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Abstract: Bulk viscosity and acoustic wave propagation in polyatomic gases and their mixtures are
studied in the frame of one-temperature and multi-temperature continuum models developed using
the generalized Chapman-Enskog method. Governing equations and constitutive relations for both
models are written, and the dispersion equations are derived. In the vibrationally nonequilibrium
multi-component gas mixture, wave attenuation mechanisms include viscosity, thermal conductivity,
bulk viscosity, diffusion, thermal diffusion, and vibrational relaxation; in the proposed approach
these mechanisms are fully coupled contrarily to commonly used models based on the separation of
classical Stokes—Kirchhoff attenuation and relaxation. Contributions of rotational and vibrational
modes to the bulk viscosity coefficient are evaluated. In the one-temperature approach, artificial
separation of rotational and vibrational modes causes great overestimation of bulk viscosity whereas
using the effective internal energy relaxation time yields good agreement with experimental data and
molecular-dynamic simulations. In the multi-temperature approach, the bulk viscosity is specified
only by rotational modes. The developed two-temperature model provides excellent agreement of
theoretical and experimental attenuation coefficients in polyatomic gases; both the location and the
value of its maximum are predicted correctly. One-temperature dispersion relations do not reproduce
the non-monotonic behavior of the attenuation coefficient; large bulk viscosity improves its accuracy
only in the very limited frequency range. It is emphasized that implementing large bulk viscosity in
the one-temperature Navier-Stokes—Fourier equations may lead to unphysical results.

Keywords: bulk viscosity; molecular relaxation; sound wave propagation; attenuation coefficient

1. Introduction

Studies of bulk viscosity and relaxation processes in molecular polyatomic gases
and their mixtures is a challenging problem of gas dynamics. The first studies on wave
propagation in gas date back to the 19th century. Stokes [1] suggested that the main
mechanism for the absorption of sound waves is internal friction (viscosity) that occurs
during wave propagation. Later, Kirchhoff [2] showed that wave attenuation also occurs
due to heat conduction. Based on these assumptions, the classical sound dispersion and
attenuation theory was developed, expressing the attenuation coefficient « in terms of the
viscosity and thermal conductivity coefficients

w? (4 1 1
=32 -5)) W

w is the sound wave angular frequency, p is the gas density, c is the speed of sound, cy and
cp are, respectively, constant-volume and constant-pressure specific heats, 7 is the shear
viscosity coefficient, A is the thermal conductivity coefficient. This theory describes well
sound wave propagation in atomic gases that do not have internal degrees of freedom.
Leontovich and Mandelstam in 1937 [3] and later Tisza in 1941 [4] discovered experi-
mentally that in molecular gases Equation (1) does not predict correctly sound absorption,
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and there is an additional mechanism for sound wave attenuation, namely, molecular relax-
ation (see also review [5]). This was the basis for introducing the bulk viscosity coefficient
¢ which characterizes the finite rate of energy redistribution between the translational
and internal degrees of freedom and subsequent additional compression/expansion of the
gas volume after its initial compression or expansion. The presence of this effect causes a
violation of the so-called Stokes relation 3, +21y =0(1p = ¢ — %17 is the second viscosity
coefficient) for gases with internal degrees of freedom.

The Stokes—Kirchhoff formula accounting for the bulk viscosity takes the

generalized form
w? (4 1 1
o= 208 (317 + /\(CV - Cp> + C>. )

This formula works well for diatomic gases but may fail in correctly predicting the
attenuation coefficient of polyatomic gases with multiple vibrational modes.

Since its first introduction, the bulk viscosity was widely discussed in the litera-
ture, and even caused disputes and disagreements, see [6,7], due to uncertainties in the
definitions. Various methods were developed to evaluate this quantity. Experimental
measurements of bulk viscosity were carried out using different techniques such as ul-
trasonic absorption [8-12], Rayleigh—Brillouin scattering [13-16], laser-induced thermal
acoustics [17]. Experimental studies in general show that the bulk viscosity coefficient
is of the same order of magnitude as the shear viscosity coefficient, and therefore, ne-
glecting the bulk viscosity in the stress tensor may cause inaccuracies in simulations of
compressible flows.

Theoretical approaches for studying the bulk viscosity in gases and fluids include
the Chapman-Enskog theory and its generalizations for strong deviations from equilib-
rium [18-30]; rational extended thermodynamics [31-34] and its combination with the
kinetic theory [35]; momentum methods [36-38]; statistical mechanics [39,40]; phenomeno-
logical models [4,41]. In the phenomenological approach [41], the bulk viscosity is either
specified by rotational relaxation or represented as a sum of two independent terms as-
sociated with rotational and vibrational degrees of freedom; problems and limitations
of such an approach are discussed in [29] and will be further addressed in the present
paper. Rational extended thermodynamics [34] creates a basis for deriving governing
equations and constitutive relations applicable for both continuum and rarefied gas flows
at arbitrary deviations from equilibrium; however, it does not provide a fully closed flow
description since the transport coefficients are not calculated explicitly, without invoking
additional experimental or kinetic-theory data. The Chapman-Enskog method and its
generalizations provide self-consistent flow description including governing equations,
constitutive relations, and algorithms for the transport coefficients evaluation; on the
other hand, its application is limited by small Knudsen numbers. Various models for the
bulk viscosity were developed in the framework of the generalized Chapman-Enskog
method: one-temperature with one or several internal energy modes, multi-temperature,
and state-to-state (see detailed review in [30]). In particular, it is shown that in gases with
multiple energy modes, the bulk viscosity is specified by rapid inelastic non-resonant
processes [24,29,30].

