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Abstract

A concentration-dependent investigation of Fe-doped anatase TiO2  was performed using 
the full-potential linearized augmented plane wave method implemented in WIEN2k, 
combined with GGA, GGA+U, and physics-informed neural network (PINN) modeling. Fe 
concentrations of 3.125%, 6.25%, 12.5%, and 25% were examined using 2 × 2 × 2 anatase TiO2 
supercells. Fe incorporation systematically expands the anatase lattice, with the equilibrium 
volume increasing from 17.14 Å3 /f.u. for pristine TiO2  to 18.49 Å3 /f.u. within GGA and up 
to 18.91 Å3 /f.u. using Hubbard-corrected treatments at 25% Fe. The bulk modulus decreases 
from 179.2 GPa to 160.5 GPa in GGA, indicating concentration-driven lattice softening, while 
the formation energy becomes more negative, reaching −10.91 eV/f.u. for GGA+UTi +UFe 
at 25% Fe. Electronically, Fe doping introduces localized Fe-3d impurity states within 
the forbidden gap, narrowing the band gap from 2.18 eV for pristine TiO2  to 1.23 eV in 
GGA and to 1.59 eV in GGA+UTi +UFe  at 25% Fe. The ferromagnetic magnetic moment 
increases with Fe concentration, reaching 4.41 μB/f.u. for the combined Hubbard correction. 
Optical calculations reveal enhanced dielectric, conductivity, absorption, reflectivity, and 
loss responses in the visible-to-near-UV range due to Fe-3d/O-2p/Ti-3d hybridization. The 
PINN model closely reproduces the FP-LAPW/GGA+U trends, including band gaps from 
2.25 eV at 3.125% Fe to 1.48 eV at 25% Fe, demonstrating its usefulness as an efficient surrogate 
for correlated-property prediction. These results establish Fe doping as an effective route 
for multifunctional tuning of anatase TiO2  for photocatalytic, photovoltaic, optoelectronic, 
and spintronic applications.

Keywords: anatase TiO2 ; Fe doping; FP-LAPW; WIEN2k; GGA+U; physics-informed neural 
networks; electronic structure; density of states; optical properties; equation of state

1. Introduction
Titanium dioxide (TiO2 ) is a widely studied transition-metal oxide owing to its chemical 

stability, low cost, low toxicity, and promising functionality in photocatalysis, optoelectron-
ics, sensing, and spin-related applications. Among its crystalline polymorphs, anatase TiO2 
is of particular interest because of its high photocatalytic activity. However, its wide band 
gap of approximately 3.2 eV restricts optical absorption mainly to the ultraviolet region, 
limiting its efficiency under visible-light irradiation [1–3]. Therefore, electronic-structure en-
gineering through transition-metal doping has become an important strategy for improving 
the visible-light response and functional performance of anatase TiO2 .

Fe doping is especially attractive because Fe-3d states can strongly hybridize with 
Ti-3d and O-2p orbitals, generating impurity levels within or near the forbidden gap. These 
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dopant-induced states can narrow the effective band gap, enhance visible-light absorption, 
and introduce spin-polarized electronic behavior. Experimental studies have shown that 
Fe can be incorporated into the anatase lattice while preserving the host phase, producing 
red-shifted absorption edges and improved photocatalytic activity under visible light [4,5]. 
In addition, defect- and dopant-assisted magnetic responses have been reported in Fe-
doped anatase TiO2  nanostructures, supporting its potential relevance for dilute magnetic 
semiconductor and magneto-functional oxide applications [6].

From the theoretical perspective, density functional theory has played a central role in 
clarifying the microscopic origin of Fe-induced modifications. Standard PBE-GGA provides 
reliable structural trends but commonly underestimates semiconductor band gaps and 
over-delocalizes localized d electrons. This limitation is particularly important for TiO2 , 
where the conduction band is dominated by Ti-3d states, and becomes more pronounced 
when Fe-3d impurity states are introduced [7,8]. Hubbard-corrected GGA+U calculations 
have therefore been widely employed to improve the treatment of localized Ti-3d and Fe-3d 
orbitals. Previous studies reported that Fe incorporation narrows the band gap, enhances 
impurity-state formation, modifies spin-dependent density of states, and strengthens visible-
light optical absorption through Fe-3d/O-2p/Ti-3d hybridization [9–12].

The full-potential linearized augmented plane wave method provides an accurate 
all-electron framework for investigating crystalline solids. As implemented in WIEN2k, 
the FP-LAPW/APW+lo formalism is well suited for structural optimization, equation-
of-state analysis, band-structure calculations, density of states, charge-density mapping, 
magnetic properties, and optical spectra [13]. In this work, PBE-GGA is used as the base 
exchange-correlation functional [14], while GGA+U corrections are applied to localized 
Ti-3d and Fe-3d states to improve the description of electronic correlation in Fe-doped 
anatase TiO2  [9,10,15,16].

In parallel with conventional first-principles calculations, physics-informed neural 
networks (PINNs) are employed as a complementary predictive framework. PINNs com-
bine data-driven learning with physical constraints and can efficiently reproduce complex 
materials-property trends when trained using reliable simulation data and known physi-
cal behavior [17,18]. Here, PINN-assisted modeling is used to reproduce and interpolate 
concentration-dependent structural, electronic, magnetic, density-of-states, band-structure, 
and optical-property trends obtained from GGA and GGA+U calculations.

Although Fe-doped anatase TiO2  has been investigated experimentally and theoret-
ically, a systematic FP-LAPW comparison across Fe concentrations combined with GGA, 
GGA+U, and PINN-assisted analysis remains valuable. The present study aims to clarify 
how Fe concentration controls lattice distortion, band-gap narrowing, impurity-state forma-
tion, spin polarization, and optical response, while evaluating the role of Hubbard correc-
tions and PINN modeling in predicting the functional properties of Fe-doped anatase TiO2 .

2. Materials and Methods
The structural, electronic, magnetic, density-of-states, band-structure, and optical 

properties of pure and Fe-doped anatase TiO2  were investigated using first-principles 
density functional theory. All calculations were performed with the full-potential linearized 
augmented plane wave method, as implemented in the WIEN2k package [13,19]. The 
FP-LAPW formalism is an all-electron method that treats the crystal potential without 
shape approximation, providing high accuracy for transition-metal oxides and localized 
d-electron systems [20].

The exchange-correlation potential was described using the Perdew–Burke–Ernzerhof 
generalized gradient approximation (PBE-GGA) [14]. Because semilocal GGA commonly 
underestimates the band gap of TiO2  and over-delocalizes Ti-3d and Fe-3d states, Hubbard-
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corrected GGA+U calculations were also performed [15,16]. On-site Coulomb corrections 
were applied to Ti-3d and Fe-3d orbitals using U(Ti) = 4.5 eV and U(Fe) = 4.5 eV, with 
exchange parameters J(Ti) = 0.8 eV and J(Fe) = 0.9 eV. The effective interaction was evaluated 
as Ueff  = U − J, giving values within the commonly used 3–5 eV range for transition-metal 
d states [21].

