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Abstract

Due to the highly nonlinear, dynamic, and slowly time-varying nature of lithium-ion
batteries (LIBs) during operation, achieving accurate and real-time parameters online
identification in first-order RC equivalent circuit models (ECMs) remains a significant
challenge, including low accuracy and poor real-time performance. This paper establishes
a fractional-order chaotic system for first-order RC-ECM based on a charge-controlled
memristor. The system exhibits chaotic behavior when parameters are tuned. Then, based
on the principle of the state observer, an identification observer is designed for each
unknown parameter of the first-order RC-ECM, achieving online identification of these
unknown parameters of the first-order RC-ECM of LIB. The proposed method addresses
key limitations of traditional parameter identification techniques, which often rely on large
sample datasets and are sensitive to variations in ambient temperature, road conditions,
load states, and battery chemistry. Experimental validation was conducted under the
HPPC, DST, and UDDS conditions. Using the actual terminal voltage of a single cell as a
reference, the identified first-order RC-ECM parameters enabled accurate prediction of the
online terminal voltage. Comparative results demonstrate that the proposed state observer
achieves significantly higher accuracy than the forgetting factor recursive least squares
(FFRLS) algorithm and Kalman filter (KF) algorithm, while offering superior real-time
performance, robustness, and faster convergence.

Keywords: lithium-ion batteries; fractional-order chaotic system; adaptive synchronization;
parameter identification; chaotic control

1. Introduction
With the rapid development of society, the imbalance between petroleum resource sup-

ply and demand has reached increasingly prominent, unprecedented levels. Concurrently,
the combustion of fossil fuels releases significant quantities of harmful gases, contributing
to global warming and frequent smog events, which in turn exert a profound negative
impact on the global environment and human health. In alignment with the strategy for the
sustainable and green development strategy, countries worldwide are actively advancing
the adoption and development of renewable energy sources. Consequently, large-scale
energy storage technologies have recently become an effective solution to mitigate the
intermittency and instability of renewable energy [1,2]. With advantages such as a simple
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design, high cycle life, cost-effectiveness, and high stability, LIBs have gained significant re-
search interest in energy storage. Their extensive adoption in China’s automotive, medical,
and aerospace sectors is driving a substantial reduction in oil dependence and fostering
a greener energy structure [3]. Nevertheless, LIBs are highly susceptible to safety issues
such as overheating, overcharging, and over-discharging during operation, which not only
seriously compromise battery performance but also present serious risks to human life
and safety. To mitigate these risks, a corresponding battery management system (BMS) is
essential for the secure implementation of power batteries. As a consequence, real-time
monitoring of battery voltage, current, and temperature during operation and charging
is essential, along with accurate estimation of key state variables such as state of charge
(SOC), state of power (SOP), state of energy (SOE), and state of health (SOH), and effective
management of the charging and discharging processes. Accurate online identification of
battery model parameters can significantly enhance the precision of state estimation and
ensure the safety of battery charging and discharging, thereby emerging as one of the core
technologies in BMS research [4–6].

Currently, commonly used battery models include electrochemical models, black box
models, and ECMs. The electrochemical model is developed based on the fundamental
electrochemical principles governing battery behavior. However, this model mainly relies
on experimentally determined parameters, which may exhibit significant uncertainties and
variability [7]. Moreover, parameter values reported by different researchers under varying
conditions may differ substantially, thereby further increasing the model’s uncertainty [8,9].
The black-box model is constructed from test data reflecting the external characteristics of
the battery, which is generally regarded as a data-driven approach since it does not account
for internal electrochemical reactions.

Representative techniques include fuzzy logic models, artificial neural network mod-
els, and support vector machine models [10,11]. However, black-box models are highly
sensitive to noise and outliers in the input data, which may result in unreliable predictions.
Owing to the lack of transparency, black-box models are difficult to apply in practical
applications [12,13]. ECM employs electrical components such as resistors, capacitors, and
inductors to simulate the battery’s dynamic characteristics. This approach provides an
intuitive model structure, simplicity in design, low computational load, and ease of interpre-
tation. Moreover, it can be calculated using electrical element operation formulas [14–16].
In current research on ECMs, many scholars usually adopt integer-order characteristics
in the process of studying ECMs, while they seldom use a fractional-order approach to
describe the nonlinear characteristics of RC-ECM. Additionally, the integer-order ECM
is merely a special case among mathematical models and is difficult to fully describe the
nonlinear dynamic characteristics inside LIBs, which inevitably limits the accuracy of the
ECM. In contrast, the fractional-order ECM can effectively reflect the internal reaction
mechanism of LIBs [17]. Therefore, to enhance the accuracy of battery modeling, this paper
employs a fractional-order approach to establish a first-order RC-ECM and applies it to
parameter identification.

Accurately obtaining the parameters of the battery ECM is crucial for improving the
accuracy of battery state estimation and enhancing operational safety [18]. With precise
ECM parameters, the internal voltage drop of the battery can be accurately calculated with
high accuracy. Subsequently, the voltage method enables the real-time and accurate estima-
tion of SOC and other key variables, such as SOH and SOP. Furthermore, the remaining
driving range of an electric vehicle can be estimated, thereby enhancing vehicle stability
and driving safety. In battery thermal management, identified ECM parameters enable the
calculation of heat generation and accurate prediction of the surface temperature, ensuring
operation within a safe temperature range. Therefore, accurate identification of ECM



Batteries 2025, 11, 377 3 of 24

parameters has become a major research focus [19,20]. Parameter identification methods
for ECM of LIB are generally classified into time-domain and frequency-domain meth-
ods. The most representative frequency-domain method is the electrochemical impedance
spectroscopy (EIS) [21]. Additionally, the distribution of relaxation times (DRT) method
can more precisely distinguish the voltage drop caused by each polarization in the fre-
quency domain, and then allocate a reasonable time constant for each polarization loss.
Accordingly, Zhou et al. [22] combined the DRT method with a physical-based impedance
model to separate solid-phase and liquid-phase diffusion polarization drop. However, the
frequency-domain analysis method requires excitation signals ranging from fractions of
a hertz to the megahertz range. Currently, on-board BMS cannot meet this requirement,
making continuous identification during battery operation infeasible. Furthermore, while
this method has been mainly applied to SOH estimation in laboratory settings, it has not
yet been adopted for practical ECM parameter estimation [23]. In contrast, time-domain
methods identify ECM parameters by relying solely on instantaneous voltage and current
measurements, without specialized excitation signals. As a result, they are more practical
and easier to implement than frequency-domain methods, leading to broader real-world
applications [23]. Time-domain methods are generally classified into model-based and
data-driven methods. Under the given expected indicators, the model-based methods usu-
ally select the best parameter values in the specified dataset according to certain principles,
so that the performance indicators of the system output reach the optimal level. Typi-
cal examples include the extended Kalman filter (EKF) [24], particle swarm optimization
(PSO) [25], and recursive least squares (RLS) [26]. For instance, reference [27] proposed
a least squares method using eigenvalue addition/deletion with a forgetting factor and
applied it to the online identification of ECM parameters of LIBs. Reference [28] estimated
the parameters of lithium-ion battery packs in real time online using an adaptive stabilizer.
Compared with the earlier adaptive stabilizers, no offline experiments in the early stage
or subsequent data processing of the experiments were required. However, the aforemen-
tioned model-based approaches are prone to local optima and often fail to achieve real-time
online parameter identification. The identification accuracy is constrained by the model
accuracy, and it suffers drawbacks such as slow convergence speed, poor robustness, and
limited estimation accuracy [29]. Data-driven methods mine the mapping between intrinsic
battery measurement features (e.g., current, voltage, temperature, and internal resistance)
and model parameters. They directly estimate battery model parameters from the dataset.
Typical techniques include long short-term memory (LSTM) networks [30], support vector
machines (SVMs) [31], gated recurrent unit (GRU) networks [32], and improved crow-top
bird optimization algorithms [33]. For example, Chun et al. [34] designed a deep neural
network (DNN) for real-time parameter identification of LIBs, comprising an LSTM net-
work and two fully connected layers. The inputs consist of voltage, current, temperature,
and state of charge, while the outputs correspond to the identified parameters. As demon-
strated, data-driven approaches offer the advantage of operating without requiring an
explicit battery model and are often more effective than electrochemical models. However,
accurate estimation relies on high-quality measurement data, and model training remains
highly time-consuming. Moreover, the effective integration of data-driven models with
optimization strategies continues to pose a significant challenge [35].