Another modern tool for the bulk viscosity evaluation is numerical experiments, such
as molecular dynamics [42-51] or solving the Boltzmann transport equation using Monte—
Carlo methods [26,30,52]. In the latter technique, the transport coefficients are found from
spontaneous fluctuations at thermal equilibrium; the dynamics of spontaneous fluctuations
can be assessed by light scattering experiments and molecular-dynamic simulations [30].
The accuracy of molecular simulations depends on the adopted potential energy surface
as well as on the length and number of molecular trajectories; both equilibrium and
nonequilibrium molecular-dynamic methods can be used in simulations [49,50].

The effect of including the bulk viscosity to fluid-dynamic simulations of nonequilib-
rium flows is discussed in [53—67] and many other papers. It was shown that accounting
for bulk viscosity may significantly alter the shock wave structure and dynamics of other
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compressible flows with large values of velocity divergence. On the other hand, using
over-predicted values of the bulk viscosity coefficient may lead to incorrect simulations
of gas flows in the frame of the one-temperature Navier-Stokes approach and to some
numerical artifacts not existing in reality.

It is worth mentioning that various theoretical approaches, while providing satisfactory
agreement for the bulk viscosity of diatomic species, still yield highly scattered data on the
bulk viscosity of polyatomic gases, in particular, carbon dioxide. For instance, in the paper
by Cramer [41], the ratio of bulk and shear viscosity coefficients { /7 found in CO; on the
basis of the attenuation coefficient evaluations is estimated as 4000 at low temperatures.
In our studies [29,65], this ratio is estimated at about 3-5, and it is shown that high {/#
value is the result of the unjustified splitting of the rotational and vibrational modes.
In recent experiments [16], the same ratio of about 3-5 is obtained in low-temperature
carbon dioxide. However, substituting such a ratio into Equation (2) yields a significantly
underestimated attenuation coefficient at intermediate and high frequencies. Thus, one of
the objectives of the present study is to clarify the issue of high bulk viscosity in CO,, CHy,
and other polyatomic species and develop a consistent model providing realistic values for
both bulk viscosity and attenuation coefficients.

In this study, we consider continuum relaxation models based on the generalized
Chapman-Enskog method [24] and suitable for extended Navier—Stokes—Fourier equations.
The paper is organized as follows: (1) we start with recalling the main peculiarities of
the one-temperature (1T) description of nonequilibrium flows and compare bulk viscosity
coefficients of diatomic and polyatomic species obtained in the frame of the 1T-model;
in particular, we discuss the effect of splitting different energy modes on the bulk viscosity
coefficient (Section 3); (2) in Section 4, we describe briefly a two-temperature (2T) model of
a nonequilibrium flow with slow vibrational relaxation; (3) in the next sections, we derive
the dispersion relation for a single-component gas in the frame of 2T and 1T models and
analyze attenuation coefficients obtained using different approaches (Sections 5 and 6);
(4) in Section 7, we derive the dispersion equation for a mixture with multiple vibrational
temperatures and give preliminary estimates for the mixture attenuation coefficient; (5) the
concluding remarks are given in Section 8.

2. One-Temperature Model

The one-temperature approach is developed for weak deviations from thermodynamic
equilibrium and is based on the following characteristic time scaling:

Tir < Trot < Tyibr <K 0, 3)

where Ty, Trot, Tyibr are characteristic times of translational, rotational, and vibrational
relaxation correspondingly, 6 is the gas-dynamic time scale. This model is commonly
used in computational fluid dynamics (CFD), and the Chapman-Enskog formalism for its
closure is well established [18,19,21,24].

In the one-temperature approach, the governing equations include the conservation of
mass, momentum, and total energy,

d
F+ov-o=0, @
d
P +V-P=0, ©)
E

p is density, v is velocity, E is the energy per unit mass including the energy of translational
and internal degrees of freedom, P is the pressure tensor, and g is the heat flux.
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In the first-order approximation of the Chapman-Enskog method we obtain the
Navier-Stokes—Fourier (NSF) equations with the following constitutive relations for the

pressure tensor P (which is related to the stress tensor o as o = —P)
P=pl-2yS—-CV-vl, (7)
and the heat flux
q= —AVT = _(/\tr + )\rot + Avibr)VT' (8)

In these expressions, p is the pressure, I is the unit tensor, S is the traceless strain rate
tensor, 7, { are coefficients of shear and bulk viscosity, A is the thermal conductivity coeffi-
cient including contributions of translational, rotational and vibrational modes. Note that
in the frame of the one-temperature model (under weak deviations from equilibrium), all
relaxation processes are described in terms of bulk viscosity and internal heat conductivity,
with no additional relaxation equations.

The algorithm for deriving the transport coefficients in the 1T quasi-classical approach
was developed in [18,19,68]. Following the Chapman-Enskog formalism, we expand the
first-order distribution function into the series of the Sonine and Waldmann-Triibenbacher
polynomials, and obtain linear algebraic systems for the expansion coefficients; for single-
component gases, these systems can be solved analytically, and the transport coefficients
are thus expressed in terms of the collision integrals Q(7):

_ S5kgT _ kgT [ cint 2 ©)
T= 80y’ Bt \cv )/
75k%T 3kgT
tr = W()B(Z,Z)’ )\int = )\rot + /\vibr - STle)Cint- (10)

