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Abstract: Most high-Tc superconductors are spatially inhomogeneous. Usually, this heterogeneity
originates from the interplay of various types of electronic ordering. It affects various superconducting
properties, such as the transition temperature, the magnetic upper critical field, the critical current, etc.
In this paper, we analyze the parameters of spatial phase segregation during the first-order transition
between superconductivity (SC) and a charge- or spin-density wave state in quasi-one-dimensional
metals with imperfect nesting, typical of organic superconductors. An external pressure or another
driving parameter increases the transfer integrals in electron dispersion, which only slightly affects
SC but violates the Fermi surface nesting and suppresses the density wave (DW). At a critical pressure
Pc, the transition from a DW to SC occurs. We estimate the characteristic size of superconducting
islands during this phase transition in organic metals in two ways. Using the Ginzburg–Landau
expansion, we analytically obtain a lower bound for the size of SC domains. To estimate a more
specific interval of the possible size of the superconducting islands in (TMTSF)2PF6 samples, we
perform numerical calculations of the percolation probability via SC domains and compare the results
with experimental resistivity data. This helps to develop a consistent microscopic description of SC
spatial heterogeneity in various organic superconductors.

Keywords: superconductivity; CDW (charge-density waves); SDW (spin-density wave); phase
diagram; organic superconductor

1. Introduction

Superconductivity (SC) often competes [1–3] with charge-density wave (CDW) or
spin-density wave (SDW) electronic instabilities [3,4], as both create an energy gap on the
Fermi level. In such materials, the density wave (DW) is suppressed by some external
parameter, which deteriorates the nesting property of the Fermi surface (FS) and enables
superconductivity. The driving parameters are usually the chemical composition (doping
level) and pressure, as in cuprate- [5–10] or iron-based high-Tc superconductors [11,12],
organic superconductors (OSs) [13–26], transition metal dichalcogenides [1–3], etc. The DW
can also be suppressed [27] or enhanced [28,29] by disorder. The latter happens, e.g., in
(TMTSF)2ClO4 organic superconductors [13,14,28–30], where the disorder is controlled by
the cooling rate during the anion ordering transition. Anion ordering splits the electron
spectrum, which deteriorates the FS nesting and dampens the SDW, enabling SC.

The SC–DW interplay is much more interesting than just a competition. Usually,
the SC transition temperature, Tc, is the highest in the coexistence region near the quantum
critical point where the DW disappears [1,2,20,21]. This is attributed to the enhancement of
Cooper pairing by the critical DW fluctuations, similar to cuprate high-Tc superconduc-
tors [31]. This enhancement is also common for other types of quantum critical points,
such as antiferromagnetic (AFM) points in cuprate [32,33] or heavy fermion [34] super-
conductors, ferromagnetic points [35], nematic phase transitions in Fe-based supercon-
ductors [36,37], etc. The enhancement of electron–electron (e–e) interactions in the Cooper
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channel already appears in the random-phase approximation, and the resulting strong mo-
mentum dependence of e–e coupling may lead to unconventional superconductivity [38].
The spin-dependent coupling to an SDW may additionally affect the SC in the case of
their microscopic coexistence and even favor triplet SC pairing [39,40]. Generally, any
antiferromagnetic background changes the spin structure of eigenstates and the electronic
g-factor, as was studied both theoretically and experimentally in cuprate and organic super-
conductors [41]. The upper critical field Hc2 is often several times higher in the coexistence
region than in a pure SC phase [18,25], which may be useful for applications.

OSs are helpful for investigating the SC–DW interplay because they have rather
weak electronic correlations and low DW and SC transition temperatures [13,14], which is
convenient for their theoretical and experimental study. However, their phase diagram,
layered crystal structure and many other features are very similar to those of high-Tc
superconductors. Moreover, by changing the chemical composition or pressure in OSs,
one can easily vary the electronic dispersion in a wide interval and even change the FS
topology from quasi-1D (Q1D) to quasi-2D. Large and pure monocrystals of organic metals
can be synthesized, so that their electronic structure can be experimentally studied by
high-magnetic-field tools [42] and by other experimental techniques [13,14].

To understand the DW–SC interplay and the influence of DW on SC properties in OSs,
one needs to know the microscopic structure of their coexistence. Each of these ground
states creates an energy gap on the Fermi level and removes the FS instability. Hence,
the DW and SC must be somehow separated in the momentum or coordinate space. The
momentum space DW–SC separation assumes a spatially uniform structure, where the FS
is only partially gapped by the DW, and the non-gapped parts of the FS maintain SC [3,40].
The resistivity hysteresis observed in (TMTSF)2PF6 [19] suggests the spatial DW/SC segre-
gation in OSs. Microscopic SC domains of size d comparable to the DW coherence length
ξDW may emerge due to the soliton DW structure [39,43–46]. However, such a small size
of SC or metallic domains contradicts the angular magnetoresistance oscillations (AM-
ROs) in the region of SC/DW coexistence, observed both in (TMTSF)2ClO4 [30] and in
(TMTSF)2PF6 [21] and implying the domain width d > 1 µm [21,30].