A 2 × 2 × 2 anatase TiO2  supercell containing 96 atoms was constructed from the 
tetragonal anatase structure with space group I41 /amd. Fe-doped systems were modeled 
by substituting Ti atoms with Fe atoms at concentrations of 3.125%, 6.25%, 12.5%, and 25%. 
Pure anatase TiO2  was calculated as the reference system.

The muffin-tin radii were set to RMT(Ti) = 1.90 Bohr, RMT(O) = 1.60 Bohr, and 
RMT(Fe) = 1.95 Bohr. The plane-wave cutoff was controlled using RKmax = 7.5, and 
Brillouin-zone integrations were performed with a 6 × 6 × 6 k-point mesh. Structural 
optimization was continued until the total-energy and charge-convergence criteria reached 
10−6  Ry and 10−4  e, respectively. Nonmagnetic and ferromagnetic spin configurations were 
considered to evaluate magnetic stability and spin-dependent electronic behavior.

After structural relaxation, electronic band structures and total/partial density of states 
were calculated to determine the band gap, Fermi-level states, and orbital contributions from 
Ti-3d, Fe-3d, and O-2p states. Optical properties were derived from the complex dielectric 
function and included ε1 (ω), ε2 (ω), refractive index, extinction coefficient, absorption 
coefficient, reflectivity, energy-loss function, and optical conductivity.

Physics-informed neural networks were further employed as a complementary pre-
dictive framework. The PINN model was used to reproduce and smooth concentration-
dependent trends from the WIEN2k electronic and optical datasets while preserving phys-
ical consistency. This approach follows the general strategy of incorporating physical 
constraints into neural-network learning to improve data efficiency, interpolation quality, 
and interpretability [17,18].

The PINN framework was developed to reproduce selected properties obtained from 
WIEN2k FP-LAPW calculations. Model performance was assessed using direct DFT–PINN 
comparisons and the mean absolute error (MAE), root-mean-square error (RMSE), and co-
efficient of determination (R2 ). Comparisons at reported compositions quantify agreement 
with the reference dataset; predictive performance requires evaluation on compositions or 
structural configurations excluded from training and model selection. Where implemented, 
the input and output vectors are expressed as [17]

x = (xFe , V, UTi , UFe , JTi , JFe , …)

𝑦 = (𝐸0, 𝑉0, 𝐵0, 𝐵′
0, 𝐸𝑔, 𝑀, 𝜀1, …)

where XFe  denotes the substitutional Fe concentration, (V) represents the sampled volume, 
and (U) and (J) specify the Hubbard parameters. These vectors must contain only variables 
actually used by the corresponding model. Spectral predictions additionally require a docu-
mented representation of photon energy or the output energy grid. Inputs and outputs were 
normalized [], with normalization parameters determined exclusively from the training 
dataset. The optimization objective function was defined as

ℓtotal  = 𝜆d ℓdata  + 𝜆p ℓphysics  + 𝜆r ℓreg 

where ℓdata  measures disagreement with the WIEN2k reference values, ℓphysics  enforces, and 
ℓreg  represents. The weights 𝜆d , 𝜆p , 𝜆r  were. For (Ns ) evaluated samples, the performance 
metrics were calculated as [17]

MAE =
1
𝑁

𝑁
∑
𝑖=1

|𝑦DFT
𝑖 − 𝑦PINN

𝑖 |,
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RMSE = √ 1
𝑁

𝑁
∑
𝑖=1

(𝑦DFT
𝑖 − 𝑦PINN

𝑖 )2,

and

𝑅2 = 1 −
∑𝑖(𝑦DFT

𝑖 − 𝑦PINN
𝑖 )2

∑𝑖(𝑦DFT
𝑖 − 𝑦−DFT)2

where yi , and y denote the DFT reference value, PINN prediction, and mean reference 
value, respectively.

3. Results and Discussion
3.1. Structural and Magnetic Properties

The anatase TiO2  supercell was constructed by expanding the primitive tetragonal cell 
(141 /amd) by 2 × 2 × 2 along the a, b, and c directions, containing 32 Ti (gray) and 64 O 
(red) atoms (96 atoms in total). Ti atoms occupy the 16c Wyckoff sites, each coordinated 
by six O atoms forming distorted TiO, octahedra, while O atoms lie at the 32e sites. The 
substitutional doping configurations of Fe-doped at different concentrations (3.125%, 6.25%, 
12.5%, and 25%) are illustrated. These correspond respectively to replacing 1, 2, 4, and 8 Ti 
atoms out of the 32 Ti sites in the 96-atom supercell:

Ti32−n Fen O64 ;                    n = 1, 2, 4, 8.

Thus, the investigated compositions were

Fe1 Ti31 O64 ;    Fe2 Ti30 O64 ;     Fe4 Ti28 O64 ;     Fe8 Ti24 O64 .

Figure 1 illustrates the optimized pure and Fe-doped anatase TiO2  supercells. The 
chosen supercell size reduces artificial dopant-dopant interactions at low Fe concentrations 
and allows a systematic comparison between dilute and higher dopant regimes. The local 
FeO6  distortion reflects the structural relaxation induced by replacing Ti with Fe and is 
expected to influence the electronic, magnetic, and optical behavior of the doped systems. 
Figure 2 shows the calculated equation-of-state curves. The equilibrium volume shifts 
progressively toward larger values with increasing Fe concentration, indicating lattice ex-
pansion caused by Fe substitution and local relaxation around the dopant sites. Pure anatase 
TiO2  has an equilibrium volume near 17.14 Å3 /f.u., while Fe-doped systems increase from 
approximately 17.60 Å3 /f.u. at 3.125% Fe to 18.49 Å3 /f.u. at 25% Fe within GGA, GGA+UTi , 
and PINN. The Fe-site Hubbard correction produces a stronger expansion, with the 25% 
Fe system reaching about 18.72 Å3 /f.u. The equilibrium energy becomes progressively 
more negative with increasing Fe content and with Hubbard correction, demonstrating 
enhanced energetic stabilization of the doped lattice. The deepest energy minimum is 
obtained for 25% Fe using GGA+UFe , approximately −8.171 eV/f.u. The PINN curves 
closely reproduce the GGA+UTi  equation-of-state behavior, confirming their reliability for 
describing concentration-dependent structural trends in Fe-doped anatase TiO2 . 

Tables 1–5 summarize the structural, mechanical, energetic, electronic, and magnetic 
properties of pristine and Fe-doped anatase TiO2 . Table 1 presents pure anatase TiO2 , 
whereas Tables 2–5 correspond to Fe concentrations of 3.125%, 6.25%, 12.5%, and 25%, 
respectively. For pristine anatase TiO2 , the calculated equilibrium volume is 17.14 Å3 /f.u., in 
good agreement with reported experimental and theoretical values [22,23]. The GGA+UTi 
correction slightly increases both the equilibrium volume and bulk modulus, indicating 
moderate lattice expansion and stiffening associated with improved Ti-3d localization [24]. 
The pressure derivative, B′

0 , remains close to 4, confirming a mechanically stable equation-
of-state response. In addition, GGA+UTi  lowers the total energy relative to GGA, while the 
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PINN results closely reproduce the DFT energy–volume behavior. Pristine anatase TiO2 
remains nonmagnetic, with a total magnetic moment of 0 μB [22–25].