Here, m is the mass of the molecule, kg is the Boltzmann constant, T is the temperature,
Cint is the specific heat of internal degrees of freedom,

v = gR =+ Cint = ;R =+ Crot + Cyibr
is the total constant-volume specific heat, cyot and cyp,, are the rotational and vibrational
specific heats, R = kp/m is the gas constant.
The collision integrals Q(I'), 0(22) can be calculated using known interaction poten-
tials [19,69]. The integral bracket Sin: is associated with the internal energy variation in
inelastic collisions and has the form

kpT\'/? SijSki int) 2.3 2 & €\ AJKT p
mn) Z (AE ) 0% exp<—7 T kaT _kBT>ai]'kl d-Qudyy. (11)

2
ijii ke Zint

Here, j, I, i, k are rotational and vibrational states before the collision, j/, I, 7, k' are
rotational and vibrational states after the collision, ¢;; is the corresponding internal energy
including the energy of rotational and vibrational states, Zint = ZyotZyipy is the internal
partition function (the product of rotational and vibrational partition functions), 7y is the

. . . Lo R : . . o .
dimensionless relative velocity, 0'; j]jd is the cross section of inelastic transition, d2() is the

element solid angle, Sij is the statistical weight, AE int j5 the dimensionless variation of the
internal energy in an inelastic collision

Eji

agint = ST Ag 4 AV, (12)
B
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The bracket integral Bi,; can be connected with the internal energy relaxation
time [18,19]
1 kBI’l

Il ints 13
Tint mCintﬁmt (13)

n is the gas number density (0 = mn). We remind here that Equation (13) requires the
relaxation T, to be shorter than the characteristic fluid time 6.
Up to this point, there is no contradiction in the bulk viscosity calculation. If the
SARAT

cross sections of all inelastic collisions Uil].,]dk " are known, the bracket integral (11) can be

evaluated either analytically or numerically. However, the common practice is to use the re-
laxation time rather than bracket integrals, since the times can be measured experimentally.
The problem is that in the experiments, one measures either rotational or vibrational re-
laxation time, and not the internal energy relaxation time Tiyt. Therefore, it is desirable to
express the bulk viscosity coefficient in terms of Tror and Tyip,-

If we assume that the cross sections of rotational and vibrational energy transitions
are independent, then after some algebra we can write the effective internal relaxation time
as [29]:

Cint _ Crot _‘_Cvibr' (14)

Tint  Tot  Tvibr
Moreover, in case of several vibrational modes and multiple relaxation channels, the
vibrational energy variation AEVIP" is a sum of several terms responsible for various transi-
tions (intra- and inter-mode), and the vibrational relaxation time includes contributions of
all processes in the form similar to Equation (14).
Finally, the bulk viscosity coefficient is expressed in terms of experimentally measur-
able relaxation times:

Re N2 o) !
(=" pnm:pR<cl“) (Cr°t+cvbf) . (15)

v cv Trot Tvibr

For diatomic species, the rotational relaxation time can be calculated using the tra-
ditional Parker theory [70] or the model proposed recently in [71]. For the vibrational
relaxation time evaluation, the Millikan—-White formula [72] yields satisfactory agreement
with experimental data at moderate temperatures. For more complex gases with sev-
eral vibrational degrees of freedom (in the present study we consider CHy and COy),
the Millikan-White formula with the characteristic temperature of the mode with the low-
est frequency can be used as a rough approximation; to improve its accuracy, the parameters
can be fitted using experimental data. For CO,, a more rigorous theoretical model based on
the forced harmonic oscillator transition probabilities [73] was developed recently [74].

Now we turn to discussing the phenomenological approach. In [41], following
the original work by Tisza [4], the author splits the bulk viscosity coefficient into two
independent terms

é = Crot + gvibrr (16)

each of them is connected with the corresponding relaxation time

R crot R ¢yipr
grot = 5 P Trots gvibr = 5> P Wvibr: (17)
cy cy

It is clearly seen that, when more than one internal mode is taken into account, these
last expressions do not follow from Equation (15) obtained using polynomials in the total
internal energy for the first-order distribution function evaluation. Considering polynomi-
als in the independent discrete energies of each internal mode [75,76] may yield arithmetic
means (16) instead of harmonic means (15). However, to decompose the internal modes,
we have to require that they are fully independent, which is not the case. For instance,
the rotational energy depends in general on the vibrational state, and the vibrational modes
of polyatomic molecules are also mixed due to the anharmonicity. In the next sections,



Fluids 2023, 8, 48

6 of 23

we discuss the consequences of separating rotational and vibrational modes in Equation (16)
and evaluate the bulk viscosity and attenuation coefficients.

3. Bulk Viscosity in the Case of Weak Nonequilibrium

The one-temperature model developed above was applied for the evaluation of the
bulk viscosity coefficient under conditions of weak deviations from thermal equilibrium.
In this case, according to kinetic scaling (3), all internal modes contribute to the
bulk viscosity.

Let us assess first the bulk viscosity of diatomic species. In Figure 1, we compare
the bulk viscosity coefficient in nitrogen calculated using two models for the rotational
relaxation time (the well-known model of Parker [77] and the recent model proposed
in [78]) with experimental results of Ganzi and Sandler [79] and Gu and Ubachs [14,15],
molecular-dynamic simulations by Sharma et al [49,50], and semiclassical calculations
by Billing and Wang [80]. In experiments of [79], the rotational collision numbers were
found from thermal transpiration measurements; in [14], spontaneous Rayleigh—Brillouin
scattering was employed to evaluate the bulk viscosity coefficients. Molecular-dynamic
simulations were carried out using either nonequilibrium [49] or equilibrium [50] approach;
recent classical trajectory calculations of the rotational collision number are presented
in [81].