The observed [18,25] enhancement of the SC upper critical field Hc2 in OSs is possi-
ble in all of the above scenarios [40,45]. Spatial DW–SC segregation only requires a SC
domain on the order of the penetration depth λ of the magnetic field into the supercon-
ductor [47]. In (TMTSF)2ClO4, the penetration depth within the TMTSF layers is [48]
λab(T = 0) ≈ 0.86 µm, and increases with T → TcSC. Hence, the macroscopic spatial phase
separation with a SC domain size d > 1 µm suggested by AMRO data [21,30] is consistent
with the observed Hc2 enhancement in the DW–SC coexistence phase.

Another interesting feature of SDW/SC coexistence in OSs is the anisotropic SC
onset, opposite to a weak intrinsic interlayer Josephson coupling in high-Tc superconduc-
tors [47]; the SC transition and the zero resistance in OSs was first observed [20,21,28]
only along the least-conducting interlayer z-direction, then along the two least-conducting
directions, z and y, and only finally in all three directions. This anisotropic SC onset was
explained recently [49] by assuming a spatial SC/DW separation and studying the perco-
lation in finite-size samples with a thin elongated shape relevant to the experiments on
(TMTSF)2PF6 [20,21] and (TMTSF)2ClO4 [28,29]. This additionally supports the scenario
of spatial SC/DW segregation in the form of rather large domains of width d > 1 µm.
However, the microscopic reason for such phase segregation remains unknown. Similar
anisotropic SC onset and even Tc enhancement in FeSe mesa structures was observed and
explained by heterogeneous SC inception [50]. The spatial segregation in FeSe and some
other Fe-based high-Tc superconductors probably originates from the so-called nematic
phase transition and domain structure, but similar electronic ordering is absent in OSs.

Recently, the DW–metal phase transition in OSs was shown to be of first order [51],
which suggests that the spatial DW–SC segregation may be due to phase nucleation during
this transition. In this paper, we estimate the typical size of superconducting islands in
organic metals with two different methods. In Section 2, we formulate a model and the



Magnetochemistry 2023, 9, 173 3 of 16

Landau–Ginzburg functional for free energy in the DW state. In Section 3.1, we analytically
obtain a lower bound for the size of the superconducting islands. In Section 3.2, we discuss
the relationship between the DW coherence length and the SC nucleation size during
the first-order phase transition. In Section 3.3, we perform numerical calculations of the
percolation probability, from which we determine the interval of possible sizes of the
superconducting islands in (TMTSF)2PF6. In Section 4, we discuss our results in connection
with the experimental observations of (TMTSF)2PF6 and in other superconductors.

2. The Model
2.1. Q1D Electron Dispersion and the Driving Parameters of DW–Metal/SC Phase Transitions
in OSs

In Q1D organic metals [13,14], the free electron dispersion near the Fermi level is
approximately given by

ε(k) = h̄vF(|kx| − kF) + t⊥(k⊥), (1)

where vF and kF are the Fermi velocity and Fermi momentum in the chain x-direction. The
interchain electron dispersion t⊥(k⊥) is given by the tight-binding model:

t⊥(k⊥) = 2tb cos(kyb) + 2t′b cos(2kyb), (2)

where b is the lattice constant in the y-direction. The dispersion along the interlayer z-axis
is usually significantly less than along the y-axis; thus, it is left out here. In (TMTSF)2PF6,
the transfer integral tb is ≈ 30 meV [52], and the “antinesting” parameter t′b is ≈ 4.5 K [53]
at ambient pressure.

As illustrated in Figure 1b, the FS of Q1D metals consists of two slightly warped sheets
separated by 2kF and roughly exhibits the nesting property.

0.1

1

10

(a) (b)

Figure 1. (a) Pressure–temperature phase diagram of (TMTSF)2PF6 recreated from resistivity data
in ref. [20]; (b) schematic FS of (TMTSF)2PF6, obtained from the Q1D electron dispersion given by
Equations (1) and (2). The nesting vector Q is indicated by the black arrow.

It leads to the Peierls instability and favors the formation of DWs at low temperatures
T < TcDW ≡ Tc, which competes with superconductivity. The quasiparticle dispersion in
the DW state in the mean-field approximation is given by

E±(k) = ε+(k, k−Q)±
√
|∆Q|2 + ε2

−(k, k−Q), (3)

where we have used the notations

ε±(k, k′) =
ε(k)± ε(k′)

