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Abstract: This work investigates the interaction between water waves and multiple ice shelf fragments
in front of a semi-infinite ice sheet. The hydrodynamics are modelled using shallow water wave
theory and the ice shelf vibration is modelled using Euler–Bernoulli beam theory. The ensuing
multiple scattering problem is solved in the frequency domain using the transfer matrix method. The
appropriate conservation of energy identity is derived in order to validate our numerical calculations.
The transient scattering problem for incident wave packets is constructed from the frequency domain
solutions. By incorporating multiple scattering, this paper extends previous models that have only
considered a continuous semi-infinite ice shelf. This paper serves as a fundamental step towards
developing a comprehensive model to simulate the breakup of ice shelves.
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1. Introduction

The melting of ice shelves, i.e., ice sheets that originated from glaciers that are either
grounded or floating and connected to land, has significantly contributed to sea level rise
over the last century, in turn having serious consequences for coastal communities [1]. Ice
shelf calving, which refers to the breaking off of a substantial chunk of ice from an ice shelf,
is widely considered to be a contributing factor to glacier acceleration, which in turn results
in sea level rise [2,3]. Understanding the dynamics of ice shelves is therefore important in
predicting the consequences of their disintegration, and the need for improved theoretical
models to better understand them has long been recognised [2].

Ocean wave-induced ice shelf vibrations have attracted the attention of researchers
because the fatigue associated with repeated ice shelf flexure is a plausible mechanism for
calving [4–10]. Seismometer measurements have confirmed a causal link between swell
waves, i.e., ocean waves that are distantly generated by wind, and the vibrations of the Ross
Ice Shelf [11–13]. Specifically, significant vibrations at a period around 2 s, which is typical
for water waves, demonstrate a strong correlation between the vibrations of the ice shelf
and ocean waves [11]. By integrating satellite imagery and ocean-wave data, Massom et al.
provided evidence that vibrations caused by swell waves result in calving [14]. Moreover,
several investigations of the Ross Ice Shelf have also indicated that longer period waves,
namely tsunami waves or infragravity waves, can also trigger vibration-induced iceberg
calving [7,8,10,12,15,16]. Modelling the vibrations of ice shelves is therefore essential for
understanding and predicting potential disintegration.

Various ocean wave–ice shelf interaction models have been developed to investigate
ice shelf vibration under different conditions [17,18]. Global positioning system studies
of the tidal wave-induced displacement profiles of the Rufford Ice Stream and Ronne Ice
Shelf in Antarctica have suggested that ice shelf flexure can be modelled as an elastic
beam [17]. Schmeltz et al. [18] contrasted interferometric synthetic aperture radar (InSAR)
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observations of tidal flexure on glaciers in Antarctica and Greenland with finite-element
simulations of tidal forcing on an elastic ice plate. Their findings indicate that the elastic-
plate model can accurately replicate the tidal flexure patterns observed using InSAR.
The inherent complexity of these ice shelf vibration models has motivated a more recent
trend of simplifying the hydrodynamic component of the model by assuming that the water
is shallow [19–22]. Although this assumption is a significant limitation of these studies (as
it becomes invalid for periods shorter than 50,100 s [23]), we will also adopt this simplifying
assumption here.

Several authors have sought to model ice shelf breakup. Sergienko et al. [19] developed
a thin elastic plate model based on the shallow water approximation. They determined the
vibrational modes of this interconnected system by employing a thin-plate approximation
for the ice shelf and considering the potential water flow within the ice shelf cavity. They
found that long ocean waves and shorter sea swell waves affect ice shelves, and can
cause iceberg calving and disintegration under certain circumstances. England et al. [24]
presented a model to predict iceberg fracture based on the “footloose mechanism”, which
is a natural process in which icebergs rapidly become isolated in open water with surface
temperatures significantly above freezing. Their model, which they parametrised using
data from the Antarctic Iceberg Tracking Database, gave more accurate predictions of
the survival times of large Antarctic icebergs than existing models. In addition to the
aforementioned works, there is a relative scarcity of mathematical models exploring ice
shelf breakup dynamics. However, several mathematical models have examined the related
problem of ocean wave-induced breakup of sea ice. Mokus and Montiel [25] proposed
a numerical model to predict the pattern of sea ice breakup. In their model, breakup occurs
in a successive manner, meaning that it occurs in a sequence of instantaneous breakup
events, each occurring in a single location. This method enables a granular examination
of the breakup process. However, a significant limitation of their study is that they only
considered time-harmonic vibrations. In this paper, we develop and solve a mathematical
model of time-dependent shallow water wave interaction with a partially fragmented
semi-infinite ice shelf. Our reason for developing this model is so that we can later include
it in a sequential ice shelf breakup model, which is analogous to the sequential sea ice
breakup model considered by Mokus and Montiel [25] except that we will consider the
problem in the time domain. Figure 1 shows a schematic describing the sequential breakup
of ice shelves.

