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Abstract: The results from measuring the capacity of thin-film solid-state lithium-ion batteries
(SSLIBs) Ti|Si@O@Al|LiPON|LiCoO2|Ti, Ti|Si@O@Al|LiPON|LixV2O5|Ti, and Ti|LiPON|LiCoO2|Ti
at different charge currents are reported. It is shown that the dependence of the capacity on the current
density Q(j) follows Peukert’s law, which is characterized by a low value of Peukert’s exponents in
the region of low currents and a high value of the exponents in the region of high currents. Peukert’s
exponent for the anode-free cell remains constant through the entire range of current density variation.
A model for SSLIB capacity based on the balance of ion (diffusion and drift) and electron currents
is proposed. The model predicts a Q(j) dependence well approximating the experimental results
and fitting Peukert’s law. The model allows a qualitative interpretation of the change in the Peukert
exponent with increasing current density, based on the effect of the charge current saturation.

Keywords: all-solid-state lithium-ion batteries; Peukert’s law; battery model; Peukert’s exponent

1. Introduction

Solid-state thin-film lithium-ion batteries (SSLIBs) are an important, and simultane-
ously very specific, type of rechargeable chemical power source [1–4]. In the last decade,
simultaneously with the expansion of the scope of SSLIB application, a steady growth was
observed in the number of studies aimed at increasing their capacity and stability. In most
of the SSLIBs, a solid electrolyte lithium phosphorus oxynitride (LiPON) is used [5]. LiPON
has a number of advantages over other solid-state electrolytes, such as manufacturabil-
ity, relatively high conductivity, very low electron transfer number, and a wide potential
window of ~5 V. In recent years, a class of quasi-solid aqueous electrolytes featuring an
improved stability and Coulombic efficiency of the order of 99% has appeared [6]. Such
materials are of interest in terms of their implication in ionoelectronics, mechanics and
optics. The most widely used electrode materials for industrial batteries at the moment are
carbon and lithium cobaltite. Research on silicon application as a negative electrode is not
widely adopted, due to its instability as the anode material. Obtaining a stable electrode
material based on silicon is possible only in the form of the Si@O@Al nanocomposite, which
nevertheless has a high specific capacity—from 1.000 to 3.000 µA · h/g (depending on the
ratio of elements) [7].

Some types of SSLIBs, including thin-film structures Ti|Si@O@Al|LiPON|LiCoO2|Ti
and Ti|Si@O@Al|LiPON|LixV2O5|Ti, were the objects of our recent studies [7,8]. SSLIB
cells were tested at room temperature, under various charge–discharge rates. With an
increase in the charging current, a reduction in the capacity was observed. In a number of
cases, the capacity dependence on current was well described by Peukert’s law [9]:

Q =
A
Iα

(1)
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where Q is the battery discharge capacity, I is the discharge current, A is an empirical
constant, and α is Peukert’s exponent. For most kinds of batteries, this parameter varies
between 1.0 and 1.3 [10].

The applicability of Peukert’s law to lithium-ion batteries has been debatable up to
now, although there are certain references to the fact of they obey this law. It is noteworthy
that Peukert’s law, empirically drawn in 1897 and valid for a narrow range of currents and
temperatures [11–13], remains in the spotlight to this day, since it is directly related to the
actual problem of battery control. Unfortunately, the literature data on the applicability
of Peukert’s law to SSLIB are few and far between. A Peukert’s exponent close to 0.8 was
reported in [7]. Ref. [14] describes an SSLIB with α ≈ 0.69.

For batteries operating in extreme conditions, such as in vehicles, an adequate model
is required that can predict the behavior of the battery in any circumstance [15]. To build
and implement a battery control algorithm, a method for estimating the state of charge
(SoC) is needed, since all parameters of the battery model depend on this factor. Plenty of
works are devoted to this issue, a review of which can be found, e.g., in [16,17]. A number
of approaches to estimating SoCs, for example, Ref. [18], are based on the calculation of
ampere-hours, which requires an accurate determination of the Peukert’s law parameters.
Therefore, the number of studies devoted to modeling lithium-ion batteries and calculating
the parameters of Peukert’s equation continues to grow steadily.

As a rule, battery models that follow Peukert’s law are phenomenological in nature,
i.e., based on experimental regularities. In this paper, we consider a simplified battery
model based on the equations for the balance of diffusion and drift flows of charge carriers
in a stationary mode. As shown below, the current balance condition is a certain ratio
of lithium ion concentrations at the anode and cathode, which decreases with increasing
current density.

