))((][ ρρ  

where fex (ρ) is the excess free energy density of a uniform fluid at density ρ. 
The LDA is accurate for slowly varying densities but fails for strongly inhomoge-

neous systems such as crystals, where the density varies rapidly on the scale of the in-
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terparticle spacing. In the solid phase, the LDA predicts that the system is unstable, as the 
density peaks correspond to regions of high density where the free energy density would 
be calculated incorrectly. 

The Weighted Density Approximation (WDA) improves on the LDA by introducing 
a weighted density that averages over a finite volume: 

Fex [ρ] = ∫ρ(r)fex (ρˉ (r))dr 

where: 

ρˉ (r) = ∫ρ(r′)w(∣r − r′∣)dr′ 

and w(r) is a weight function that decays over a characteristic length scale. 
The WDA is more accurate than the LDA for inhomogeneous systems because the 

weighted density captures the non-local effects of the interactions. The WDA has been 
successfully applied to study the freezing transition and the liquid-vapor interface. 

Fundamental Measure Theory (FMT), developed by Rosenfeld [56], provides an 
accurate description of hard-sphere fluids by treating the excess free energy as a function 
of geometrically fundamental measures: 

Fex [ρ] = kT∫Φ[nα (r)]dr 

The integral over r expresses the excess free energy Fex [ρ] as an integral over all 
space of a free energy density Φ, which depends on the weighted densities nα (r). The nα 
(r) are weighted densities corresponding to: n0 (r), the local density; n1 (r), the local sur-
face area density; n2 (r), the local curvature density; n3 (r), the local volume density. The 
fundamental measures satisfy exact geometric relations, ensuring that the theory is con-
sistent with the virial expansion and yields accurate results for hard-sphere fluids. 

In the context of FMT, the weighted densities nα (r) are geometric measures associ-
ated with the hard-sphere particles. These measures describe the geometric shape of the 
particles and are used to construct the excess free energy functional Fex[ρ]. In the context 
of SC-SPMF, the term “curvature” describes the analytic behavior of the eigenvalue curve 
µ1 (T) and is used to identify the phase transition through the change in sign of the cur-
vature. It is not a geometric property of the particles, but a thermodynamic-spectral in-
dicator of the system’s stability. They share, however, a common conceptual role: both 
are related to the stability of the system—geometric stability in the case of FMT, and 
thermodynamic stability in the case of the spectral criterion. 

5.3. Applications of cDFT 

cDFT has been applied to a wide range of problems in condensed matter: 
Freezing transition: cDFT can predict the freezing density and the crystal structure of 

hard-sphere and soft-sphere fluids. The theory has been used to study the freezing of 
hard spheres, the crystallization of polymers, and the formation of quasicrystals. 

Liquid-vapor interface: cDFT provides a description of the liquid-vapor interface, in-
cluding the surface tension and the density profile. 

Wetting and adsorption: cDFT can describe wetting phenomena and the adsorption of 
fluids on surfaces. 

Confined fluids: cDFT has been used to study fluids in confined geometries, such as 
pores and slits, where the confinement modifies the phase behavior. 
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5.4. Limitations of cDFT 

Despite its formal exactness and broad applicability, cDFT has several inherent lim-
itations: 

Approximate functionals: The choice of excess free energy functional is often sys-
tem-dependent and can significantly affect the results. There is no systematic way to 
improve the accuracy of approximate functionals. The construction of accurate function-
als for systems with long-range interactions, charge, or quantum effects remains a chal-
lenge. 

Computational cost: Solving the Euler-Lagrange equations for the density profile can 
be computationally demanding, especially for three-dimensional systems with complex 
symmetries. The numerical minimization of the grand potential functional requires so-
phisticated algorithms. 

First-order transitions: cDFT can describe first-order transitions, but the calculations 
are sensitive to the choice of functional and the numerical implementation. The descrip-
tion of metastable states and hysteresis is challenging because the theory is formulated 
for equilibrium states. 