Ice Shelf

Ice ShelfIce Shelf

Ice ShelfIce Shelf Ice Shelf

Figure 1. Schematic showing the proposed sequential ice shelf breakup model. The upper panel
shows the initial state in which there is a semi-infinite ice shelf. The middle and lower panels show
the state after the first and second breakup events, respectively.
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In this paper, we investigate the interaction between water waves and a row of multiple
ice shelf fragments, or icebergs, positioned in front of a semi-infinite ice shelf. Our work
extends the model of McNeil and Meylan [21], which studied the interaction of water
waves with a single semi-infinite ice shelf (i.e., finite ice shelf fragments in front of the ice
shelf were not considered). Following McNeil and Meylan, we cast the problem as a one-
dimensional problem by invoking shallow water wave theory to model the hydrodynamics
and Euler–Bernoulli beam theory to model the ice shelf vibrations. The resulting multiple
scattering problem is solved using the transfer matrix method (TMM). In Section 2, we
introduce the mathematical formulation of the problem and its solution in the frequency
domain using the TMM. In Section 3, we use our frequency domain solutions to construct
the solution in the time domain. Results are given in Section 4 to illustrate the capabilities
of the model. In particular, we provide figures that describe wave energy reflection by the
partially-fragmented ice shelf and show the temporal evolution of incident Gaussian wave
packets. A brief conclusion is given in Section 5. Energy balance calculations, which are
used to validate our results, are relegated to Appendix A.

2. Mathematical Model
2.1. Preliminaries

We consider the interaction of water waves with N − 1 floating ice shelf fragments
with rectangular cross sections in front of a semi-infinite floating ice shelf, also having
a rectangular cross section. The assumptions of shallow water hydroelasticity [26] are
used to simplify the theoretical framework. The geometry and motions are assumed to be
transitionally invariant in one horizontal direction. In addition, the motion of the fluid and
of the ice shelves is assumed to be independent of depth, so that the problem becomes one-
dimensional. In order to do so, we have assumed that the motion of the fluid is governed by
shallow water wave theory, that is, the fluid is assumed to be incompressible and inviscid
and undergoing irrotational motion, and the depth of the fluid is assumed to be small
compared with the radius of curvature of the free surface [27]. Moreover, the motion of
the ice shelves is modelled using Euler–Bernoulli beam theory, which assumes that (i) the
ice shelf is straight with a uniform cross section throughout its length, (ii) the deflections
are minimal relative to the length of the ice shelf, (iii) the ice shelves are uniform and
isotropic in composition, with the cross-sectional dimensions being significantly smaller
than the ice shelves’ lengths, and (iv) the beam is subjected only to axial and transverse
forces [28]. The infinite horizontal domain of our problem is spanned by the coordinate
x ∈ R and divided into regions ΩI , in which the fluid is bounded above by an ice shelf,
and ΩF, in which the fluid is bounded above by a free surface, such that ΩI ∪ ΩF = R.
Our paper builds towards the case where ΩI is the union of N − 1 disjoint intervals of
finite length and one semi-infinite interval, that is, ΩI = [x1, x1 + L1] ∪ [x2, x2 + L2] ∪ . . .
[xN−1, xN−1 + LN−1] ∪ [xN , ∞). The simpler cases of a single finite ice shelf fragment
and a single semi-infinite ice shelf (where ΩI = [0, L] and ΩI = [0, ∞), respectively) are
considered first.

The motion of the ocean–ice shelf system is determined by the displacement U(x, t)
and the velocity potential of the fluid Φ(x, t). In particular, U(x, t) describes the vertical
displacement of the free surface of the fluid for x ∈ ΩF, and the vertical displacement of the
ice for x ∈ ΩI . As a consequence of shallow water wave theory and Euler–Bernoulli beam
theory, Φ and U satisfy the following coupled system of partial differential equations.