==== Tt by Jo et al. /

61 "7 Tt by Parker et al. ;
® Ganziet al. /
—=— Billing et al.(semiclassical) /

5 ®*  Sharma, Kumar (isothermal) K 7
* Sharma, Kumar (adiabatic) i /"
¥ Gu, Ubachs (exp) s

Z, 10 5Pa*s

200 300 400 500 600 700 800 900
Figure 1. Bulk viscosity coefficient in N as a function of T [14,15,49,50,77-80].

One can see that at low temperatures, all simulations are close to experimental mea-
surements and the results fall within the error bar, although experimental results show a
faster increase in { with T. At T < 500 K, the overall agreement between various approaches
is good, and the main source of uncertainty in our model is the rotational relaxation time
since the contribution of vibrational modes is small. With the rising temperature, the
difference between theoretical predictions of the bulk viscosity increases, which can be
explained by uncertainties in both rotational and vibrational relaxation times. The model
of [78] yields a more sharp increase in { compared to the Parker theory [77]; taking into
account vibrational degrees of freedom leads to further growth of the bulk viscosity.

To evaluate the contributions of different degrees of freedom, let us estimate first the
corresponding relaxation times. In Figure 2, we compare Trot, Tyiny and the effective internal
energy relaxation time T, defined in Equation (14) for Na, Op, CO,, CHy. Rotational
relaxation times are calculated on the basis of the Parker theory [77]; the vibrational relax-
ation time is calculated using the Millikan-White formula [72]; for polyatomic molecules,
the mode with the lowest frequency is used in this formula: bending mode for CO, and
scissoring mode for CHy; for CO,, additional parameters adjustment was performed, to fit
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the experimental data of Simpson [82] at low temperatures. Some experimental values of
Tyibr are also plotted: data of Millikan [72] for N3, O,, data of Lambert [83] for CHy, and
for CO; experimental results of Baganoff [84], Itterbeek [85], Eucken [86]. For diatomic
species and CO,, the calculated vibrational relaxation time is in close agreement with the
experimental. For methane, the discrepancy is greater, especially with rising T. This means
that, according to Equation (14), we may under-predict the vibrational energy contribution
to the internal energy relaxation time and thus to the bulk viscosity. However, as is shown
in Section 6, using this vibrational relaxation time yields rather good agreement on the
methane attenuation coefficient; therefore, we keep these values for our analysis.

N, 0,
10°
. . —*— Tvibr . —*— Tyjbr
10 —¥— Trot ¥ Trot
—&— Tipt —= Tipt
10° & Tyibr,exp 1072 & Tyibr,exp
10!
1071
w
=
1073
1073
1077 10-8
1070 pwwrrTTY =
500 1000 1500 2000 500 1000 1500 2000
T, K T.K
(a) (b)
CO, CH,q
1073 % . —— Tibr
* ®e Y. Y= Trot
* H L) = Tint
107° 107° ®  Tiibr,exp

®  Tyibr,exp, EUCKEN

10-7 *  Tyibr,exp Itterbeek

S

Tuibr, expr Baganoff n 1077

T,
T,

*— Tvibr

Lo-e Trot //'

= Tint

1078

10°°

107°
250 500 750 1000 1250 1500 1750 2000 2250 500 1000 1500 2000
T,K

(c) (d)

Figure 2. Rotational, vibrational and internal relaxation times for N; (a), O, (b), CO; (c), CHy (d).

As is seen in Figure 2, at low temperatures the contribution of vibrational modes to
the overall internal energy relaxation time Ty is low, and for diatomic species is hardly
distinguishable at the logarithmic scale. With rising temperatures, the role of vibrational
degrees of freedom becomes important, especially for polyatomic gases, where one can
notice strong competition between rotational and vibrational modes at T > 500 K. Anyway,
the effective relaxation time Ty is always found between Ty, and Tyot, and never attains
large values comparable to T, at low temperatures.

Now let us discuss the contribution of different internal degrees of freedom to the bulk
viscosity in the framework of the one-temperature model. In the uncoupled phenomeno-
logical approach, it is commonly assumed [41] that in diatomic gases at temperatures
considerably lower than the characteristic vibrational temperature 6, vibrational modes
are frozen, and { = (rt. On the contrary, in polyatomic species with sufficiently fast
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vibrational relaxation, it is supposed in [41] that { = rot + {yipr- For species considered
in the present study, the characteristic vibrational temperatures are 3395 K for nitrogen
and 2274 K for oxygen; in polyatomic species, the vibrational temperatures of the modes
with the lowest frequency are 960 K for CO, and 1870 K for CHy4. Thus, one can expect
that at T < 1000 K the bulk viscosity of N, and O, includes only the contribution of the
rotational degrees of freedom. However, this is not exactly the case, as is seen from Figure 3,
where we plot the ratio of bulk and shear viscosity coefficients, { /7, as well as the ratio
Crot/ 1. One can notice that in our coupled approach, the contribution of vibrational degrees
of freedom to ( is not negligible already at T > 250 K for oxygen and at T > 400 K for
nitrogen; including vibrational modes causes an increase in ¢ by 2-3 times. The reason is
that the vibrational specific heat cy;p, starts increasing gradually at such temperatures, and
at T about 1000 K is comparable to cyo. Although for Ny and Oy Tint = Trot at T < 1000 K,
the overall contribution of vibrational modes is not negligible since cint = Crot + Cyipr-

For polyatomic species with several vibrational modes, the situation is quite different.
The vibrational relaxation time is less than in N, and O, and gives a significant contribution
to both Tyt and ¢ in the entire temperature range. Moreover, the vibrational specific heat
is considerably greater in gases with multiple vibrational degrees of freedom. For the
coupled model (15), at low temperatures { and (yot are of the same order, but with rising
temperature, the ratio /ot grows up to 20. It is worth mentioning that, contrarily to
the uncoupled model [41], the ratio of bulk and shear viscosity coefficients does not reach
several thousand, as reported in [41] for CO, at low temperatures. The latter result is the
consequence of unjustified splitting of the bulk viscosity coefficient into the rotational and
vibrational parts, see Equations (16) and (17). Since Cyp, in Equation (17) is proportional
to Tyipr, the overall bulk viscosity coefficient is greatly overestimated. In order to support
this conclusion, we plot recent experimental results for CO, bulk viscosity [16] (blue points
in Figure 3). One can see that our calculations are in good agreement with measurements
of [16].