Temperature dependence: cDFT calculations are typically performed at a single tem-
perature, and the temperature dependence of the excess free energy functional is often 
neglected or approximated. The temperature dependence of the structure and thermo-
dynamics is not captured automatically. 

Absence of fluctuations: cDFT is a mean-field theory that neglects fluctuations. While 
the functional can be extended to include fluctuations (e.g., through the use of the 
Gaussian approximation), this complicates the theory and introduces additional ap-
proximations. 

6. Computer Simulations 
Computer simulations, particularly Molecular Dynamics (MD) and Monte Carlo 

(MC) methods, have provided invaluable insights into phase transitions. These methods 
allow the direct calculation of structural and thermodynamic properties from first prin-
ciples, without requiring the approximations inherent in analytical theories. 

6.1. Molecular Dynamics (MD) 

MD simulates the time evolution of a system of particles by numerically integrating 
the equations of motion: 
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where mi is the mass of particle i, ri is its position, and u(rij) is the interparticle potential. 
The advantages of MD include: 
Thermodynamic properties: The temperature, pressure, and energy can be calculated 

from the time averages of the kinetic and potential energies. 
Structural properties: The radial distribution function, structure factor, and other 

correlation functions can be calculated directly from the particle positions. 
Dynamic properties: Transport coefficients (diffusion, viscosity, thermal conductivity) 

can be calculated from time correlation functions. 
Nonequilibrium phenomena: MD can study nonequilibrium phenomena, such as nu-

cleation, growth, and aging, by simulating the time evolution. 
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6.2. Monte Carlo (MC) 

MC methods sample the configuration space of the system using random moves, 
with the acceptance probability determined by the Boltzmann weight: 

Pacc = min(1,e−βΔU) 

Thus, the acceptance probability is given by the minimum between unity and the 
Boltzmann factor computed on the energy change. If ΔU ≤ 0, then e−βΔU ≥ 1, and conse-
quently Pacc = 1: the proposed move is accepted with certainty. Conversely, if ΔU > 0, 
then e−βΔU < 1, so Pacc = e−βΔU: the move is accepted with a probability equal to the Boltz-
mann factor. 

The advantages of MC include: 
Thermodynamic properties: The energy, specific heat, and other thermodynamic 

properties can be calculated from the ensemble averages. 
Structural properties: The radial distribution function and other correlation functions 

can be calculated from the sampled configurations. 
Phase equilibria: MC methods, such as the Gibbs ensemble and the Gibbs-Duhem in-

tegration, can directly calculate phase coexistence. 
Free energy calculations: MC methods can calculate free energies using thermody-

namic integration or umbrella sampling. 

6.3. Applications to Phase Transitions 

Computer simulations have been used to study phase transitions in a wide range of 
systems: 

Freezing of hard spheres: MD and MC simulations have determined the freezing and 
melting densities of hard-sphere fluids with high precision. The freezing transition oc-
curs at ρf = 0.494 in reduced units: the maximum density at which a stable fluid phase 
can exist, at densities above this value, the fluid becomes thermodynamically unstable 
with respect to the solid phase; the melting transition occurs at ρm = 0.545: the minimum 
density at which a stable solid phase can exist, below this density, the solid becomes 
thermodynamically unstable with respect to the fluid phase. 

Melting of Lennard-Jones systems: The melting curve of Lennard-Jones systems has 
been studied extensively. The melting temperature at zero pressure is Tm = 0.69ϵ/k, where 
ϵ is the well depth and k is Boltzmann’s constant. 

Liquid-vapor critical point: The critical point of Lennard-Jones fluids has been deter-
mined with high precision: Tc = 1.326ϵ/k, ρc = 0.316, and Pc = 0.130ϵ/σ3. 

Nucleation and growth: MD simulations have been used to study the nucleation of 
crystals from supercooled liquids and the growth of crystal surfaces. These simulations 
have provided insights into the kinetic mechanisms of phase transitions. 

6.4. Limitations of Computer Simulations 

Despite their power, computer simulations have several limitations: 
Computational cost: MD and MC simulations are computationally expensive, espe-

cially for large systems and long-time scales. The simulation of nucleation, for example, 
requires large systems and long simulation times to capture the rare nucleation events. 