D∂4
xU + ρIh∂2

t U + ρwgU = −ρw∂tΦ x ∈ ΩI (1a)

gU = −∂tΦ x ∈ ΩF (1b)

∂2
xΦ = − 1

H
∂tU x ∈ ΩF (1c)

∂2
xΦ = − 1

H̃
∂tU x ∈ ΩI , (1d)
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where D = Eh3

12(1−v2)
is the ice shelves’ flexural rigidity, ρw and ρI are the density of water

and ice, respectively, and h is the ice shelves’ thickness. Moreover, E is the Young’s modulus
of the ice shelves, which we take to be 11 GPa, and the Poisson’s ratio, v, is taken to be 0.33.
We assume that ρw = 1025 kg m−3 and ρI = 922.5 kg m−3. The constant of gravitational
acceleration is g = 9.81 m s−2 and H represents the depth of the water and H̃ = H − h.
Note that (1a) would be equivalent to (1d) if D and h were zero. The potential, Φ, must
also satisfy the continuity of potential conditions

Φ(x−) = Φ(x+) for x ∈ ∂ΩI (2a)

and the continuity of flux conditions

H
∂Φ(x−)

∂x
= H̃

∂Φ(x+)
∂x

for x ∈ ∂ΩL
I (2b)

H̃
∂Φ(x−)

∂x
= H

∂Φ(x+)
∂x

for x ∈ ∂ΩR
I , (2c)

where the free edge conditions

∂4Φ(x+)
∂x4 =

∂5Φ(x+)
∂x5 = 0 for x ∈ ∂ΩL

I , (2d)

∂4Φ(x−)
∂x4 =

∂5Φ(x−)
∂x5 = 0 for x ∈ ∂ΩR

I , (2e)

where ∂ΩI = ∂ΩL
I ∪ ∂ΩR

I , and ∂ΩL
I and ∂ΩR

I are the sets of left and right endpoints of the ice
shelves, respectively. For example, if ΩI = [x1, x1 + L1] ∪ [x2, x2 + L2] ∪ . . . [xN−1, xN−1 +
LN−1] ∪ [xN , ∞), then ∂ΩL

I = {x1, x2, . . . , xN} and ∂ΩR
I = {x1 + L1, x2 + L2, . . . , xN−1 +

LN−1}. Note that (2b) and (2c) take different forms at the left and right endpoints of the ice
shelves, whereas the other matching conditions do not.

Initially, we assume time-harmonic motions with angular frequency ω, so that
U(x, t) = Re(u(x)e−iωt) and Φ(x, t) = Re(ϕ(x)e−iωt). Substituting these expressions
into (1) gives

D∂4
xu − ω2ρIhu + ρwgu = iωρwϕ x ∈ ΩI (3a)

gu = iωϕ x ∈ ΩF (3b)

∂2
xϕ =

iω
H

u x ∈ R (3c)

We use (3c) to eliminate u from (3), which gives rise to the following sixth-order equations
for ϕ:

D∂6
xϕ − ω2ρIh∂2

xϕ + ρwg∂2
xϕ = −ω2ρw

H̃
ϕ x ∈ ΩI (4a)

ρwg∂2
xϕ = −ω2ρw

H
ϕ x ∈ ΩF, (4b)

When solving the frequency domain problem, we impose radiation conditions at the far
field, meaning that scattered waves must be outgoing. Equation (4) can be restated as

−ω2ϕ =

{
Hg∂2

xϕ, x ∈ ΩF,
H̃
ρw
(D∂6

xϕ + (ρwg − ω2ρIh)∂2
xϕ), x ∈ ΩI .

(5)
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2.2. Solution for a Finite Ice Shelf Fragment

We begin by solving the problem of wave scattering by a finite ice shelf fragment,
namely, the case where ΩI = [0, L1]. The geometry of the problem is illustrated in Figure 2.
The general solution to (5) in this case is

ϕ(x, ω) =


R(1)

1 eikx + R(1)
2 e−ikx, x ∈ (−∞, x1),

3

∑
n=1

β
(1)
n e−rn(x−L1) +

3

∑
n=1

α
(1)
n ernx x ∈ ΩI ,

R(2)
1 eikx + R(2)

2 e−ikx, x ∈ (L1, ∞),

(6)

where the wave number k is the positive solution to the shallow water dispersion relation

k2 =
ω2

gH
(7)

and rn are the six roots of the ice-covered dispersion relation

D
ρwg

r6 + (1 − ω2 ρIh
ρwg

)r2 +
ω2

H̃g
= 0. (8)

The roots of (8) appear in positive and negative pairs. The purely imaginary root was
chosen to have a positive imaginary component and was denoted as r3, while the roots
with nonzero real parts were chosen to have negative real components and were denoted
as r1 and r2. Equation (6) has ten constants. We seek to construct the right-to-left transfer
matrix, so we assume that R(2)

1 and R(2)
2 are known. So, we end up with eight unknowns,

necessitating eight corresponding equations. These equations are derived as follows.

x1 = 0 L1

Ice Shelf

H̃

H H

ΩIΩF

Figure 2. Schematic of a finite ice shelf fragment.