2
. (4)
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The FS has the property of perfect nesting at the wave vector Q if ε+(k, k−Q) = 0. If
ε+(k, k−Q) < |∆Q| for the entire FS, all electron states are gapped at the Fermi level due to
DW formation. Then, the DW converts to a semiconducting state at T < TcDW and SC does
not emerge. If ε+(k, k−Q) > |∆Q| in a finite interval of k at the Fermi level, the metallic
state survives at T < TcDW. Then, a uniform SC state may emerge, but its properties differ
from those without DWs [39,40] because of the FS reconstruction and the change in electron
dispersion by the DW. For Q = Q0 = (2kF, π/b), only the second harmonic in the electron
dispersion given by Equation (2) violates FS nesting: ε+(k, k−Q0) = 2t′b cos(2kyb). Hence,
usually only t′b ∼ t2

b/vFkF � tb is important for the DW phase diagram.
With the increase in applied pressure P, the lattice constants decrease. This enhances

the interchain electron tunneling and the transfer integrals. The increase in t′b(P) with pres-
sure spoils the FS nesting and decreases the DW transition temperature TcDW(P). There is
a critical pressure Pc and a corresponding critical value t′∗b = t′b(Pc) at which TcDW(Pc) = 0
and a quantum critical point (QCP) exists. The electronic properties at this DW QCP are
additionally complicated by superconductivity emerging at T < TcSC at P > Pc. In organic
metals, SC appears even earlier, at P > Pc1 < Pc, and there is a finite region Pc1 < P < Pc
of SC–DW coexistence [20,21,25]. This simple model qualitatively describes the phase
diagram observed in (TMTSF)2PF6 [20,21,25], α-(BEDT-TTF)2KHg(SCN)4 [25], in various
compounds of the (TMTTF)2X family [26,54,55] and in many other OSs [13,14,16,17].

2.2. Mean Field Approach and the Landau–Ginzburg Expansion of DW Free Energy

Mean-field theory does not correctly describe strictly 1D conductors, where non-
perturbative methods are helpful. However, in most DW materials, nonzero electron hop-
ping between the conducting 1D chains and the 3D character of the electron–electron (e–e)
interactions and lattice elasticity reduce the deviations from the mean-field solution and
also make most of the methods and exactly solvable models developed for the strictly 1D
case inapplicable. On the other hand, the interchain electron dispersion strongly dampens
the fluctuations and validates the mean-field description [56,57]. The perpendicular-to-
chain term t⊥(k⊥) in Equations (1) and (2) is much greater than the energy scale of the DW
transition temperature (Tc0 ≈ 12.1 K). Only the ”imperfect nesting” term ∼ t′b of t⊥(k⊥) is
on the order of Tc0. Hence, the criterion for the mean-field theory to be applicable [56,57],
t⊥ � Tc0, is reliably satisfied in most Q1D organic metals.

For our analysis, we take the Landau–Ginzburg expansion of the free energy in the
series of even powers of the DW order parameter ∆ = ∆Q:

F ' A(T, Q)

2
|∆|2 + B

4
|∆|4 + C

6
|∆|6 + D

8
|∆|8 + . . . (5)

Usually, the minimum of the free energy corresponds to the uniform DW order
parameter ∆ when Q = Q0. Since the coefficient A(TcDW, Q0) = 0, we keep its temperature
and momentum dependence. The sign of the coefficient B determines the type of DW–metal
phase transition. If BDW > 0, the phase transition is of the second order, and only the first
two coefficients ADW and BDW are sufficient for its description. If BDW < 0, the phase
transition may be of the first order and the coefficients CDW and even DDW if CDW ≤ 0 are
required for its description. The self-consistency equation (SCE) for a DW is obtained by
the variation in the free energy (5) with respect to ∆:

∆
(

A + B|∆|2 + C|∆|4 + D|∆|6 + . . .
)
= 0. (6)

The free energy (5) can also be calculated by integrating the SCE over ∆. In ref. [58],
the SCE for the DW was derived in a magnetic field acting via Zeeman splitting and for
two coupling constants of the e–e interaction, charge Uc and spin Us (see Equation (17)
in ref. [58]). Without a magnetic field, the charge Uc and spin Us coupling constants do
not couple, and the system chooses the largest one of them, corresponding to the highest
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transition temperature. We rewrite the SCE without a magnetic field and for only one
charge or spin coupling constant U:

∆ = −TU ∑
kω

∆
(ω + iε+)2 + ε2

− + |∆|2
, (7)

where ε± = ε±(k, k−Q) are given by Equation (4), and ω takes the values πT(2n + 1),
n ∈ Z. In Appendix A, we briefly describe the derivation of Equation (7) and discuss the
relation of coefficients in the Landau–Ginzburg expansion (5) with electronic susceptibility.
The Landau–Ginzburg expansion coefficients in Equations (5) and (6) can be obtained by
the expansion of Equation (7) in a power series of |∆|2.