2. Experiment

The derivation below of the SSLIB model is based on the experimental charge–discharge
regularities obtained for cells of different electrochemical systems. The test cells were
manufactured by high-frequency magnetron sputtering [7] at the SCR-651 “Tetra” (Alca-
tel, France) system using mask technology. Technological parameters of functional layer
deposition are given in Table 1. Table 2 contains the structural parameters of test cells.
Titanium foil, 10 µm thick, or preliminarily oxidized silicon wafers with a silicon dioxide
thickness of 0.8 µm were used as substrates. The electrode layers were deposited with
due account for differences in cathode and anode densities, as well as in the thickness of
their layers. Therefore, the change in potential of the negative electrode in the course of
galvanostatic cycling was negligible. The last test cell (third row of Table 2) was performed
in an anode-free configuration.

Table 1. Technological parameters for deposition of cells’ functional layers by magnetron RF sputtering.

Layer Target Ar
Flow, sccm

O2
Flow, sccm

N2
Flow, sccm Pressure, Pa Magnetron

Power, W
Deposition
Time, min

Si@O@Al Alloy Si–Al (9:1) 200 0.6 - 1.75 600 6

LiPON Li3PO4 - - 18.6 0.2 150 165

LiCoO2 LiCoO2 20 5 - 1 200 190

LixV2O5 LixV2O5 20 2 - 0.23 200 320

Down
conductor Ti 20 - - 0.2 300 10
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Table 2. Structural parameters of test cells.

Cell # Parameters Negative Electrode Solid Electrolyte Positive Electrode

1

Layer composition Si@O@Al LiPON LiCoO2

Layer thickness, nm 280 1220 800

Top-down conductor area, cm2 0.25

2

Layer composition Si@O@Al LiPON LixV2O5

Layer thickness, nm 180 1000 800

Top-down conductor area, cm2 0.25

3

Layer composition - LiPON LiCoO2

Layer thickness, nm 0 1000 960

Top-down conductor area, cm2 0.25

Charge and discharge curves were recorded in galvanostatic mode using multi-
channel galvanostats/potentiostats P-20 × 8 and P-40× (Electrochemical Instruments,
Chernogolovka, Russia). The results of measuring the specific capacity dependence on
the charge current density for all three types of test cells are shown in Figure 1a. Figure 1
shows only discharge capacities because it turned out that charge capacity was very close
to discharge capacity (the Coulombic efficiency was close to 100%). In Figure 1b, the same
dependences are presented in bi-logarithmic coordinates to check the applicability of Peuk-
ert’s equation (Equation (1)). Accordingly, the diagrams of cells 1 and 2 in Figure 1b Q(j)
are well approximated by two linear segments, corresponding to two different Peukert’s
exponents values. For cell-1 (LiCoO2), α′1 = 0.33 and α′′1 = 1.33, and for cell-2 (LixV2O5),
α′2 = 0.21 and α′′2 = 1.11. In contrast, the Q(j) diagram of the anode-free cell can be fitted
by a single linear segment with α3 = 0.78.
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3. Anode Charging Model

To derive an equation modeling the dependence of capacity on current, an expression
that relates the battery capacity to the lithium concentration at the anode–electrolyte
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interface is needed. This expression can be derived from the simplified SSLIB model
shown in Figure 2. The figure illustrates the distribution of lithium atoms in the anode
and in the electrolyte. Conventionally, it is considered that the reduction in lithium ions
occurs inside the δ-layer at the anode–electrolyte interface. This allows for formulating
the boundary condition at the interface, which raises a question on the kind of boundary
condition. Should it be condition of the 1st kind (Dirichlet condition) or 2nd kind (Neumann
condition)? According to the explanation of the well-known Gibbs paradox [19,20], lithium
ions and atoms are different particles that can form two opposite diffusion flows. Thus,
the atomic δ-layer will diffuse into the anode, charging the latter, and into the electrolyte,
creating a leakage current. In this case, one should equate the density of lithium sources
in the δ-layer to the flows at the boundary, i.e., to choose the Neumann condition. It is
this version of the boundary condition that was considered in the preprint of the present
paper. However, the Neumann condition means that the lithium flow into the anode,
hence its maximum charge, is proportional to the magnitude of the charging current, which
contradicts the experimental results and Peukert’s law. Finally, this condition implies a
large leakage current, which is inconsistent with the high value of the Coulomb efficiency.
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Figure 2. Stationary distribution of lithium ion concentration in the electrolyte and the instant
distribution of lithium atoms in the anode.