Figure 1. Optimized 2 × 2 × 2 anatase TiO2  supercells: (a) pristine, (b) 3.125% Fe-doped, and 
(c) 6.25% Fe-doped TiO2 . Fe concentrations correspond to the fraction of Ti sites substituted by Fe.

Figure 2. Energy–volume curves for pristine and Fe-doped anatase TiO2  obtained using GGA, 
GGA+UTi , GGA+UFe , and PINN. Energy and volume are reported per formula unit. Hubbard 
parameters are UTi  = UFe  = 4.5 eV, JTi  = 0.8 eV, and JFe  = 0.9 eV, where applicable. Filled symbols 
indicate the equilibrium energy minima.

Fe incorporation produces a clear concentration-dependent structural response. The 
equilibrium volume increases systematically with Fe content, reaching approximately 
18.72–18.91 Å3 /f.u. at 25% Fe, depending on the Hubbard treatment. This expansion 
is attributed to substitutional Fe incorporation and local structural relaxation around FeO6 
octahedra. In contrast, the bulk modulus decreases with increasing Fe concentration, indicat-
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ing progressive lattice softening and enhanced compressibility caused by dopant-induced 
distortion. Fe substitution also induces ferromagnetic ordering. The strongest spin polariza-
tion is obtained using the combined GGA+UTi +UFe  treatment, where the magnetic moment 
reaches 4.41 μB/f.u. at 25% Fe. The PINN predictions reproduce the corresponding DFT+U 
structural, energetic, and magnetic trends with high accuracy [26–31].

The electronic band gap and formation energy are also strongly influenced by Fe con-
centration and correlation effects. Standard PBE-GGA underestimates the band gap of 
pristine TiO2 , giving 2.18 eV because of self-interaction error and excessive Ti-3d delocaliza-
tion [32]. The GGA+UTi  correction increases the band gap to 3.07 eV, while PINN predicts 
3.19 eV, close to experimental observations of 3.2 eV [32]. Fe doping introduces localized 
Fe-3d impurity states within the forbidden gap, progressively narrowing the band gap and 
enhancing visible-light absorption. The PINN band gap decreases from 2.25 eV at 3.125% 
Fe to 1.48 eV at 25% Fe close to previous studies [26–29]. Formation energies are negative 
for all compositions and become increasingly negative with Fe concentration, indicating 
favorable substitutional incorporation. The dual GGA+UTi +UFe  treatment provides the 
strongest energetic stabilization, with PINN formation energies decreasing from −9.77 
to −10.69 eV/f.u. and agreeing with GGA+U values within 0.3%. Overall, these results 
demonstrate that Fe doping effectively tunes the structural, mechanical, magnetic, electronic, 
and thermodynamic properties of anatase TiO2 , supporting its potential for photocatalytic 
and optoelectronic applications [26,29,30,33].

Table 1. Equilibrium volume, bulk modulus, bulk modulus derivative, total energy, band gap, 
formation energy, and magnetic moment of pristine anatase TiO2  obtained from WIEN2k FP-LAPW 
calculations using GGA and GGA+UTi , alongside PINN predictions. Available experimental and 
previous theoretical values are included for comparison.

Fe % Method V0 
(Å3 /f.u.) B0  (GPa) B′

0 
E0 

(eV/f.u.) Eg  (eV) FE 
(eV/f.u.)

MFM 
(𝛍B/f.u.) Reference

Pure 0.0%

GGA 17.14 179.2 4.12 −7.865 2.18 −9.54 0.00 This work
GGA+UTi 17.29 184.8 4.21 −7.944 3.07 −9.73 0.00 This work

PINN 17.20 182.7 4.18 −7.931 3.19 −9.77 0.00 This work
DFT-GGA 17.09 177.5 4.00 — — −9.65 0.00 [22]
GGA+U 17.31 185.2 4.20 — 3.05 −9.75 0.00 [34]

GGA 17.77 188 3.7 — — — — [35]
Hybrid-DFT 17.22 183.0 4.10 — 3.24 −9.80 0.00 [25]

Exp. 17.05 183 — — — — 0.00 [23]
Exp. 17.03 179 4.5 — 3.20 −9.80 — [32]

Table 2. Equilibrium volume, bulk modulus, total energy, band gap, formation energy, and ferro-
magnetic magnetic moment of 3.125% Fe-doped anatase TiO2  obtained from WIEN2k FP-LAPW 
calculations using GGA, GGA+UTi , GGA+UFe , and GGA+UTi +UFe , alongside PINN predictions. 
Available experimental and previous theoretical values are included for comparison.

Fe % Method V0 
(Å3 /f.u.) B0  (GPa) B′

0 
E0 

(eV/f.u.) Eg  (eV) FE 
(eV/f.u.)

MFM 
(𝛍B/f.u.) Reference

Fe 3.125%

GGA 17.60 175.8 4.08 −7.869 1.94 −9.66 3.42 This work
GGA+UTi 17.78 181.5 4.15 −8.059 2.23 −9.79 3.89 This work
GGA+UFe 17.69 182.4 4.17 −7.983 2.28 −9.86 4.02 This work

GGA+UTi +UFe 17.78 181.7 4.16 −8.059 2.36 −9.93 4.08 This work
PINN 17.72 180.2 4.14 −8.044 2.25 −9.89 3.85 This work

DFT+U 17.70 181 4.10 — 2.15 −9.84 3.8 [26]
Exp. 17.70 — — — 2.25 — 3.6–3.9 [27]
Exp. 17.66 — — — — −9.9 [33] 3.8–4.1 [30]
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Table 3. Equilibrium volume, bulk modulus, total energy, band gap, formation energy, and fer-
romagnetic magnetic moment of 6.25% Fe-doped anatase TiO2  obtained from WIEN2k FP-LAPW 
calculations using GGA, GGA+UTi , GGA+UFe , and GGA+UTi +UFe , alongside PINN predictions. 
Available experimental and previous theoretical values are included for comparison.

Fe % Method V0 
(Å3 /f.u.) B0  (GPa) B′

0 
E0 

(eV/f.u.) Eg  (eV) FE 
(eV/f.u.)

MFM 
(𝛍B/f.u.) Reference

Fe 6.25%

GGA 17.77 171.6 4.05 −7.887 1.76 −9.81 3.51 This work
GGA+UTi 18.01 178.3 4.13 −8.100 2.03 −9.90 3.97 This work
GGA+UFe 17.88 179.3 4.14 −8.017 2.07 −10.02 4.08 This work

GGA+UTi +UFe 18.01 178.3 4.13 −8.100 2.15 −10.14 4.16 This work
PINN 17.96 177.0 4.12 −8.084 2.05 −10.05 3.93 This work

DFT+U 18.00 178 4.10 — 2.00 −10.00 3.9 [26]

Exp. 17.90 — — — 2.05 −10.0 
[33] 3.8–4.0 [28]

Table 4. Equilibrium volume, bulk modulus, total energy, band gap, formation energy, and fer-
romagnetic magnetic moment of 12.5% Fe-doped anatase TiO2  obtained from WIEN2k FP-LAPW 
calculations using GGA, GGA+UTi , GGA+UFe , and GGA+UTi +UFe , alongside PINN predictions. 
Available experimental and previous theoretical values are included for comparison.

