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Abstract: Numerical investigation of the effects of magnetic field strength, thermal radiation, Joule
heating, and viscous heating on a forced convective flow of a non-Newtonian, incompressible
power-law fluid in an axisymmetric stretching sheet with variable temperature wall is accomplished.
The power-law shear-thinning viscosity-shear rate model for the anisotropic solutions and the
Rosseland approximation for the thermal radiation through a highly absorbing medium is considered.
The temperature-dependent heat sources, Joule heating, and viscous heating are considered to be
the source terms in the energy balance. The non-dimensional boundary-layer equations are solved
numerically in terms of similarity variable. A parameter study on the boundary value of chemical
reaction and Nusselt number is performed as a function of thermal radiation parameter, Brinkman
number, Prandtl number, Hartmann number, power-law index, heat source coefficient, Brownian
parameter, thermophoresis parameter, and the chemical reaction parameter. The results show that
the chemical reaction parameter has an increasing effect on the chemical reaction boundary while
the magnetic, thermophoresis, and Brownian effects decrease the rate of the chemical reaction at
the boundary.

Keywords: thermal radiation; forced convection; viscous dissipation; power-law index;
stretching sheet; thermophoresis effect; Brownian effect; chemical reaction

1. Introduction

Flow past a stretching plate has been a topic of the research for around half a century [1]. One
of the aspects of this flow is its effect on the heat and mass transfer [2]. The forced convective heat
transfer on a stretching sheet with injection, suction, and blowing with variable temperature are
studied by Grubka and Bobba [3]. They showed the thermodynamic aspects of the problem is affected
significantly by the flow characteristics. The application of this problem is in the industry of the wire
drawing [4] manufacturing of hot rolling glass fiber [5], drawing plastic sheet [6], cooling and drying
of papers [7], melting of polymers [8], etc. The temperature field in a flow over a stretching plate with
a uniform heat flux [6] and with variable heat flux [8] including the distribution of heat transfer reveals
the effect of flux distribution on the thermal balance in the volume. Hooshmand et al. solved the
flow past a stretching plate and the solution obtained reveals that for constant surface temperature the
skin friction coefficient increases with the Reynolds number [9]. The research also contains the effect
of thermal radiation on a stretching plate [9,10]. Flow and heat transfer of a fluid through a porous
medium over a stretching surface with internal heat generation/absorption and suction/blowing is
studied by Cortell [11].

Transient flow is solved analytically for the case of unsteady boundary-layer flows caused by
an impulsively stretching plate [12]. There is a great difference between the solution of Liao [12]
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and the simple model in boundary-layer flow derived by Mehmood [13]. Hydro-magnetic effects
adjacent [14] to a stretching vertical sheet and inside the boundary-layer flow [15] was studied by
researchers. Furthermore, the geometry is varied from plate [1,9,12] to cylinder [15-18]. The effect of
magnetohydrodynamics (MHD) on the flow and heat transfer due to a stretching cylinder was studied
by Ishak et al. [19]. Existence of a solution and prior bounds for steady stagnation flow toward a
stretching cylinder by Mastroberardino and Paullet [20] and Aligned and non-aligned radial stagnation
flow on a stretching cylinder by Weidman and Ali [21] showed that the concentration of the flow can
increase the heat transfer locally.

Stretching of the cylinder can cause slip effects [22] and vacillation [23]. Those effects can be
controlled by hydro-magnetic effects [24]. The MHD control is used in various applications such as
two-phase flow-induced vibrations in the vertical heated upward flow [25-27], hemodynamic [28-30],
and polymer applications [31-33]. The problem is solved in Cartesian [34—41] and cylindrical
coordinates [42,43]. In the International Plastics Handbook [44] and Mechanical and Thermophysical
Properties of Polymer Liquid Crystals [45] thermal and physical properties of polymers are given and
used for the current study. The Rosseland approximation [46].

Previous work on MHD flow [47] with radiation heat transfer [10,48-50] with models [51,52] and
methods [53,54], in various media [55-73].