The sum over k in Equation (7) for a macroscopic sample is equivalent to the integral:

∑
k

= 2
∫ dkx

2π

∫ π/b

−π/b

dky

2π
. (8)

The factor of 2 appears because of two FS sheets are present at kx ≈ ±kF. Usually,
for simplicity, the integration limits over kx are taken to be infinite and the resulting
logarithmic divergence of Equation (7) is regularized by the definition of the transition
temperature Tc0. This procedure is briefly described in Appendix B of ref. [51]. When the
Fermi energy EF � tb, for a linearized electron dispersion (1) near the Fermi level, one may
integrate Equation (7) over kx in infinite limits, which gives (cf. Equation (22) of ref. [58])

∆ =
πνF|U|T

2 ∑
ω

〈
∆√

(ω + iε+)2 + |∆|2

〉
ky

, (9)

where the density of electron states at the Fermi level in the metallic phase per two spin com-
ponents per unit length Lx of one chain is νF = 2/πh̄vF. Averaging over ky is denoted by tri-

angular brackets, i.e., 〈·〉ky
= b

∫ π/b
−π/b dky/2π·. Equation (9) is similar to the self-consistency

equation for superconductivity in a magnetic field, where the orbital effect of the magnetic
field is neglected and the pair-breaking Zeeman splitting is replaced by ε+(k, k−Q).

3. Estimation of the Size of the SC Islands
3.1. Analytical Calculation of the Ginzburg–Landau Expansion Coefficients for T � tb

′

Expansion of Equation (9) over ∆ yields

A = −4πT
h̄vF

∑
ω

〈
sgn ω

ω + iε+

〉
ky

− 1
U

=

= − 4
h̄vF

[
ln

Tc0

T
+ ψ

(
1
2

)
−
〈

Re ψ

(
1
2
+

ε+
2πT

)〉
ky

]
,

(10)

where the logarithmic divergence πT ∑ω |ω|
−1 ≈ ln(EF/T) is contained in the definition

of Tc0 = EF exp{−1/(vF|U|)}. In (TMTSF)2PF6, Tc0 ≈ 12.1 K [53].
The spatial modulation with the wave vector q of the DW order parameter ∆ corre-

sponds to the deviation of the DW wave vector Q from Q0 by ±q. Hence, the gradient
term in the Ginzburg–Landau expansion of the DW free energy can be obtained by the
expansion of A(T, Q) given by Equation (10) in the powers of small deviation q = Q−Q0.
A(Q, T) depends on Q via ε+ = ε+(k, k−Q), given by Equation (4). For the quasi-1D
electron dispersion in Equations (1) and (2), approximately describing (TMTSF)2PF6, we
may use Equation (21) from ref. [58]:

ε+ =
hvFqx

2
+ 2tb sin

bqy

2
sin
(

b
[
ky −

qy

2

])
− 2t′b cos

(
bqy
)

cos
(
b
[
2ky − qy

])
. (11)
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The general form of the Taylor series of A(T, Q0 + q), given by Equation (10), over the
deviation q = Q− Q0 of the DW wave vector Q from its optimal value Q0 up to the
second order is

A(q) ' − 4
h̄vF

ln
Tc0

T
+

π/b∫
−π/b

dky

(
C0 + cxqx + cyqy + cxyqxqy + Axq2

x + Ayq2
x

). (12)

The linear terms and the cross term vanish when taking the integral
∫ π/b
−π/b dqy (this is

always the case if wave vector Q0 is the optimal one). The constant and quadratic terms do
not vanish, thus

A(q) ' A0 + Axq2
x + Ayq2

y. (13)

Expanding Equation (11) over the deviation q = Q− Q0 up to the second order,
substituting it in Equation (10) and expanding the digamma function over the same wave
vector q, we obtain the coefficients Ai:

A0 = − 4
h̄vF

Tc0

T
+ ψ

(
1
2

)
−
〈

Re ψ

(
1
2
−

it′b cos
(
2bky

)
πT

)〉
ky

;

Ax = − 4
h̄vF

h̄2v2
F

32π2T2

〈
Re ψ(2)

(
1
2
−

it′b cos
(
2bky

)
πT

)〉
ky

;

Ay =
4

h̄vF

b2

8π2T2

〈
2πT

[
tb cos

(
bky
)
− 4t′b cos

(
2bky

)]
Im ψ(1)

(
1
2
−

it′b cos
(
2bky

)
πT

)
−

−
[
tb − 4t′b cos

(
bky
)]2 sin2(bky

)
Re ψ(2)

(
1
2
−

it′b cos
(
2bky

)
πT

)〉
ky

.

(14)

The integrals over ky in Ay, Ax and A0 can be calculated numerically and give the
coherence lengthes ξx and ξy. From Equations (A10) and (A11), it follows that

ξ2
i = Ai/A0. (15)

Figure 2 shows ξx and ξy as functions of temperature T for two different values of
t′b: t′b ≈ 0.42 t

′∗
b , corresponding to (TMTSF)2PF6 at ambient pressure [53] (solid orange

and dashed green lines), and t′b = 0.95 t
′∗
b (solid red and dashed blue lines), i.e., close

to the quantum critical point at t′b = t
′∗
b . These curves diverge at T = Tc(t′b), where

A0 = 0. This divergence, being a general property of phase transitions, is well known
in superconductors. When plotting Figure 2, we used Equations (14) and (15), and the
parameters of (TMTSF)2PF6, i.e., b = 0.767 nm [59] and vF = 107 cm/s [52].