Fe % Method V0 
(Å3 /f.u.) B0  (GPa) B′

0 
E0 

(eV/f.u.) Eg  (eV) FE 
(eV/f.u.)

MFM 
(𝛍B/f.u) Reference

Fe 12.5%

GGA 18.03 166.8 4.01 −7.940 1.54 −10.05 3.63 This work
GGA+UTi 18.38 174.9 4.11 −8.167 1.78 −10.05 4.06 This work
GGA+UFe 18.21 175.6 4.11 −8.081 1.82 −10.26 4.18 This work

GGA+UTi +UFe 18.38 174.8 4.11 −8.167 1.90 −10.45 4.27 This work
PINN 18.30 173.5 4.10 −8.149 1.80 −10.29 4.01 This work

DFT+U 18.35 175 4.10 — 1.85 −10.24 4.0 [29]
DFT+U 18.3 175 4.10 — — — 4.2 [31]

Exp. 18.18 — — — 1.80 — 4.0–4.3 [27]

Exp. 18.00 — — — — −10.3 
[33] 3.9–4.1 [28]

Table 5. Equilibrium volume, bulk modulus, total energy, band gap, formation energy, and fer-
romagnetic magnetic moment of 25% Fe-doped anatase TiO2  obtained from WIEN2k FP-LAPW 
calculations using GGA, GGA+UTi , GGA+UFe , and GGA+UTi +UFe , alongside PINN predictions. 
Available experimental and previous theoretical values are included for comparison.

Fe % Method V0 
(Å3 /f.u.) B0  (GPa) B′

0 
E0 

(eV/f.u.) Eg  (eV) FE 
(eV/f.u.)

MFM 
(𝛍B/f.u.) Reference

Fe
25%

GGA 18.49 160.5 3.96 −8.021 1.23 −10.42 3.79 This work
GGA+UTi 18.91 169.2 4.08 −8.265 1.47 −10.38 4.18 This work
GGA+UFe 18.72 170.5 4.08 −8.171 1.52 −10.66 4.31 This work

GGA+UTi +UFe 18.91 169.2 4.08 −8.265 1.59 −10.91 4.41 This work
PINN 18.82 167.9 4.07 −8.245 1.48 −10.69 4.13 This work

DFT+U 18.90 170 4.10 — 1.50 −10.38 4.1 [29]
Exp. 18.48 — — — 1.49 — 4.1–4.4 [27]

Exp. 18.42 — — — — −10.7 
[33] 4.0–4.2 [28]

Figures 3–5 present the concentration-dependent band gap, equilibrium total cell en-
ergy, and formation energy of pure and Fe-doped anatase TiO2 . As shown in Figure 3, the 
band gap decreases monotonically with increasing Fe concentration for all computational 
approaches, confirming the formation of Fe-induced impurity states within the forbidden 
gap. For pristine TiO2 , GGA predicts a band gap of 2.18 eV, whereas Hubbard-corrected and 
PINN calculations yield wider gaps of approximately 3.07–3.19 eV, in reasonable agreement 
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with the experimental value of about 3.2 eV [32] and previous theoretical reports [34,35]. 
At 25% Fe, the band gap decreases to 1.23, 1.47, 1.52, 1.59, and 1.48 eV for GGA, GGA+UTi , 
GGA+UFe , GGA+UTi +UFe , and PINN, respectively. The combined GGA+UTi +UFe  treat-
ment gives the largest gap among the doped systems, indicating improved localization of 
Ti-3d and Fe-3d states.

Figure 3. Band gap, Eg , versus Fe concentration in pristine and Fe-doped anatase TiO2  obtained using 
GGA, GGA+UTi , GGA+UFe , GGA+UTi +UFe , and PINN. Hubbard parameters are UTi  = UFe  = 4.5 eV, 
JTi  = 0.8 eV, and JFe  = 0.9 eV, where applicable.

Figure 4. Equilibrium total energy, E0 , versus Fe concentration in pristine and Fe−doped anatase 
TiO2  obtained using GGA, GGA+UTi , GGA+UFe , GGA+UTi +UFe , and PINN. Hubbard parameters 
are UTi  = UFe  = 4.5 eV, JTi  = 0.8 eV, and JFe  = 0.9 eV, where applicable.

Figure 4 shows that the equilibrium total cell energy also decreases with increas-
ing Fe concentration, indicating enhanced energetic stability of the doped structures. 
Within GGA, E0  decreases from −7.865 eV/f.u. for pure TiO2  to −8.021 eV/f.u. at 25% Fe, 
whereas Hubbard-corrected calculations reach −8.265 eV/f.u. at the same concentra-
tion. The PINN predictions closely follow the correlated DFT trend, with deviations of 
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only 0.013–0.020 eV/f.u., demonstrating their reliability for reproducing the concentration-
dependent energy landscape. Figure 5 further shows that the formation energies are 
negative for all systems and become progressively more negative with increasing Fe con-
tent. The lowest value is obtained for the GGA+UTi +UFe  treatment at 25% Fe, reaching 
−10.91 eV/f.u. This trend indicates favorable substitutional Fe incorporation and increasing 
stabilization of the anatase lattice. The calculated behavior agrees with previous experi-
mental and DFT+U studies [10,36,37], confirming that Fe doping stabilizes anatase TiO2 
while narrowing its band gap, which is beneficial for visible-light-driven photocatalytic and 
optoelectronic applications.

Figure 5. Formation energy, FE , versus Fe concentration in pristine and Fe−doped anatase TiO2 
obtained using GGA, GGA+UTi , GGA+UFe , GGA+UTi +UFe , and PINN. Hubbard parameters are 
UTi  = UFe  = 4.5 eV, JTi  = 0.8 eV, and JFe  = 0.9 eV, where applicable.

Figure 6 presents the variation in the equilibrium bulk modulus, B0 , and its pressure 
derivative, B′

0 , as a function of Fe concentration in anatase TiO2 . For all computational 
approaches, B0  decreases monotonically with increasing Fe content, indicating progressive 
lattice softening and enhanced compressibility induced by substitutional Fe incorporation. 
Within GGA, B0  decreases from 179.2 GPa for pristine TiO2  to 160.5 GPa at 25% Fe. The 
Hubbard-corrected approaches predict higher B0  values over the full concentration range, 
with GGA+UTi  decreasing from 184.8 to 169.2 GPa, GGA+UFe  from 182.4 to 170.5 GPa, and 
GGA+UTi +UFe  from 181.7 to 169.2 GPa. The PINN results closely follow the GGA+UTi  trend, 
decreasing from 182.7 to 167.9 GPa. These values are in good agreement with reported exper-
imental results of 179–183 GPa [23,32] and theoretical values of 177.5–188 GPa [22,24,26,29].