When applied to the general solution (6), the continuity of the potential equation at
x = x1 (2a) implies that

R(1)
1 + R(1)

2 −
3

∑
n=1

β
(1)
n ern L1 −

3

∑
n=1

α
(1)
n = 0. (9a)

Additionally, the flux continuity condition (2b) implies that

HikR(1)
1 − HikR(1)

2 +
3

∑
n=1

H̃rnβ
(1)
n ern L1 −

3

∑
n=1

H̃rnα
(1)
n = 0, (9b)

and the free edge conditions (2e) imply

3

∑
n=1

r4
nβ

(1)
n ern L1 +

3

∑
n=1

r4
nα

(1)
n = 0 (9c)

−
3

∑
n=1

r5
nβ

(1)
n ern L1 +

3

∑
n=1

r5
nα

(1)
n = 0. (9d)
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Following the procedure outlined above at the right edge (i.e., at x = L1), the matching
conditions imply that

3

∑
n=1

β
(1)
n +

3

∑
n=1

α
(1)
n ern L1 = R(2)

1 eikL1 + R(2)
2 e−ikL1 (9e)

3

∑
n=1

H̃rnβ
(1)
n −

3

∑
n=1

H̃rnα
(1)
n ern L1 = HR(2)

1 ikeikL1 − HR(2)
2 ike−ikL1 (9f)

3

∑
n=1

r4
nβ

(1)
n +

3

∑
n=1

r4
nα

(1)
n ern L1 = 0 (9g)

−
3

∑
n=1

r5
nβ

(1)
n +

3

∑
n=1

r5
nα

(1)
n ern L1 = 0 (9h)

The conditions imposed by the matching conditions (9) give rise to a linear system of
equations for the unknown coefficients of the form

AX = BY, (10)

where

X =



R(1)
1

R(1)
2

β
(1)
1

β
(1)
2

β
(1)
3

α
(1)
1

α
(1)
2

α
(1)
3


, Y =

(
R(2)

1

R(2)
2

)
,

A =



1 1 −er1(L1) −er2(L1) −er3(L1) −1 −1 −1
Hik −Hik H̃r1er1(L1) H̃r2er2(L1) H̃r3er3(L1) −H̃r1 −H̃r2 −H̃r3

0 0 r4
1er1(L1) r4

2er2(L1) r4
3er3(L1) H̃r4

1 H̃r4
2 H̃r4

3
0 0 −r5

1er1(L1) −r5
2er2(L1) −r5

3er3(L1) r5
1 r5

2 r5
3

0 0 1 1 1 er1(L1) er2(L1) er3(L1)

0 0 H̃r1 H̃r2 H̃r3 −H̃r1er1(L1) −H̃r2er2(L1) −H̃r3er3(L1)

0 0 r4
1 r4

2 r4
3 r4

1er1(L1) r4
2er2(L1) r4

3er3(L1)

0 0 −r5
1 −r5

2 −r5
3 r5

1er1(L1) r5
2er2(L1) r5

3er3(L1)



B =



0 0
0 0
0 0
0 0

eikL1 e−ikL1

HikeikL1 −Hike−ikL1

0 0
0 0


,

The vector of unknown coefficients, X, can be obtained as

X = A−1BY. (11)

The transfer matrix for the ice shelf fragment describes the relationship between wave
amplitudes to the left and right of the ice shelf fragment, respectively, (R(1)

1 , R(1)
2 )⊺ and

(R(2)
1 , R(2)

2 )⊺. To obtain this matrix, we momentarily discard information about the ampli-
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tudes of vibrations of the ice shelf itself, noting that they can be recovered from the water
wave amplitudes using (10). To do so, we write(

R(1)
1

R(1)
2

)
= T

(
R(2)

1

R(2)
2

)
, (12)

where

T = [I2×2 02×3 02×3]A−1B, (13)

is the right-to-left transfer matrix and I2×2 and 02×3 are the 2 × 2 identity matrix and
2 × 3 zero matrix, respectively. We will make use of the transfer matrix described above
when solving the multiple scattering problem for multiple fragments of the ice shelf in
Section 2.4.

