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Abstract: Due to their long-lived nature, vortex rings are highly promising for the non-contact
transportation of colloidal microparticles. However, because of the high complexity of the structures,
their description using rigorous, closed-form mathematical expressions is challenging, particularly in
the presence of strongly inhomogeneous colloidal suspensions. In this work, we comprehensively
study this phenomenon, placing special emphasis on a quantitative description of the ability of
vortex rings to move the particles suspended in a liquid over distances significantly exceeding the
ring’s dimensions. Moreover, within the study, we present straightforward analytical approximations
extracted by using the fitting of the experimental and numerical simulation observations that reveal
the dynamics of vortex rings transporting the microparticles. It includes both the dependence of the
concentration on the distance traveled by the vortex ring and coefficients describing the evolution of
vortex ring shape in time, which were not presented in the literature before. It turns out that despite
the fact that 2D modeling is a simplification of the full 3D problem solution and is unable to capture
some of the minor effects of real behavior, it has demonstrated a good consistency with the results
obtained via experiments regarding the process of particles transportation.

Keywords: vortex rings; colloidal nanoparticles; turbulent flows; non-contact transportation

1. Introduction

Hydrodynamics of turbulent flows has been in the spotlight of research for many
decades. In particular, one of the most interesting phenomena studied to date is a toroidal
vortex, also known as a vortex ring [1,2]. A vortex ring is a torus-shaped pattern of circulating
fluid in which the liquid mostly revolves around an imaginary axis, forming a circular loop.

Theoretical and experimental investigations of these vortices [3,4], laws of their mo-
tion and mass exchange [5,6], and their capability to transport various objects created a
number of important applications. Recent research in the field of computer modeling of
turbulent flows and optimization methods for the simulation of various hydrodynamic
effects [7] has made it possible to study complex processes that are difficult to describe
analytically. The mentioned computer experiments allowed one to solve different engi-
neering problems, such as, for example, a Lagrangian description of buoyancy effects on
aircraft wake vorticity [8]. Another example of the engineering application of vorticity
research is advancement the of helicopter technologies [9] by finding optimal ways to
prevent helicopters from entering a dangerous vortex ring state. Moreover, the vortex rings
can be used for extinguishing gas–oil well fires [10]—a device releasing a vortex ring of
extinguishing agent is placed at the base of a burning gas fountain. There is another, quite
different area of application—the formation of ring-shaped particles [11].

In this regard, it is quite clear that this phenomenon, which has such a wide range
of applications, requires a comprehensive investigation. One of the key characteristics of
toroidal vortices is their geometrical stability. As the vortex preserves its shape in time,
the rings are capable of carrying and delivering microparticles over distances much larger
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than their size. Therefore, these rings can be used for the targeted delivery of various
substances, which is attractive, for instance, for biomedical purposes [12]. Adding a pH
indicator to a vortex allows a local determination of the acidity level in an environment [13].
In another example of targeted particle delivery, the controlled vortex rings reconnection
is used, which changes the topology of the vortex ring, accompanied by repulsion in
the plane perpendicular to the direction of propagation [14–16]. Several experimental
studies focused on the flight distance of particles inside a vortex ring depending on the
initial conditions [17–24], and theoretical estimates of the main vortex parameters were
presented [25–27]. However, to the best of the authors’ knowledge, in the existing literature,
neither the abilities of vortices to transport different microparticles nor the dependencies of
the concentration of the particles in the vortex ring along the entire path of the movement
have been studied numerically or analytically. In our work, we supplement our research
with an empirical analysis including the development of simple analytical approximations
and numerical ansatzes describing the dependence of the number of particles in a vortex
ring on its characteristics. For this purpose, we perform rigorous simulations of vortex
rings carrying small particles and corresponding experimental measurements with the
subsequent usage of the obtained data to develop the mentioned approximations for the
time evolution of velocity fields and particle concentration.