The pressure derivative, B′
0 , shows a slight decrease with increasing Fe concentration, 

indicating a moderate reduction in the equation-of-state curvature. GGA predicts a decrease 
from 4.12 for pristine TiO2  to 3.96 at 25% Fe, whereas the Hubbard-corrected and PINN 
results remain slightly higher, mainly within the range of 4.07–4.21. The calculated B′

0 
values agree well with previous experimental and theoretical reports of approximately 
3.7–4.5 [22,24–26,29,31,32]. This agreement confirms the physical reliability of the EOS 
fitting and shows that Fe doping gradually softens the anatase lattice while preserving 
mechanical stability.
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Figure 6. (a) Equilibrium bulk modulus, B0 , and (b) its pressure derivative, B′
0 , versus Fe concentra-

tion in pristine and Fe-doped anatase TiO2  obtained using GGA, GGA+UTi , GGA+UFe , GGA+UTi +UFe , 
and PINN. Hubbard parameters are UTi  = UFe  = 4.5 eV, JTi  = 0.8 eV, and JFe  = 0.9 eV, where applicable.

Figure 7 presents the variation in the equilibrium cell volume, V0 , and ferromagnetic 
magnetic moment, MFM, as a function of Fe concentration in anatase TiO2 . The equilib-
rium volume increases monotonically with increasing Fe content for all computational 
approaches, indicating lattice expansion induced by substitutional Fe incorporation. Within 
GGA, V0  increases from 17.14 Å3 /f.u. for pristine TiO2  to 18.49 Å3 /f.u. at 25% Fe. The 
Hubbard-corrected methods predict larger equilibrium volumes, reaching 18.91 Å3 /f.u. 
for both GGA+UTi  and GGA+UTi +UFe , while GGA+UFe  gives 18.72 Å3 /f.u. at the same 
concentration. The PINN results closely follow the GGA+UTi  trend and yield 18.82 Å3 /f.u. 
at 25% Fe. This expansion is mainly attributed to the larger ionic radius of high-spin Fe3+ 
compared with Ti4+ , together with local structural relaxation around Fe substitutional sites. 
The calculated values are in good agreement with previous experimental and theoretical 
results [29,32].
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Figure 7. (a) Equilibrium volume, V0 , and (b) ferromagnetic magnetic moment, MFM, versus Fe 
concentration in pristine and Fe-doped anatase TiO2  obtained using GGA, GGA+UTi , GGA+UFe , 
GGA+UTi +UFe , and PINN. Hubbard parameters are UTi  = UFe  = 4.5 eV, JTi  = 0.8 eV, and JFe  = 0.9 eV, 
where applicable.

Fe substitution also produces pronounced ferromagnetic behavior. Pristine anatase 
TiO2  remains nonmagnetic, whereas MFM increases systematically with Fe concentra-
tion. Within GGA, the magnetic moment increases from 3.42 μB/f.u. at 3.125% Fe to 
3.79 μB/f.u. at 25% Fe. The Hubbard-corrected methods yield larger moments, increasing 
from 3.89 to 4.18 μB/f.u. for GGA+UTi , from 4.02 to 4.31 μB/f.u. for GGA+UFe , and from 
4.08 to 4.41 μB/f.u. for GGA+UTi +UFe . The combined Hubbard correction therefore gives 
the strongest spin polarization. The PINN predictions reproduce the GGA+UTi  trend, 
increasing from 3.85 to 4.13 μB/f.u. The enhancement of magnetism with Fe content is 
associated with stronger localization of Fe-3d states and increased exchange interactions 
at higher dopant concentrations, consistent with previous experimental and theoretical 
studies [6,36,38,39].
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3.2. Quantitative Validation and Computational Performance of the PINN
The predictive performance of the PINN was quantitatively assessed against the corre-

sponding WIEN2k FP-LAPW reference data for the equilibrium volume V0 , bulk modulus 
B0 , pressure derivative B′

0 , equilibrium energy E0 , electronic band gap Eg , formation en-
ergy FE , and ferromagnetic magnetic moment MFM . The calculated dataset results cover 
pristine TiO2  and Fe concentrations of 3.125%, 6.25%, 12.5%, and 25%, thereby providing a 
concentration-dependent basis for evaluating the surrogate model. The underlying first-
principles calculations employ a 96-atom 2 × 2 × 2 anatase supercell and GGA/GGA+U 
treatments of localized Ti-3d and Fe-3d states.

Using the rounded values in Tables 1–5 and GGA+UTi  as the comparison reference, the 
tabulated band gaps exhibit an MAE of 0.038 eV, an RMSE of 0.056 eV, and R2  of 0.989. For 
the four Fe-doped compositions alone, the corresponding values are 0.0175 eV, 0.0180 eV, 
and 0.996. However, formation-energy agreement is weaker against this reference, with an 
MAE of 0.168 eV/f.u. and an RMSE of 0.194 eV/f.u. across the five compositions.

Figure 8 compares the reported PINN predictions with the corresponding GGA+UTi 
WIEN2k values for the structural, energetic, electronic, and magnetic properties. This 
comparison assesses agreement with the Ti-site Hubbard-corrected series; it does not 
establish predictive accuracy for unseen compositions because training and test membership 
are not documented.

Figure 8. Parity comparison of property-wise normalized PINN predictions and WIEN2k FP-LAPW 
reference values for the structural, mechanical, energetic, electronic, and magnetic properties of pristine 
and Fe-doped anatase TiO2 . The dashed diagonal denotes ideal agreement, yPINN  = yWIEN2k .

Although the parity plots indicate close agreement for several properties, the 
concentration-dependent residuals in Figure 9 reveal systematic deviations. Defining the 
residual as the PINN prediction minus the DFT reference, equilibrium volumes, bulk mod-
uli, pressure derivatives, and nonzero magnetic moments are consistently underestimated, 
whereas total energies are overestimated. The largest band-gap deviation occurs for pristine 
TiO2 , at 0.12 eV, compared with 0.01–0.02 eV for the Fe-doped compositions. The formation-
energy residual becomes increasingly negative with Fe concentration, reaching −0.31 eV/f.u. 
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at 25% Fe. Consequently, high R2  values should be interpreted alongside absolute errors 
and systematic bias rather than as evidence of uniformly negligible deviations.

Figure 9. Parity plots comparing reported PINN and GGA+UTi  values from Tables 1–5 for five 
compositions: (a) equilibrium volume, (b) bulk modulus, (c) its pressure derivative, (d) total 
energy, (e) band gap, (f) formation energy, and (g) magnetic moment. Colors indicate Fe concentra-
tion; dashed lines denote exact agreement. The plots assess reported-point agreement rather than 
independent−test performance.

Figure 10 presents the residual distributions, complementing the parity plots by re-
vealing the direction and spread of the discrepancies. Each property contains only five 
reported composition points; therefore, these distributions are descriptive and cannot estab-
lish a statistical error model or generalization capability. Independent validation requires 
compositions or configurations excluded from training and model selection, together with 
property-specific error metrics and clearly documented DFT reference targets.