At rather high temperatures (2πT � ε+ ∼ tb
′), we may expand the digamma function

in Equation (10) to a Taylor series near 1/2, which gives

ψ

(
1
2

)
−
〈

Re ψ

(
1
2
+

iε+(k, k−Q)

2πT

)〉
ky

' b
2π

π/b∫
−π/b

dky
ψ(2)(1/2)ε2

+(k, k−Q)

8π2T2 . (16)
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Figure 2. Temperature dependence of the DW coherence length ξ along two main axes at two
different values of t′b: t′b = 4.5 K = 0.42 t

′∗
b , corresponding to (TMTSF)2PF6 at ambient pressure,

and t′b = 0.95 t
′∗
b . Solid and dashed lines correspond to the numerical solution of Equations (14),

while the dotted lines correspond to the approximate analytical formulas in Equations (17) and (18).

Expanding Equation (11) over q up to the second order and substituting it into
Equation (10) after using Equation (16), we obtain the coefficients Ai:

A0 = − 4
h̄vF

[
ln

Tc0

T
+

t′b
2

4π2T2

]
;

Ax = − 4
h̄vF

ψ(2)
(

1
2

)[
h2v2

F
32π2T2

]
; Ay = − 4

h̄vF
ψ(2)

(
1
2

) b2
(

t2
b − 4t′b

2
)

16π2T2

.

(17)

Substituting them into Equation (15), we derive simple analytical formulas for the
SDW coherence lengths, ξx and ξy, valid at πT � t′b:

ξx =
h̄vF

2
√

2

√
1
/(

4π2T2 ln(Tc0/T)/ψ(2)(1/2) + t′b
2
)

;

ξy =
b
2

√√√√ t2
b − 4t′b

2

4π2T2 ln(Tc0/T)/ψ(2)(1/2) + t′b
2 .

(18)

At this limit of πT � t′b, the ratio of coherent lengths along the y- and x-axes does not
depend on temperature:

ξy

ξx
=

b
h̄vF

√
2
(

t2
b − 4t′b

2
)
≈ 0.5. (19)

The temperature dependence of the coherence lengthes ξx and ξy given by Equation (18)
are shown in Figure 2 by dotted lines. The black dotted curves in Figure 2 are obtained
from Equation (18) by setting t′b = 4.5 K = 0.42 t

′∗
b , corresponding to (TMTSF)2PF6 at

ambient pressure [53]. These curves coincide with the result of numerical integration in
Equations (14), which confirms the applicability of Equations (17) and (18) with these param-
eters. From Equation (18), we obtain ξx ≈ 0.06 µm and ξy ≈ 0.03 µm at T = Tc0 = 12.1 K,
corresponding to T/Tc − 1 ≈ 0.075. However, at T/Tc − 1 ≈ 0.01, this gives ξx ≈ 0.16 µm
and ξy ≈ 0.08 µm.

3.2. Relation between the Coherence Length and Nucleation Size during the First-Order
Phase Transition

Despite an extensive study of the phase nucleation process during the first-order phase
transition [60–63], its general quantitative description is still missing. The nucleation rate
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and size may strongly depend on minor factors relevant to a particular system. The DW–
metal or DW–SC phase transitions also have peculiarities, such as a strong dependence on
the details of electron dispersion. Nevertheless, one can roughly estimate the lower limit
of the nucleus size using the Ginzburg–Landau expansion for DW free energy. The latter
gives the energy of a phase nucleus Ω, described by the spatial variation ∆(r) of the DW
order parameter during the first-order phase transition as

∆FΩ ≈
∫

Ω
d3r

1
2

[
A0∆2 + ∑

i
Ai(∂i∆)2

]
≈
∫

Ω
d3r

A0

2

[
∆2 + ∑

i
(ξi∂i∆)2

]
. (20)

If the nucleus size di is < 2ξi, the second (always positive) gradient term exceeds
the first term, which is energetically unfavorable. Hence, the minimal dimensions of
phase nucleation during the first-order phase transition is given by the coherence lengths
di > 2ξi. The latter diverges at the spinodal line Tc(t′b) of the phase transition where A0 = 0,
as illustrated in Figure 2 for our DW system. However, the first-order phase transition starts
at a slightly different temperature Tc1, while the spinodal line Tc(t′b) corresponds to the
instability of one phase. Hence, for the estimates of nucleus size di, one should take some
finite interval ∆T = Tc1 − Tc, which is determined by the width of the first-order phase
transition. Unfortunately, the latter is unknown and strongly depends on the physical
system. In our case, this width ∆T depends on the details of electron dispersion, e.g., on
the amplitude of higher harmonics in the electron dispersion given by Equation (2). If we
take a reasonable estimate, i.e., ∆T = Tc1 − Tc ≈ 0.01 Tc, we obtain the SC domain size
d > 2ξ > 0.3 µm.