Finite-size effects: The finite size of the simulation box introduces finite-size effects 
that can affect the phase behavior. The transition temperature and the critical exponents 
are shifted and rounded by finite-size effects. Periodic boundary conditions are com-
monly employed to minimize surface effects and mimic an infinite bulk system. The 
equilibrium density of the system is then calculated as the ratio of the number of parti-
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cles N to the volume of the simulation box V = L3, where L is the side length of the cubic 
box. The reduced density is expressed as ρ* = ρσ3 = (N/V)σ3, with σ denoting the 
hard-sphere diameter or the Lennard-Jones length parameter: uLJ (σ) = 0. 

Statistical errors: The results of simulations are statistical in nature and require care-
ful analysis of the statistical errors. The calculation of free energies and other thermody-
namic quantities requires specialized methods. 

Potential dependence: The results depend on the interparticle potential used. The 
choice of potential (e.g., Lennard-Jones, Buckingham, Morse) can significantly affect the 
phase behavior. 

Time scales: MD simulations are limited to time scales of nanoseconds to microsec-
onds, which may be insufficient to study slow processes such as nucleation, especially 
near the melting point. 

7. The Irreducible Complexity of N-Body Systems 
7.1. The N-Body Problem in Classical and Quantum Physics 

The N-body problem is one of the oldest and most fundamental problems in phys-
ics. Given a system of N interacting particles, the goal is to predict the positions and 
momenta of all particles as a function of time. In classical mechanics, this requires solving 
Newton’s equations of motion for all N particles simultaneously, where the forces Fij 
depend on the positions of all pairs of particles. 

For N = 2, the problem is exactly solvable—the relative motion of two particles in-
teracting through a central potential can be reduced to a one-body problem. For N ≥ 3, 
however, the problem is generally not exactly solvable. The interactions between multi-
ple particles create collective effects that cannot be understood by considering pairwise 
interactions in isolation. 

In quantum mechanics, the situation is even more challenging. The Schrödinger 
equation for N interacting particles is: 
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This equation lives in 3N-dimensional configuration space, which grows exponen-
tially with N. For a macroscopic system with N~1023, the problem is manifestly impossi-
ble to solve exactly. 

7.2. The Reduction Problem: From N to 2 

The central challenge in the theory of condensed matter is to reduce the irreducible 
N-body problem to a manageable form. Several strategies have been developed: 

Mean-field theory: The interactions between particles are replaced by an average field 
that acts on each particle independently. The N-body problem is reduced to a one-body 
problem with an effective potential. 

Density functional theory: The ground-state energy is expressed as a functional of the 
density, reducing the 3N-dimensional problem to a 3-dimensional problem. 

Integral equation theories: The pair distribution function g(r) is expressed in terms of 
the interparticle potential u(r), reducing the N-body problem to a pair problem. 

Spectral methods: The correlation functions are expressed as linear combinations of 
eigenfunctions of a Schrödinger-like equation, reducing the N-body problem to an ei-
genvalue problem. 

The SC-SPMF method falls into the fourth category, combining the Kirkwood rela-
tion with the Fisher equation to achieve a self-consistent reduction. 



Condens. Matter 2026, 11, 39 22 of 31 
 

https://doi.org/10.3390/condmat11040039 

7.3. The Hierarchy of Correlation Functions 

The statistical mechanics of N-body systems is described by a hierarchy of correla-
tion functions: 