A review of the literature reveals a lack of research on the online parameter identifica-
tion of first-order RC-ECMs for LIBS; the on-board BMS cannot meet this requirement of
the frequency-domain analysis method, which requires input of excitation signals ranging
from fractions of a hertz to the megahertz range. The frequency-domain analysis method is
usually conducted in a laboratory environment, but it cannot be used for actual systems for
estimating ECM parameters. While data-driven models are heavily reliant on high-quality
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measurement data for accurate estimation, and their training is additionally characterized
by significant time consumption, the model-based approaches are prone to local optima
and lack real-time and online parameter identification capability. Furthermore, the accuracy
of model-based identification is inherently limited by the model’s accuracy. In order to
solve the above problems and achieve the real-time accurate parameters of the battery, in
this paper, electronic components such as memristors are used as the external load of the
first-order RC-ECM to construct a fourth-order hyperchaotic system. Then, the unknown
parameter identification state observer of the first-order RC-ECM is designed by using
the unknown parameter identification theory of chaotic systems. The online, real-time,
and accurate identification of unknown parameters of the first-order RC-ECM is realized.
Finally, the validity and accuracy of the state observer designed in this paper are verified
by using MATLAB R2016b software. The key contributions of this paper are as follows.

(1) A fractional-order chaotic system of first-order RC-ECM for LIBs was established
by combining charge-controlled memristors and electronic components, such as
inductors and capacitors. The nonlinear characteristics of this fractional-order chaotic
system were analyzed.

(2) A state observer is constructed and applied to identify these unknown parameters of
the fractional-order chaotic system of first-order RC-ECM for LIB, enabling real-time
online parameter estimation of the first-order RC-ECM for LIB.

(3) The real-time performance, accuracy, and robustness of the state observer proposed in
this paper were verified under different environmental temperatures through HPPC,
DST, and UDDS operating conditions.

This research investigates whether the proposed memristor-based battery model can
more accurately capture the nonlinear voltage hysteresis and state-dependent dynamics
than traditional ECMs. The validity of this hypothesis was verified by comparing the
model’s voltage prediction accuracy and parameter identification robustness with those of
the FFRLS and KF algorithms under dynamic stress test conditions. Section 2 of this paper
establishes the first-order RC-ECM chaotic system and discusses its dynamic characteristics.
Section 3 of this paper covers the theoretical framework for identifying unknown param-
eters within the first-order RC-ECM chaotic system. Section 4 of this paper applies this
identification framework to estimate the parameters of the first-order RC-ECM. Section 5 of
this paper provides the experimental results and a detailed performance analysis. Finally,
Section 6 concludes the paper.

2. Establishment of First-Order RC-ECM Fractional-Order
Chaotic System
2.1. Fractional Calculus

Fractional calculus provides a generalized mathematical framework that unifies dif-
ferentiation and integration operations, extending the concept of calculus from integer
orders to fractional orders. This concept of fractional calculus was first proposed in the 17th
century in correspondence between L. Hopital and Leibniz. Initially, its practical adoption
was long hindered by the lack of physical interpretation and computational tools. Over the
past two decades, with advancements in computational capabilities, fractional calculus has
been increasingly applied in practical engineering.

The most commonly used definitions of fractional calculus primarily fall into three
categories [36]: Riemann–Liouville (R-L) fractional integral and derivative definition,
Caputo fractional derivative definition, and G-L fractional calculus definition. In this paper,
the first-order RC-ECM fractional mathematical model of the LIB is established by using
Caputo’s fractional differentiation.
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Caputo’s fractional-order differential is defined as follows [37]:

rDα
t f (t) =

1
Γ(α − n)

∫ t

r

f n(τ)

(t − τ)α−n+1 dτ (n − 1 ≤ α ≤ n) (1)

where the operator rDα
t denotes the fractional-order calculus operation, r, t are the upper

and lower limits of the integral; α is the fractional-order, and Γ(•) is the Gamma function.

2.2. First-Order RC-ECM Fractional-Order Model

With its simple structure and capability for real-time online parameter identification
and online identification of model parameters, ECM is widely adopted to describe the
internal dynamics characteristics of LIBs. Given its simple mathematical formulation, high
accuracy, and suitability for online parameter identification, the first-order RC-ECM is
selected in this study to represent LIB’s dynamic characteristics; this choice effectively
balances the trade-offs between model complexity, accuracy, and robustness. The fractional-
order mathematical model of the first-order RC-ECM is formulated using Caputo’s frac-
tional differential [38], as shown in Equation (2), and its schematic representation is shown
in Figure 1. In the subsequent research, we applied the fractional-order chaotic system
proposed in this research to the online parameter identification of second-order RC-ECM
or third-order RC-ECM to further verify the robustness of the state observer.{

0Dα
t U1(t) = 1

C1
i(t)− U1(t)

C1R1

U0(t) = Uoc(SOC)− i(t)R0 − U1(t)
(2)

where Uoc is the open-circuit voltage of the first-order RC-ECM; U0(t) is the terminal voltage;
R1 is the polarization resistance of LIB; R0 is the ohmic internal resistance of LIB; and C1 is
the polarization capacitor. α is the fractional-order number of C1, α ∈ (0, 1).

0( )U t

1C

1R

1U

0R( )OCU SOC

0RU

i

 
Figure 1. Schematic diagram of the first-order ECM.

2.3. First-Order RC-ECM Fractional-Order Chaotic System Based on Memristors

The postulation of the memristor as the fourth fundamental two-terminal circuit
element was first made by Professor Leon Chua in 1971, derived from the symmetry
relationship between magnetic flux and charge [39]. From its theoretical inception, it
was not until 2008 that a practical nanoscale device was fabricated and announced by
researchers at HP Laboratories [40]. Memristors [41,42], characterized by non-volatility,
memory, and low power consumption, are passive nonlinear devices with considerable
application potential in computer storage, intelligent computing, and nonlinear simulation.
Furthermore, this inherent nonlinearity also allows them to serve as the core component
in chaotic circuits (e.g., charge- or magnetic-controlled [43]), generating a wide range of
complex dynamic behaviors. The high cost and technical challenges of producing nanoscale
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memristors impede their commercialization, keeping much of the research confined to
laboratories. However, to overcome these barriers, circuit-based memristor emulation
has emerged as a key strategy to unlock their practical value. Following the design in
Ref. [44], an asymmetric diode bridge memristor emulator is implemented and applied to
the parameter identification of a fractional-order chaotic system in a first-order RC-ECM.
The asymmetrical diode bridge memristor model is shown in Figure 2, where D1, D2, D4,
D31, D32, D33, and D34 are diodes, respectively, iin is the input current, Vin is the input
voltage, and P is the number of series diodes.

mC
mR

mV

ini

ini

inV M

inV

{P
(a) Circuit model (b) Memristor symbol 

Figure 2. Asymmetrical diode bridge memristor model.

Since this research mainly focuses on realizing the nonlinear variation characteristics of
the memristor through charge variation rather than magnetic flux change, the memristor is
connected as a load to the first-order RC-ECM of the battery for experimental convenience,
as shown in Figure 3. L1 and L2 are two inductor coils of different sizes; R is the resistance;
M(q) is a load-controlled memristor; U1 is the voltage across the terminals of C1; U2 is the
voltage across the terminals of L2; U3 is the voltage across the terminals of L1; U4 is the
voltage across the terminals of M(q); U5 is the voltage across the terminals of R; i is the
current flowing through R; i1 is the current flowing through R; and i2 is the current flowing
through M(q). The mathematical model of the gain memristance M(q) of the hysteresis-
controlled memristor is given as follows:

M(q) =
dφ(q)

dt
= a + 3dq2 (3)

where a and d are constants, and a < 0, d > 0.
Assuming the specified direction as the reference current direction of the current in

the circuit, and in accordance with Kirchhoff’s law [45], the system satisfies Equation (4):
i = i1 + i2
uoc = uR0 + u1 + u2 + u5

u5 = u3 + u4

(4)
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Figure 3. Schematic diagram of the chaotic system model of the first-order RC-ECM based on
the memristor.