The media can be categorized as porous [55], convective [56], microchannel [57], square
cavity [58], gravity flows [59], gravity currents [60], suspensions [61], shear-thinning [62], porous
gravity currents [63], power-law gravity currents [64], vertically graded porous media [65],
confining boundaries [66], gravity porous media [67], propagative [68-70], pressure-dependent [71],
rheological [72],and varying cross-sections and inclinations [73]. The literature is very broad but few
papers consider all the effects in one study. The importance of this work is in considering all those
parameters in one problem.

Hayat et al. solved the Jeffrey fluid problem with Cattaneo—Christov heat flux (a combination
of transient thermal and velocity), double stratification, and chemical reaction effects [74].
Modified Fourier’s law (parabolic heat conduction) showed decreases in temperature at higher
thermal relaxation. MHD effects on homogeneous (first-order kinetics A — B, rate = kC,,) and
heterogeneous (cubic autocatalytic kinetics A + 2B — 3B, rate = leaCl%,) reactions have been
studied by Khan et al. [75]. They showed that homogeneous reactions are governed by first-order
kinetics, but the effect of MHD on boundary chemical flux was not considered. MHD effects on mixed
convective flow caused by a rotating disk were studied by Hayat et al. [76] without the chemical
reaction. The impacts of Joule heating, Brownian model, Buongiorno model, and non-linear thermal
radiation on Walter-B fluid is addressed in [77]. Khan et al. [77] ignored the effect of a self-sustained
chemical reaction and the reaction caused by Brownian diffusion and thermophoresis diffusion effects.
Rashid [78] studied the flow of magnetite Fe3O4 nano liquid over a stretching sheet. Heat source/sink,
non-linear radiation, velocity, and thermal slip aspects were considered by them, but chemical reactions
are ignored.

Considering all the above, the goal of the present article was to investigate the MHD effects in a
steady-state fully developed non-Newtonian incompressible flow over an axisymmetric stretching
sheet and the Rosseland approximation model in the chemical reactive environment where the
Brownian and thermophoresis effects affect the transport of diluted species. Furthermore, the chemical
reaction will affect the thermal balance of the system with released heat and with heating at a
specific rate. In the next section, the complex nature of the governing equations describing the
flows of the system are presented. Similarity transformation is used to reduce the governing equations
of the problem into a system of non-linear ordinary differential equations. The resulting system
of coupled equations are solved and discussed in the last section. A parameter study on chemical
reactions including thermal radiation parameter, Brinkman number, Prandtl number, Hartmann
number, power-law index, heat source coefficient, Brownian parameter, thermophoresis parameter,
and chemical reaction parameter is performed. Numerical values are expressed in terms of graphs to



Magnetochemistry 2019, 5, 057 3of16

investigate the influence of various flow, controlling parameters such as radiation parameter, Prandtl
number, magnetic parameter, chemical parameter, and power-law parameter. The conclusions are
presented in the conclusion section.

2. Governing Equations

To study the MHD effects on chemical reaction near an infinitely radially stretching sheet,
an axisymmetric two-dimensional sketch as shown in Figure 1 is well considered. The fluid is
considered to be an incompressible liquid. To understand the effect of melting, non-Newtonian models
are considered. As exemplified, the fluid in contact with the surface of the non-permeable stretching
sheet will travel along with the sheet without any slippage.
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Figure 1. Schematic representation of the considered problem.

In cylindrical coordinates the continuity is:

Jduv v du

and the momentum equation is:
v d do |1 9o )

where power-law indexes for common materials are presented in Table 1.

Table 1. power-law indexes.

Material n

high density polyethylene 0.41
low density polyethylene  0.39

polyamide 0.66
polycarbonate 0.98
polypropylene 0.38

polystyrene 0.28

polyvinyl chloride 0.26

The energy equation for thermal balance is:

oT T\ o (,0T g,
aC oT Dy ,aT .2
Q(T — They) +pCpDp-— +Pcpfw(g)

n+1

3
°l 4B
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where g, is modeled by Rosseland approximation:

4% OT

qr = —§¥/ (4)

For the optically thick medium with the optical thickness (x x r) greater than 3 and the boundary
layer [38] and using a linear approximation for temperature (T* ~ 4T3 T — 3T%) the energy balance is:

v n+1

oT  dT o (T 40" 9 (n>T*) -
0CoT Dt 0T \2
QT = Teo) +pCpDp=-=- + oo (g)
The governing boundary-layer equations for mass transfer is
oC oC 0 aC 0 (D oT
boundary conditions are:
v(z=0)=cr'/3 @)
where shrink rates for common plastics are presented in Table 2.
v(z=00)=0 ®)
u(z=0)=0 9)
T(z=0)=Ty (10)
T(z=0) = Te (11)
C(z=0)=Cy (12)
C(z=00) =Cs (13)

Table 2. Shrink rates for common plastics.