At first glance, the Dirichlet condition also leads to contradictions. It means that
the lithium particles in the anode near the interface and in the electrolyte are identical,
i.e., these are lithium ions. But this can be explained by the fact that at low currents (i.e.,
at a high lithium concentration at the interface), only part of the ions is reduced directly
in the boundary layer. This is because the reduction rate is determined by the current
in the external circuit, which is small. The main mass of lithium diffuses into the anode,
remaining in an ionized state and gradually reducing over time. In this case, the charge
time is determined not by the rate of diffusion, but by the rate of lithium reduction already
intercalated into the anode. It should be emphasized that the process of lithium intercalation
is of a diffusion nature, since the field in the anode is shielded by a double electrical layer
at the interface.

By virtue of the above arguments, when setting the boundary value problem for
diffusion, the Dirichlet boundary condition c(`, t) = cI(0, τ) was used, where c(x, t) is the
lithium concentration in the anode, ` is the interface coordinate, cI(0, τ) is the lithium ion
concentration at the electrolyte side of the interface, and τ is the so-called “slow time”. The
latter implies that the concentration of lithium ions at the anode may slowly change during
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charging. Then, the boundary value problem on lithium diffusion into the anode can be
formulated as follows:

∂
∂t c(x, t) = D ∂2

∂x2 c(x, t);

∂
∂x c(x, t)

∣∣∣
x=0

= 0;

c(`, t) = cI(0, τ);

c(x, 0) = 0,

(2)

where D is the diffusion coefficient of lithium.
The solution of boundary value problem (2) is sought by the Fourier method as

c(x, t) = cI(0, τ)−V(x)e−µ
2t (3)

Substituting the desired solution (3) into (2) results in the Sturm–Liouville problem:

∂2

∂x2 V(x) + µ2

D V(x) = 0;

∂
∂ x V(x)

∣∣∣
x=0

= 0;

V(x) = 0;

V(x) = cI(0, τ).

(4)

Its solution is a sum of partial solutions:

V(x) =
∞

∑
n=0

Cn cos
(

kn
x
`

)
, (5)

where kn = (2n + 1)π/2. Substituting (5) into (3) gives the final form of the solution to
boundary value problem (2):

c(x, t) = cI(0, τ)

[
1−

∞

∑
n=0

(−1)n 2
kn

cos
(

kn
x
`

)
e−k2

n
D
`2 t
]

. (6)

Equation (6) allows for finding the time-dependence of the anode charge as

Q(t) = qS`cI(d)

(
1−

∞

∑
n=0

2
k2

n
e−k2

n
D
`2 t
)
ρ(τ), (7)

where S is battery area, ρ = cI(0, τ)/cI(d), and cI(d) is the ion concentration at the cathode
(Figure 2). An example of a charging curve is shown in Figure 3.

As follows from Figure 3a, the anode charging time does not exceed 150 s. The total
specific charge 47.8 µA · h/cm2 corresponds to the charge of cell-1 (LiCoO2 cathode) at
current density 24 µA/cm2. Hence, the time of lithium ion reduction is 1.99 h. At high
current densities, the charging time, on the contrary, is determined by the diffusion process.
For example, at Q = 4.04 µA · h/cm2 and j = 960 µA/cm2 (Figure 3b), the charging time
15.2 s is an order of magnitude less than the time required for diffusion equalization of
concentrations at the anode–electrolyte interface. An increase in the Peukert exponent,
starting from a certain current density, may be due to the fact that the lithium concentration
at the anode–electrolyte interface does not have time to reach the equilibrium value c(0, τ).
An argument in favor of this assumption is the fact that the Peukert exponent for anode-free
SSLIBs remains constant over the entire current range.
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parameters ρ = 15cI(d) = 2.55 · 1027 m−3; ` = 2.8 · 10−7 m; D = 1.5 · 10−15 m2 · s−1 correspond to
maximum full charge 47.8 µA ·h/cm2 of cell-1 at current density of 24 µA/cm2. (b) High-current area.
Equation (7) parameters ρ = 2.1cI(d) = 2.55 · 1027 m−3; ` = 2.8 · 10−7 m; D = 1.5 · 10−15 m2 · s−1

correspond to maximum full charge 4.04 µA · h/cm2 at current density of 960 µA/cm2.