3.3. Estimates of Superconducting Island Size from Transport Measurements and the Numerical
Calculation of the Current Percolation Threshold

Another method of estimating the average SC island size is based on using the avail-
able transport measurements, especially the anisotropy of the SC transition temperature ob-
served in various organic superconductors [20,21,28] and determined from the anisotropic
zero-resistance onset in various samples. This anisotropy was explained both in organic
superconductors [49] and in mesa structures of FeSe [50] by the direct calculation of the
percolation threshold along different axes in samples of various spatial dimensions relevant
to experiments. The qualitative idea behind this anisotropy is very simple. As the volume
fraction φ of the SC phase grows, the isolated clusters of superconducting islands grow and
become comparable to the sample size. When the percolation via superconducting islands
between the opposite sample boundaries is established, zero resistance sets in. If the sample
shape is flat or needle-like, as in organic metals, this percolation first establishes along
the shortest sample dimension, when the SC cluster becomes comparable to the sample
thickness (see Figure 4a in ref. [49] or Figure 4b in ref. [50] for illustration). With a further
increase in the SC volume fraction φ, the zero resistance sets in along two axes, and only
finally in all three directions, including the sample length.

In infinitely large samples, the percolation threshold is isotropic [64]. Hence, this
anisotropy depends on the ratio of the average size d of superconducting islands to the
sample size L. This dependence can be used for a qualitative estimate of SC island size d
by analyzing the interval of d where the experimental data on conductivity anisotropy are
consistent with theoretical calculations.

The algorithm and implementation details of percolation calculations are given in
refs. [49,50]. Using this method, we calculated the probability of percolation of a random
geometric configuration of superconducting islands in a sample of (TMTSF)2PF6 with
typical experimental dimensions of 3 × 0.2 × 0.1 mm3 [19,20] for various island sizes.
For simplicity, the geometry of the islands was taken as spherical.

Figure 3 shows the dependence of the percolation threshold φc of the SC phase on
the geometric dimensions of the superconducting islands. By the percolation threshold,
we mean the SC volume fraction φ at which the probability of percolation of a randomly
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chosen geometrical configuration of islands is 1/2. In order to take into account possible
random fluctuations of this SC current percolation, in Figure 3, we also plot the interval
of the SC volume fraction φ, corresponding to the large interval of percolation probability
p ∈ (0.1, 0.9) and denoted by the error bars. These error bars get bigger with the increase
in size d of the spherical islands, because the larger the SC domain size d, the smaller
the number N of SC domains required for percolation and hence, the stronger its relative
fluctuations δN/N ∝ N−1/2. From Figure 3, we can see that for the sample dimensions used
in the experiment [20], the percolation threshold via SC domains is considerably anisotropic,
beyond the random fluctuations corresponding to a particular sample realization, if the
domain size exceeds 2 µm. For smaller sizes of superconducting islands, the anisotropy
is smaller than the “error bar” of φc, corresponding to the fluctuations in the percolation
probability p ∈ (0.1, 0.9). These error bars get bigger with the increase in the size d of the
superconducting islands, because the larger the SC domain size, the smaller the number N
of SC domains required for percolation and the stronger the fluctuations in this number
δN/N ∝ N−1/2. For d < 2 µm, the percolation thresholds along all three axes converge to
the known isotropic percolation threshold in infinite samples φc∞ ≈ 0.2895 (see page 253 of
ref. [65]).

2 4 8 16 32
0.0

0.1

0.2

0.3

0.4

Figure 3. The dependence of the percolation threshold φc along different axes on the size of the
spherical island d in (TMTSF)2PF6. The intervals of φc, corresponding to the percolation probability
p ∈ (0.5± 0.4), are indicated by error bars.

4. Discussion and Conclusions

The observed strong anisotropy of the SC transition temperature TcSC in (TMTSF)2PF6 [20,21]
and (TMTSF)2ClO4 [28] samples of thicknesses of ∼0.1 mm is consistent with our perco-
lation calculations of the SC domain size of d > 2 µm. These estimates of the SC domain
size d agree well with the result that dx > 1 µm, implied by the clear observation of
angular magnetoresistance oscillations and of a field-induced SDW in (TMTSF)2PF6 [21]
and (TMTSF)2ClO4 [30]. The latter requires that the electron mean free path, lτ , is >lB,
where lB = h̄/eBb ∼ 1 µm is the so-called quasi-1D magnetic length [21,42]. Hence, all
experimental observations agree and suggest an almost macroscopic spatial separation of
SC and SDW phases in these organic superconductors.

The above SDW coherence length ξ obtained from the Ginzburg–Landau expansion
of the SDW free energy at the first-order SDW–SC phase transition in the organic super-
conductor (TMTSF)2PF6 gives the SC domain size d > 2ξ > 0.3 µm. This generally agrees
with the experimental estimates of d > 1 µm, but gives a too weak limitation because of
the following three possible reasons:

(1) The SC proximity effect [47]: The SC order parameter is nonzero not only in the
SC domains themselves, but also in shells of width δd ∼ ξSC around these SC
domains. The SC coherence length ξSC ∼ h̄vF/π∆SC diverges near the SC tran-
sition temperature TcSC, and even far from TcSC ≈ 1 K in organic superconduc-
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tors δdx ∼ ξSC ∼ h̄vF/πTcSC ≈ 0.3 µm. Hence, the resulting size of SC domains
with this proximity effect shell is dx & 2(ξSC + ξ) ≈ 1 µm, which well agrees with
experimental data.

