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Abstract: Modeling individual growth in marine species for aquaculture encounters many difficulties
when the species pauses its growth but resumes its later after the disrupting phenomenon (envi-
ronmental or physiological) has been overcome. Seasonal or oscillatory growth has been addressed
by modifying existing models, such as von Bertalanffy and Gompertz, to include an oscillatory
component in this study. The novelty of this study lies in the fractal approach used to analyze growth
using multiple logistic functions. Three commercially farmed marine species were studied, including
shellfish, crustacea, and finfish. The oscillatory version of the von Bertalanffy model as well as
double and triple logistic functions were used for analysis. The best model was selected using the
information theory, Specifically the Akaike criterion (AIC) and the Bayesian criterion (BIC). Normal
and log-normal distributions of error were assumed. The triple logistic model with log-normal
distribution in the error structure was found to be the best model to describe the growth pattern of
the three commercially farmed species as it obtained the lowest AIC. Overall, this study concludes
that the fractal approach is the most effective way to describe growth in farmed species, including
shellfish, crustacean, and finfish.

Keywords: aquaculture; information theory; Crassostrea corteziensis; Penaeus vannamei; Totoaba mac-
donaldi; von Bertalanffy

Key Contribution: The growth process in the three studied species was divided into three logistic
harmonics. However, for totoaba and shrimp, it was suggested that four logistic harmonics could be
applied. Fractal approaches are recommended for future studies to describe individual growth.

1. Introduction

Modeling species growth curves in aquaculture is not a common practice. The most
commonly reported value is the specific growth rate or thermal growth coefficient. How-
ever, a bioeconomic model of aquaculture activity requires a production model that involves
modeling the growth of the species in culture. Several models were applied in the literature
to describe the growth of the farmed species, including finfish, crustacean, and shellfish [1].
This study was devoted to demonstrating the efficiency of a new model and, for the first
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time, used and described as a new model. But, the relevance in this study was that the
authors proved the new model in finfish, crustacean, and shellfish. The equations they used
included the von Bertalanffy, the Single Logistic, and the Gompertz and Richard models,
as well as the already mentioned new model. It is interesting to note that, throughout
the paper, they referred to the “new model” as the equation they proposed. Maybe, in
the future, the researchers will refer to this model as the name of the authors, as is usu-
ally custom (see the above listed models; i.e., Bertanffy, Gompertz, Richard). There are
other examples of aquaculture studies that have applied many mathematical equations
to describe the growth in farmed species, such as tilapia (Oreochromis niloticus), [2] which
used the Gompertz, logistic, quadratic, and von Bertalanffy and turbot (Psetta maxima)
equations [3]. Additionally, the authors have proven Gompertz, von Bertalanffy, and four
versions of the Schnute model. In places where there are marked seasonal environmental
changes, it is common to observe a pause in the growth of commercially cultivated individ-
uals. Fisheries biologists often use the von Bertalanffy oscillatory model [4] to fit seasonal
variations in growth. Although the oscillatory von Bertalanffy model has not been the best
option to describe seasonal growth in some species according to the multi-model selection
paradigm [5], it has been found that this model does not adequately describe the growth
of organisms in early stages [6,7]. This could be problematic for describing the growth of
species in aquaculture, where culturing begins at early phases of the species under culture
conditions.

Every growth process can be considered a fractal of several logistic functions [8]. The
authors describe how human growth can be described with three logistic functions: one
from the fetus to childhood, another from childhood to adolescence, and, finally, one from
adolescence to adulthood. This approach is described as “successive growth stages depicted by
cascading logistic curves may outline an overall growth process that is itself amenable to a logistic
description”. “The idea that a growth process can, on closer examination, reveal similar but smaller
cascading growth processes, suggests a fractal nature for the logistic curve. The implication is that
further “zooming-in” may reveal an even finer structure of logistic cascades”. In other words, a
single logistic function consists of two phases with an inflection point, where the growth
rate increases before the infection point and decreases after it.

The growth rate before and after each inflection point in double logistics consists of
two stages with two phases each. This process can be repeated for multiple logistics in
fractal growth. A similar growth pattern was observed in the growth of agricultural crop
species, where cultivation may span several seasons of the year. In this case, a double
logistic model was used to describe the seasonality of the growth pattern [9]. The authors
mentioned the double logistic model but did not link their findings to the fractal approach
proposed by [8].