In the following sections, we describe the numerical model, velocity field approxima-
tion and its time evolution. For a more objective consideration of the movement of the
vortex ring, it is necessary to use a 3D numerical model. It turns out that the experimental
data obtained are in good agreement with the 2D simulations, and therefore, we address
this simplification below. Also, an approximation for particle density is shown, and the
particle loss mechanism is discussed together with a comparison to the obtained via the
experimental setup data. The results of this study in the future can serve as the basis for
studying the movement of particles suspended in liquids in toroidal turbulent flows with
high Reynolds numbers.

The paper is organized as follows. In Section 2, we describe the numerical model and
show the velocity field of vortex rings. In Section 3, velocity field approximation, its time
evolution and an approximation for particle density in vortex ring are presented. The parti-
cle loss mechanism is also presented here for the physically interesting case. In Section 4,
we show our experimental setup together with the obtained data. In Section 5, the data
obtained are discussed and the experiment, numerically simulated and analytical results
are compared. Section 6 contains the summary of the main results and concluding remarks.

2. Numerical Simulation

We simulated the system shown in Figure 1, consisting of a vortex ring and colloidal
particles placed in it, via the Comsol Multiphysics software. A default segregated nonlinear
iterative solver in COMSOL (FEM) with time stepping BDF with order 1–2 was used.
The mesh size was up to 2.5 mm. Also, before, we solved the same problem using a
4 mm and 7 mm maximum mesh size to prove the accuracy. The CFD Module with a
k-ω turbulence model [28] was chosen for numerical simulation. We chose this module
due to the low Reynolds numbers in the vicinity of the vessel walls. To simulate particle
motion in the water, we used the Schiller–Naumann with Mixture Model. The drag model
of Schiller–Naumann is used to model the drag force between the particles and the fluid.
By including inertia, Schiller–Naumann’s drag model extends Stoke’s expression for the
stationary drag coefficient to flow regimes characterized by a higher Reynolds number.
For a solid–liquid suspension with a high particle concentration at intermediate velocities,
the Schiller–Naumann drag correlation shows good agreement [29,30]. For simplicity, we
focus on the 2D simulations, which proved the ability to fit the experimental data quite well.
We emphasize that the justification of this approach is associated only with good agreement
with the experiment and the high difficulties associated with numerical calculations of
numerous runs in the real three dimensions. Additionally, an argument in favor of this
simplification is that the motion of liquid and particles around the vortex ring circle is
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much more intensive than the motion of the vortex ring around its axis. Here, we should
note that we do not exclude that some additional effects may arise when the corresponding
simulation is performed within the full 3D modeling. Apparently, it would give a more
accurate understanding of the energy cascade processes in vortices, which are suppressed
by local rotations, but the corresponding analysis should be the subject of a separate study.

Figure 1. Photo image of a vortex ring colored with a dye.

To estimate the velocity field in vortex rings, we simulate the formation of these
rings with an inlet boundary condition at the upper boundary of a tube (see Section 4
below). The membrane movement effect was modeled using the following spatial velocity
distribution of the input flow: vinlet(1− |2x/d|), where vinlet ∼ 0.2 m/s, x is the radial
distance from the tube center, and d is the tube diameter. The vorticity was estimated
locally using the definition

ω = curl(v). (1)

Furthermore, to analyze the particle distribution in the vortex rings, we modeled the
formation of these rings using the velocity field distributions presented in the next section.
At the initial moment, colloidal particles are placed within the central area of the vortex.
The velocity field evolves with time, and the colloidal particles redistribute as the ring
propagates. An example of the initial velocity field with an area containing the colloidal
particles is shown in Figure 2.

The results of our simulations are in good agreement with the existing basic theoretical
results, which proves the validity of our model. First, Saffman [26] analytically derived that
in the limit of t→ ∞, the spatial vorticity distribution tends to become Gaussian concerning
the core. Second, the vortex ring propagation distance grows logarithmically with time,
as predicted by Sullivan [13]. We come to the same conclusions via conducted numerical
simulations. In the following, the mentioned facts are discussed in detail. Additionally,
Figure 3 illustrated the correspondence between simulation and experimental images of
the vortex ring evolution.
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Figure 2. Example of the initial velocity field used to form the rings in simulations. The white
rectangle indicates the area where the colloidal particles were initially placed. The color bar indicates
the absolute value of the velocity at each point.