4. Dependence of the Lithium Concentration at the Anode–Electrolyte Interface on the
Charge Current Density

Since the transport of lithium ions through the electrolyte is considered below and all
the following equations refer to the segment [0, d] in Figure 2, the notation c(0) instead of
cI(`) is used. The ion concentration at the anode–electrolyte interface c(0) can be obtained
from the balance condition for the electron current through the anode and the diffusion-
drift current through the electrolyte. The total current density through the electrolyte is the
sum of the drift and diffusion currents:

jEDD = σE
U
εd

+ qDE
dc(x)

dx
, (8)

where σE is the ionic conductivity of the electrolyte, U is the potential difference across the
electrolyte layer, ε is the permittivity of the electrolyte, d is the thickness of the electrolyte
layer, q is the lithium ion charge, DE is the diffusion coefficient of the lithium ion in the
electrolyte, and c(x) is the concentration of lithium ions. Considering the relations σE = µcq
and DE = µkBT/q, expression (8) can be written in the form

jEl
DD = µq

U
ε

c
d
+ µkBT

dc
dx

. (9)

Within the framework of a simplified model, the concentration gradient can be consid-
ered linear:

dc
dx
≈ c(d)− c(0)

d
, (10)

while concentration c can be set equal to the average value of the concentration in the
electrolyte c = [c(0) + c(d)]/2. Then, the current density through electrolyte (9) takes
the form

jEl
DD =

µ

d
kBTc(d)

[(
qU

2εkBT
− 1
)
ρ+

(
qU

2εkBT
+ 1
)]

, (11)
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where ρ = c(0)/c(d) is the ratio of the lithium ion concentrations at points 0 and d. This
ratio can be expressed from Equation (11) as

ρ =
jEl
DDd/µkBTc(d)− (qU/2εkBT + 1)

qU/2εkBT− 1
. (12)

On the other hand, the current density (11) must be equal to the density of the electron
current through the anode:

jEl
DD =

Up −U
SR

, (13)

where Up is the voltage of the potentiostat output. Expressing U from (13) and its substitu-
tion into (12) yields

ρ =
djEl

DD/µkBTc(d)− q(Up − jEl
DDSR)/2εkBT− 1

q(Up − jEl
DDSR)/2εkBT− 1

. (14)

Thus, relations (14) and (7) set up the dependence of the full charge on the charg-
ing current:

Q(jEl
DD) = Q0

djEl
DD/µkBTc(d)− q(Up − jEl

DDSR)/2εkBT− 1

q(Up − jEl
DDSR)/2εkBT− 1

, (15)

where
Q0 = qS`cI(d). (16)

The experimental (Figure 1) and theoretical (14) capacity dependences on the current
density are compared in Figures 4 and 5, respectively.
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Figure 4. The theoretical (line) and experimental (diamonds) dependences of capacity on cur-
rent density. (a) Experimental data on cell-1 and Equation (14) plotted with fitting parameters
c(d) = 2.55 · 1027 m−3; µ = 3 · 10−12 m2V−1s−1; d = 1.22 · 10−6 m; ` = 280 · 10−9 m; T = 300 K;
ε = 83; Up = 3.8 V; R = 2.7 kΩ; S = 10−4 m2. (b) Experimental data on cell-2 and Equation (14)
plotted with fitting parameters c(d) = 2.2 · 1027 m−3; µ = 8.5 · 10−12 m2V−1s−1; d = 1.0 · 10−6 m;
` = 180 · 10−9 m; T = 300 K; ε = 75; Up = 3.5 V; R = 1.5 kΩ; S = 10−4 m2.

Judging by the shape of graphs in Figures 4 and 5, it is difficult to determine to
what extent the experimental and theoretical dependences correspond to Peukert’s law.
Therefore, it is easier to show that the Peukert equation (Equation (1)) is a special case
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of Equation (14), which takes place under the condition qUp/2εkBT ≈ 1. In this case,
Equation (14) takes the form

ρ ≈ A
jEl
DD
−
(

1 + 2ε
σAnd
σEl`

)
, (17)

where A = 2Up/SR, and σAn and σEl are the anode and the electrolyte conductivities,
respectively. In its general form, Equation (14) describes the Q(j) dependence more correctly,
since, unlike (1), it does not suffer a singularity at the point j = 0 and imposes a limitation
on current density.

The correspondence of the experimental and theoretical curves Q(j) to Peukert’s law is
illustrated by Figure 6. It shows the results on the fitting of the experimental dependences
by Equation (15) and the Peukert equation. The latter is presented in the form