The above statements lead us to compare multiple models to obtain a better anticipated
curve based on the data. Using more than one model instead of a single model a priori
is a common practice in recent growth studies [10]. After selecting the model to use, it
needs to be parametrized by considering the error structure. To select the appropriate
error structure for the data, the normal or lognormal error structure is the most suitable to
address the residual generated during parameterization of models. Several approaches are
implemented to select the model that best describes the shape of the curve generated by
the data. The two most important approaches are the goodness of fit by R2 and information
theory [10,11]. The most robust approach is the information theory, implementing the
Akaike’s information criterion (AIC) and Bayesian information criterion (BIC) [12]. The
information theory has gained more importance in recent years [10] since the first peer-
reviewed paper analyzing the somatic growth of fishes was published in 2002. In the
context of goodness of fit, a more complex model may receive greater acceptance due to
its higher R2 value. However, when considering AIC and BIC, the principle of parsimony
model is applied, meaning that models with fewer parameters are preferred. It is important
to note that AIC and BIC differ in their penalty term. In information theory, the best
performing and most parsimonious model is preferred over a more complex one.
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Under laboratory conditions, it has been observed that the growth pattern of early
stages of aquatic species follows a quasi-sigmoid curve with two inflection points [13,14],
which suggests a double logistic growth model. However, in commercial aquaculture,
species can experience changes in feeding type that can influence growth across multiple
seasons, making a triple logistic model a potential alternative. The purpose of this study is
to describe the growth of three species during the culture period using the oscillatory von
Bertalanfy growth model, as well as double and triple logistic models.

2. Materials and Methods

The growth data analyzed in this study are from an oyster culture (Crassostrea cortezien-
sis), a commercial shrimp culture (Penaeus vannamei), and growth of totoaba (Totoaba mac-
donaldi) larvae under laboratory conditions, which have preexisting published studies with
details on cultivation period, feeding procedures, and husbandry techniques [14–16]. In
this study, the focus is on modeling the growth by means of new approaches not used in
the original studies.

Three models were selected, each considering more than one stage with two phases.
Each stage can be described as having one inflection point, where the growth rate increases
before the inflection point and decreases after it.

The following are candidate models to describe the growth of these species: von
Bertalanffy oscillatory model:

Yt = Y∞

(
1 − e[−csin2π

(t−ts)
250 +k(t−to)]

)
, (1)

Double logistics model:

Yt =
Y∞1(

1 + e−k1(t−t01)
) +

(Y∞2 − Y∞1)(
1 + e−k2(t−t02)

) , (2)

Triple logistics model:

Yt =
Y∞1(

1 + e−k1(t−t01)
) +

(Y∞2 − Y∞1)(
1 + e−k2(t−t02)

) +
(Y∞3 − Y∞2)(

1 + e−k3(t−to3)
) , (3)

where Yt is the length or weight at age t. Y∞, Y∞1, Y∞2, and Y∞3 are the lengths at which
growth slows down. k, k1, k2, and k3 are growth coefficients with units of t−1. t0 is an
adjustment parameter of the von Bertalanffy model that represents the theoretical age when
length is 0. t01, t02, and t03 are the inflection ages of the growth curve in the logistic models.

To parametrize the models, the maximum log-likelihood, LL, functions were used
assuming normal and lognormal distribution of the errors. This means that the optimum
parameters were selected when the maximum LL was reached.

Normal loglikelihood function:

LL =

(
−n
2

)Ln (2π) + 2Ln


√

∑
(
Yt − Ŷt

)2

n

+ 1

, (4)

Lognormal loglikelihood function:

LL =

(
−n
2

)Ln (2π) + 2Ln


√

∑
(
lnYt − lnŶt

)2

n

+ 1

− ∑ Ln(Yt), (5)

where Yt is the observed length or weight at age t, (Ŷt) is the estimated length or weight
with any candidate model, and n is total observations.
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The errors were plotted against the days of culture after adjusting for maximum
likelihood, and a quadratic regression was applied to observe for any deviation from
linearity. When assuming a lognormal distribution of errors, it is necessary to ensure that
the logarithm of the ratio of observed length or weight against estimated length or weight
follows a normal distribution. To test this assumption, quantile graphs were utilized.