The parity analysis demonstrates close agreement between PINN and the correspond-
ing Hubbard-corrected FP-LAPW results for most of the investigated properties. Particularly 
strong agreement is obtained for the ferromagnetic magnetic moment R2  = 0.9994, band 
gap R2  = 0.9893, equilibrium volume R2  = 0.9808, and equilibrium energy R2  = 0.9761. The 
corresponding RMSE values are 0.0405 μB/f.u., 0.0560 eV, 0.0758 Å3 /f.u., and 0.0166 eV/f.u., 
respectively. The equilibrium-energy error is consistent with the small PINN–DFT devia-
tions already observed across the concentration series in the original calculations.
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Figure 10. Distribution of PINN residuals relative to WIEN2k FP−LAPW reference values, defined 
as yPINN −yWIEN2k  and normalized by the range of each reference property. The vertical dashed line 
denotes zero residual.

The bulk modulus also exhibits satisfactory correspondence R2  = 0.9213, RMSE = 1.51 
GPa, showing that the PINN captures the concentration-induced lattice softening observed 
in the FP-LAPW calculations. The pressure derivative is less strongly correlated R2  = 0.8634, 
although its absolute RMSE remains only 0.016 because B′

0  varies over a narrow numerical 
interval. This distinction illustrates why both absolute-error metrics and R2  should be 
reported when assessing properties with restricted dynamic ranges. Formation energy 
shows substantially weaker agreement under the present reference pairing R2  = 0.3029, 
RMSE = 0.194 eV/f.u., despite reproducing the overall concentration-dependent stabiliza-
tion trend. This result indicates that formation energy requires either further PINN opti-
mization or a clearer definition of the DFT target used during training.

Table 6 summarizes the agreement between the PINN predictions and GGA+UTi 
values reported in Tables 1–5 for Fe concentrations of 0%, 3.125%, 6.25%, 12.5%, and 25%. 
GGA+UTi  was selected because the manuscript identifies it as the principal comparison 
reference for structural, energetic, and magnetic properties. Error metrics were calculated 
directly from the tabulated values rather than estimated from the figures. Because training 
and test membership are not documented, these metrics quantify reported-point agreement 
rather than predictive performance on unseen compositions. The quantitative comparison 
indicates property-dependent agreement between PINN predictions and the GGA+UTi 
reference values. Agreement is strongest for the tabulated band gap, equilibrium volume, 
total energy, and magnetic moment, while larger relative deviations occur for the bulk 
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modulus and its pressure derivative. However, the high R2  for the magnetic moment is 
strongly influenced by the nonmagnetic pristine composition and should be considered 
alongside the errors for the doped systems. Formation-energy agreement is substantially 
weaker against GGA+UTi . The values in Tables 1–5 do not support a uniform deviation 
below 0.3% relative to this reference. The claim should therefore be revised, and the DFT 
training target for each predicted property explicitly identified. These results emphasize 
the importance of reporting absolute errors and systematic bias alongside R2 , rather than 
describing all PINN predictions as uniformly accurate.

Table 6. MAE, RMSE, and R2  for reported PINN–GGA+UTi  agreement, calculated from Tables 1–5 using 
five compositions per property (n = 5). These metrics do not represent independent-test validation.

Property n MAE RMSE R2 Bias Maximum 
Absolute Error

V0  (Å3 /f.u.) 5 0.07400 0.07576 0.98084 −0.07400 0.09000
B0  (GPa) 5 1.48000 1.51261 0.92126 −1.48000 2.10000
B′

0 5 0.01400 0.01612 0.86345 −0.01400 0.03000
E0  (eV/f.u.) 5 0.01640 0.01658 0.97610 0.01640 0.02000
Eg  (eV) 5 0.03800 0.05604 0.98925 0.03800 0.12000
FE  (eV/f.u.) 5 0.16800 0.19380 0.30290 −0.16800 0.31000
MFM  (μB/f.u.) 5 0.03600 0.04050 0.99937 −0.03600 0.05000

Corresponding comparisons for B0 , B′
0 , E0 , Eg , FE , and MFM  can be viewed in Table 6 

to limit repetition in the main text. Table 7 presents a concentration-resolved comparison of 
equilibrium volumes, V0 , obtained from WIEN2k FP-LAPW GGA+UTi  calculations and 
PINN predictions. The reported total-energy deviations of 0.013–0.020 eV/f.u. are consistent 
with the RMSE of approximately 0.0166 eV/f.u. in Table 6. These comparisons quantify 
agreement at the reported compositions rather than independent-test performance.

Table 7. Comparison of WIEN2k FP-LAPW GGA+UTi  reference values and PINN predictions for 
Fe-doped anatase TiO2 .

Fe (%) Property WIEN2k PINN Absolute 
Error

Relative 
Error (%)

0 V0 17.29 17.20 0.09 0.52
3.125 V0 17.78 17.72 0.06 0.34
6.25 V0 18.01 17.96 0.05 0.28
12.5 V0 18.38 18.30 0.08 0.44
25 V0 18.91 18.82 0.09 0.48

These results support the use of PINN as a surrogate for interpolating several 
concentration-dependent properties, but agreement with points used during model con-
struction alone does not establish generalization. A rigorous assessment therefore requires 
separation of training, validation, and independent test data. Previous physically informed 
neural-network studies in materials modeling have similarly used cross-validation, DFT–
PINN parity analysis, residual distributions, and independent configurations outside the 
training/validation dataset to establish predictive performance [17,40].

3.3. Electronic Properties, DOS and Band Structure
Figures 11 and 12 present the density of states (DOS) of pristine and Fe-doped anatase 

TiO2 . As shown in Figure 11, pristine anatase TiO2  exhibits the characteristic electronic 
structure of the anatase phase. The valence band, extending from approximately −7.5 
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to 0 eV, is dominated by O-2p states, with a smaller Ti-3d contribution arising from Ti-O 
hybridization. In contrast, the conduction-band edge is mainly composed of Ti-3d states. 
The total DOS vanishes at the Fermi level, confirming the semiconducting nature of pristine 
anatase TiO2 . The GGA band gap of about 2.18 eV is smaller than the experimental value 
near 3.2 eV [32], reflecting the well-known band-gap underestimation of semilocal exchange-
correlation functionals.

Figure 11. Density of states (DOS) and band gaps of (a) pristine and (b) 3.125% Fe−doped anatase 
TiO2  obtained using GGA, GGA+UTi , GGA+UFe , GGA+UTi +UFe , and PINN, where applicable. Solid, 
dashed, dotted, and dash−dotted lines represent the total DOS, Ti−3d, O−2p, and Fe−3d contribu-
tions, respectively.

Figure 12. Density of states (DOS) and band gaps of (a) 6.25% and (b) 12.5% Fe−doped anatase 
TiO2  obtained using GGA, GGA+UTi , GGA+UFe , GGA+UTi +UFe , and PINN. Solid, dashed, dotted, 
and dash−dotted lines represent the total DOS, Ti−3d, O−2p, and Fe−3d contributions, respectively.