One-body density: ρ(1)(r) = ⟨∑i δ(r − ri)⟩; i = 1,2,…,N; N is the total number of particles. 
Two-body density: ρ(2)(r,r′) = ⟨∑i≠j δ(r − ri)δ(r′ − rj)⟩; i, j = 1,2,…,N label distinct particles; 

the sum runs over all ordered pairs. 
Three-body density: ρ(3)(r,r′,r′′) = ⟨∑i≠j≠k δ(r − ri)δ(r′ − rj)δ(r′′ − rk)⟩; i,j,k = 1,2,…,N label 

distinct particles; the sum runs over all ordered triples. 
n-body density: ρ(n)(r1,…,rn) = ⟨∑i1≠⋯≠in δ(r1 − ri1)⋯δ(rn − rin)⟩; i1,i2,…,in = 1,2,…,N, label 

distinct particles; the sum runs over all ordered n-tuples. 
The n-body distribution function ρ(n)(r1,…,rn; p1,…,pn; t) gives the probability density 

of finding n particles at specified positions and momenta at time t. The hierarchy of these 
functions is governed by the BBGKY hierarchy (Born, Bogoliubov, Green, Kirkwood, and 
Yvon), which consists of an “infinite” set of coupled equations. In practice, for a macro-
scopic system with N~1023, the hierarchy is computationally intractable, and a closure 
approximation is introduced at some order n≪N: 
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where ri and pi are the position and momentum of particle i; Fij is the force between par-
ticles i and j; Fi,n+1 is the force on particle i due to particle n + 1; ρ(n) is the n-particle dis-
tribution function; ρ(n+1) is the (n + 1)-particle distribution function; m is the particle mass. 

The first term on the right-hand side represents the free streaming of particles; the 
second term accounts for the interactions between particles within the n-particle subsys-
tem; and the third term describes the influence of the remaining particles (the (n + 1)-th 
particle) on the subsystem. This hierarchy is exact but not closed: the equation for ρ(n) 
depends on ρ(n+1), which in turn depends on ρ(n+2), and so on. To solve it, one must intro-
duce a closure approximation that truncates the hierarchy at some order. 

The BBGKY hierarchy is exact but infinite. To solve it, one must introduce a closure 
relation that truncates the hierarchy at some order. This is the origin of the closure ap-
proximations in integral equation theories. The Kirkwood superposition approximation, 
which expresses the three-body distribution function in terms of pair functions, is one 
such closure. While these closures are often physically motivated and can provide accu-
rate results in certain regimes, they are not exact and introduce systematic errors [57,58]. 

7.4. The Kirkwood Superposition Approximation 

A particularly important closure is the Kirkwood superposition approximation, 
which expresses the three-body distribution function in terms of pair functions: 

ρ(3)(r1, r2, r3) ≈ ρ3g(∣r1 − r2∣)g(∣r2 − r3∣)g(∣r3 − r1∣)  

This approximation, introduced by Kirkwood in 1935, assumes that the correlations 
between three particles are multiplicative combinations of the pair correlations. The su-
perposition approximation is exact in the limit of low density, where three-body correla-
tions are small, but it becomes approximate at higher densities. 

The superposition approximation is the basis for the Kirkwood relation between the 
PMF and the radial distribution function. While the relation itself is exact, the superposi-
tion approximation is often used to close the hierarchy and obtain a self-consistent equa-
tion for g(r). 
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7.5. The Problem of Irreducibility 

A fundamental question in the theory of N-body systems is whether the problem is 
irreducible—that is, whether it can be reduced to a smaller number of degrees of freedom 
without losing essential physics. The answer depends on the nature of the interactions 
and the state of the system: 

Dilute gases: In the low-density limit, the system is approximately ideal, and the 
N-body problem reduces to the two-body problem. The virial expansion expresses the 
thermodynamic properties of a gas as a power series in the density: 
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ρ
TBTBTB

kT
PZ  
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 is the number density, Z is the compressibility factor and the coeffi-
cients Bn (T) are the virial coefficients. The second virial coefficient B2(T) is determined 
solely by the two-body interaction potential u(r). However, higher-order coefficients Bn 
(T) with n ≥ 3 depend on many-body interactions, including three-body, four-body, and 
higher-order correlations. 

Dense fluids: In the high-density limit, many-body effects become important. The 
interactions between particles are screened and modified by the presence of other parti-
cles. The problem is irreducible in the sense that the pair distribution function depends 
on the three-body and higher correlations. 

Crystalline solids: In the solid phase, the system is ordered, and the positions of the 
particles are approximately fixed. The N-body problem reduces to a problem of lattice 
vibrations (phonons), which can be treated within the harmonic approximation. 