To select the best model, the multi-model selection procedure was employed, fitting
three candidate models to the same data set. The Akaike information criterion (AIC) and
the Bayesian information criterion (BIC) were estimated as follows: AIC = −2LL + 2θ
and BIC = −2LL + ln(n)θ. LL is the value of the log likelihood obtained by normal or
log-normal functions, θ are the number of parameters in each model, and n is the number
of paired size-at-age data used. The model with the lowest value of the indices is the one
that is selected as the best to describe the growth of the species under analyses. Once the
best model was selected, the confidence intervals (95%) for parameters were estimated by
bootstrapping with 10,000 repetitions.

3. Results

The triple logistic model, with a log-normal distribution in the structure of the errors,
was found to be the best model for describing the type of growth in the three commercially
cultivated species. This was determined by obtaining the lowest AIC and BIC among the
other candidate models and distribution of assumed errors (Table 1). On the other hand,
the VBO model was the worst model for obtaining a larger AIC in the three species and
failed to converge when a log normal distribution was assumed in the oyster and shrimp
data. The BIC also shows a similar result, but regarding the data for totoaba, assuming
a normal distribution of errors, it ranked second, displacing the double logistic model to
third place. The weight of the triple logistic model over the other two candidate models is
defined by the distance of 18 to 625 AIC units from the second-ranked model (considering
log normal error distribution). A similar result is obtained using the BIC, except in the
totoaba data, where the distance in BIC units between the triple logistic model and the
second-ranked one was only 2 BIC units. This indicates that both the triple logistic model
and the double logistic model are well-supported by the data. The triple logistic model
is a suitable description of growth in all three crop species. This is supported by the
graphic analysis of the residuals in Figure 1, which shows a horizontal line in the quadratic
regression. Additionally, the model passes through the geometric mean of the data for each
day of culture when the sampling was carried out.

Table 1. AIC and BIC values used as a goodness of fit in each candidate models by type of assumed
distribution of the errors for the three cultivated species. The best model is in bold. VB = von
Bertalanffy. NC means that the model failed to converge to maximum log-likelihood.

AIC BIC

Species Model N Parameters Normal Log-
Normal Normal Log-Normal

Crassostrea
corteziensis

Oyster

Triple Logistic 1349 10 9358 6983 9410 7035
Double Logistic 7 9353 7608 9389 7644
VB Oscillatory 6 9662 NC 9693 NC

Totoaba
macdonaldi

Finfish

Triple Logistic 1391 10 6600 4658 6653 4711
Double Logistic 7 6732 4676 6769 4713
VB Oscillatory 6 6733 5287 6764 5319

Penaeus
vannamei
Shrimp

Triple Logistic 1809 10 6942 4677 6969 4732
Double Logistic 7 6971 4820 7010 4858
VB Oscillatory 6 7813 NC 7841 NC
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Figure 1. Quantile–quantile graphs (column A), graphic analysis of errors of models (column B), and
best model fitted to the growth data of the three species analyzed (column C).

However, the assumption of a lognormal distribution for model errors is not fully met
by oyster and shrimp data. The errors in the totoaba data show a fat-tailed distribution to
the right, while the shrimp data is highly skewed from the normal distribution. In the case
of oyster data, it can be considered that the assumed normality of the errors was adequately
met. Table 2 displays the parameters and confident interval at 95% of the triple logistic
model for each cultivated species, assuming a lognormal distribution of errors.

Table 2. Parameters and confidence intervals at 95% in parenthesis after fitting with triple logistic
model to growth data of three cultivated species, assuming lognormal distributions of errors.