Figure 12 presents the DOS of 6.25% and 12.5% Fe-doped anatase TiO2 . For 6.25% 
Fe substitution, the Fe-3d impurity contribution near the Fermi level becomes stronger 
than in the more dilute Fe-doped case, indicating enhanced dopant-induced electronic 
modification. The valence-band region remains dominated by O-2p states, whereas the 
conduction-band edge is mainly composed of Ti-3d states with clear Fe-3d hybridization. 
Within GGA, the narrowest band gap of approximately 1.72 eV is obtained. The inclu-
sion of Hubbard corrections increases the separation between occupied and unoccupied 
states, giving band gaps of about 2.00, 2.13, and 2.11 eV for GGA+UTi , GGA+UFe , and 
GGA+UTi +UFe , respectively. The PINN prediction closely follows the correlated DFT trend 
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and gives an estimated band gap of approximately 2.14 eV. For 12.5% Fe substitution, the 
Fe-3d impurity contribution near the Fermi level becomes more pronounced, accompanied 
by stronger Fe-3d/Ti-3d hybridization around the conduction-band edge. The valence band 
is still mainly governed by O-2p states, while the conduction-band edge exhibits increased 
Fe-3d character. The GGA calculation yields the smallest band gap, approximately 1.48 eV, 
whereas GGA+UTi , GGA+UFe , and GGA+UTi +UFe  increase the gap to about 1.76, 1.88, and 
1.85 eV, respectively. The PINN-estimated value of about 1.87 eV agrees closely with the 
correlated DFT results [29].

Overall, the increasing Fe-3d contribution near the Fermi level confirms progressive 
impurity-band formation with increasing Fe concentration. This behavior explains the 
continued band-gap narrowing relative to pristine anatase TiO2  and supports the expected 
enhancement of visible-light absorption. The Ti-site Hubbard correction shifts Ti-derived 
conduction states upward, while the Fe-site correction localizes and separates Fe-derived 
impurity features. The combined UTi +UFe  treatment provides a more correlated description 
of the localized d states, and the close agreement of PINN with the GGA+U trends supports 
its use as an efficient surrogate for interpolating DOS behavior in Fe-doped anatase TiO2 .

Figures 13–15 present the electronic band structures and density of states (DOS) of 
pristine and Fe-doped anatase TiO2  along the Γ-X-M-Γ-Z-R-A-Z high-symmetry path. As 
shown in Figure 13, pristine anatase TiO2  exhibits clear semiconducting behavior, with no 
bands crossing the Fermi level and a vanishing DOS at EF . The valence-band maximum 
is dominated mainly by O-2p states, whereas the conduction-band minimum is primarily 
composed of Ti-3d states, reflecting the mixed ionic-covalent character of Ti-O bonding. 
The GGA calculation gives a direct Γ-point band gap of 3.26 eV. Applying the GGA+UTi 
correction shifts the Ti-3d conduction states upward and increases the gap to 3.78 eV. The 
PINN model predicts a direct gap of 3.68 eV and reproduces the main DFT band-structure 
and DOS features, in agreement with previous studies [41].

Fe substitution introduces Fe-3d impurity states within the band gap, reducing the 
gap relative to pristine anatase TiO2  and enhancing visible-light activity. At 6.25% Fe, 
Figure 14 shows direct band gaps of 2.60, 2.74, and 2.78 eV for GGA, GGA+UFe , and 
PINN, respectively [42]. For 25% Fe, Figure 15 shows that GGA+UTi , GGA+UFe , and 
GGA+UTi +UFe  yield direct gaps of 2.18, 2.36, and 2.54 eV, respectively. The Fe-3d states 
split into t2g  and eg  components under the octahedral crystal field, forming donor-like 
impurity levels near the band edges. These impurity states narrow the effective band gap, 
promote charge separation, and support n-type ferromagnetic semiconducting behavior. 
Among the correlated treatments, the dual GGA+UTi +UFe  approach provides the most 
physically consistent description of localized Ti- and Fe-derived d states. Meanwhile, PINN 
successfully reproduces the main DFT trends at reduced computational cost, supporting its 
use as a surrogate model for Fe-doped anatase TiO2  [43–45].

3.4. Optical Properties
Figures 16–18 present the dielectric response and optical conductivity of pristine and 

Fe-doped anatase TiO2 . Standard GGA produces stronger low-energy optical features and 
red-shifted spectra, especially at higher Fe concentrations. This behavior is mainly associated 
with the well-known band-gap underestimation of GGA and the excessive delocalization of 
Ti- and Fe-derived d states. Introducing Hubbard corrections shifts the main dielectric and 
optical-conductivity features toward higher photon energies and reduces the artificial low-
energy response. As shown in Figure 16, the Ti-site Hubbard correction primarily localizes 
the host Ti-3d conduction states. Figure 17 shows that the Fe-site correction localizes Fe-
related impurity states, while Figure 18 demonstrates that the combined UTi +UFe  treatment 
provides the most correlated description of the electronic and optical response.
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Figure 13. Band structures and density of states (DOS) of pristine anatase TiO2  obtained using (a) 
GGA, (b) GGA+UTi  (UTi  = 4.5 eV, JTi  = 0.8 eV), and (c) PINN. Direct Γ−point gaps are 3.26, 3.78, 
and 3.68 eV, respectively. The valence and conduction bands are predominantly O−2p and Ti−3d in 
character, respectively.
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Figure 14. Band structures and density of states (DOS) of 6.25% Fe−doped anatase TiO2  obtained 
using (a) GGA, (b) GGA+UFe  (UFe  = 4.5 eV, JFe  = 0.9 eV), and (c) PINN. Direct Γ−point gaps are 2.60, 
2.74, and 2.78 eV, respectively. The valence bands are predominantly O−2p, while the conduction 
bands are mainly Ti−3d with Fe−3d contributions. Fe−3d impurity states occur within the gap.
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Figure 15. Band structures and density of states (DOS) of 25% Fe−doped anatase TiO2  obtained 
using (a) GGA+UTi , (b) GGA+UFe , and (c) GGA+UTi +UFe , with direct Γ−point gaps of 2.18, 2.36, 
and 2.54 eV, respectively. Hubbard parameters are UTi  = UFe  = 4.5 eV, JTi  = 0.8 eV, and JFe  = 0.9 eV, 
where applicable. Valence and conduction bands are predominantly O−2p and Ti−3d, respectively, 
with Fe−3d contributions and in−gap impurity states.
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Figure 16. (a) Dielectric function, ε1 (ω) and ε2 (ω), and (b) optical conductivity, σ1 (ω) and σ2 (ω), 
of pristine and Fe-doped anatase TiO2  (3.125–25% Fe), comparing GGA, GGA+UTi  (UTi  = 4.5 eV, 
JTi  = 0.8 eV), and PINN. Solid and dashed curves represent the real and imaginary components, 
respectively.

 

Figure 17. (a) Dielectric function, ε1 (ω) and ε2 (ω), and (b) optical conductivity, σ1 (ω) and σ2 (ω), 
of pristine and Fe−doped anatase TiO2  (3.125−25% Fe), comparing GGA, GGA+UFe  (UFe  = 4.5 eV, 
JFe  = 0.9 eV), and PINN. Solid and dashed curves represent the real and imaginary components, 
respectively.