— Cco,/nco,
""" T8 Inco,
e Cco, exp/Nco,, exp
— Co,/no,
______ CBDZ[’/’]OZ
CcH,/ncH,
&1 Mew,
C,/0,
T,

10!

¢in

10°

250 500 750 1000 1250 1500 1750 2000 2250
T, K
Figure 3. Ratio of bulk and shear viscosity coefficients for different gases. Solid lines: { /7, dashed
lines: yor /1.

Thus, we see that both in experiments and in the coupled kinetic-theory approach,
the bulk viscosity coefficient is of the same order as that of shear viscosity. An interest-
ing question, however, arises in this regard. It is known [87] that in polyatomic gases,
the attenuation coefficient « is considerably higher than in diatomic, and low values of bulk
viscosity coefficient cannot reproduce such high values of . This is why the idea of large
bulk viscosity was supported in the fluid-dynamic community. In the next sections, we will
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show how to reproduce high values of attenuation coefficients in CO, and CHy4 without
introducing artificially large bulk viscosity.

4. Two-Temperature Model

Under conditions of strong deviations from equilibrium, some microscopic processes
may proceed at the gas-dynamic time scale. In single-component gases at moderate
temperatures (except light gases), the slowest process is vibrational-translational (VT)
relaxation. The kinetic scaling in this case can be written in the form

T < Trot < Tyy <K TyT ~ 6. (18)

here, tyy, 7tTyr are the characteristic times of vibrational-vibrational and
vibrational-translational transitions. Note that in polyatomic gases with several vibra-
tional modes, there are multiple channels of vibrational relaxation including intra- and
inter-mode vibrational energy transitions. Characteristic times of these processes may
differ by several orders of magnitude, which often requires introducing several vibrational
temperatures. Multi-temperature models of CO, kinetics and transport processes based on
the generalized Chapman-Enskog method were developed in [23,29,88-90]. In the present
study, we focus on the simplest two-temperature (2T) model, which does not distinguish
different channels of vibrational relaxation in polyatomic gases but roughly captures main
nonequilibrium effects.

Governing equations in the 2T model include Navier—Stokes—-Fourier conservation
equations coupled to the relaxation equation for the specific vibrational energy Ep,:

d
d—€+pv-v:0, (19)
p%—FVP:O, (20)
dE
pg VYV q+P:Vo=0, (21)
dE;
p%‘br +V- Qvibr = Ryipr- (22)

The constitutive relations for the pressure tensor, heat flux, and vibrational energy flux
in this case have the form

P=(p—pre) [ -27S -V 0l (23)
q=—(Mr+Arot) VT = Ayipe VT, (24)
Dyibr = —Avibr V Tv. (25)

where Ty is the vibrational temperature, p,,; is the relaxation (dynamic) pressure, and the
transport coefficients are given by the expressions:

75k5T 3kgT 3kpT
tr = m, Arot = mcrot(T)/ )\vibr = mcvibr(Tv)r (26)
kgT ( Crot )2
=brot =5 — ) - 27
C grot rot \ Ctr + Crot ( )

Strictly speaking, ()-integrals in Equations (9), (10) and (26) should be different since
they are specified by the cross sections of rapid processes (see [24]), which are different in the
one-temperature and two-temperature models, see Equations (3) and (18). Nevertheless, the
contribution of inelastic collisions to the ()-integrals for the considered species is small [24],
and in the present study, only elastic collision cross sections are kept in the ()-integrals.
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The rate of vibrational energy relaxation is described using the Landau-
Teller formulation:
EVibI‘(T) — Evibr(TV)

Ryipr = Y Toib . (28)
vibr

The last expression is rather approximate for modeling the vibrational relaxation in
polyatomic gases with multiple modes and inter-mode energy exchanges [91], and we
use it in the present study only for the sake of simplicity. In future work, we plan to
consider advanced relaxation models proposed in [89,91], which take into account different
temperatures of vibrational modes in polyatomic molecules.

An important feature of the two-temperature approach is that relaxation processes are
modeled at various levels, depending on their characteristic times. Fast rotational relaxation
is described in terms of the rotational bulk viscosity and heat conductivity depending on
the temperature of local equilibrium degrees of freedom. Slow vibrational relaxation is
governed by a separate equation, Equation (22). The bulk viscosity in this case does not
include contributions of the vibrational degrees of freedom and is fully specified by the
rotational relaxation time.