Figure 3. Time evolution of a vortex ring: (lower panel) experimental pictures, and (upper panel)
simulation.

3. Analytical Approximations
3.1. Velocity Field

First, let us consider the velocity vector field of a vortex ring moving in a given
direction (downwards, following the experimental setup) at a fixed moment (similar to
the vector field shown in Figure 2). The velocity field vectors rotate clockwise on the left
part of the ring and counter-clockwise on its right part, concerning the direction of motion
of the ring. In the center of the vortex ring, the two rotations are superimposed, and the
vectors are directed downwards. As the horizontal distance from the ring center increases,
the absolute values of the velocity vectors decrease, and this dependence is described by
some function f (r).

On a 2D cross-section of the 3D rotationally invariant velocity field, in the first ap-
proximation, the rotation on the left and right parts of a vortex ring can be described with
two unit vectors of angular velocity w1 and w2, which are directed toward the observer
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on the left part of the ring and away from the observer on the right one, respectively.
The superposition of the two rotations can be written as:

v = (w1 × r1) f (r1) + (w2 × r2) f (r2), (2)

where r1 and r2 are vectors from the centers of rotation to an observation point A. On the
one hand, this superposition applies for near-lamellar flows with large Reynolds numbers,
and on the other hand, it is the viscosity that is responsible for vortex formation, which
allows us to introduce the decay function f . In addition to the angular velocity vectors and
the decay function, a vortex ring model should include the distance between the rotation
centers δ. The best ansatz for exact 3D simulations was found to be:

f (r) = a exp(−rc/b). (3)

We have chosen this function as a result of a trial-and-error approach after considering various
polynomial and exponential functions and their combinations. The coefficient b is measured
in [m]c, and it can be interpreted as the “blurring” of vortex rings during propagation.

While this approximation seems to be adequate, it can be further improved to predict
more specific properties of a vortex ring, e.g., its asymmetry along the direction of motion.
For this reason, we will consider two pairs of rotation centers, where the two left centers
have rotations in the same direction, as well as the two right ones:

v =
4

∑
i=1

(wi × ri) f (ri) (4)

with the same function f given by Equation (3). In this model, suitable parameters of the
velocity field stretch the ring, creating a little “tail”.

Figure 4 illustrates the application of Equations (3) and (4). Ring centers stretch the
field in the direction of propagation of the vortex ring, which allows the approximation to
accurately reproduce realistic shapes, and the relative error is less than 5% compared to the
rigorous simulation results. In Figure 4, the superposition of two identical analytical rings
with a vertical offset between their cores 4 mm is shown. By the analytical ring, we mean a
field that is given formulaically (4).

Figure 4. Vortex velocity field simulated at a fixed time moment with Equations (3) and (4).
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3.2. Temporal Evolution of a Vortex Ring

As a vortex ring propagates, the coefficients of the shape function f (r) become time-
dependent. Using rigorous simulations, we approximated this dependence by minimizing
the sum error of the two velocity projections at each time step. An important finding is that
the coefficients demonstrate a monotonic time dependence after a specific moment of time
t0, which will be shown further, together with explicit examples.

The temporal propagation of a vortex ring along its symmetry axis is well approxi-
mated by the logarithmic law, which was experimentally proved by Scase and Dalziel [31]:

z(t) =
ln(µv0t + 1)

µ
, (5)

where v0 is the initial velocity and µ is a positive constant. Writing the drag force in the form

FD = −CD
ρv2

2
S, (6)

the second Newton’s law yields the following explicit expression for the constant:

µ = CDS/2V. (7)

Here, V is the characteristic volume of a vortex ring and S is its frontal area; thus, the ratio
V/S indicates the ring thickness and is approximately constant. The coefficient V/S also
plays an important role in the characteristic radius of the ring.