2.3. Solution for Semi-Infinite Ice Shelf

We introduce the solution for a semi-infinite ice shelf, which is the case ΩI = [0, ∞).
A schematic of the geometry of the problem is given in Figure 3. Assuming that there are
no incoming waves propagating through the ice shelf from +∞, the general solution is

ϕ(x, ω) =


R1eikx + R2e−ikx, x ∈ ΩF,

3

∑
n=1

αnernx, x ∈ ΩI .
(14)

Equation (14) has five constants, of which only R1 is assumed to be known, and thus we
require four corresponding equations. When applied to the general solution (14) at x = 0,
the continuity of potential Equation (2a) implies that

R1 + R2 −
3

∑
n=1

αn = 0 (15)

Additionally, the continuity of flux condition (2b) implies that

HikR1 − HikR2 −
3

∑
n=1

H̃rnαn = 0. (16)

The remaining two equations come from the free edge conditions (2d), which imply that

3

∑
n=1

r4
nαn = 0 (17)

3

∑
n=1

r5
nαn = 0. (18)

These conditions imposed by the matching conditions (15)–(18) give rise to a linear system
of equations for the unknown coefficients of the form

AX = BY, (19)

where

X =


R1
R2
α1
α2

, Y =

(
α3
0

)
, A =


1 1 −1 −1

Hik −Hik −H̃r1 −H̃r2
0 0 −r4

1 −r4
2

0 0 −r5
1 −r5

2

, B =


1 0

H̃r3 0
r4

3 0
r5

3 0

.
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The solution of the system above can be written as

X = A−1BY, (20)

The coefficients α1 and α2 are momentarily eliminated from the system by writing(
R1
R2

)
= M

(
α3
0

)
, (21)

where

M = [I2×2 02×2]A−1B. (22)

We make use of this matrix when solving the multiple scattering problem. The remaining
unknown coefficients, α1 and α2, can subsequently be recovered from (19).

x1 = 0

Ice Shelf

H̃

H

ΩFΩI

Figure 3. Schematic of the problem for a semi-infinite ice shelf.

2.4. Multiple Scattering Solution

We apply the transfer matrix method to solve the multiple scattering problem of N − 1
ice shelf fragments in front of a semi-infinite ice shelf, as illustrated in Figure 4. The transfer
matrix method is briefly outlined here through the use of a diagram in Figure 5. Full details
are given in [29,30]. The general solution to the multiple scattering problem is of the form

ϕ(x, ω) =



eikx + R(1)
2 e−ikx, x ∈ (−∞, 0),

3

∑
n=1

β
(1)
n e−rn(x−L1) +

3

∑
n=1

α
(1)
n ernx, x ∈ (0, L1),

R(2)
1 eikx + R(2)

2 e−ikx, x ∈ (L1, x2),
3

∑
n=1

β
(2)
n e−rn(x−(x2+L2)) +

3

∑
n=1

α
(2)
n ern(x−x2), x ∈ (x2, x2 + L2),

.

.

.

R(N)
1 eik(x−xN−1) + R(N)

2 e−ik(x−xN−1), x ∈ (xN−1 + LN−1, xN),
3

∑
n=1

α
(N)
n ern(x−xN), x ∈ (xN , ∞).

(23)

It is important to note that the transfer matrix method comprises two steps. The initial
step involves employing the technique described in Figure 5 to determine α

(N)
3 . The

subsequent step is to work backward to find all the remaining unknown coefficients. Note
that the difference in the solution method between the two cases lies in the choice of roots.
In the semi-infinite case, we select three specific roots and apply the boundary condition at
the front, considering the ice shelf to be infinite. However, in the case of multiple scattering,
we consider all six roots and apply boundary conditions at both the front and end of each
ice shelf.
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x1 = 0 L1 x2 x2 + L2 xN

Ice Shelf NIce Shelf 2Ice Shelf 1

. . .

. . .

. . .

Figure 4. Schematic of the problem of N − 1 ice shelf fragments in front of a semi-infinite ice shelf.

Ice shelf 1 Ice shelf 2 Ice shelf N
. . .