(2) The clusterization of superconducting islands with the formation of larger SC domains,
glued by the Josephson junction: In current percolation and zero-frequency transport
measurements, such a cluster is seen as a single SC domain. Since the SDW–SC
transition is observed close to the SC percolation threshold (the SC volume fraction
of φc > 0.1), the formation of such SC clusters is very probable. Note that such
clusterization may also explain the small difference between the estimates of the SC
domain size from AMRO data and from current percolation.

(3) An oversimplified physical model: In our percolation calculations, we take all clusters
of the same size, because the actual size distribution of superconducting islands is
unknown. In addition, special types of disorder, such as local variations in (chemical)
pressure, affect the SC–SDW balance.

The size of isolated SC domains allows an independent approximate measurement of
the diamagnetic response. The diamagnetic response of small SC grains of size d . λ, where
λ is the penetration depth of magnetic field into the superconductor, strongly depends
on the d/λ [47] ratio. Note that this penetration depth in layered superconductors is
anisotropic. Since the SC volume fraction φ is approximately known from the transport
measurements and from the percolation threshold, by measuring the diamagnetic response
at φ < φc for three main orientations of a magnetic field B and comparing it with the
susceptibility χ = −φ/(4π) of large SC domains of volume fraction φ, one may roughly
estimate the SC domain size along all three axes. A similar diamagnetic response in
combination with transport measurements was used in FeSe to estimate the size and
shape of superconducting islands above TcSC [66,67]. A similar combined analysis of the
diamagnetic response and transport measurements has also been used to obtain information
about the SC domain size and shape above TcSC in another organic superconductor, β-
(BEDT-TTF)2I3 [68].

Spatial phase segregation may also happen near the quantum critical point of the
Mott-AFM metal–insulator phase transition, e.g., as observed in the κ-(BEDT-TTF)2X family
of organic superconductors [69–72]. The observation of clear magnetic quantum oscilla-
tions [71,72] in the almost insulating phase of these materials indicates a rather large size d
of metal/SC domains in the Mott insulator media, comparable to the electron cyclotron
radius. Although the first of our methods, based on the Ginzburg–Landau SDW free
energy expansion, is not applicable in this case, our second method [49,50], based on the
calculation of percolation anisotropy in finite-sized samples, should work well and give
valuable information about the shape and size of metal/SC domains.

The obtained, almost macroscopic spatial SDW–SC phase separation on a scale of
d & 1 µm implies a rather weak influence of the SDW quantum critical point on SC cou-
pling. Indeed, while in cuprate high-Tc superconductors [5,31,73–76] and in transition metal
dichalcogenides [1–3] the SC–DW coexistence is more “microscopic” and the corresponding
TcSC enhancement is several-fold, in organic superconductors, the TcSC enhancement by
quantum criticality is rather weak, at ∼10%. Note that in iron-based high-Tc supercon-
ductors [11,12], e.g., in FeSe, the TcSC enhancement by quantum criticality is also rather
weak, at ∼10%. A comparison of the observed [50,77] TcSC anisotropy in thin FeSe mesa
structures of various thicknesses with the numerical calculations of percolation anisotropy
in finite-sized samples [50], similar to that in Section 3.3, suggests that the SC domain size
in FeSe is also rather large, at d ∼ 0.1 µm, close to the nematic domain width in this com-
pound. Hence, similar to organic superconductors, in FeSe and other iron-based high-Tc
superconductors, the large size of SC domains reduces the SC enhancement by critical
fluctuations. This observation may give a hint about raising the transition temperature in
high-Tc superconductors, which are always spatially inhomogeneous. The knowledge of
the parameters of SC domains also helps to estimate and even propose possible methods to
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increase the upper critical field and critical current in such heterogeneous superconductors,
considered as a network of SC nanoclusters linked by Josephson junctions [75,78].

To summarize, we have shown that the scenario in which the first-order phase transi-
tion results in the spatial phase separation of SC and SDW in organic superconductors is
self-consistent and also agrees with the available experimental data. We estimated the size
of SC domains d by two different methods. This estimate of d > 1 µm is consistent with
various transport measurements, including the anisotropic zero resistance onset in thin sam-
ples [20,21,28] and with angular magnetoresistance oscillations and magnetic-field-induced
spin-density waves [21,30]. We also discuss the relevance of our results, obtained for or-
ganic superconductors, to high-Tc superconductors, and why the knowledge of SC domain
parameters is important for increasing the transition temperature, the critical magnetic
field Hc2 and the critical current density in various heterogeneous superconductors.
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Appendix A. Mean-Field Theory for DW

The electronic Hamiltonian consists of the free-electron part H0 and the interaction
part Hint:

H = H0 + Hint,

H0 = ∑
k

ε(k)a†
kak,

Hint =
1
2 ∑

kk′Q
VQa†

k+Qaka†
k′−Qak′ .