Material Shrink Rate (/in/in)

ABS 0.005-0.007
acetal 0.018-0.025
acrylic 0.002-0.008

nylon 6 0.006-0.014
nylon 66 0.012-0.018
polycarbonate 0.005-0.007

PET 0.005-0.012

polyethylene 0.015-0.050
polypropylene 0.010-0.025
PP (30% glass) 0.004-0.0045
polystyrene 0.002-0.006

PS (30% glass) 0.0005-0.0010
pPVC 0.003-0.0008
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The governing equations can be reduced to ordinary differential equations, using the
19 4 = %aa—lf) of momentum

similarity transformation. The equivalent stream formulations (v = —3 57,
and energy equations by the dimensionless temperature definition (8 = TTw iTﬁ’o )are:
1Pyoy 1\’ 1opdy K( 1\"2 (10" Py
r29rdz 0z 13 \ 0z 29raz2  p \ r/) 9z \|oz2 022 (14)
o8y
or 0z
19pa0  1ayae  k 9% K 19%p|""
1ap28 100 kR0, K| 1y
rordz raozdr pCpoz pCp (Twy —Teo) | 7 0z (15)
oB? ap\?  Q 900 Dr 30,2
‘Hmﬂm_n@ﬂ<&)‘Hmﬁ+D%n&+Dw%Q
* 02 _ 3
o*n (Ty — Teo) (16)

where

kr = 3kx

Furthermore, the mass transfer equation by considering the dimensionless concentration
C—Ceo ) js:

definition (¢ = &=
19¢op 1999p _ 9 (1) ¢) 9 (Draf)
Dy 0z + 0z \ Do 0z kg 17

rordz rozodr 0z

The r component of velocity is assumed to have the following profile:

v=cr'/3f' (i) (18)
where 7 is
1
_(5pctT\ T s
n= ( 3K ) r’°z (19)
and stream function is 5
p=prifly) 20)

the resulted axial velocity component is:

| 2n—1 ,—1/3 _ /
u=— n+1 3Kn;p r (53f ﬂf ) (21)

(22)

the magnetic field distribution is:
B = Bor /3

the heat source coefficient is:
Q=Qor (23)

Since the non-dimensional momentum and energy equations are:

12 2 g1
|f//|ﬂ*1 4 ffr — (qu?Hb‘lf) =0 (24)

2=, (25)

P .
(1+ Ng)0” + %f@’ +Br|f" " + Haf”? + Q0 + Npg'®' + N; (')
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¢+ Scfp' —yp + %9” =0, (26)

b

with boundary conditions of:

f(0)=0 27)
f10)=1 (28)
Jim - f() =0 (29)
0(z=0)=1 (30)
7}3{}0 6(1) =0 (31)
p(z=0)=1 (32)
,}g{}o ¢(n) =0 (33)

The velocity, temperature, and concentration profiles are obtained by solving Equations (24)—(26)
with boundary conditions (27)—-(33) by assigning numerical values to the parameter encounter in
the problem. Dimensionless parameters are as follow:

R Qo il 9K2p2¢2n—4
Q= = i /72@2 (34)

e ;1+i/9pn_1K2nZC3n_3

e heat source is:

e The Prandtl number is:

P
r p 5 (35)
o The Péclet number is
Pe = pKc"a" 1 (36)
e Hartman number is:
Ha = By, |~ (37)
oc
e  The Brinkman number is: " .
K"t~
Br = ——M—
r AT (38)

e  The Schmidt number (Sc) is a dimensionless number defined as the ratio of momentum diffusivity
(kinematic viscosity) and mass diffusivity:

Sc=v/Dg (39)

e Lewis number is a dimensionless number which is the ratio of thermal diffusivity to mass
diffusivity, «/ Dp, (or) Schmidt number to Prandtl number

Le = Sc/Pr (40)
e Brownian motion parameter is
N = 28Ce = Co) @
e thermophoresis parameter is
Dr(Teo — T
N, = s~ Tw) @)

e chemical reaction parameter is

kicD 0 —
y = 1€ B((i} Cw) (43)
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3. Results and Discussion

The non-linear ordinary differential Equations (24)—(26) with boundary conditions (27)-(33)
have been solved by implementing the Runge-Kutta—Fehlberg fourth—fifth-order method with
shooting technique. The work presents a study on the physical aspects of MHD on the chemical
reactions on non-Newtonian fluid flow over stretching surface which has a significant role
in food processing, polymer manufacturing, chemical engineering industries, and metallurgy.
The mathematical modeling of the physical problem, which is coupled heat and mass transfer problem,
include the non-linear set of partial differential equations. The coupled non-linear equations are solved
for different values of parameters. To validate the compatibility of the computed solution, Table 3 is
developed to compare the present work with past works, with which this comparison shows excellent
agreement. The schematic details of the compared model are the same as the current problem, which
is shown in Figure 1.

Table 3. Comparison of the f between the present results and those obtained previously [51] for the
special case of, Ha = 0, n = 0, and non-linear stretching (m = —1/3).

Present Work Khan et al. [51]

f 1.17 1.173721
NuReit 0.787 0.789183

A set of non-linear ordinary differential equations are of third order in f, second order in 6 and ¢,
and are first reduced into a system of simultaneous ordinary equations. The system of ODE is in the
form of

Y' = g(Y) (44)
where o -
n f
¥2 f!
y3 f//
Ys o'
Ye ¢
Ly7] L9’ ]
and the function g is
_ " -
Y3
—yi "y +y1 "(v3/5+3/5Ha*y,)ys
g(Y) = 5/3Pry1y5+Br\y3\”“+Ha2.y%+Qy4+Nty§+Nb.y5.y7 (46)
—T-NR
Y7
n+1 2.2 2
| —Scyry7 + 7ye — Nt/Nb5/3Pry1y5+Br|y3| tﬁlﬁgijyﬁNtyﬁNb.ys.w_

Using trial and error or some scientific approach, one attempts to get as close to the boundary
value as possible. The most essential step of this method is to choose the appropriate finite value for
far-field boundary conditions. Here, infinity condition is taken at a large but finite value of #, where
no considerable variations in velocity, temperature and so on occur. We run our bulk computations
with the value at 77,4 = 5, which is sufficient to achieve far-field boundary conditions asymptotically
for all values of the parameters considered. Figure 1 shows the schematic of the flow model where
the z-axis represents the horizontal direction and the r-axis is normal to it. It is assumed that the
sheet has an infinite radius and the surface is exposed to stretching by specific velocity. Before