Critical region: Near the critical point, fluctuations become large, and the system ex-
hibits scale invariance. The problem is irreducible in the sense that the behavior is dom-
inated by long-wavelength fluctuations that couple all degrees of freedom. 

The SC-SPMF method addresses the irreducibility of the N-body problem by con-
structing an effective two-body potential (the PMF) that includes the effects of all other 
particles. The self-consistency of the method ensures that the PMF and the pair distribu-
tion function are mutually consistent, effectively encoding the many-body effects in the 
spectral properties of the Fisher operator. 

8. The Spectral Approach to Complexity 

The Fisher operator )(2ˆ 2 rUkTF K+∇−=  is a Hermitian operator with a 
discrete spectrum of eigenvalues µi. The spectrum can be divided into two regions: 
bound states, µi < 0 corresponding to localized correlation modes (coordination shells); 
continuum states, µi → 0 corresponding to delocalized correlations. 

The key idea of the spectral approach is to decompose the correlation functions into 
a linear combination of eigenfunctions of the Fisher operator: 

g(r) = ∑i αi ∣ψi (r)∣2 
where 

ψi (r) are the eigenfunctions of the Fisher equation; αi are statistical weights; the sum 
runs over all bound states and may include contributions from the continuum. 

This decomposition is analogous to the expansion of a quantum mechanical wave-
function in terms of energy eigenstates. 
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The Fisher operator )(2ˆ 2 rUkTF B+∇−=  is a second-order differential 
operator with the following properties: 

Hermiticity: F̂  is Hermitian, so its eigenvalues µi are real and its eigenfunctions 
are orthonormal. 

Bound states: For µi < 0, the eigenfunctions are localized and decay exponentially. 
These correspond to coordination shells. 

Continuum states: For µi ≥ 0, the eigenfunctions are extended (scattering states). These 
correspond to the background fluid. 

Ground state: The most negative eigenvalue µ1 corresponds to the first coordination 
shell. The temperature dependence of µ1 determines the phase behavior. 

The eigenvalue equation can be written as: 
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where the angular part has been separated out for spherically symmetric systems. 

The Spectral Criterion for Phase Transitions 

The SC-SPMF method introduces a spectral criterion for phase transitions, the tran-
sition is marked by a change in the curvature of µ1 (T), not by µ1 = 0. 

This criterion is based on the following observations: 
Solid phase: In the solid phase, µ1 < 0 and is approximately linear in T: 

µ1 (T) ≈ µ1 (0) + aT, where a > 0. 
Liquid phase: In the liquid phase, µ1 < 0 but approaches zero asymptotically. The 

curvature 
02

1
2

<
dT
d μ

. 
Transition region: Near the transition, the curvature changes from negative to posi-

tive. The transition is identified as the inflection point where 
02

1
2

=
dT
d μ

. 
This criterion has several important implications: 
No reliance on absolute values: The transition is not identified by the condition µ1 = 0, 

which merely separates bound states from continuum states: the fact that µ1 remains 
negative in the liquid phase confirms that the system still retains partial short-range or-
der and bound character even above the transition temperature. 

Qualitative change: The transition is a qualitative change in the spectral response, 
reflecting a change in the nature of the correlations. The transition is identified by a 

change in the curvature of µ1 (T): the second derivative 
2
1

2

dT
d μ

 changes sign at the 
transition temperature Tm, from negative in the liquid phase to positive in the solid 
phase. This criterion reflects a qualitative change in the spectral response of the system, 
rather than the vanishing of the eigenvalue. In thermodynamic terms, this spectral 
change corresponds to the behavior of the heat capacity Cp (T) at the transition: specifi-
cally, the change in curvature of µ1 (T) at Tm is associated with the divergence (or sharp 
peak) of Cp(T), which is a fingerprint of first-order phase transitions. 
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Universality: The criterion is independent of the microscopic details of the system 
and depends only on the spectral properties of the Fisher operator. This reflects the uni-
versal nature of the phase transition, which is governed by the collective behavior of the 
coordination shells rather than by the specific form of the interparticle potential or the 
specific parameters. 