Based on the voltage–current relationships of various electronic components (e.g.,
resistors and memristors), the system of differential equations corresponding to the model
in Figure 2 can be derived: 

L1
di2
dt = Ri1 − M(q)i2

L2
di
dt = uoc − R0i − u1 − Ri1

C1
du1
dt = i − u1

R1
dq
dt = i2

(5)

where the value of the memresistor M(q) is M(q) = a + 3dq2, and q =
∫

i2dt. Substituting
i1 = i − i2 into Equation (5) and considering

.
x =

.
i2,

.
y =

.
i,

.
z =

.
u1,

.
w =

.
q, uoc = 0 (take

x, y, z, w as four state variables), this yields the following:

.
x = 1

L1
(Ry − (R + M(w))x)

.
y = 1

L2
(Rx − (R0 + R)y − z)

.
z = 1

C1
(y − z

R1
)

.
w = x

(6)

Let ρ = 1
L1

, β = 1
L2

, γ = 1
C1

, then the system can be represented as follows:


.
x = ρ(Ry − (R + M(w))x)
.
y = β(Rx − (R0 + R)y − z

)
.
z = γ(y − z

R1
)

.
w = x

(7)

With the parameters in the mathematical model of the fourth-order chaotic system
dynamics, Equation (7), specified as ρ = 8.6, β = 1.1, R = 1.12, where M(q): a = −1.34,
d = 0.46, and defining A = 1.1 × R0, B = γ, E = γ

R1
, the system equations derived from

Equation (7) can be expressed as follows:
.
x = 9.804(y − x)− 8.6(−1.34 + 1.2w2)x
.
y = 1.254(x − y)− Ay − 1.1z
.
z = By − Dz
.

w = x

(8)
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where A = 1.1 × R0, and B = γ = 1
C1

, D = γ
R1

= 1
R1C1

.
According to Caputo’s definition of fractional derivatives, the fractional-order coun-

terpart of the above fourth-order hyperchaotic system can be formulated as follows:

dθ x
dtθ = 9.804(y − x)− 8.6(−1.34 + 1.2w2)x
dθ y
dtθ = 1.254(x − y)− Ay − 1.1z
dθ z
dtθ = By − Dz
dθ w
dtθ = x

(9)

From Equation (9), the unknown parameters of the constructed first-order RC-ECM
chaotic system based on the memristor are A, B, and D, where A is linearly related to the
ohmic resistance R0, B is the reciprocal of the polarization capacitance, D is the reciprocal
of the product of the polarization resistance and the polarization capacitance, and the
corresponding state variables are x, y, z and w.

When A = 0.25, B = 14.26, D = 0.09, θ = 0.98, and the initial state vector is set to (0.0, 0.01,
0.0, 0.0), the experiment is performed using MATLAB with the fourth-order Longacurta
method and a step size of 0.01. The phase trajectory plots and time-domain waveforms
of the system are presented in Figure 4. The experimental results indicate that the system
modeled by Equation (9) produces a double vortex chaotic attractor, characteristic of a
fourth-order hyperchaotic system [46,47].

  
(a) x–y planar phase orbit diagram (b) x–z planar phase orbit diagram 

  
(c) x–y–w spatial phase orbit diagram (d) x–z–w spatial phase orbit diagram 

Figure 4. Cont.
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(e) x–t waveform (f) y–t waveform 

Figure 4. System phase track diagrams and time-domain waveform diagrams.

3. Dynamic Characteristics Analysis of First-Order RC-ECM
Fractional-Order Chaotic Systems
3.1. System Equilibrium Point Analysis

The equilibrium point of the system [48], defined by dθ x
dtθ = dθ y

dtθ = dθ z
dtθ = dθ w

dtθ = 0, is
obtained from Equation (9) as (0, 0, 0, 0). By substituting these equilibrium points, the
Jacobian matrix JA of the system at the equilibrium points can be derived as follows:

JA =


1.72 9.804 0 0
1.254 −(1.254 + A) −1.1 0

0 B D 0
1 0 0 0

 (10)

Then A = 0.36, B = 14.26, D = 0.16, according to det|λI − JA| = 0; the characteristic
equation of the system at the equilibrium point can be expressed as

λ3 − 0.266λ2 + 0.6327λ − 24.57 = 0 (11)

The eigenvalues of JA at the equilibrium point (0, 0, 0, 0) can be given by:
λ1= 2.92
λ2 = −1.33+2.58i
λ3 = −1.33 − 2.58i
λ4 = 0

(12)

Based on the linear stability theorem, the equilibrium point is identified as an unstable
saddle-focus. As a result, the system trajectories tend to either approach a limit cycle,
evolve into a chaotic attractor, or diverge to infinity.

3.2. System Dissipation and Attractor Existence Analysis

To assess whether a chaotic system exhibits dissipation, the divergence of its vector
field is commonly used as the criterion [49,50]. The divergence is expressed as

∆V =
∂

.
x

∂x
+

∂
.
y

∂y
+

∂
.
z

∂z
+

∂
.

ω

∂ω
= −9.804 + 8.6 × 1.34 − (1.254 + A)− D (13)

When A = 0.36 and D = 0.16, the parameters of the fractional-order chaotic dynamics
mathematical model in Equation (13) yield ∆V = −0.054, indicating that the system
converges according to V(t) = V(0)e−0.054t. As t → ∞ , each volume element of the
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trajectory in the fourth-order fractional-order chaotic dynamical system decays to zero at
an exponential rate of −0.054, and the trajectory ultimately becomes confined to a specific
limit set of zero volume. Therefore, it can be concluded that the attractor of the proposed
first-order RC-ECM fractional-order chaotic dynamical mathematical model indeed exists.

3.3. System Lyapunov Exponent Spectrum Analysis and Poincaré Section

The Lyapunov exponents were computed in MATLAB from the Jacobian matrix of
the four-dimensional hyperchaotic system given by Equation (10), As shown in Figure 5,
the Lyapunov exponent [51,52] spectrum of the four-dimensional hyperchaotic system
proposed is (+, +, −, −), with LE1 > 0, LE2 > 0, LE3 < 0, LE4 < 0. Based on Equation (9), by
using the fifth-order Runge–Kuta method in the MATLAB R2016b software, the Poincaré
sections of the four-dimensional chaotic system established at x = 0 and y = 0 in this paper
can be obtained. As shown in Figures 5 and 6, the proposed memristor-based first-order RC-
ECM chaotic system generates double-vortex attractors, exhibiting rich nonlinear dynamic
behaviors, thereby collectively confirming that the system belongs to the category of four-
dimensional hyperchaotic systems, which is suitable for using the state observer to conduct
online identification of the unknown parameters of the first-order RC-ECM fractional-order
chaotic dynamic system.

Figure 5. Lyapunov exponent spectrum diagram.

Figure 6. Poincaré section of the four-dimensional hyperchaotic system at x = 0 and y = 0.
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4. Construction of State Observers for Unknown Parameters of
Fractional-Order Chaotic Systems
4.1. Theory of Unknown Parameter Identification Based on Observer

For a class of n dimensional nonlinear chaotic systems [53–56],

.
x1 = F1(X1)
.
x2 = F2(X2)
...
.
xi = Fi(Xi) + αjGi(Yi)
...
.
xn = Fn(Xn)

(14)

where X = (x1, x2, · · · , xn)
T ∈ Rn is the state variable; Fi, Gj(∀i = 1, 2, · · · , n, ∀j ∈ N) is a

linear or nonlinear function; Xi = (xi1, xi2, · · · , ximi ), ∀xij ∈ X, i, j ∈ N, i ≤ n, j ≤ mi ≤ n,
Yi = (yi1, yi2, · · · , yini ), ∀yij ∈ X, i, j ∈ N, i ≤ n, j ≤ ni ≤ n is a set of partial state variables;
and α = (α1, α2, · · · , αj, · · · )T are parameter variables.