(A1)

We consider the interactions at the wave vector Q close to the nesting vector
Q0 = (±2kF, π/b). If the deviations from Q0 are small, we can approximate the in-
teraction function as V(Q) ≈ V(Q0) = U. In the case of CDW, U is the charge coupling
constant, while for a SDW, U denotes the spin coupling constant. Next, in the mean-field
approximation, we introduce the order parameter

∆Q = 2U ∑
k

g(k−Q, k,−0),

g(k, k′, τ − τ′) = 〈Tτa†
k′(τ

′)ak(τ)〉.
(A2)

Then, the final mean-field Hamiltonian, which we will study further, is

Hint = ∑
kQ

∆Qa†
k+Qak + H. c.+ const . (A3)
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The factor of 2 in Equations (A2) and (A7) comes from the summation over two spin
components. The operators a†

k+Q and ak correspond to the same spin component for a
CDW, and to different spin components for an SDW. From Equations (A1) and (A3), using
the standard equation for the operator evolution, ih̄ dÂ/ dt =

[
Â, Ĥ

]
, one obtains the

equations of motion for the Fourier transform of the Green’s function g(k, k′, τ − τ′) =∫
dω/(2π)eiω(τ−τ′)g(k′, k, ω):

[iω− ε(k)]g(k′, k, ω)−∑
Q

∆Qg(k′, k, ω) = δk′ ,k. (A4)

In the metallic phase, ∆Q, given by Equation (A2), vanishes after the thermodynamic
averaging denoted by triangular brackets in Equation (A2). If the DW at wave vector Q0 is
formed, the order parameter ∆Q 6= 0 for Q = Q0, while for Q 6= Q0, the average ∆Q = 0.
The spatial variation in the order parameter ∆(r) =

∫
d3q/(2π)∆(q)eiq·r is described by

the deviation q = Q−Q0 of the DW wave vector Q from its value Q0, corresponding
to the maximum susceptibility. If we now set ∆Q1 = ∆δQ1,±Q, where Q = Q0 + q with
|q| � kF, the equations of motion (A4) can be solved, giving

g(k−Q, k, ω) = −
∆Q

(ω + iε+)2 + ε2
− + |∆Q|2

, (A5)

where ε± = ε±(k, k−Q) are given by Equation (4). From Equations (A2) and (A5), we
obtain the self-consistency Equation (7), omitting the subscript Q in ∆Q:

∆ = −TU ∑
kω

∆
(ω + iε+)2 + ε2

− + |∆|2
. (A6)

The mean-field Hamiltonian given by Equations (A1) and (A3) decouples to a sum
over k of 2× 2 matrices. Their diagonalization gives the new quasiparticle dispersion given
by Equation (3). Hence, the order parameter ∆Q defined in Equation (A2) has the physical
meaning of the DW energy gap for the case of perfect nesting. One could define the order
parameter in a different way as

nQ =
∆Q

U
= 2 ∑

k
〈Tτa†

k′(τ
′)ak(τ)〉, (A7)

which has the physical meaning of electron density nQ at wave vector Q. The latter couples
to the external potential VQ at the same wave vector in the Hamiltonian: δH = δF =
−∑Q nQVQ. The equilibrium value of the DW order parameter ∆Q = UnQ in the presence
of an external field VQ can be obtained from the minimization of the total free energy
Ftot = F + δF, where the free energy F without an external field is given by Equation (5) at
∆Q → 0:

∂Ftot

∂nQ
= −VQ + U

∂F
∂∆Q

= 0, (A8)

or
−VQ + U2nQ

[
A(T, Q) + B

∣∣∆Q
∣∣2 + . . .

]
= 0. (A9)

Hence, the electronic susceptibility just above the DW phase transition temperature TcDW,
where ∆Q = 0, is related to the coefficient A(T, Q) > 0 of the Landau–Ginzburg expansion:

χ(Q) =
nQ

VQ
=

1
A(T, Q)U2 . (A10)

At the DW transition temperature T = TcDW, the coefficient A(T, Q) = 0 for some
Q. Hence, the DW wave vector Q corresponds to the minimum of A(TcDW, Q) or to the
maximum of susceptibility χ(Q) in Equation (A10). Near this extremum, one can expand
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Equation (A10) over the deviation q = Q−Q0 of the DW wave vector Q from its optimal
value Q0:

χ(Q) =
χ(Q0)

1 + ξ2q2 , (A11)

which gives the estimate of the DW coherence length ξ.
Below the phase transition temperature TcDW, Equation (A9) gives

χ−1(Q) = U2
[

A(T, Q) + B|∆|2 + C|∆|4 + ..
]
→ ∞, (A12)

which corresponds to a finite ∆Q at vanishing VQ. Nevertheless, one can find the differential
susceptibility

χ−1(Q) =
dVQ

dnQ
=

∂2F
∂n2

Q
= U2 ∂2F

∂∆2
Q

, (A13)

which generalizes Equation (A10).
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