9. The Reduction in the N-Body Problem in the SPMF Framework 
The SPMF method achieves the reduction in the N-body problem through a 

mean-field approximation that is fundamentally different from the standard mean-field 
theories. The key distinction lies in the nature of the mean field: 

Standard mean-field theories: The interactions between particles are replaced by an 
average field that acts on each particle independently. The field is typically constructed 
from the density profile and is self-consistent. 

SPMF mean field: The mean field is the potential of mean force UB (r), which is an 
effective two-body potential that includes the effects of all other particles. The PMF is not 
a simple average of the interparticle potential but a thermodynamic potential that in-
corporates many-body effects. 

The PMF, defined through the Kirkwood relation UB (r) = −kTlng(r), encodes the 
effective interaction between two particles in the presence of all other particles. It is, 
therefore, a reduced representation of the N-body system. 

The reduction is achieved in two steps: 
From N to 2: The N-body distribution function is reduced to the pair distribution 

function g(r) through integration over all but two particles. This is a formal reduction that 
is exact in equilibrium statistical mechanics. 

From 2 to 1: The pair distribution function is further reduced to the eigenfunctions of 
the Fisher operator through the spectral decomposition of g(r). This is an approximation, 
but the self-consistency ensures that the essential many-body effects are retained. 

The reduction from the pair distribution function g(r) to the spectral decomposition 
in terms of the eigenfunctions of the Fisher operator is a conceptual step that transforms a 
single function into a set of modes. The pair distribution function g(r), although a func-
tion of only one variable (the distance r), contains information about all many-body cor-
relations in the system through the ensemble average. The spectral decomposition ex-
presses g(r) as a sum of contributions from individual eigenfunctions ψi (r), each associ-
ated with a specific coordination shell. This is a reduction from a single integrated func-
tion to a set of elementary modes, each characterized by an eigenvalue µi and a weight αi. 
This decomposition is an approximation, because not every function g(r) can be exactly 
represented as a sum of squared eigenfunctions of a given Fisher operator. However, the 
self-consistency of the SC-SPMF method ensures that the essential many-body effects are 
retained: the reconstructed g(r) generates, through the Kirkwood relation, a potential of 
mean force that is consistent with the one used to solve the Fisher equation. Thus, even 
though the spectral decomposition is an approximation, the self-consistent cycle guar-
antees that the final g(r) and UB (r) are mutually consistent, and that the many-body 
correlations are effectively encoded in the eigenvalue spectrum. 

9.1. The Spectral Representation of Coordination Shells 

One of the most important insights of the SPMF method is the spectral representa-
tion of coordination shells. In the solid phase, the eigenfunctions of the Fisher operator 
are localized around the coordination shell positions and the eigenfunctions of the Fisher 
operator can be approximated by Gaussian functions: 
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where ri is the position of the i-th coordination shell (corresponding to the i-th minimum 
of the potential of mean force), and σi is the width of the shell. 

The eigenvalues µi are related to the binding energies of the coordination shells: 

µi = −∣Ei∣ 
where ∣Ei∣ is the energy required to remove a particle from the i-th coordination shell. 

The number of bound states corresponds to the number of coordination shells. In the 
liquid phase, the bound states disappear, and the spectrum becomes continuous. How-
ever, short-range order persists in the liquid, as reflected in the small negative eigenval-
ues that remain. 

9.2. The Reduction in Irreducible Correlations 

A fundamental question is whether the spectral decomposition captures the irre-
ducible correlations that are characteristic of the N-body system. In the SPMF framework, 
the irreducible correlations are encoded in the following ways: 

Eigenvalue spectrum: The eigenvalues µi are determined by the PMF, which includes 
the effects of all other particles through the self-consistent cycle. The spectrum, therefore, 
reflects the collective behavior of the system. 

Eigenfunction localization: The localization of the eigenfunctions reflects the structure 
of the coordination shells, which is determined by the many-body interactions. 