Let α̂j be the identification value of the unknown parameter αj, where clearly,
.
αj = 0.

From the system (14), there is −αjGi(Yi) + xi − Fi(Xi) = 0. Assume the following:

.
α̂j = −lj(Yi)Gi(Yi)α̂j + li(Yi)

∣∣ .
xi − Fi(Xi)

∣∣ (15)

Define the parameter error as
.
ej = α̂j − αj, so there is

.
ej = −li(Yi)Gi(Yi)ej (16)

where li(Yi) is a gain function that is designed; however, usually, it is very difficult to
predict xi. Therefore, it is impossible to be exploited. To overcome the aforementioned
shortcomings, auxiliary variables are defined as follows:pi = α̂j + ϕj(Yi), xi ∈ Yi

pj = α̂j + ϕj(Yi, xi), xi /∈ Yi
(17)

where ϕj(Yi) is an auxiliary function designed at xi ∈ Yi and ϕj(Yi, xi) is an auxiliary

function designed at xi /∈ Yi. They all satisfy
∂ϕj
∂xi

= −lj(Yi), as discussed above. When
xi ∈ Yi and xi = yik, and when xi /∈ Yi, respectively,

.
pi = li(Yi)

{
[ϕj(Yi)− pj]Gi(Yi)− Fi(Xi)

}
+

∂ϕj
∂yi1

.
yi1 + · · ·+ ∂ϕj

∂yi(k−1)

.
yi(k−1) +

∂ϕj
∂yi(k+1)

.
yi(k+1) + · · ·+ ∂ϕj

∂yini

.
yini

(18)

.
pj = lj(Yi)

{
[ϕj(Yi, xi)− pj]Gi(Yi)− Fi(Xi)

}
+

∂ϕj
∂yi1

.
yi1 +

∂ϕj
∂yi2

.
yi2 + · · ·+ ∂ϕj

∂yini

.
yini

(19)

Equations (17)–(19) can quickly identify unknown parameters. The gain function
lj(Yi) can be selected as lj(Yi) = k j(Gi(Yi))

2nj−1, where k j > 0, nj ∈ N. Therefore, the error
system can be written as

.
ej(t) = −k j(Gi(Yi))

2nj ej(t) (20)
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although Gi(Yi) cannot approach zero. However, there is
∫ +∞

0 k j(Gi(Yi))
2nj dt → +∞ ;

hence, lim
t→+∞

∥∥ej(t)
∥∥ = lim

t→+∞

∥∥α̂j(t)− αj(t)
∥∥ = 0, ∀j ∈ N. Therefore, lj(Yi) option lj(Yi) =

k jGi(Yi). The corresponding auxiliary function isϕj(Yi) = −k j
∫

Gi(Yi)dx, xi ∈ Yi

ϕj(Yi, xi) = −k jGi(Yi), xi /∈ Yi
(21)

It can be obtained again from Equation (17):α̂j = pi − ϕj(Yi), xi ∈ Yi

α̂j = pj − ϕj(Yi, xi), xi /∈ Yi
(22)

The above analysis shows that the nonlinear unknown parameters aj in the n-
dimensional chaotic system defined by Equations (17) and (22) can be identified rapidly and
accurately with the proposed approach. However, experimental simulation verifies that
when the designed unknown parameter state observer is applied to a non-chaotic system,
the parameter error lim

t→+∞

∥∥ej(t)
∥∥ = lim

t→+∞

∥∥α̂j(t)− αj(t)
∥∥ ̸= 0, ∀j ∈ N cannot effectively

converge to zero, thus preventing accurate identification.

4.2. Construction of State Observer

Given its ability to identify unknown parameters in fractional-order chaotic systems
in real time, the state observer [57] offers high timeliness, computational efficiency, and
improved real-time performance. The state observer also exhibits fast convergence and
good accuracy. For this reason, this research employs a state observer to identify the
unknown parameters (R0, R1, and C1) of the first-order RC-ECM within the fourth-order
fractional-order chaotic system.

Since the unknown parameters (A, B, and D) in the proposed fractional-order chaotic
system demonstrate nonlinear and slow time-varying characteristics, their gain functions
can be designed using the state observer theory as follows:

lA(y) = kAy, lB(x2) = kBy, lD(z) = kDz (23)

Here, kA, kB, kD is the control gain. The corresponding auxiliary function is then
designed as  φ1(y) = 1

2 kAy2

φ2(z) = − 1
2 kBy2

φ3(z) = 1
2 kDz2

(24)

Based on Equations (23) and (24), a state observer for the unknown parameters of a
fractional-order chaotic system can be constructed [58–60].{ .

p1 = −lA(y)(p1 − φ1(y))y + lA(y)(1.254(x − y)− 1.1z)
Â = p1 − φ1(y)

(25)

{ .
p2 = −lB(y)(p2 − φ2(y))y − lB(y)Dz
B̂ = p2 − φ2(y)

(26)

{ .
p3 = lD(z)(p3 − φ3(z))z + lD(z)By
D̂ = p3 − φ3(z)

(27)

In this study, numerical simulations are conducted to verify the effectiveness of the
proposed state observer in identifying the unknown parameters of the fractional-order
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chaotic system. The state variables are initialized as (0.03, 0.01, 0.09, and 0.10), and the
initial estimates for parameters (A, B, and D) are set to (2.995, 0.404, and 3.080). The actual
values of the unknown parameters (A, B, and D) in the first-order RC-ECM fractional-order
chaotic system of Equation (9) are assumed to be (3.000, 0.400, and 2.300), and all control
gains are set to 1. The identified values of unknown parameters (A, B, and D) are obtained
as (2.9436, 0.3927, and 2.2465), with corresponding errors from the actual values (3.000,
0.400, and 2.300) being (0.0564, 0.0073, and 0.0535), respectively. The identification curves of
the unknown parameters (A, B, and D) are shown in Figure 7. According to Equation (28),
the identified values of the first-order RC-ECM parameters R0, R1, and C1 are calculated to
be 2.676, 2.5468, and 0.1748, respectively. The errors compared with the actual values of
R0, R1, and C1 (2.727, 2.5, and 0.1739) are, respectively, (0.051, −0.0468, and −0.0009), and
the identification curve of the first-order RC-ECM parameters R0, R1, and C1 is shown in
Figure 8. 

R0 = A
1.1

C1 = 1
γ = 1

B
R1 = γ

D = B
D

(28)

To further validate the accuracy of the state observer proposed in this paper in iden-
tifying unknown parameters of hyperchaotic systems, the memristor parameters (a and
d) in Equation (3) are adjusted to a = −1.8 and d = 1, respectively, driving the system
into a non-chaotic state. The state variables are initialized as (0.03, 0.01, 0.09, and 0.10),
and the initial estimates for parameters (A, B, and D) are set to (2.995, 0.404, and 3.080).
Subsequently, the state observer is applied to identify the unknown parameters (R0, R1,
and C1) of the first-order RC-ECM, and the identification results are shown in Figure 9.
The identified parameters (R0, R1, and C1) of the first-order RC-ECM are calculated as
0.5128, 2.118, and 5.243, respectively. These identified values deviate significantly from
the actual values (2.727, 2.5, and 0.1739) when the system is in a non-chaotic state. The
result demonstrates that the designed state observer achieves high accuracy in parameter
identification for chaotic systems.

(a) Identification process of parameter A under the state observer 

Figure 7. Cont.
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(b) Identification process of parameter B under the state observer 

 
(c) Identification process of parameter D under the state observer 

Figure 7. Identification of the unknown parameters A, B, and D under the state observer.

(a) Parameter R0 values of the first-order RC-ECM under the state observer 

Figure 8. Cont.
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(b) Parameter R1 values of the first-order RC-ECM under the state observer 

(c) Parameter C1 values of the first-order RC-ECM under the state observer 

Figure 8. Identification of the unknown parameters (R0, R1, and C1) under the state observer when
the system enters a chaotic state.

 
(a) Parameter R0 value of the first-order RC-ECM under the state observer. 

Figure 9. Cont.
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(b) Parameter R1 value of the first-order RC-ECM under the state observer. 

 
(c) Parameter C1 values of the first-order RC-ECM under the state observer. 