Q(j) =
A

B + jα
−C, (18)

where B and C are constants, imposing physical limits on capacity and current density. The
Peukert exponentα and constants A, B, and C were used as fitting parameters, whose values
are given in the caption to the figure. As can be seen from Figure 6, the differences between
the graphs of Equations (15) and (18) are insignificant. Thus, it can be concluded that SSLIBs
obey Peukert’s law and that Equation (15) adequately approximates the experimental
dependence Q(j).
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Figure 6. Experimental (diamonds) and theoretical (lines) dependences Q(j) of cell-2 (a) and
cell-3 (b). Red curve in panel (a) depicts dependence (15) with parameters c(d) = 2.2 · 1027;
µ = 8.5 · 10−12 m2V−1s−1; d = 1.0 · 10−6 m; ` = 180 · 10−9 m; T = 300 K; ε = 75; Up = 3.5 V;
R = 1.5 kΩ; S = 10−4 m2. Green curve is a plot of Equation (18) with parameters A = 28.15; B = 1;
C = 1.2; α = 0.82. Red curve in panel (b) is Equation (15) plotted with parameters c(d) = 1.3 · 1027;
µ = 8.5 · 10−12 m2V−1s−1; d = 1.0 · 10−6 m; ` = 80 · 10−9 m; T = 300 K; ε = 80; Up = 4.0 V;
R = 3.7 kΩ; S = 10−4 m2. Green curve depicts Equation (18) with parameters A = 18.15; B = 0.18;
C = 1.2; α = 0.78.

5. Summary

The example of SSLIBs of three different electrochemical systems shows that the
capacity dependence on the density of the charging current (Figure 1) obeys Peukert’s
law. On the experimental curves Q(j) of cell-1 and cell-2 (positive electrodes LiCoO2 and
LixV2O5) in bi-logarithmic coordinates, two sections with different slopes are clearly visible.
These areas correspond to the Peukert exponent; α′1 = 0.33 and α′′1 = 1.33 for cell-1; and
α′2 = 0.21 and α′′2 = 1.11 for cell-2. The Q(j) graph of an anode-free cell has the form of an
inclined straight line, which corresponds to the Peukert exponent α3 = 0.78.

To explain the reasons for the decrease in SSLIB capacity, the boundary value problem
on lithium diffusion through the anode–electrolyte interface under a quasi-stationary
boundary condition is considered. The substantiation of the choice of the first kind of
boundary condition for the anode–electrolyte interface is given. Under this condition, the
total charge of the anode is determined by the lithium ion concentration at the boundary.
The relation between ion concentration at the anode interface and the total current density
is obtained from the balance condition for diffusional, drift, and total currents. It is shown
that the concentration of ions at the anode–electrolyte interface, and, accordingly, the total
charge of the battery are described by the expression Q(j) similar to Peukert’s law.

The resulting expression more correctly describes the dependence Q(j), in the sense
that it considers the limited capacity of the battery and current density. A comparison
of the experimental curves and the results of their approximation by the theoretical de-
pendence Q(j) and Peukert’s law shows that the experimental points fit well enough on
the approximating curves. From this result, two conclusions can be drawn: (i) solid-state
thin-film lithium-ion batteries obey Peukert’s law; (ii) the resulting dependence Q(j) can be
considered as a simplified battery model consistent with Peukert’s empirical law.

Although the experimentally observed changes in the Peukert exponent do not directly
follow from the obtained relationships, the latter allow us to make some assumptions about
the causes of these changes. The essence of these assumptions is as follows. Within the
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framework of the model, the processes of lithium diffusion into the anode and the reduction
in lithium ions in the anode proceed independently of each other. At a low current density,
the diffusion rate of lithium ions exceeds the rate of their reduction, as a result of which the
lithium concentration in the anode is set equal to its concentration at the boundary. The
charging time in this case is determined by the reduction time of lithium ions.

In the process of setting a stationary concentration distribution in the electrolyte,
a large contribution to the total current falls on the displacement current jD. After the
steady state is established, the displacement current decays, and the total current jtot is
determined only by the rate of lithium ion reduction in the anode Gred. Up to some jtot
value, the reduction rate does not depend on the ion concentration at the anode boundary.
At a certain jtot value, the reduction rate Gred and the diffusion current of ions through
the boundary are equalized, i.e., the total current reaches saturation jtot = js. From this
point on, the rate of ion reduction depends on their concentration at the boundary Gred(ρ).
Charging the battery under the condition jtot ≥ js is still possible, but its time is limited
by the time during which the condition jD + Gred ≥ jtot is held. When the displacement
current decreases and meets the condition jD + Gred < jtot, the potentiostat is no longer
able to maintain the set current, which leads to an increase in the output voltage.

We believe that the current at which the increase in the Peukert exponent begins
corresponds to the saturation current, determined by the reduction rate of lithium ions
jtot = Gred. With a further increase in the total current, there is a simultaneous decrease
in the rate of ion reduction Gred(ρ), since their concentration at the interface decreases,
and a decrease in the charge time, determined by the condition jD + Gred ≥ jtot. Thus,
the proposed model makes it possible to qualitatively explain the Peukert exponent’s
dependence on the charge current density.
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