Statistical weights: The Boltzmann weights αi reflect the relative importance of the 
different eigenstates, which is determined by the temperature and the many-body effects. 

Self-consistency: The self-consistent cycle ensures that the PMF and g(r) are mutually 
consistent, effectively encoding the many-body effects in the effective potential. 

The SC-SPMF method, therefore, does not simply ignore the irreducible correlations 
but re-expresses them in a different mathematical representation—the spectral repre-
sentation—that is more tractable and provides a direct physical interpretation. 

10. Eigenfunction Analysis and the SPMF Parameters 
The eigenfunctions ψm (r) of the Fisher equation provide a complete description of 

the coordination shell structure of the system. From these eigenfunctions, together with 
the corresponding eigenvalues µm, a set of physically meaningful parameters can be ex-
tracted. These parameters fully characterize the structure of each coordination shell and 
its temperature dependence. 

10.1. Coordination Shell Positions 

The position of the m-th coordination shell is given by the expectation value of the 
radial coordinate r with respect to the eigenfunction ψm (r): 

mmmm rdrrrrr ΨΨ=Ψ= 
∞ 2

2

0
)(  

This quantity represents the average distance from a reference particle to the parti-
cles in the m-th coordination shell. In a crystalline solid, these positions are determined 
by the lattice geometry. For example, in an FCC lattice, the first shell position is 
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3 ar =
, and so on. The tem-

perature dependence of rm reflects thermal expansion: as the temperature increases, the 
average interparticle distance increases, and the peaks in g(r) shift to larger r. 

10.2. Coordination Shell Widths 

The width of the m-th coordination shell is given by the square root of the variance 
of the radial coordinate: 
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This quantity measures the spread of the coordination shell around its average po-
sition. In the solid phase, the width is primarily determined by thermal vibrations (pho-
nons). At low temperatures, the shells are narrow (σm is small), reflecting the high degree 
of order. As the temperature increases, the thermal vibrations become more intense, the 
shells broaden, and the peaks in g(r) become wider and less pronounced. At the melting 
transition, the width increases rapidly, signaling the loss of long-range order. 

10.3. Coordination Numbers 

The coordination number of the m-th shell is defined as the average number of par-
ticles in that shell, integrated over a range centered on the shell position: 
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where ρ = N/V is the number density of the system. The integration limits are chosen to 
encompass the main contribution of the shell, typically within one standard deviation of 
the peak position. In a crystalline solid, the coordination numbers are determined by the 
lattice structure. For an FCC lattice, the first shell has Z1 = 12, the second shell has Z2 = 6, 
the third has Z3 = 24, and so on. In the liquid phase, the coordination numbers deviate 
from the ideal crystalline values and may vary with temperature. 

10.4. Binding Energies 

The magnitude of the eigenvalue µm gives the binding energy of the m-th coordina-
tion shell. This quantity represents the energy required to remove a particle from the m-th 
coordination shell. In the solid phase, the binding energies are positive and decrease with 
increasing shell index: ∣E1 ∣ > ∣E2 ∣ > ∣E3 ∣ > ⋯, reflecting the fact that the first shell is the 
most tightly bound. The temperature dependence of the binding energies is particularly 
important for understanding the phase transition. As the temperature increases, the 
binding energies decrease (i.e., µm becomes less negative), reflecting the thermal weak-
ening of the effective interactions. 

Together, these parameters characterize the structure of each coordination shell and 
its evolution with temperature. The shell positions rm reflect the thermal expansion of 
the lattice; the shell widths σm reflect the thermal broadening due to vibrational motion; 
the coordination numbers Zm describe the local packing and deviate from the ideal crys-
talline values in the liquid phase; and the binding energies ∣Em ∣ quantify the strength of 
the effective interactions and their progressive weakening with increasing temperature. 
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11. Conclusions 
The theoretical description of phase transitions in condensed matter has evolved 

through a succession of increasingly sophisticated approaches, each contributing distinct 
insights while also revealing new layers of complexity. No single method has proven 
sufficient to address all aspects of phase transitions, and the field has benefited from a 
plurality of complementary perspectives that, taken together, provide a rich and nuanced 
understanding of these phenomena. 