Species

Logistic
Harmonic Parameters Crassostrea

corteziensis
Totoaba

macdonaldi Penaeus vannamei

1
L∞1 2.17 (1.96, 2.35) 3.99 (3.58, 4.33) 0.415 (0.269, 0.993)
k1 1.39 (1.39, 1.39) 0.21 (0.15, 0.31) 0.218 (0.155, 0.320)
t01 52.9 (52.68, 52.93) 0.004 (0.002, 0.090) 19.27 (16.15, 25.31)

2
L∞2 28.47 (27.6, 29.3) 48.27 (46.11, 50.21) 4.85 (4.58, 5.05)
k2 0.085 (0.082, 0.087) 0.26 (0.25, 0.27) 0.108 (0.103, 0.148)
t02 114.9 (113.2, 116.6) 26.69 (26.25, 27.08) 52.34 (50.51, 54.8)

3
L∞3 104.53 (94.61, 119.60) 58.1 (53.51, 89.73) 10.98 (10.43, 11.55)
k3 0.0225 (0.0219, 0.023) 1.603 (0.564, 21.77) 1.889 (1.888,1.911)
t03 383.15 (370.0, 399.0) 38.8 (37.33, 41.81) 92.65 (92.47, 92.83)
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4. Discussion

The growth patterns of the three analyzed cultivated species was accurately described
using the triple logistic model with a lognormal distribution of errors. The model follows
the trajectory of the geometric means of size, length, or weight, estimating the mathematical
expectation of the size distributions at different ages in the three species. The analysis
of errors and quadratic regression confirm that there is no observed trend in errors with
respect to the cultivation period in any of the three species analyzed. The double logistic
model was consistently the second best model, but the distance from the best model was
always greater than 10 AIC units, classifying it as a model that lacks support [12]. The
growth patterns of oyster and shrimp showed the same results with the BIC. However,
for the totoaba data, the difference in BIC between the double and triple logistic model
was only 2 units, indicating that both models have sufficient support from the data [12].
In this case, it may be preferable to choose the double logistics model since it is simpler
than the triple logistics model. It is important to note that AIC penalizes the triple logistic
model for having more parameters than the double logistic model. While goodness of fit
tends to select the most complex model, information theory approaches, such as AIC, are
replacing it. A combination of goodness of fit and information theory could be used in
specific circumstances [10,11,17]. In aquaculture studies, the use of information theory is
expected to become common for selecting models. However, goodness of fit will still be
used with sufficient justification.

As expected, the von Bertalanffy oscillatory model performed poorly in describing the
seasonal growth of these three cultured aquatic species. The AIC or BIC distance from the
best model exceeded 100 units and, in two cases, optimization did not converge when errors
with a lognormal distribution were assumed. The inadequacy of the von Bertalanffy model
in describing the growth pattern of aquatic species during their early developmental stages
is once again demonstrated, as previously reported in other case studies [6,7]. It is worth
noting that the von Bertalanffy growth equation has been widely used to predict size as a
function of age since its introduction for fished stock assessments [18] (pp. 218–219). This
equation defines the growth by balancing negative and positive (anabolic and catabolic,
respectively) processes within individuals [19].

Accurate estimation of individual growth parameters is crucial for population dynamic
studies since growth is among the most important aspects in demographic analyses. Stock
biomass is related to individual growth, and fish grow in response to seasonal and local
environmental conditions based on timing or location [20,21]. The importance of this is
reflected in the large amount of scientific literature published on individual growth in
fisheries, aquaculture, and ecological environments [22–25].

The reasons for the periods of low and high growth rates, as supported by double
or triple logistic models, can vary and depend on the species. These reasons may include
changes in density, quantity, and quality of natural food, seasonal temperature changes,
and physiological changes in each stage of the species during cultivation. The age or
time of the inflection points, as well as the asymptotic lengths or weights of each logistic
function may be correlated with these change factors from low to high growth rate or vice
versa. The use of these models in aquaculture can help identify these stages of stress in
the cultured species, allowing decisions to be made in advance to avoid prolonging or
stagnating the stages of low growth rates once the factor causing them is identified, thereby
affecting the profitability of the culture. Any growth process can be broken down into
logistic harmonics [8]. In this analysis, it appears that there are three logistic harmonics
represented in the triple logistic model. According to reference [14], the somatic growth
of totoaba under laboratory conditions exhibited two inflection points: between 16 to 18
days post-hatching (DPH) and another 31 to 33 DPH. The exp-Schnute model accurately
captures the major characteristics of the growth pattern of this species, except in the last
days of the culture period, which requires a more detailed analysis. The observations
from the original article support the triple logistic model developed here for the early
stages of totoaba. The two inflection points seem to mark the end of the first two logistic
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harmonics, and the lack of adjustment in the last days of the farmed period corresponds to
the beginning of the third logistic harmonic. The authors explain these inflections in terms
of the development of the digestive tract and the success of weaning. In [14], the authors
note that the second turning point occurred when feeding with a formulated diet began at
31 DPH, which stimulated growth between 31–35 DPH.