Thus, assuming constant specific heats, ¢ty = 3/2R; crot = R for linear molecules and
Crot = 3/2R for nonlinear, we can simplify the expression for the bulk viscosity. For linear
molecules we obtain:

4kgT 4
= = — = — 2
C = Crot 25/3r0t 5 PTrot, (29)
and for nonlinear: T .
B
= = = Z PTrot. 30
é grot 2 ,Brot 4P rot ( )

It is worth mentioning that the definition of bulk viscosity in the frame of the two-
temperature model has some limitations in the case of polyatomic gases with several
vibrational modes. The problem is that in the kinetic scaling (18), all inter-mode VV
exchanges are assumed to be fast, which is necessary for introducing a single vibra-
tional temperature for different modes. Moreover, in order to correctly define the vi-
brational temperature, one has to assume that inter-mode transitions are resonant, which
is a rough approximation, see [29]. The problem can be overcome if a more rigorous
multi-temperature approach is used, with a distinct vibrational temperature assigned to
each mode.

5. Dispersion Relations in a Single-Component Gas

In this section, we derive the dispersion equations for the two-temperature and one-
temperature models. Consider an acoustic wave propagating in a gas with the wave number
k € C and frequency w € R. All gas parameters are expressed as sums of non-perturbed
values ng, vg = 0, Ty, T,,0 and small perturbations with amplitudes 7, 7, T,T.:

n = ny+nexpli(kx — wt)], (31)
vy = vexpli(kx — wt)], (32)

T = Ty + Texpli(kx — wt)], (33)
Ty = Ty + Ty expli(kx — wt)]. (34)

Substituting them to the two-temperature governing Equations (19)—(22) and lin-
earizing in the vicinity of the equilibrium state one obtains equations for dimensionless
amplitudes 1 =7/ng, 0 =9/vy, T = T/Tp, Tv = Ty / Ty p:

i — (k%)a_o, (35)

w
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kog\ . s 4 koo 2 ~ kug \ = _
<> + <1+zw* (@—i— 377> (w) j T=0, (36)
kv kuo\?\ ~ ~ 5 koo \ %\ =~
_ ( w0>v + <CVt i ( w0> )T + <CV,V + iAWy (cuo) ) T, =0, (37)
ity = . Cvy — x kv 2\
- ——T+ [i——— +Cyy +idvws| — T, = (38)
TyibrW TyibrW w

Here, vy = v/kgTy/m is the thermal velocity, 7 = /10, { = {/1o are dimensionless
coefficients of shear and bulk viscosity (7o is the shear viscosity coefficient of the unper-
turbed flow), At = m(Ae + Arot) / (kB10), Av = MAyine/ (kB10); Cvt—r = (Ctr + Crot) /R
and Cyy = cyipr/ R are dimensionless thermal conductivity coefficients and specific heats of
translational-rotational and vibrational degrees of freedom, respectively, w, = yow/po is
the dimensionless frequency, py is the pressure of the unperturbed flow.

This is a homogeneous system of linear equations. To find its non-trivial solution, we
set to zero the system determinant and, therefore, solve the dispersion relation

k
_ % 0 0
w 2 )
. ) 4 kUO 0o
1 = 0 _*
(e ) (k) . : -
ko kv \ 2 kvg \ 2 - :
_?0 OVt + idg—rwy ( wO) Cvy +iAywy (jO)
2
0 - Y G o+ i, (ﬂ)
Tyibr/ Tyibr

The dispersion relation in the two-temperature approach represents a 6th-order non-
linear equation with respect to the wave number k. Solving the dispersion equation one
can find the phase velocity v, and attenuation coefficient a

o . w
PR ™ Re(k)’

« = Im(k). (40)

It is also useful to introduce the non-dimensional attenuation coefficient per wave-

length, ), which is used for the comparison with the experimental data:

2nvph‘)‘ Im(k)
=2r .
w Re(k)

Xy = (41)

In order to derive the dispersion equation in the one-temperature approach, a similar
procedure is applied to a set of governing Equations (4)—(6). The dispersion relation in this
case is a 4th-order nonlinear equation with respect to k:

1 kv 0
w 2 '
kZJQ . s 4 k’UQ 0o
1+ iws (5 3 ) ( ) o =0. (42)
2
0 kﬂ Oy + idws (kvo)
w w

Here, A = mA/(kpno) is the total dimensionless thermal conductivity coefficient
including both translational and internal contributions. Note that the bulk viscosity coeffi-
cient in dispersion relations (39) and (42) are different: in the first case, it is specified by
Equation (27), and in the latter case—by Equation (15).

Asymptotic methods may be used in the dispersion relations in order to obtain simpli-
fied expressions as discussed for instance in [92]. Thus, the Stokes—Kirchhoff relation (2) can
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be derived from the one-temperature dispersion equation (42). Moreover, these asymptotic
methods could be used to obtain analytical expressions of the attenuation coefficients for
acoustic modes in the presence of vibrational relaxation.

6. Attenuation Coefficient in a Single-Component Gas

Let us compare the attenuation coefficient calculated using different models with that
measured experimentally in [87,93]. We assess the two-temperature and one-temperature
approaches and the Stokes—Kirchhoff equation with various data for the transport coeffi-
cients. For carbon dioxide, we use the transport model developed in our previous work [23]
(marked “Our model” in the figures) as well as the data for the shear viscosity and total
thermal conductivity reported in NIST [94] and calculated using the Cantera package [95].
For other species, we use the data provided by [94,95]. Note that in these latter sources,
the one-temperature model is implemented, and in order to separate the contributions
of different internal modes to the thermal conductivity, we use the Eucken formula [96]
generalized in [97] for the case of the two-temperature model.

The dispersion equations were solved numerically using the high-precision mpmath
Python library, version 1.2.1. The solutions were sought in the vicinity of the points
having physical meaning; unphysical solutions were disregarded.