Figure 9. Identification of the unknown parameters (R0, R1, and C1) under the state observer when
the system enters a non-chaotic state.

5. Experimental Results
This study applies the state observer, FFRLS, and KF algorithms concurrently for

real-time online identification of the unknown parameters in the first-order RC-ECM under
HPPC conditions at 25 ◦C ambient temperature. To rigorously evaluate their accuracy, a
comparative analysis of parameter identification performance was conducted under DST
conditions under the DST condition at an ambient temperature of 25 ◦C and the UDDS
condition at an ambient temperature of 40 ◦C.

5.1. Experimental Investigation

In this study, under the HPPC condition, the experimental ambient temperature was
set to 25 ◦C. The test object was a Samsung INR18650-20R LIB (Jizhou Technology Co., Ltd.,
Shenzhen City, China) with a rated capacity of 2000 mAh and a nominal voltage of 3.6 V.
The cut-off voltages were set to 4.2 V for charging and 2.5 V for discharging. Real-time
tests were carried out using the Arbin BT200 system (ARBIN Instrument Company, College
Station, TX, USA). The HPPC operating profile is illustrated in Figure 10, and the detailed
procedure is as follows:
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(a1) Voltage (a2) Current 

(a) HPPC test of battery cells at 25 °C. 

 
(b) Voltage comparison using the state observer, FFRLS and KF. 

Figure 10. Validation of parameter estimation using the state observer, FFRLS, and KF under HPPC
conditions at 25 ◦C.

First, charge the battery at a constant current of 0.2 C until the voltage reaches 4.2 V,
then switch to constant-voltage charging at 4.2 V. The charging process is to be terminated
when the current decreases to a cut-off threshold of 0.02 C. Allow the battery to rest for 2 h
to migrate polarization effect. Subsequently, discharge the battery at a constant current
of 1 C. When the discharged capacity reaches 10% of the nominal capacity, terminate the
discharge. At this point, the battery SOC is to be recorded as 0.9.

Perform a sequence of pulse discharges and charges as follows:

(1) Fully charge the battery, discharge at 1 C to 10% DOD, rest for 40 min, then discharge
at 5 C for 10 s, rest for 30 s, and charge for 10 s.

(2) Fully charge the battery, discharge at 1 C to 20% DOD, rest for 40 min, then discharge
at 2 C for 10 s, rest for 30 s, and charge for 10 s.

(3) Fully charge the battery, discharge at 1 C to 30% DOD, rest for 40 min, then discharge
at 2 C for 10 s, rest for 30 s, and charge for 10 s.
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(4) Fully charge the battery, discharge at 1 C to 40% DOD, rest for 40 min, then discharge
at 2 C for 10 s, rest for 30 s, and charge for 10 s.

(5) Fully charge the battery, discharge at 1 C to 50% DOD, rest for 40 min, then discharge
at 2 C for 10 s, rest for 30 s, and charge for 10 s.

(6) Fully charge the battery, discharge at 1 C to 60% DOD, rest for 40 min, then discharge
at 2 C for 10 s, rest for 30 s, and charge for 10 s.

(7) Fully charge the battery, discharge at 1 C to 70% DOD, rest for 40 min, then discharge
at 2 C for 10 s, rest for 30 s, and charge for 10 s.

(8) Fully charge the battery, discharge at 1 C to 80% DOD, rest for 40 min, then discharge
at 2 C for 10 s, rest for 30 s, and charge for 10 s.

(9) Fully charge the battery, discharge at 1 C to 90% DOD, rest for 40 min, then discharge
at 2 C for 10 s, rest for 30 s, and charge for 10 s.

During the tests conducted from SOC = 0.9 to SOC = 0.1, data, including voltage, cur-
rent, charge, and sampling time, were synchronously recorded. The unknown parameters
(A, B, and D) for the first-order RC-ECM fractional-order chaotic system were identified by
substituting measured data (voltage, current, and charge) into Equation (9), followed by the
application of the designed state observers in Equations (25)–(27). Finally, the identification
values R0, R1, and C1 of the first-order RC-ECM parameters are calculated and obtained
by using Equation (21). The battery terminal voltage was predicted in real-time online by
substituting the identified parameters (R0, R1, and C1) into the first-order RC-ECM, and
this prediction was subsequently compared with the actual measured voltage. Similarly,
the predicted values of the battery terminal voltage of the FFRLS algorithm and the KF
algorithm were obtained. Finally, we verified the accuracy of the state observer using the
RMSE, MAE, and MAPE between the predicted battery terminal voltage and the actual
measured terminal voltage using MATLAB-based graphical simulation. To further validate
the robustness of the proposed state observer under different operational and thermal
conditions, tests were conducted across multiple drive cycles (HPPC, DST, and UDDS)
at two ambient temperatures: 25 ◦C and 40 ◦C. This design allows for a comprehensive
evaluation of observer performance. The DST operating condition is shown in Figure 11,
and the UDDS operating condition is shown in Figure 12.

  
(a1) Voltage (a2) Current 

(a) DST test of battery cells at 25 °C 

Figure 11. Cont.
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(b) Voltage comparison using the state observer, FFRLS and KF 

Figure 11. Parametric validation results of state observer, FFRLS, and KF under DST conditions
at 25 ◦C.

  
(a1) Voltage (a2) Current 

(a) UDDS test of battery cells at 40 °C 

  
(b1) Voltage comparison global diagram (b2) Local enlarged diagram of voltage comparison 

(b) Voltage comparison using the state observer, FFRLS and KF 

Figure 12. Parametric validation results of state observer, FFRLS, and KF under UDDS conditions
at 40 ◦C.

5.2. Analysis of Experimental Results

To quantitatively evaluate the fitting and parameter-identification performance of the
proposed state observer for the first-order RC-ECM fractional-order chaotic system, three
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common metrics RMSE, MAE, and MAPE [61,62] are employed. The definitions of these
metrics are given as follows:

MAE =
1
N

N

∑
i=1

∣∣Ŝi − Si
∣∣ (29)

RMSE =

√√√√√ N
∑

i=1
(Ŝi − Si)

2

N
(30)

MAPE =
1
N

N

∑
i=1

∣∣∣∣∣ Ŝi − Si
Si

∣∣∣∣∣ (31)

In the above Equations (29)–(31), Si denotes the measured value; Ŝi denotes the
estimated value; and N denotes the total amount of data.

According to Table 1, Figures 10–12, Under HPPC conditions and 25 ◦C, Under HPPC
conditions at 25 ◦C, the proposed state observer algorithm yields a mean relative error
of 0.27%, which represents a reduction of 1.41 percentage points compared to the FFRLS
(1.68%) and 3.1 percentage points compared to the KF (3.37%). Under DST conditions
and 25 ◦C, the proposed state observer exhibits a mean absolute error of 2.36 mV. This
represents a substantial improvement, being 28.84 mV lower than the FFRLS (31.2 mV)
and 71.54 mV lower than the KF (74.9 mV). Under the UDDS condition and at 40 ◦C,
the proposed state observer yields a root mean square error of 0.19%. This corresponds
to a 1.02% reduction compared to the FFRLS (1.21%) and an 8.4% reduction compared
to the KF (8.59%). Therefore, these error comparisons demonstrate that the proposed
state observer outperforms the FFRLS algorithm and the KF algorithm in identification
accuracy. Simultaneously, these results indicate the state observer’s superior nonlinear-
fitting capability and robustness, achieving high estimation accuracy when identifying the
unknown parameters of the first-order RC-ECM fractional-order chaotic model.

Table 1. Comparison of identification performance of State observer, FFRLS, and KF algorithm under
HPPC, DST, and UDDS conditions of 25 ◦C and 40 ◦C.