In [10], it was suggested that growth equations can be improved to capture the realism
of the data to improve our understanding of the underlying mechanisms of fish growth. For
many years, the von Bertalanffy growth model (VBGM) was overwhelmingly dominant in
stock assessments, even when better-fitting models had been found for the most important
species in commercial fisheries. In studies analyzing growth in adult totoaba, the VBGM has
been the single most model used to anticipate growth curves [25–31]. This is an influential
model because it has been derived from an ingrained paradigm coined in 1957 by the
authors in their book of fisheries assessment in reference [32]. They instilled the idea that
VBGM should be used without any modifications to express such oscillations, although they
occured in all the fishes they studied. Technological limitations have hindered advances in
models improvements as computer programs have restrictions in calculating data with high
time demands. Nowadays, testing multiple models and statistical approaches with various
size error structures is much easier. In [14], the authors modified Schnute’s original model
in an attempt to represent the growth of totoaba larvae. The study used the exp-Schnute
model, which was found to be the most effective, but was unable to accurately represent
the last two days of the culture period. The application of a fractal approach in the present
study is a significant improvement to the growth model’s performance.

When fitting a model to the data, it is common to assume a probability distribution of
the errors for the log-likelihood function; however, it is important to verify whether the
error distribution assumption was met after fitting the model. In this study, the quantile–
quantile graphs indicate that the assumption of normality of the errors is met for the oyster
data. However, in the case of totoaba and shrimp, a deviation from the expected linear
shape of normality is observed. For totoaba, the greatest discrepancy was found to occur
between days 15 and 20 of culture and, indeed, at these points, and more precisely at 17
and 18 DPH, the observed values are above what the model estimates. To correct this bias,
a fourth logistic harmonic could be considered. Nevertheless, it has to be analyzed in more
detail, taking into account information on the physiology of larval growth. For shrimp,
the largest deviations from the normal model were found in the second logistic harmonic,
which is integrated from 22 to 80 days of culture. The behavior of the geometric means
suggests that this second harmonic could be divided into two parts: one between days 22
to 57 days of cultivation and another from 57 to 80 days. It is important to frequently check
the assumption of normality of errors after fitting a model. This is because a departure
from the assumption may indicate that the true model is not among the candidate models
evaluated. Examining as many models as possible should not be considered a waste of time
if the objective is to obtain the best model to determine the growth pattern of the species
involved in any aquacultural purpose.

In an order that contain errors, after fitting a model to observed data, to follow a normal
distribution, it is necessary that the distribution of the dependent variable follows a normal
distribution at each point or section of the independent variable and that the variance
is homogeneous (throughout independent variables). However, when the variances are
heterogeneous, the assumption of normality is compromised and the errors will have a
different distribution, for example, a lognormal distribution (but this is not a rule). Other
types of error distributions should be analyzed in cases where heterogeneity of variances
is evident. The fat-tailed t student, gamma, and logistic distributions could be other
alternative distribution types to use but are out of the scope of focus of this paper.

In this study, the objective was not to describe the growth phases of species in culture,
but to demonstrate that it is possible to decompose the growth process of aquatic species
into logistical harmonics using the fractal approach. The AIC or BIC may in any case
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be a criterion to discriminate when the inclusion of a new logistic harmony is proven by
the data.

5. Conclusions

The fractal approach exhibited better performance than oscillatory growth equations,
such as von Bertalanffy. Fractal approach is the most effective method for describing the
growth of farmed species, including shellfish, crustacean, or finfish. In the three species
studied, the growth process can be divided into three logistic harmonics, while, for totoaba
and shrimp, four logistic harmonics may be applicable. The selection of appropriate error
structure for the data and the normal or lognormal processes to parametrize the models are
concluded to be crucial in the study. It is recommended that future studies employ fractal
approaches to describe individual growth.
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