In Figures 4-6 we present the dimensionless attenuation coefficient per wavelength
) as a function of frequency related to pressure, w/p, for CO,, CHy, O;. For polyatomic
species, we also give the deviation of the coefficients obtained using the two-temperature
model from the experimental data, |§| in %. One can see that the model of transport
coefficients weakly affects the attenuation coefficient. On the other hand, the choice of
the relaxation model (weak nonequilibrium, 1T, or strong nonequilibrium, 2T) is crucial
for the correct prediction of the attenuation coefficient. For polyatomic species, the two-
temperature model provides excellent agreement with the measured attenuation coefficient
in the wide frequency range (except for very high frequencies in methane, w/p > 30 Hz/Pa
where we see some deviations). The location and the value of the maximum in &, is
well predicted by the two-temperature model whereas the one-temperature model shows
monotonic behavior of the attenuation coefficient.

0200| —— 2T, Our model Our model
1T, Our model Cantera
0175 ——- S-K, Our model + ¢ o NIST
—— 2T, Cantera
oisof === 2T, NIST
= Exp
3
0.125
®
S 0.100 -
S &
T2
0.075
0.050
1
0.025
o000 | wmmm—— | ees 0
1072 107! 10° 10t 10° 10t
w w
ol Hz/Pa o Hz/Pa

Figure 4. CO,. Comparison with experiment [93]. T =195 °C, p = 1 atm. (Left) dimensionless
attenuation coefficient as a function of w/p. (Right) deviation from the experiment for the 2T model.
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Figure 5. CH,;. Comparison with experiment [87]. T = 298.15 °C, p = 1 atm. (Left) dimensionless
attenuation coefficient as a function of w/p. (Right) deviation from the experiment for the 2T model.
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Figure 6. O,. Comparison with experiment [87]. T =20.15 °C, p = 1 atm. Dimensionless attenuation

coefficient as a function of w/p.

For oxygen, the contribution of relaxation to the attenuation coefficient is weak, and
the classical Stokes-Kirchhoff formula yields satisfactory agreement with the experimental
data which do not show any peaks in a;. The same conclusion is drawn in [87]. We do not
plot the deviation from the experimental data for this case since the attenuation coefficient
is rather small in the considered frequency range, and therefore the uncertainty may

be high.

In the results presented in Figures 4 and 5, the bulk viscosity in the one-temperature
approach is calculated according to our coupled model (15) without separating rotational
and vibrational modes. As we see, low bulk viscosity coefficients obtained in this case
cannot reproduce high values of the attenuation coefficient and its maximum. We have
carried out an additional numerical experiment using in the dispersion relation the data of
Cramer [41] for the bulk viscosity of CO,, which yields the ratio { /5 =~ 10>. The results are
presented in Figure 7 for several temperatures. Solid lines correspond to 2T calculations,

dashed lines—to the 1T model with large ¢, symbols—to the experiment [93]. One can
see that high values of bulk viscosity considerably improve predicted values of «, at low
frequencies (w/p < 1 Hz/Pa). With rising frequency, the attenuation coefficient increases
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indefinitely, and the 1T model does not predict the maximum in &,. This is clear since in
the frame of linear theory, the Stokes—Kirchhoff formula provides a linear dependency of
«) on the frequency. Therefore, using the large bulk viscosity does not help to overcome
the problem of the discrepancy in the attenuation coefficient calculated using the 1T model
in the wide frequency range.

CO,

030{ — 305°C
98.7°C
— 195.0°C
— 305.0°C
0257 % exp30.5°C
exp 98.7°C
{ exp195°C
0201 ¥ exp305°C

0.15 4

ay

0.00

10-2 10 10° 10
&, Hz/Pa
Figure 7. Attenuation coefficient in CO, for different temperatures and p = 1 atm. Solid lines: our 2T
model; dashed lines: 1T model with the bulk viscosity from [41]; symbols: experiment [93].

This result is not surprising. In the sound propagation problem, when the gas pressure
is high, the NSF equation can be derived from the gas kinetic equation only when the
product of sound frequency and mean relaxation time is small; when the vibrational
relaxation time is large, the one-temperature NSF equation certainly will lose accuracy with
rising frequency. In this case, other approaches have to be used.

It is worth mentioning that the theory developed in the frame of the rational extended
thermodynamics (RET) [34] also provides good agreement with the experimental data
on the attenuation coefficient and predicts very well the first maximum location and its
height. Moreover, the two-temperature model proposed in the present study can be treated
as a particular case of the more general RET theory. However, in the RET simulations,
the relaxation time and the bulk viscosity coefficient are the model parameters that are used
to fit the experimental data. In our case, both the relaxation time and all transport coeffi-
cients can be calculated self-consistently in the frame of the Chapman-Enskog formalism
and are not to be adjusted for better agreement with experiments.

7. Dispersion Relation in a Mixture with Slow Vibrational Relaxation

This section is devoted to the generalization of the two-temperature model for the
case of gas mixtures with strongly nonequilibrium vibrational relaxation in the absence
of chemical reactions. We derive the corresponding dispersion equation and discuss the
preliminary results for binary and five-component mixtures. Wave propagation in gas
mixtures with vibrational relaxation was considered previously in [98-101]. The theory
developed in [98-100] was developed on the basis of the Euler equations, and therefore
the effects of relaxation and viscosity were studied separately; diffusion processes were
neglected. In [101], the state-to-state model was considered for a few vibrational states of
diatomic molecules, and all dissipative processes including diffusion and thermal diffusion
were taken into account. In the present study, we derive the multi-temperature dispersion
equation in a fully coupled approach, accounting for viscosity, bulk viscosity, thermal
conductivity, diffusion, thermal diffusion, and vibrational relaxation.
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The fluid-dynamic variables providing the closed description of a gas mixture flow
with slow vibrational relaxation include number densities of chemical species c, n.(r, t),
velocity v(r,t), temperature T(r,t), and vibrational temperature of species ¢, TS(r,t).
The governing equations for this set of variables were derived in [24]:

%—l—chw—l—V.(chc):O, c=1,...,L, 43)
dov
E
PE-l-V-q—O—P:Vv:O, (45)
dEf’lbI‘ C c c
pCT +V. Tyibr = Rvibr + EVibrV : (pCVC)/ c=1,...,L (46)

here, pc, Ve, ESy ., 45, are density, diffusion velocity, specific vibrational energy, and
vibrational energy flux for species c, L is the number of species. The total specific energy of
the mixture E is defined as

PE =) pc(EG(T) + Exr(T) + Efip (T7))- (47)

The pressure tensor has a form similar to the case of a single-component gas, see
Equation (23). However, the transport coefficients are calculated differently; they cannot be
written analytically but are obtained as solutions of linear transport systems (see [19,21,24]).
In the general case, they cannot be expressed explicitly in terms of species transport
coefficients. Nevertheless, for approximate evaluations, mixing rules can be applied, such
as the Wilke’s formula for the shear viscosity [102] and the formulas proposed in [21,103]
for thermal conductivity, bulk viscosity, and other transport coefficients.

The diffusion velocity V. is determined by diffusion and thermal diffusion processes
with corresponding multi-component diffusion and thermal diffusion coefficients D4
and Dr:

Ve =—) Dgds — DrcVInT (48)
d

here d, is the diffusive driving force

_ (e fe _ Pe
dc—V<n>+<n p)Vlnp. (49)

The total heat flux g depends on the gradients of temperature T, vibrational tempera-
ture TS and includes the terms associated with diffusion and thermal diffusion:

q=-NVT =Y A, VTS —pY Drdc +Y_pcheVe, (50)
c Cc c

A = Ar—rot = At—r is the partial thermal conductivity coefficient of translational and
rotational degrees of freedom, Ay, is the vibrational thermal conductivity coefficient for
species c. The flux of vibrational energy g¢,, . depends on the gradient of Ty,

Tyibr = — i V Tv- (51)

The rate of vibrational energy relaxation RY" is calculated using the Landau-Teller
model applied to the vibrational energy of each species ¢

E¢. (T)—ES., (T¢
f/ibr =p Vlbr( )Tc Vlbr( V), (52)
vibr
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where Ty, . is the vibrational relaxation time which, strictly speaking, depends not only
on the species ¢ but also on the collision partner.

Let us derive the dispersion relation. We express again the gas parameters as a sum
of non-perturbed values ng, 1.0, v9 = 0, T, Ty,0 and small perturbations with amplitudes
7,7¢,0, T, TS, wave number k € C and frequency w € R:

n = ny+nexpli(kx — wt)], (53)
e = nep + e expli(kx — wt)], (54)
vy = vexpli(kx — wt), (55)

T = Ty + Texpli(kx — wt)], (56)
Ty = T + TS expli(kx — wt)]. (57)

Substituting these parameters into the governing equations, keeping only linear terms
and taking into account normalizing conditions for the diffusion and thermal diffusion
coefficients [24]

Y D, =0 v Y Ppr =0, (58)
=0 .

after lengthy calculations, we obtain the linear system

w

0, (59)

- kZJO . kUO ngo ~ A L _
C‘(w) (w) *{§ wscay(fa+T) +8er, T =0, e=1, L1, ©0)
kZ)O —~ ~ . ~ 4~ kvo 2/\ k'UO N
—_ - % — [ — _— T: , 1
N PP NP ~c B e
; o [Cv(nc ”)+ (CV,tfrT_"CVV v)}"‘

- (k”())a: 0, (62)

v oy koo \*  mo ~

— i T4 i T4 T+ i — ) we—AST +
% w ™ o w VTV w neg VOV
vibr vibr c,0

. kZ)O 2 ndro R ~ ~
+1(w> w*gcv,v{—;SCcdno(ndeT) —ScrT p =0,
c=1,...,L. (63)

Here, as before,
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are dimensionless transport coefficients (7 is the shear viscosity of the unperturbed gas

mixture); Cyy—r = (cf, + c5or) /Re and Cyy = ¢S/ Rc are dimensionless specific heats for

species ¢, m. and m are the mass of ¢ species and the average mass of the mixture,

pODcd/ Ser. — oDt

Te —

Sc.y =
« o o

are the Schmidt numbers corresponding to the multicomponent diffusion and thermal
diffusion coefficients. Note that, for the sake of convenience, one of the equations for
species number densities 7. is replaced with the continuity equation.
In order to find a non-trivial solution of the linear system (59)-(63), we set to zero
its determinant,
det(A) =0, (64)

(A is the matrix of the system) and thus obtain the dispersion equation which is solved
with respect to the wave number k. The phase velocity and attenuation coefficients are then
found using Equation (40).

The dispersion relation derived in this way is the most general since it is determined by
the full set of equations for a nonequilibrium mixture flow and includes self-consistently all
possible dispersion mechanisms: viscosity, thermal conductivity, bulk viscosity, diffusion,
thermal diffusion, and vibrational relaxation. Contributions of various dissipative processes
are not separated into independent terms, and no simplifications are introduced except
linearization of the original system for small perturbations. The price for such generality is
the order of the resulting complex equation: for instance, for a five-component mixture we
obtain a 26th-order equation which is rather difficult to solve numerically.

The 