Identification
Model

Temperature
in Working
Conditions

Mean Relative
Error (%)

Mean
Absolute Error

(mV)

Root Mean
Square Error

(%)

State observer HPPC
conditions at

25 ◦C

0.27 1.36 0.34
FFRLS 1.68 27.6 2.78

KF 3.37 67.6 5.49

State observer
DST conditions

at 25 ◦C

0.21 2.36 0.22
FFRLS 1.91 31.2 2.36

KF 3.28 74.9 4.46

State observer UDDS
conditions at

40 ◦C

0.17 1.62 0.19
FFRLS 2.15 35.9 2.92

KF 3.87 52.8 8.59

6. Discussion
While the high cost and complexity of manufacturing nanoscale memristors have

largely confined their study to the experimental phase, there is a growing need for circuit-
based emulators to unlock their commercial potential. In response, this paper presents a
memristor-equivalent model built with an asymmetric diode bridge, providing a practical
platform for exploring their value. Experimental results demonstrate that the implemented
asymmetric diode bridge memristor model is capable of inducing pronounced nonlinear
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dynamic characteristics in a first-order RC-ECM-based fractional-order chaotic system.
Currently, achieving a chaotic state relies on the manual tuning of memristor parameters.
Consequently, developing principled parameter adjustment criteria is a key objective for
our subsequent work. Meanwhile, the presence of chaotic and hyper-chaotic states is
bound to affect key performance aspects of the state observer, such as estimation accuracy,
convergence speed, and operational stability. Refining the influence of chaotic and hyper-
chaotic states on the performance of the state observer will provide a basis for the improved
design of the state observer.

This study implements a charge-controlled memristor, where its nonlinear character-
istics are governed by charge rather than flux. In the experimental setup, this memristor
is connected as a load to a first-order RC-ECM of LIB. During performance tests under
DST, UDDS, and HPPC conditions, no safety issues or incompatibility problems related to
the BMS were observed. It was observed through experimentation that the type of ECM
selected is of considerable importance. In general, increased ECM complexity, such as in a
second-order versus a first-order RC-ECM, yields richer nonlinear dynamic characteristics.
However, taking the second-order RC-ECM as an example, compared with the first-order
RC-ECM, the addition of an RC branch structure necessarily increases the difficulty of
designing a state observer, while consequently imposing greater challenges in achieving
fast convergence and high estimation accuracy. Therefore, finding the optimal balance
between identification accuracy, robustness, and practical constraints is crucial.

7. Conclusions
In this paper, a fractional-order chaotic system of first-order RC-ECM is proposed. In

addition, the parameter identification method of first-order RC-ECM is presented. The
following conclusions were drawn:

(1) A fractional-order hyperchaotic system was developed by integrating a charge-
controlled memristor with electronic components (e.g., inductors and capacitors),
based on the first-order RC-ECM.

(2) The parameters of the charge-controlled memristor were tuned to induce chaotic
behavior in the system, and the nonlinear dynamic characteristics of the fractional-
order hyperchaotic system were thoroughly analyzed. A state observer for unknown
parameter estimation in fractional-order chaotic systems was designed and applied for
online identification of unknown parameters in the first-order RC-ECM. The validity
of the designed state observer was verified through experiments conducted under
various driving conditions, including DST, UDDS, and HPPC profiles.

(3) The experimental validation confirms the superiority of the proposed state observer
compared to FFRLS and KF algorithms. It exhibits enhanced superior real-time
performance, identification accuracy, and robustness, effectively addressing critical
limitations related to sample data size and demonstrating strong resilience against
environmental variabilities, including temperature, road conditions, load variations,
and battery material properties. To further verify the robustness of the proposed
state observer, future work will focus on applying it to parameter identification in
second-order or third-order RC-ECMs.

Author Contributions: Y.G.: Writing—review and editing, Writing—original draft, Visualization,
Validation, Investigation, Formal analysis, Data curation, Conceptualization. D.X.: Writing—review
and editing, Writing—original draft, Visualization, Validation, Software, Methodology, Investi-
gation, Formal analysis, Data curation, Conceptualization. H.W.: Writing—review and editing,
Writing—original draft, Validation, Methodology, Investigation, Formal analysis, Conceptualization.
L.X.: Project administration, Methodology, Funding acquisition, Conceptualization. All authors have
read and agreed to the published version of the manuscript.



Batteries 2025, 11, 377 22 of 24

Funding: This work was financially supported by the National Natural Science Foundation of
China (51176014), Science and Technology Support Plan of Jiangxi Provincial Science and Technol-
ogy Department (20151BBE50108), the Key research and development project of Jiangxi Province
(20192BBHL80002), and the Science and technology research project of Jiangxi Provincial Department
of Education (GJJ202601, GJJ202610, GJJ202609).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The original contributions presented in the study are included in the
article, further inquiries can be directed to the corresponding author.

Acknowledgments: These supports are gratefully acknowledged. The authors are grateful to the
reviewers for discerning comments on this paper.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Farid, H.M.; Iram, S.; Shakeel, H.M.; Hill, R. Enhancing stakeholder engagement in building energy performance assessment: A

state-of-the-art literature survey. Energy Strategy Rev. 2024, 56, 101560. [CrossRef]
2. International Energy Agency. Policies to Promote Electric Vehicle Deployment. Available online: https://www.iea.org/reports/

global-ev-outlook-2021/policies-to-promote-electric-vehicle-deployment (accessed on 24 June 2022).
3. Cheng, Y.S. Identification of parameters for equivalent circuit model of Li-ion battery cell with population based optimization

algorithms. Ain Shams Eng. J. 2024, 15, 102481. [CrossRef]
4. Wu, L.; Pang, H.; Geng, Y.; Liu, X.; Liu, J.; Liu, K. Low-complexity state of charge and anode potential prediction for lithium-ion

batteries using a simplified electrochemical model-based observer under variable load condition. Int. J. Energy Res. 2022, 46,
11834–11848. [CrossRef]

5. Khawaja, Y.; Shankar, N.; Qiqieh, I.; Alzubi, J.; Alzubi, O.; Nallakaruppan, M.; Padmanaban, S. Battery management solutions for
li-ion batteries based on artificial intelligence. Ain Shams Eng. J. 2023, 14, 102213. [CrossRef]

6. Choi, C.; Park, S.; Kim, J. Uniqueness of multilayer perceptron-based capacity prediction for contributing state-of-charge
estimation in a lithium primary battery. Ain Shams Eng. J. 2023, 14, 101936. [CrossRef]

7. Kong, X.; Plett, G.L.; Trimboli, M.S.; Zhang, Z.; Qiao, D.; Zhao, T.; Zheng, Y. Pseudo-two-dimensional model and impedance
diagnosis of micro internal short circuit in lithium-ion cells. J. Energy Storage 2020, 27, 101085. [CrossRef]

8. Wang, J.; Jia, Y.; Yang, N.; Lu, Y.; Shi, M.; Ren, X.; Lu, D. Precise equivalent circuit model for Li-ion battery by experimental
improvement and parameter optimization. J. Energy Storage 2022, 52, 104980. [CrossRef]

9. Zheng, Y.; Gao, W.; Han, X.; Ouyang, M.; Lu, L.; Guo, D. An accurate parameters extraction method for a novel on-board battery
model considering electrochemical properties. Energy Storage 2019, 24, 100745. [CrossRef]

10. Sun, T.; Wu, R.; Cui, Y.; Zheng, Y. Sequent extended Kalman filter capacity estimation method for lithium-ion batteries based on
discrete battery aging model and support vector machine. Energy Storage 2021, 39, 102594. [CrossRef]

11. Chen, Y.; Liu, Y.; Du, W.; Li, Q.; Wang, H.; Li, Q.; Wu, Q.; Qin, G. Identification of the parameters of the aluminum-air battery
with regard to temperature. J. Energy Storage 2024, 88, 111397. [CrossRef]

12. Tian, Y.; Lai, R.; Li, X.; Xiang, L.; Tian, J. A combined method for state-of-charge estimation for lithium-ion batteries using a long
short-term memory network and an adaptive cubature Kalman filter. Appl. Energy 2020, 265, 114789. [CrossRef]

13. Ma, T.; Zhang, Z.; Lin, W.; Cong, M.; Yang, Y. Impedance prediction model based on convolutional neural networks methodology
for proton exchange membrane fuel cell. Int. J. Hydrogen Energy 2021, 46, 18534–18545. [CrossRef]

14. Liu, F.; Shao, C.; Su, W.; Liu, Y. Online joint estimator of key states for battery based on a new equivalent circuit model. J. Energy
Storage 2022, 52, 104780. [CrossRef]