3.3. Particle Concentration

As mentioned above, our numerical simulations revealed that if a vortex ring prop-
agates for a relatively long time, the spatial vorticity distribution ω becomes Gaussian,
which agrees with the results of [26]. Additionally, while analyzing the simulation data, we
discovered that the colloidal particles’ dilute concentration is distributed quite similar to ω,
and therefore, we can assume the following approximation:

n = N · |curl(v)|. (8)

with a time-dependent coefficient N (t). Figures 5 and 6 prove this assumption to be
valid. Thus, in Figure 5, the vorticity modulus and the dilute concentration have the same
spatial distribution, which can be accurately fit by a superposition of two Gaussian curves.
The profile of |curl(v)| is not smooth because of the linear interpolation of the velocity field
usage. To optimize the calculation time, it was decided to increase the calculation step.
Despite this simplification, we can note that the type of dependence repeats the results of
the Gaussian profile and the normalized particle concentration. In Figure 6, we can see
that the relation between |curl(v)| and n is close to linear. For N (t), we found a good
approximation to be

N (t) = N0[(1− h) exp(−κt) + h]−1, (9)

where 0 < h < 1. The time dependence given by this equation and its comparison with
the ratio n/|curl(v)| extracted from numerical simulations is demonstrated in Figure 7,
revealing a very good approximation accuracy.
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curves in the vortex cross-section orthogonal to the propagation direction.
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3.4. Particle Loss Mechanism

Based on our research, we suggest that the main reason why particles trapped in the
vortex ring are being lost is that there is an area in the back of the ring with a forward
velocity less than the average velocity of the ring. Therefore, the particles suspended in this
area are left behind the ring, forming a characteristic trail.

A sufficiently accurate approximation of this effect can be derived using the given vor-
tex ring description, Equations (2) and (4), and the vortex evolution of Equations (8) and (9).
Since we operate in a 2D space, the concentration is measured in [1/m2]. Then, the amount
of particles at the moment t is:

N(t) =
∫
S

|curlv|N (t)dS =
∫
S

a
b

∣∣∣∣∣ exp

{
−
[
(x− x1)

2 + y2]c/2

b

}{
2b− c

[
(x− x1)

2 + y2
]c/2

}

+ exp

{
−
[
(x + x1)

2 + y2]c/2

b

}{
c
[
(x + x1)

2 + y2
]c/2
− 2b

}∣∣∣∣∣N (t)dS. (10)

This integral can be efficiently evaluated numerically. In the following, we compare this
formula, simulation results, and experimental data.

4. Experimental Setup and Measurements

The scheme of the experimental setup is shown in Figure 8. The main tank made of
dense organic glass with a height of h = 0.3 m and width d = 0.11 m was filled with water.
The rings themselves were generated with a plastic syringe with a diameter of 2 cm, a height
of 8 cm, and an outlet with a diameter varied from 2 to 6 mm. The tank size was selected in
such a way as to avoid the significant influence of wave reflection from the walls. Since the
outlet size is in millimeters and the tank diameter is 10 centimeters, the influence of the
walls on propagating rings can be neglected based on the results of velocity field modeling
for a large vortex ring (see Figure 4). All the equipment was placed on top of the tank.
A movable piston controlled by a servo drive and microcontroller was placed inside the
syringe. Color dyes and colloidal particles (titanium dioxide beads about 1 µm in size) were
injected through a hole about 2 mm in diameter in the lower part of the syringe. This setup
allowed us to create a long series of vortex rings and precisely set such parameters as the
initial speed and radius. To measure the rings’ coordinates and radii, and the concentration
of the colloidal particles, we used cameras with the following parameters: f = 26 mm,
aperture f /1.6, frame rate between 25 and 60, and resolution 3840× 2160. Since the bottom
of the pipe was also made of transparent plexiglass, the design allowed us to take images of
the vortex rings both from the side and the bottom of the tank. An LED panel was installed
behind the setup, giving even white light, which helped to recognize the boundaries of
toroidal vortices more accurately. For detection, we used either particles glowing in the
ultraviolet or the rhodamine dye that glows yellow in the violet spectrum. We placed an
ultraviolet LED flashlight under the transparent bottom of the tank to illuminate the liquid.
We studied the vortex ring propagation under various conditions, including changing the
initial temperature, which was set in the range of 20–50 °C. The Reynolds numbers in our
installation varied in the range Re ∈ (3000; 13,000).