Magnetochemistry 2019, 5, 057 8 of 16

discussing the results, first the results of the current problem are compared with earlier research.
Table 3 presents a comparison of the f between the present results and those obtained previously [51]
for the special case of, Ha = 0, n = 0, and non-linear stretching (m = —1/3). That shows the results
could be interpreted in perspective of previous studies and the working hypotheses. They are the
same in geometry. Since the most important parameter is compared, and they are found to be in
excellent agreement. Furthermore, the value of the local Nusselt number is compared for the case
of Pr = 1 and n = 0.5, which shows that the current method underestimates that value, but they
are generally in good agreement. Numerical values are expressed in terms of graphs to investigate
the influence of the Hartmann number as well as the chemical reaction parameter, Brownian motion,
and thermo-phoresis parameter. General results of solved parameters are plotted in Figures 2—4.
Figures 2—4 demonstrate that with an increase in curvature of the cylinder we would have an increase
in velocity, temperature, and concentration profiles, respectively. As shown in Figure 2 the f’ function
decrease as the distance from the wall increases. The Figure is a plot of results obtained for N, = 0, Ny =
0,Ha = 0,Q = 0,Pr = 1,Br = 1,7 = 1,5c = 1. Radial velocity distributions show that the
inside the boundary layer the velocity decrease gradually as a result of non-linear viscosity of the fluid.
This is because an increase in Hartmann number will increase the intensity of body force, which acts as
a blowing boundary condition at the stretching surface and hence tends to thicken the boundary layer.
Figure 3 reveals the concentration distribution versus the non-dimensional distance. The Figure is
a plot of results obtained for N, = 0O,N; = 0,Ha = 0,Q=0,Pr=1,Br=1,7v=1,5c =1. Itis
observed that for increasing values of distance, the dimensionless concentration decreases, and the
velocity boundary-layer thickness increases and decreases the temperature distribution. It is realized
that an increase in the value of chemical reaction parameter decreases the concentration of species
in the boundary layer, whereas the velocity and temperature of the fluid are not significant with
an increase in chemical reaction parameter. Figure 4 exposes the temperature distribution versus
the non-dimensional distance. The Figure is a plot of results obtained for N, = O,N; = 0,Ha =
0,Q =0,Pr =1,Br = 1,9 = 1,5c = 1. It is observed that for increasing values of distance,
the dimensionless temperature decreases, and the velocity boundary-layer thickness increases and
decreases the temperature distribution.

0.6 1

f/

0.4 1

0.2 ' '
0 0.2 0.4 0.6 0.8 1

n

Figure 2. MHD Effects on velocity distribution.
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Figure 3. Concentration distribution.
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Figure 4. Temperature distribution.

The findings and their implications are summarized in Table 4, where all the important results,
by different parameter, are presented. Table 4 explains the effect of radiation parameter, Prandtl
number, Brinkmann number, non-Newtonian power index, Hartmann number, and volumetric heat
generation on boundary later thickness and Nusselt number. Future research directions may also
be done by considering Brownian motion effects and Soret effects. Boundary-layer characteristics in
Table 4 are symbolized by parameter J. It is observed that for increasing values of Hartman number,
the velocity and the boundary-layer thickness increase and decrease the temperature distribution.
It could be understood by the curvature of the velocity and temperature profile. Specific results of the
magnetic parameter on the chemical reaction at the boundary are plotted in Figures 5-7. As shown
in Figure 5, the ¢’ function at the stretched wall decrease as the Hartmann increase. The Figure is a
plot of results obtained for N, =0,Q =0,Pr =1,Br =1,y = 1,5c = 1. Concentration distributions
plotted in Figure 3 shows that inside the boundary layer the concentration decreases while the
magnetic force makes the figure curvier and causes lower gradients in the stretched surface. This is
because an increase in Hartmann number will increase the intensity of body force, which acts
as a negative pressure gradient force near the stretching surface and hence tends to thicken the
boundary layer. Furthermore, an increase of thermophoresis parameter in the medium decreases
the boundary flux of concentration. Figure 6 reveals the concentration gradients at the moving wall
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versus the non-dimensional magnetic parameter for various Brownian parameters. The Figure is
a plot of results obtained for Ny = 0,Q = 0,Pr = 1,Br = 1,7 = 1,5c = 1. It is observed that
for increasing values of Hartmann number, the dimensionless concentration flux decreases, and the
concentration boundary-layer thickness increases and decreases the concentration flux distribution
near the wall. Furthermore, the increase of Brownian parameter in the medium decreases the boundary
flux of concentration.

Table 4. Parameter effects on heat transfer and boundary-layer characteristics.

é Nu
n(0to1) decrease increase
Pr (0.001 to 10) decrease increase
Ng (0to 2) increase decrease
Br (0 to 10) increase increase
Ha (0to1) downward parabola downward parabola

Q;(0t00.01) downward parabola downward parabola

11 T T

1F N,=0 ]
09l 1
N, =0.25
08} g
N,=05
07 .
= N, =0.75
06} .
0.5} N=1 1
0.4} .
03} 1
02 ‘ ‘ . .
0 0.2 04 06 08 1
Ha

Figure 5. MHD and thermophoresis diffusion parameter effects on the rate of the chemical reaction in

the boundary.
1 : :
0.95 _ N, =0 1
09t 1
085f N, =025
08} 1
% 075 Np=05
07} B .
N, =075
0.65 [ ]
N, =1
1)) — e b 4
055 F .
05 | | . .
0 0.2 04 06 08 1
Ha

Figure 6. MHD and Brownian diffusion parameter effects on the rate of the chemical reaction in
the boundary.