15. Chen, D.; Xiao, L.; Yan, W.; Guo, Y. A novel hybrid equivalent circuit model for lithium-ion battery considering nonlinear capacity
effects. Energy Rep. 2021, 7, 320–329. [CrossRef]

16. Ghadbane, H.E.; Rezk, H.; Ferahtia, S.; Barkat, S.; Al-Dhaifallah, M. Optimal parameter identification strategy applied to
lithium-ion battery model for electric vehicles using drive cycle data. Energy Rep. 2024, 11, 2049–2058. [CrossRef]

17. Hu, C.; Liu, H.; Ji, Y. Parameter and order estimation algorithms and convergence analysis for lithium-ion batteries. Int. J. Robust
Nonlinear Control. 2023, 33, 11411–11433. [CrossRef]

18. Shelembe, L.; Barendse, P. An adaptive amplitude-modulated pseudo-random binary sequence excitation for converter-based
impedance spectroscopy characterization of photovoltaic modules. IEEE Trans. Ind. Appl. 2022, 59, 2007–2018. [CrossRef]

https://doi.org/10.1016/j.esr.2024.101560
https://www.iea.org/reports/global-ev-outlook-2021/policies-to-promote-electric-vehicle-deployment
https://www.iea.org/reports/global-ev-outlook-2021/policies-to-promote-electric-vehicle-deployment
https://doi.org/10.1016/j.asej.2023.102481
https://doi.org/10.1002/er.7949
https://doi.org/10.1016/j.asej.2023.102213
https://doi.org/10.1016/j.asej.2022.101936
https://doi.org/10.1016/j.est.2019.101085
https://doi.org/10.1016/j.est.2022.104980
https://doi.org/10.1016/j.est.2019.04.019
https://doi.org/10.1016/j.est.2021.102594
https://doi.org/10.1016/j.est.2024.111397
https://doi.org/10.1016/j.apenergy.2020.114789
https://doi.org/10.1016/j.ijhydene.2021.02.204
https://doi.org/10.1016/j.est.2022.104780
https://doi.org/10.1016/j.egyr.2021.06.051
https://doi.org/10.1016/j.egyr.2024.01.073
https://doi.org/10.1002/rnc.6951
https://doi.org/10.1109/TIA.2022.3218752


Batteries 2025, 11, 377 23 of 24

19. Guejia-Burbano, R.A.; Petrone, G.; Piliougine, M. Impedance spectroscopy for diagnosis of photovoltaic modules under outdoor
conditions. IEEE J. Photovolt. 2022, 12, 1503–1512. [CrossRef]

20. Gcwensa, T.L.; Boje, E.; Barendse, P. A Direct Continuous-Time System Identification Approach for Online Estimation of
Equivalent Circuit Model Parameters in Photovoltaic Cells. IEEE Trans. Energy Convers. 2024, 40, 43–54. [CrossRef]

21. Buchicchio, E.; De Angelis, A.; Santoni, F.; Carbone, P. Uncertainty characterization of a CNN method for Lithium-Ion Batteries
state of charge estimation using EIS data. Measurement 2023, 220, 113341. [CrossRef]

22. Zhou, X.; Huang, J.; Pan, Z.; Ouyang, M. Impedance characterization of lithium-ion batteries aging under high-temperature
cycling: Importance of electrolyte-phase diffusion. J. Power Sources 2019, 426, 216–222. [CrossRef]

23. Xia, B.; Ye, B.; Cao, J. Polarization voltage characterization of lithium-ion batteries based on a lumped diffusion model and joint
parameter estimation algorithm. Energies 2022, 15, 1150. [CrossRef]

24. Zhao, Y.; Che, Y.; Wang, D.; Liu, H.; Shi, K.; Yu, D. An optimal domestic electric vehicle charging strategy for reducing network
transmission loss while taking seasonal factors into consideration. Appl. Sci. 2018, 8, 191. [CrossRef]

25. Hu, M.; Li, Y.; Li, S.; Fu, C.; Qin, D.; Li, Z. Lithium-ion battery modeling and parameter identification based on fractional theory.
Energy 2018, 165, 153–163. [CrossRef]

26. Ren, B.; Xie, C.; Sun, X.; Zhang, Q.; Yan, D. Parameter identification of a lithium-ion battery based on the improved recursive least
square algorithm. IET Power Electron. 2020, 13, 2531–2537. [CrossRef]

27. Inoue, T.; Komatsu, D. Online Parameter Identification for Equivalent Circuit Model of Li-ion Batteries Using the Eigenvalue
Addition/Deletion Least-Squares Method with a Forgetting Factor. IEEE Access 2025, 13, 73569–73585. [CrossRef]

28. Mukhopadhyay, S.; Usman, H.M.; Rehman, H. Real time li-ion battery bank parameters estimation via universal adaptive
stabilization. IEEE Open J. Control. Syst. 2022, 1, 268–293. [CrossRef]

29. Pillai, P.; Sundaresan, S.; Pattipati, K.R.; Balasingam, B. Optimizing current profiles for efficient online estimation of battery
equivalent circuit model parameters based on Cramer–Rao lower bound. Energies 2022, 15, 8441. [CrossRef]

30. Wang, S.; Takyi-Aninakwa, P.; Jin, S.; Yu, C.; Fernandez, C.; Stroe, D.-I. An improved feedforward-long short-term memory mod-
eling method for the whole-life-cycle state of charge prediction of lithium-ion batteries considering current-voltage-temperature
variation. Energy 2022, 254, 124224. [CrossRef]

31. Liu, B.; Wang, H.; Tseng, M.-L.; Li, Z. State of charge estimation for lithium-ion batteries based on improved barnacle mating
optimizer and support vector machine. J. Energy Storage 2022, 55, 105830. [CrossRef]

32. Yang, Y.; Zhao, L.; Yu, Q.; Liu, S.; Zhou, G.; Shen, W. State of charge estimation for lithium-ion batteries based on cross-domain
transfer learning with feedback mechanism. J. Energy Storage 2023, 70, 108037. [CrossRef]

33. Houssein, E.H.; Hashim, F.A.; Ferahtia, S.; Rezk, H. Battery parameter identification strategy based on modified coot optimization
algorithm. J. Energy Storage 2022, 46, 103848. [CrossRef]

34. Chun, H.; Kim, J.; Yu, J.; Han, S. Real-time parameter estimation of an electrochemical lithium-ion battery model using a long
short-term memory network. IEEE Access 2020, 8, 81789–81799. [CrossRef]

35. Wang, B.C.; He, Y.B.; Liu, J.; Luo, B. Fast parameter identification of lithium-ion batteries via classification model-assisted Bayesian
optimization. Energy 2024, 288, 129667. [CrossRef]

36. Mani, G.; Gnanaprakasam, A.J.; Ramalingam, S.; Omer, A.S.A.; Khan, I. Mathematical model of the lumpy skin disease using
Caputo fractional-order derivative via invariant point technique. Sci. Rep. 2025, 15, 9112. [CrossRef]

37. Manivannan, R.; Vigneswar, N. A comprehensive review of fractional-order mathematical models for lithium-ion batteries:
Historical progress, recent advancements, and future outlooks. J. Energy Storage 2025, 131, 117404. [CrossRef]

38. Zhang, X.; Gao, X.; Duan, L.; Gong, Q.; Wang, Y.; Ao, X. A novel method for state of health estimation of lithium-ion batteries
based on fractional-order differential voltage-capacity curve. Appl. Energy 2025, 377, 124404. [CrossRef]

39. Chua, L.O. Memristor-the missing circuit element. IEEE Trans. Circuit Theory 1971, 18, 507–519. [CrossRef]
40. Strukov, D.B.; Snider, G.S.; Stewart, D.R.; Williams, R.S. The missing memristor found. Nature 2008, 453, 80–83. [CrossRef]
41. Zhang, Z.; Wei, Y.; Ge, Z.; Yan, L.; Zeng, J.; Liu, G. Modeling and circuit simulation of four-terminal Memristor. J. Comput.-Aided