Phenomenological theories, from van der Waals to Landau, introduced the funda-
mental concepts of order parameter, symmetry breaking, and free energy expansion. 
These ideas remain foundational and continue to inform modern theoretical develop-
ments. Their limitations—particularly the neglect of fluctuations and the resulting inac-
curate critical exponents—are well understood and have motivated the development of 
more sophisticated approaches. 

Integral equation theories, based on the Ornstein-Zernike equation and its closures, 
provided a direct link between interparticle potentials and fluid structure. They remain 
valuable tools for calculating structural and thermodynamic properties of fluids, partic-
ularly when combined with improved closures and bridge functions. Their limita-
tions—the need for closure approximations and the resulting thermodynamic inconsist-
encies—are well documented but have not prevented their widespread use. 

Classical density functional theory offered a formally exact framework for inhomo-
geneous systems, with the grand potential expressed as a functional of the density pro-
file. Its applications to freezing, wetting, and confinement have been extensive and in-
fluential. The challenge of constructing accurate excess free energy functionals remains 
an active area of research, and recent developments in fundamental measure theory and 
machine-learned functionals have addressed some of these limitations. 

The renormalization group theory revolutionized the understanding of critical 
phenomena, providing a rigorous explanation of universality, scaling, and the break-
down of mean-field theory below the upper critical dimension. Its predictions for critical 
exponents are in remarkable agreement with experiments and simulations. While its di-
rect application to first-order transitions and complex systems remains challenging, the 
conceptual framework of the RG—scale invariance, fixed points, and relevant opera-
tors—has permeated virtually all areas of modern physics. 

Computer simulations, particularly molecular dynamics and Monte Carlo methods, 
have become indispensable tools for studying phase transitions. They provide exact re-
sults for a given potential, direct access to microscopic details, and the ability to study 
both equilibrium and nonequilibrium phenomena. Their limitations—computational 
cost, finite-size effects, and statistical errors—are well known and are being addressed 
through algorithmic advances, enhanced sampling techniques, and the use of machine 
learning potentials. 

The SC-SPMF method, and more generally the spectral mean-field approach, rep-
resents a recent addition to this landscape. By combining the Kirkwood relation with the 
Fisher equation in a self-consistent cycle, it offers a framework that is exact in its founda-
tions, self-consistent in its implementation, and spectral in its interpretation. It does not 
rely on approximate closures or excess free energy functionals, and it naturally captures 
metastability and hysteresis through the self-consistent cycle. The spectral interpretation 
of the coordination shell structure provides a direct link between microscopic structure 
and macroscopic behavior, and the path-dependent universality revealed by the meth-
od—different critical exponents for heating and cooling—highlights the role of memory 
effects and structural metastability in first-order transitions. 

The SC-SPMF method represents an advance in the theoretical description of phase 
transitions. Its central contribution is reducing the complexity inherent in the N-body 
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problem to a self-consistent two-body problem in a mean field, a reduction that preserves 
the essential many-body physics through the self-consistent Kirkwood-Fisher cycle and 
the spectral encoding of correlations. Although the method does not explicitly incorpo-
rate critical fluctuations, the spectral criterion—the change in curvature of µ1 
(T)—appears to capture their effect indirectly. Near the transition, this quantity reflects 
the softening of the effective potential and the increasing delocalization of the correlation 
amplitudes. Since fluctuations are intimately connected to the softening of the potential 
and the divergence of the correlation length, the curvature of µ1 (T) implicitly encodes 
their effect. This is confirmed by the path-dependent critical exponents: β ≈ 0.36 along the 
heating path (close to the 3D Ising value, which includes fluctuations) and β ≈ 0.51 along 
the cooling path (close to the mean-field value). The method discriminates between 
short-range and long-range interactions, and the curvature of µ1 (T) reflects which type 
dominates. Thus, while the SC-SPMF method does not compute fluctuations explicitly, 
the spectral criterion—and particularly the temperature dependence of provides an in-
direct but effective way to account for their influence on the phase transition. 
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