Magnetochemistry 2019, 5, 057 11 of 16

1.3 | .
=1
1.25 i -
121 4=075
115 -
=05
11k i .
e 1.05| 1
=025
L i
0.95 | v=0 1
0.9+t -
0.85 -
08 ‘ ‘ . .
0 0.2 0.4 0.6 0.8 1

Ha

Figure 7. MHD and chemical reaction parameter effects on the rate of the chemical reaction in
the boundary.

Figure 7 exposes the temperature distribution versus the non-dimensional distance. The Figure is
a plot of results obtained for N, =0, Ny =0,Q =0,Pr =1,Br =1, = 1,Sc = 1. It is observed that
for increasing values of Hartmann number, the dimensionless concentration gradients decrease and
the concentration boundary-layer thickness increase and decrease the concentration flux distribution
near the wall. Furthermore, the increase in chemical reaction parameter in the medium increase the
boundary flux of concentration. The findings and their implications are summarized in Table 5 where
all the important results, by different parameter, are presented.

Table 5. Parameters effects on the chemical reaction in the boundary.

Sec ¢’

N; increase decrease
N, increase decrease
v  decrease increase

As the MHD affected the chemical reaction indirectly, its effect should be considered by the
coupling with other parameters. Because the goal of the present article is to investigate the MHD
effects in a steady-state fully developed incompressible flow over an axisymmetric stretching sheet,
in Figures 5-7, the rate of the chemical reaction is released which is almost independent of MHD
effect. The plots are given versus the MHD parameter instead of diffusion and reaction parameters to
show the dominance of the chemical parameter over the MHD parameter. If just the MHD parameter
changes over a broader range, the results here show the effect to be more visible, while in Figures 5-7
the importance is discussed for the base levels coming from chemical parameters.

4. Conclusions

The coupled problem of heat, fluid flow, and mass transfer through a chemical reactive medium
is of importance in science and engineering application such as the dying industry, polymer industry,
food industry, the metallurgy of metal plates, and have since received a high level of attention in
recent times. Distribution of temperature, fluid motion and chemical components over a stretched sheet
is useful in agricultural applications and groves of fruit trees, freezing problems of fruit, evaporation
of the fruit water content at the surface of it and heat transfer at the cooling towers. The goal of the
present article is to investigate the MHD effects in a steady-state fully developed incompressible flow
over an axisymmetric stretching sheet; the rate of the chemical reaction is shown to have a minor effect
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of MHD in low Hartmann numbers, since the MHD effect can be considered by the coupling with
other parameters. The results show that the chemical reaction parameter has an increasing effect on
the chemical reaction boundary while the magnetic, thermophoresis, and Brownian effects decrease
the rate of the chemical reaction at the boundary.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:
MHD Magneto Hydro Dynamics

Nomenclature

Be  local Bejan number
Br  Brinkmann number
Cp  specific heat at constant pressure J/kg-K
Dp  Brownian diffusion coefficient m?/s
Dr  thermophoresis diffusion coefficient ~ m?2/s
Ha  Harttmann number
k thermal conductivity of the fluid W/mK
kyq chemical reaction coefficient
flow consistency index
n power-law index
refractive index
N, Brownian motion parameter
Nr Radiative number
Nt  thermophoresis parameter
Q Heat source coefficient
7 Coordinate component m
Pr Prantdl number

T medium temperature K
T,  temperature of the fluid near wall K
T  temperature of the fluid near wall K

velocity component in the zrdirection m/s
velocity component in the r direction m/s

Coordinate component m
Greek Symbol
o thermal diffusivity m?/s

emphy chemical reaction parameter

Rosseland-mean absorption coefficient

0 dimensionless temperature

o4 fluid electric conductivity S/m

o fluid density kg/m?

o* Stephan-Boltzman constant kg-s 3. K™*
X

K

viscosity of the fluid Pa-s
oCp heat capacitance J/m3.K
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