It is worth saying that since the observation was conducted through glass, it is nec-
essary to take into account the possible distortions of the resulting image. Therefore, we
minimized these effects by using a water tank with smooth walls, recording video from a
long distance to reduce the influence of perspective, and spot-highlighting the ring from
the bottom of the tank to eliminate glare on the glass. Also, due to the relatively small size
of the objects compared to the size of the vessel and the distance to the camera, the resulting
distortions are insignificant.

We performed two sets of experiments. In the first set, we created single vortex rings
and investigated their behavior in a viscous fluid to test the applicability of the theoretical
model for the velocity field. Using a pumping device, we supplied a soluble dye directly
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in front of the outlet, which allowed us to directly colorize the rings. In the second set,
the same rings were carrying the colloidal particles, and we studied the dependence of the
number of particles delivered by rings on time and coordinate. We used titanium dioxide
micro-beads ≈ 1 µm in size. The chosen experimental conditions allowed us to neglect the
influence of the particles on the vortex flows’ behavior.

1

4

2

3

5

6

ℎ 

 𝑑 

Figure 8. Experimental setup: (1) video camera; (2) source of a dye or colloidal particles; (3) automatic
drive for control of vortex ring formation; (4) propagating vortex ring; (5) outlet of the injection tube;
(6) UV flashlight.

With experimental measurements, we obtained the following key parameters: the
position and radius of the vortex rings, and the time-dependent number of particles trapped
in the rings. To determine the positions and radii of the rings, a neural network was used on
the slide-shot video. The neural network used was YOLOv5s by Ultralytics—the one-stage
detector convolutional neural network. It helped to quickly process the experimental data.
YOLOv5s was chosen because it is simple to configure a ready solution, has a generally
pre-trained version, and it is fast and accurate enough in the current application. It was
additionally trained on a manually processed data set consisting of photographs of the rings.
The obtained results were verified with the “Tracker Physics” software (ver. 6.1.3) [32].
“Tracker” provides semi-automatic object tracking with the ability of manual correction both
during the position tracking and calibration with a reference scale presented in the video.
To model a ring as an ideal toroid, the images were fit into rectangles with sides h and `,
as shown in Figure 9, thus giving the small and large torus radii r = h/2, R = [`− 2h]/2,
respectively.

Particles in a colloid are too small to be counted directly. Therefore, we estimated
their density indirectly, using the amount of backscattered radiation. Assuming the den-
sity is low enough for the multiple scattering effect to be neglected, the dependence of
the backscattered intensity Ib coming to the camera from the colloidal particles with a
concentration n and optical thickness l should be exponential:

Ib = I0[1− exp(−Cnl)]. (11)
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The above assumptions leading to this functional dependence were verified by measuring
the intensity as a function of n.

Figure 9. Vortex ring with characteristic dimensions.

The obtained images of propagating vortex rings were pixelated and converted to
grayscale so that the relation between the pixel brightness Bi and the number of particles
Ni in the pixel area Si can be written in a similar form:

Bi = B0[1− exp(−CBNi/Si)]. (12)

where B0 and CB are constants, and the index i enumerates the pixels. The latter equation
yields the formula for the determination of the relative particle density

Ni/N0 ∼ |ln(1− Bi/B0)|, (13)

provided that Si is the same for all pixels. By summation over all the pixels of a vortex, we
can estimate the total amount of particles within a vortex ring.