R(1)
1 eikx R(2)

1 eikx R(N)
1 eikx

R(1)
2 e−ikx R(2)

2 e−ikx R(N)
2 e−ikx

x1 = 0 L1 x2 x2 + L2 xN

R(1)
1

R(1)
2

 = T1

R(2)
1

R(2)
2



R(1)
1

R(1)
2

 = T1 P2 . . .T2

R(N)
1

R(N)
2



R(1)
1

R(1)
2

 = T1 P2 T2 . . . PN M

(
α
(N)
3
0

)

Figure 5. Diagram outlining the transfer matrix method for the problem of N − 1 ice shelf fragments
in front of a semi-infinite ice shelf; the transfer matrix relates amplitudes to the left and right of the
ice shelf. The amplitude to the right of ice shelf 1 is related to the amplitude to the left of ice shelf 2

via the propagating matrix, which is Pi+1 =

(
e−ik(xi+1−xi) 0

0 eik(xi+1−xi)

)
, where i = 1, 2, . . . , N − 1.

Repeating this process, we can obtain all the amplitudes in ΩF, and then we can recover the ampli-

tudes under the ice. We seek to construct the right-to-left transfer matrix, so we assume that R(1)
1 = 1,

and then we construct the transfer matrix for the whole array and we solve for α
(N)
3 = 1

s11
, where

T1P2T2 . . . PN M = S. We can determine the amplitudes between the ice shelves using (12) for the
N − 1 ice shelf and (21) for the semi-infinite ice shelf. Once we have obtained those amplitudes,
the remaining unknown coefficients can be recovered using (11) for the N − 1 ice shelf and (20) for
the semi-infinite ice shelf.

We present an overview of how we applied the transfer matrix method on multiple
broken ice shelves that end with a semi-infinite ice shelf. In Section 2.2, we find the
transfer matrix, T, for the finite ice shelf. This transfer matrix can be applied for multiple
finite ice shelves by applying a new propagating matrix, which will be explained below.
In Section 2.3, we provide the transfer matrix, M, for a semi-infinite ice shelf. Based on that,
we are introducing the whole system as shown in Figure 5.
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2.5. Energy Conservation

The conservation of energy relation for the system of N − 1 ice shelf fragments in front
of a semi-infinite ice shelf, which we used to validate our numerical calculations, is

∣∣∣R(1)
2

∣∣∣2 + H̃
kH

(
2DH
ρwω2

∣∣∣r(N)
3

∣∣∣7 + ∣∣∣r(N)
3

∣∣∣)∣∣∣α(N)
3

∣∣∣2 = 1, (24)

which is identical to the relation derived in [21] for a single semi-infinite ice shelf. Our
derivation of (24) is given in Appendix A. Note that similar results can be found in [31].

3. Time Domain Solution

We write the time dependent displacement, U, as a superposition of the frequency
domain solutions as below

U(x, t) = Re
{∫ ∞

0
f̂ (k)ϕ(ω(k), x)e−iω(k)tdk

}
, (25)

where ω(k) = k
√

gH. We calculate the integral numerically at the points xi using the
midpoint rule ∫ ∞

0
h(k)dk =

N

∑
j=1

h(k j)wj (26)

where wj are the quadrature weights. An application of this rule to (25) gives

U(xi, t) =
N

∑
j=1

wj
ˆf (k j)u(xi, ω(k j))e

−iω(kj)t (27)

Following observations outlined in [32,33], we can represent this sum as a matrix multipli-
cation of the form

Ut = Z Diag(wje
−iω(kj)t) f, (28)

where the elements of Z are
zij = u(xi, ω(k j))

and Ut and f have entries U(xi, t) and f̂ (k j), respectively. In this paper, we take the
spectrum ˆf (k j) to describe an incident Gaussian wave packet

f̂ (k) = ω(k)
√

σ

π
exp(−σ(ω(k)− ω(k0))

2), (29)

where the standard deviation, σ, describes the width of the Gaussian in the frequency
domain and and k0 is the peak frequency.

4. Results

We consider the case of two broken ice shelves, each of length 40 km, in front of
a semi-infinite ice shelf. Both of the gaps between the ice shelves are of length 20 km.
We evaluated the solution in the time domain using several values of ice shelf thickness,
namely h = 20 m, h = 50 m, h = 100 m, and h = 150 m. We chose the parameters of the
incident Gaussian wave packet to be k0 = 0.05 m−1 and σ = 5000, and fixed the depth of
the water to be H = 300 m. Figures 6–9 illustrate that, although there is not a significant
change in wavelength as the wave packet enters the ice shelf, there can be a significant
change in amplitude when the ice shelf is thick.
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Figure 6. Time-dependent displacement of the water wave–ice shelf system due to an incident
Gaussian wave packet. The blue line segments indicate the displacement of the free surface of the
water, while the red line segments indicate the vertical displacement of the ice, with a thickness of
h = 20 m and a same length of 40 km and 20 km water gaps, showing how the ice shelves respond to
wave forces.
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Figure 7. As in Figure 6, with h = 50 m.
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Figure 8. As in Figure 6, with h = 100 m.
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Figure 9. As in Figure 6, with h = 150 m.