Des. Comput. Graph. 2021, 33, 1126–1131.
42. Fathizadeh, S.; Behnia, S.; Nemati, F.; Salimi, M.; Borjkhani, H. Chaotic control of the dynamical behavior of COVID-19 through

the electromagnetic fields. Phys. Scr. 2022, 97, 085008. [CrossRef]
43. Zhong, H.; Li, G.; Xu, X. A generic voltage-controlled discrete memristor model and its application in chaotic map. Chaos Solitons

Fractals 2022, 161, 112389. [CrossRef]
44. Fang, L.; Wu, C.; Yang, N.; Xu, C. Dynamic analysis and FPGA implementation of memory resistive chaotic circuit based on

asymmetric diode bridge. Electron. Compon. Mater. 2024, 43, 1146–1153.
45. Fahmy, H.M.; Alqahtani, A.H.; Hasanien, H.M. Precise modeling of lithium-ion battery in industrial applications using Walrus

optimization algorithm. Energy 2024, 294, 130859. [CrossRef]
46. Shen, Y.; Li, Y.; Li, W.; Yao, Q.; Gao, H. Extremely multi-stable grid-scroll memristive chaotic system with omni-directional

extended attractors and application of weak signal detection. Chaos Solitons Fractals 2025, 190, 115791. [CrossRef]

https://doi.org/10.1109/JPHOTOV.2022.3195003
https://doi.org/10.1109/TEC.2024.3430377
https://doi.org/10.1016/j.measurement.2023.113341
https://doi.org/10.1016/j.jpowsour.2019.04.040
https://doi.org/10.3390/en15031150
https://doi.org/10.3390/app8020191
https://doi.org/10.1016/j.energy.2018.09.101
https://doi.org/10.1049/iet-pel.2019.1589
https://doi.org/10.1109/ACCESS.2025.3558602
https://doi.org/10.1109/OJCSYS.2022.3206710
https://doi.org/10.3390/en15228441
https://doi.org/10.1016/j.energy.2022.124224
https://doi.org/10.1016/j.est.2022.105830
https://doi.org/10.1016/j.est.2023.108037
https://doi.org/10.1016/j.est.2021.103848
https://doi.org/10.1109/ACCESS.2020.2991124
https://doi.org/10.1016/j.energy.2023.129667
https://doi.org/10.1038/s41598-025-92884-y
https://doi.org/10.1016/j.est.2025.117404
https://doi.org/10.1016/j.apenergy.2024.124404
https://doi.org/10.1109/TCT.1971.1083337
https://doi.org/10.1038/nature06932
https://doi.org/10.1088/1402-4896/ac7fc1
https://doi.org/10.1016/j.chaos.2022.112389
https://doi.org/10.1016/j.energy.2024.130859
https://doi.org/10.1016/j.chaos.2024.115791


Batteries 2025, 11, 377 24 of 24

47. Qian, Y.; Zheng, J.; Hu, H. Dynamic time-delay perturbation: A strategy for enhancing chaotic system performance and its
applications. Nonlinear Dyn. 2025, 113, 4815–4837. [CrossRef]

48. Xue, Q.; Wang, F. Parameters identification for the nonlinear systems via target system-based method with intermittent adjustment.
Math. Found. Comput. 2025, 8, 331–346. [CrossRef]

49. Luo, Y.; Fan, C.; Xu, C.; Li, X. Design and FPGA implementation of a high-speed PRNG based on an nD non-degenerate chaotic
system. Chaos Solitons Fractals 2024, 183, 114951. [CrossRef]

50. Zourmba, K.; Effa, J.Y.; Fischer, C.; Rodríguez-Muñoz, J.D.; Moreno-Lopez, M.F.; Tlelo-Cuautle, E.; Nkapkop, J.D. Fractional order
1D memristive time-delay chaotic system with application to image encryption and FPGA implementation. Math. Comput. Simul.
2025, 227, 58–84. [CrossRef]

51. Sene, N. Theory and applications of new fractional-order chaotic system under Caputo operator. Int. J. Optim. Control. 2022, 12,
20–38. [CrossRef]

52. You, J.; Zhang, Z. Finite-time synchronization of fractional order chaotic systems by applying the maximum-valued method of
functions of five variables. AIMS Math 2025, 10, 7238–7255. [CrossRef]

53. Saeidi, H.; Hejazi, S.R.; Mohammadi, S. Modeling and simulation of non-linear fractional-order chaotic system of supply chain
and financial model. Int. J. Financ. Manag. Account. 2025, 12, 1–20.

54. Salman, H.A.; Kamal, F.M.; Kader, A.H.A. A novel chaotic fractional-order hyperbolic-sine-based electrical circuit: Stability
analysis, simulation, and image encryption application. Int. J. Dyn. Control. 2025, 13, 200. [CrossRef]

55. Kadri, I.; Saadeh, R.S.; AlMutairi, D.M.; Dafaalla, M.E.; Berir, M.; Abdoon, M.A. Analytical and Numerical Investigation of a
Fractional Order 4D Chaotic System via Caputo Fractional Derivative. Eur. J. Pure Appl. Math. 2025, 18, 6381. [CrossRef]

56. Li, S.; Wang, H.; Aitouche, A.; Tian, Y.; Christov, N. Robust unknown input observer design for state estimation and fault detection
using linear parameter varying model. In Journal of Physics: Conference Series 2017; IOP Publishing: Bristol, UK, 2017; Volume 783,
p. 012001.

57. Ali, T.; Saleh, D.; Abdulqader, Q.M.; Ahmed, A.O. Comparing Methods for Estimating Gamma Distribution Parameters with
Outliers Observation. J. Econ. Adm. Sci. 2025, 31, 163–174. [CrossRef]

58. Yao, J.; Kowal, J. A multi-scale data-driven framework for online state of charge estimation of lithium-ion batteries with a novel
public drive cycle dataset. J. Energy Storage 2025, 107, 114888.

59. Liu, Z.; Liu, J.; Zhang, O.; Zhao, Y.; Chen, W.; Gao, Y. Adaptive disturbance observer-based fixed-time tracking control for
uncertain robotic systems. IEEE Trans. Ind. Electron. 2024, 71, 14823–14831.

60. Yu, X.; Chen, W.; Wang, F.; Ke, D.; Xu, L.; Rodriguez, J. Model-free predictive control of non-isolated two-stage AC–DC–DC
converter based on linear extended state observer. Int. J. Robust Nonlinear Control 2025, 35, 2642–2657.

61. Hong, F.; Zhao, Y.; Ji, W.; Hao, J.; Fang, F.; Liu, J. A dynamic migration route planning optimization strategy based on real-time
energy state observation considering flexibility and energy efficiency of thermal power unit. Appl. Energy 2025, 377, 124575.

62. Peng, S.; Zhang, D.; Dai, G.; Wang, L.; Jiang, Y.; Zhou, F. State of charge estimation for LiFePO4 batteries joint by PID observer
and improved EKF in various OCV ranges. Appl. Energy 2025, 377, 124435.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1007/s11071-024-10406-3
https://doi.org/10.3934/mfc.2024014
https://doi.org/10.1016/j.chaos.2024.114951
https://doi.org/10.1016/j.matcom.2024.07.035
https://doi.org/10.11121/ijocta.2022.1108
https://doi.org/10.3934/math.2025331
https://doi.org/10.1007/s40435-025-01699-2
https://doi.org/10.29020/nybg.ejpam.v18i3.6381
https://doi.org/10.33095/cc5b9h49

	Introduction 
	Establishment of First-Order RC-ECM Fractional-Order Chaotic System 
	Fractional Calculus 
	First-Order RC-ECM Fractional-Order Model 
	First-Order RC-ECM Fractional-Order Chaotic System Based on Memristors 

	Dynamic Characteristics Analysis of First-Order RC-ECM Fractional-Order Chaotic Systems 
	System Equilibrium Point Analysis 
	System Dissipation and Attractor Existence Analysis 
	System Lyapunov Exponent Spectrum Analysis and Poincaré Section 

	Construction of State Observers for Unknown Parameters of Fractional-Order Chaotic Systems 
	Theory of Unknown Parameter Identification Based on Observer 
	Construction of State Observer 

	Experimental Results 
	Experimental Investigation 
	Analysis of Experimental Results 

	Discussion 
	Conclusions 
	References