5. Results and Discussions

To describe the general motion of the vortex ring, we considered rings without parti-
cles both in experiments and in numerical modeling. We wanted to obtain general ideas
about the nature of the movement, which is displayed in Figure 10. We compare the
time-dependent coordinates and velocities obtained with the simulation, the equations,
and experimental measurements for the vortex rings free of particles. The coordinates are
calculated with Equations (5) and (7), and the velocity model is obtained by the differentia-
tion of Equation (5), which results in the following time dependence:

v =

(
CDS
2V

t +
1

U0

)−1
. (14)

As was already stated, the ratio V/S in (7) is approximately constant, so the vortex velocity
in the propagation direction can be estimated to be inversely proportional to the travel time.
The best fit for the drag constant was found to be CD ≈ 0.03. The theory and experiment
are in good agreement, and the obtained data suggest that the proposed simple model
is applicable in a wide range of initial Reynolds numbers, which characterize the vortex
motion by formula Re = 2`u0/ν.
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Figure 10. Dependence of the vertical coordinate of a vortex ring (a) and its velocity (b) on time.
Experimental data are shown with dotted lines, with errors indicated by shaded areas; theoretical
data are shown with solid lines; numerical simulation results are shown with dashed lines. Different
colors correspond to different initial Reynolds numbers.

Coefficients describing the ring shape in Equation (3) were extracted from the experi-
mental data, and their time dependence is shown in Figure 11. This result demonstrates
that two propagation modes exist. First, at the initial moment, for a time less than a second,
the vortex ring may dramatically change its geometry. This process can be interpreted as a
formation process of a vortex ring. Second, after an abrupt transition, the geometry begins
to vary slowly, with the parameters a, b, and c changing almost monotonically.
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Figure 11. Time-dependent coefficients of the theoretical function describing the vortex ring shape.
Panel (a) shows the distance x1 from the center of the ring to one of its cores, so x1 makes sense of the
main radius of the ring R, it appears in (10). Panels (b–d) show the coefficients of fu = a exp(−rc/b),
a, b and c, respectively. Also, the moment of time t0 is marked in all the figures, it makes sense
of the end of the transition period of the ring. Since in modeling the ring is formed according to
the primary approximate formula, at the beginning of its evolution it naturally changes shape to
its characteristic appearance. Therefore, for approximately the first second, the shape of the ring is
extremely non-standard, therefore, the coefficients change very sharply at the beginning, but after the
time t0, they acquire a monotone dependence.
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The particle loss process for vortex rings carrying particles is illustrated in Figure 12.
The plotted experimental error comes from the standard deviation obtained in a series of
experiments with the same initial conditions. The simulation error was estimated to be
about 5%, and it stems from the Comsol model assumption and the uncertainties in the
determination of the ring boundaries. The experiments and simulations reveal that the
particle loss mechanism consists of lagging of particles in the rear part of the vortex ring
due to lower velocities in this spatial domain.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
t, s

0.4

0.6

0.8

1.0

N
(t

)

Nexp(t)

Nmod(t)

Nth(t)

Figure 12. Time dependence of the relative number of particles Nrel(t) = N/N0 carried by vortex
rings. The experimental and modeling results are shown with light blue and violet colors, respectively.
Theoretical calculation results are shown with a dashed line. The shaded areas’ width illustrates
the error.

6. Conclusions

To summarize, in this work, we have proposed a simple analytical approximation
for the vortex ring velocity field and analyzed the time evolution of the parameters of
this approximation. The consistency of numerical simulations in COMSOL Multiphysics,
calculations and experimental results proved the validity of the chosen 2D model. Our
results reveal a direct correspondence between the vorticity and particle density for rings
carrying colloids, which allowed us to find a simple approximation for a time-dependent
dilute concentration of the particles trapped in a vortex ring.

We believe that our findings have potential applications in setups for biochemical
applications, such as the spatial delivery of substances in liquid solutions. As the dilute
concentration is proportional to the vorticity, the spatial delivery of particles could create a
preassigned density or viscosity gradient in the solution.

The obtained results can form the basis for further studies of toroidal vortices as a
method of transporting particles in viscous liquids. In the future, we plan to study the
transport of particles in vortex rings with Reynolds numbers in the range from 10 to 100,000.
In addition, of practical interest is the study of the efficiency of delivery of particles whose
dimensions are comparable to the linear dimensions of the vortex ring.
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