Motivated by the conservation of energy identity (24), the reflected and transmitted
energy by the ice shelves are defined to be

ϵr =
∣∣∣R(1)

2

∣∣∣2 , ϵt =
H̃

kH

(
2DH̃
ρwω2

∣∣∣r(N)
3

∣∣∣7 + ∣∣∣r(N)
3

∣∣∣)∣∣∣α(N)
3

∣∣∣2,

respectively. Figure 10 show the effect of frequency on the total transmitted and reflected
energy.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 10. The propagation of water waves over ice shelves of varying thicknesses. Panels (a,b) depict
the transmitted and reflected energy for a thin ice shelf (h = 20 m), showing significant transmission
of wave energy. Panels (c,d) illustrate a thicker ice shelf (h = 50 m), with a balance of transmitted and
reflected energy. Panels (e,f) show a substantially thicker ice shelf (h = 100 m), resulting in reduced
transmitted energy. Panels (g,h) depict the very thick ice shelf (h = 150 m), which strongly reflects
wave energy, demonstrating significant wave attenuation.

Figure 11 show the effect of the Young’s modulus on the total reflected energy (similar
figures would be found for transmitted). As expected, the reflected energy is lower for
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a lower Young’s modulus, although the effect is not very strong. We note that the Young’s
modulus is not well parameterised for ice shelves.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 11. The propagation of water waves over ice shelves of varying thicknesses is illustrated as
follows. Panels (a,b) show the reflected energy for a thin ice shelf with a thickness of (h = 20 m).
Panels (c,d) depict the reflected energy for a moderately thick ice shelf with a thickness of (h = 50 m).
Panels (e,f) present the reflected energy for a significantly thicker ice shelf with a thickness of
(h = 100 m). Panels (g,h) illustrate the reflected energy for a very thick ice shelf with a thickness of
(h = 150 m). The figures on the left have a lower value for Young’s modulus compared to those on
the right, as shown in the figure title.

There is a significant difference in the amount of reflected energy when there are a few
ice shelf fragments in front of the semi-infinite ice shelf (see Figure 12). We hypothesise
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that this is due to resonant interactions caused by the gaps in the ice cover. In particular,
the peaks in the reflection coefficients are reminiscent of stop bands, which is expected
since the region containing ice shelf fragments is periodic.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 12. The propagation of water waves over ice shelves of varying thicknesses is illustrated as
follows. Panels (a,b) show the reflected energy for a thin ice shelf with a thickness of (h = 20 m).
Panels (c,d) depict the reflected energy for a moderately thick ice shelf with a thickness of
(h = 50 m). Panels (e,f) present the reflected energy for a significantly thicker ice shelf with
a thickness of (h = 100 m). Panels (g,h) illustrate the reflected energy for a very thick ice shelf
with a thickness of (h = 150 m). Panels (a,c,g) show the reflected energy for multiple ice shelves,
while Panels (b,d,f) represent the reflected energy for semi-infinite ice shelves.
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5. Conclusions

This study provides a simple model of water wave scattering by an array of floating
ice shelf fragments in front of a semi-infinite ice shelf, which extends the previous work
of [21]. By invoking the shallow water approximation and Euler–Bernoulli beam theory, we
obtained a multiple scattering problem, which we solved using the transfer matrix method.
Although we do not deny that these are significant assumptions, they were incredibly
beneficial in giving rise to a tractable model that is computationally inexpensive to solve.
Future work could seek to evaluate the effect of these assumptions in comparison with
models with fewer assumptions or field data. Our work is an important step towards
building a time domain model of sequential ice shelf disintegration.
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Appendix A. Energy Balance Calculation

From the following integral, we can calculate the conservation of energy, where L was
chosen to be sufficiently large, i.e., −L < x and x < L. Next, consider∫ 0