Figure 18. (a) Dielectric function, ε1 (ω) and ε2 (ω), and (b) optical conductivity, σ1 (ω) and σ2 (ω), 
of pristine and Fe-doped anatase TiO2  (3.125–25% Fe), comparing GGA, GGA+UTi +UFe , and PINN. 
Hubbard parameters are UTi  = UFe  = 4.5 eV, JTi  = 0.8 eV, and JFe  = 0.9 eV. Solid and dashed curves 
represent the real and imaginary components, respectively.
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Fe incorporation enhances both the dielectric function and optical conductivity com-
pared with pristine anatase TiO2 , with the strongest response obtained at 25% Fe. This en-
hancement is attributed to Fe−induced impurity levels and increased Fe−3d/O−2p/Ti−3d 
hybridization, which introduce additional interband transitions, increase polarizability, 
and broaden the optical spectral weight in the visible−to−near−UV region. These effects 
indicate that Fe doping improves the visible−light activity of anatase TiO2  and may enhance 
its usefulness in photocatalytic and optoelectronic applications. The PINN−assisted spectra 
closely reproduce the corresponding GGA+U trends, including the concentration−de-
pendent peak shifts and spectral broadening. This agreement confirms the reliabil-
ity of PINN as an efficient surrogate for predicting correlated optical properties. The 
present optical trends are consistent with previous theoretical and experimental reports on 
transition−metal−doped TiO2  systems [46,47].

Figures 19–21 present the calculated reflectivity, energy-loss function, refractive index, 
extinction coefficient, and absorption coefficient of pristine and Fe-doped anatase TiO2 . 
Standard GGA produces a stronger low-energy optical response because it underestimates 
the band gap and over-delocalizes Ti- and Fe-derived electronic states. Introducing Hub-
bard corrections shifts the main R(ω), L(ω), n(ω), k(ω), and α(ω) features toward higher 
photon energies and reduces the excessive low-energy reflectivity, extinction, and absorp-
tion predicted by GGA. As shown in Figure 19, the Ti-site Hubbard correction improves 
the localization of host Ti-3d conduction states, whereas Figure 20 shows that the Fe-site 
correction localizes Fe-3d impurity states. Accordingly, Figure 21 demonstrates that the 
combined UTi +UFe  treatment provides the most correlated optical description.

Figure 19. (a) Reflectivity, R(ω), and energy-loss function, L(ω), and (b) refractive index, n(ω), 
extinction coefficient, k(ω), and absorption coefficient, α(ω), of pristine and Fe-doped anatase TiO2 
(3.125–25% Fe), comparing GGA, GGA+UTi  (UTi  = 4.5 eV and JTi  = 0.8 eV), and PINN. Solid curves de-
note R and n; dashed curves denote L and k. Dotted curves show α/4, scaled for common-axis plotting.

Fe incorporation enhances the reflectivity, loss intensity, refractive index, extinction 
coefficient, and absorption coefficient compared with pristine anatase TiO2 . This enhance-
ment increases systematically from 3.125% to 25% Fe, indicating stronger Fe-3d/O-2p/Ti-3d 
hybridization and additional dopant-assisted interband transitions. The 25% Fe-doped 
system exhibits the strongest low-energy optical response, consistent with its increased 
density of Fe-derived impurity states and narrowed band gap. The PINN spectra closely 
reproduce the corresponding GGA+U peak shifts and spectral broadening, confirming the 
ability of PINN to serve as an efficient surrogate for correlated optical-property prediction. 
Overall, the calculated optical trends are in good agreement with previous studies of doped 
TiO2  systems [45–47].
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Figure 20. (a) Reflectivity, R(ω), and energy-loss function, L(ω), and (b) refractive index, n(ω), 
extinction coefficient, k(ω), and absorption coefficient, α(ω), of pristine and Fe-doped anatase TiO2 
(3.125–25% Fe), comparing GGA, GGA+UFe  (UFe  = 4.5 eV and JFe  = 0.9 eV), and PINN. Solid curves de-
note R and n; dashed curves denote L and k. Dotted curves show α/4, scaled for common-axis plotting.

Figure 21. (a) Reflectivity, R(ω), and energy-loss function, L(ω), and (b) refractive index, n(ω), extinc-
tion coefficient, k(ω), and absorption coefficient, α(ω), of pristine and Fe-doped anatase TiO2  (3.125–25% 
Fe), comparing GGA, GGA+UTi +UFe , and PINN. Hubbard parameters are UTi  = UFe  = 4.5 eV, JTi  = 0.8 eV,
and JFe  = 0.9 eV. Solid curves denote R and n; dashed curves denote L and k. Dotted curves show α/4, 
scaled for common-axis plotting.

4. Conclusions
This study investigated Fe-doped anatase TiO2  at concentrations of 3.125%, 6.25%, 

12.5%, and 25% using WIEN2k FP-LAPW calculations within GGA and GGA+U, com-
plemented by PINN modeling. Its principal contribution is the integration of corre-
lated all-electron calculations with physics-informed predictions to examine concentration-
dependent structural, mechanical, energetic, electronic, magnetic, and optical properties.

Fe incorporation produces systematic lattice expansion and mechanical softening. 
Within GGA, the equilibrium volume increases from 17.14 to 18.49 Å3 /f.u., while the bulk 
modulus decreases from 179.2 to 160.5 GPa between pristine TiO2  and 25% Fe. At 25% Fe, 
GGA+UTi  predicts a volume of 18.91 Å3 /f.u. and a bulk modulus of 169.2 GPa, compared 
with PINN values of 18.82 Å3 /f.u. and 167.9 GPa. Formation energies become increasingly 
negative, reaching −10.42 eV/f.u. within GGA and −10.91 eV/f.u. with the combined 
Ti- and Fe-site corrections. These trends indicate more favorable formation relative to the 
adopted chemical-potential references, although stability against competing phases requires 
further assessment.
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Fe-3d impurity states and their hybridization with O-2p and Ti-3d orbitals progressively 
narrow the band gap. The GGA gap decreases from 2.18 eV for pristine TiO2  to 1.23 eV 
at 25% Fe. Hubbard corrections increase the pristine gap to 3.07 eV, while the combined 
GGA+UTi +UFe  treatment yields 1.59 eV at 25% Fe. PINN predicts 3.19 eV for pristine TiO2 
and a decrease from 2.25 to 1.48 eV across the investigated Fe concentrations. Pristine TiO2 
remains nonmagnetic, whereas Fe substitution enhances spin polarization, with the largest 
reported magnetic moment reaching 4.41 μB/f.u. under the combined Hubbard treatment.

The optical calculations indicate enhanced visible-to-near-ultraviolet response through 
dopant-assisted interband transitions. Hubbard corrections shift the principal spectral 
features toward higher photon energies and moderate the excessive low-energy response ob-
tained with GGA. PINN reproduces the principal correlated trends, supporting its potential 
for interpolating properties within the modeled concentration range.

These findings establish Fe concentration and electronic-correlation treatment as com-
plementary controls for tuning anatase TiO2 . Experimental validation, competing-phase 
analysis, magnetic-ordering comparisons, and independent PINN testing remain necessary 
to assess its prospects for photocatalytic, optoelectronic, and spintronic applications.
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