−L
(uϕ∗ − ϕu∗) dx =

∫ 0

−L
uϕ∗ d(x)−

∫ 0

−L
ϕu∗ dx

=
−H
iω

∫ 0

−L
(∂2

xϕ)ϕ∗ dx +
g

iω

∫ 0

−L
uu∗ dx

=
−H
iω

[(∂xϕ)ϕ∗ −
∫ 0

−L
∂xϕ(∂xϕ∗) dx] +

∫ 0

−L
uϕ∗ dx

=
−H
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗) +
∫ 0

−L
ϕ(∂2

xϕ∗) dx] +
∫ 0

−L
uϕ∗ dx

=
−H
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] |0−L − H
iω

∫ 0

−L
ϕ(∂2

xϕ∗) dx +
∫ 0

−L
uϕ∗ dx

=
−H
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] |0−L −
∫ 0

−L
ϕu∗ dx +

∫ 0

−L
uϕ∗ dx

=
∫ 0

−L
(−ϕu∗ + uϕ∗) d(x)− H

iω
[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] |0−L

and end up with∫ 0

−L
(uϕ∗ − ϕu∗) d(x) =

∫ 0

−L
(−ϕu∗ + uϕ∗) d(x)− H

iω
[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] |0

+
H
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] |−L

noting that the boundary terms that arise from integration by parts at x = 0 cancel. Likewise,
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∫ L

0
(uϕ∗ − ϕu∗) dx =

∫ L

0

−H̃
iω

∂2
xϕϕ∗ dx +

∫ L

0

1
iωρw

(D∂4
xu − ω2ρihu + ρwgu)u∗ dx

=
−H̃
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗) +
∫ L

0
ϕ(∂2

xϕ∗) dx]

+
D

iωρw

∫ L

0
u∗∂4

xu dx − ωρih
iρw

∫ L

0
u∗u dx +

g
iω

∫ L

0
u∗u dx

=
−H̃
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗) +
∫ L

0
ϕ(∂2

xϕ∗) dx]

+
D

iωρw
[u∗∂3

xu − ∂2
xu∂xu∗ + ∂xu∂2

xu∗ − u∂3
xu∗] +

∫ L

0

u
iωρw

(D∂4
xu∗ − ω2ρihu∗ + ρwgu∗) dx

=
−H̃
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] +
D

iωρw
[u∗∂3

xu − ∂2
xu∂xu∗ + ∂xu∂2

xu∗ − u∂3
xu∗]

− H̃
iω

∫ L

0
ϕ(∂2

xϕ∗) dx +
∫ L

0

u
iωρw

(D∂4
xu∗ − ω2ρihu∗ + ρwgu∗) dx

=
−H̃
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] +
D

iωρw
[u∗∂3

xu − ∂2
xu∂xu∗ + ∂xu∂2

xu∗ − u∂3
xu∗]

−
∫ L

0
ϕu∗ dx +

∫ L

0
uϕ∗ dx

=
∫ L

0
(−ϕu∗ + uϕ∗) dx − H̃

iω
[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] |L

+
H̃
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] |0 +
D

iωρw
[u∗∂3

xu − ∂2
xu∂xu∗ + ∂xu∂2

xu∗ − u∂3
xu∗] |L

− D
iωρw

[u∗∂3
xu − ∂2

xu∂xu∗ + ∂xu∂2
xu∗ − u∂3

xu∗] |0

Again, the boundary terms cancel. We observe that the terms for u at x = 0 cancel
because of the edge conditions. When these expressions are combined, the result is:

H
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] |−L=
H̃
iω

[(∂xϕ)ϕ∗ − ϕ(∂xϕ∗)] |L

− D
iωρw

[u∗∂3
xu − ∂2

xu∂xu∗ + ∂xu∂2
xu∗ − u∂3

xu∗] |L

Now, we substitute the terms for u and f and take the limit at L → ∞ (only needed for x > 0,
where the evanescent roots are). With this limit, we have

2H(−k
∣∣∣R(1)

2

∣∣∣2 + k) = 2H̃
∣∣∣r(N)

3

∣∣∣∣∣∣α(N)
3

∣∣∣2 + D
ω2ρw

(4H̃2
∣∣∣r(N)

3

∣∣∣7∣∣∣α(N)
3

∣∣∣2)
Then, the energy balance relationship is

∣∣∣R(1)
2

∣∣∣2 + H̃
kH

(
2DH̃
ρwω2

∣∣∣r(N)
3

∣∣∣7 + ∣∣∣r(N)
3

∣∣∣)∣∣∣α(N)
3

∣∣∣2 = 1
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