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Abstract: This paper is devoted to the description of computational algorithms for modeling quasi-
one-dimensional non-steady flows of a multicomponent reacting gas. The particularity of the de-
veloped modeling technique is that the paths of strong and weak discontinuities are mobile com-
putational nodes, and the parameters for them are calculated using special algorithms. A set of
programs has been developed, which can be used to solve the problems of the reacting gas dynamics
that are of applied importance, as well as serve as an illustrator for physical gas dynamics training
courses. The paper provides the results of the numerical modeling of the supersonic flow in a flat
channel simulating the operation of experimental facilities of the Institute for Problems in Mechanics
and the Institute of Physics and Technology. A satisfactory correlation between the calculated and
experimental data has been obtained.

Keywords: the grid-characteristic method; quasi-one-dimensional non-steady flows; a multicomponent
reacting gas

1. Introduction

When solving many applied problems, numerically examining unsteady flows of
multicomponent gas mixture with physicochemical transformations is required. In this
case, in the flow field, there may be zones of rapid changes in the flow parameters or
their gradients; they may include shock waves, contact discontinuities (strong discontinu-
ities), and boundary characteristics of expansion wave fans (weak discontinuities) [1-8].
Moreover, the works [1-7] describe methods in which shock waves and contact disconti-
nuities are clearly distinguished. Work [8] is a typical representative of a large number of
works, in which reacting flows with shock waves and contact discontinuities are simulated
using the shock-capturing method with the condensation of grid lines in areas with a
large gradient of parameters. The number of discontinuities can change as a result of
the interaction of existing ones and the emergence of new ones. To model such flows, it
is necessary to use special methods. This paper presents the application of the original
grid-characteristic method, which allows tracking the parameter positions and differences
for all types of discontinuities.

Methods with explicit isolation of discontinuity surfaces, unlike the shock-capturing
method [1-6], allow one to construct adaptive difference grids consisting of both fixed and
mobile nodes that can move along the paths of the indicated strong and weak disconti-
nuities, gas trajectories, moving boundaries, etc. This approach provides high-precision
results on relatively coarse grids.

The computing algorithms developed by the authors were implemented as a set
of programs, including subsystems designed for setting initial data and defining the
thermodynamic properties of substances and the mechanisms of chemical transformations,
as well as a system for visualizing the results of calculations, which have no analogues.
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The original visualization system allows one to track the distribution of flow parameters
not only at fixed times but also along arbitrary grid lines, the number of which can change
during the calculation process.

For the first time, it was proposed to use the self-similar problem of G. M. Bam-
Zelikovich as a test problem when modeling both one-dimensional and multidimensional
flows of a multicomponent detonating gas behind incident and reflected shock waves. The
solution of the system of partial differential equations describing the flow of detonating gas,
on average, asymptotically tends to the solution of the problem of G. M. Bam-Zelikovich,
which allows one to instantly determine the parameters characterizing plane detonation
waves before carrying out multidimensional calculations.

2. Mathematical Model

A quasi-one-dimensional non-steady approximation is used, and the effects of vis-
cosity, heat conduction, and diffusion are neglected. The model is based on the equations
of mass, momentum, and energy transfer, written in differential form within the regions
of the solution smoothness, and in integral form, namely in the form of dynamic and
kinematic compatibility conditions, at the areas of strong and weak discontinuities. The
corresponding hyperbolic system of quasilinear differential equations in partial derivatives
in the regions of flow continuity can be stated in the characteristic form, as follows [6,9]:

_ 1 dinF & g1y —hypp _
dx = (uta)dt, du + @dp + <ua T + l; [)ZTWI dt=0 (1)
1 1 .
dx = udt, dh—;dp:O, d’yi—EWidtzo,z:l,...,N (2)

Here, t is time, x is the spatial coordinate, p, u, p, and h are density, velocity, pressure,
and specific enthalpy of the mixture, respectively, I = F(x) is the channel area, y;—are molar
mass concentrations of the j-th chemical component, N is the number of components taken
into account, W; is the rate of change in the concentrations of the j-th component per unit
volume of the mixture, and

a= \/hT(PPhT —pr(hp —1/p)) "

is the speed of sound. The indices “T”, “P”, and ”'yj” denote partial differentiation per the
corresponding parameter.

When passing through a shock wave (SW) and a contact discontinuity (CD), the
following Rankine-Hugoniot relations are followed [9,10]:

pl(D_ul%ZPZ(D_uZ) )
p1+p1(D —u1)” = pa+p2(D — uz) 3)
2 2
p1(D —uy) (hl + L_zul) ) = 02(D —uy) <h2 + 7(1)_2”2) )

Here, D is the SW velocity (for CD, D = u; = uy), the index “1” marks the parameters
prior to the wave, and the index “2” marks the parameters after the wave. When passing
through the shock wave in a non-equilibrium flow, the ratios are supplemented by the
concentration constancy conditions:

Y1i = Y2i-

The thermodynamic properties of the reacting gas are defined using the model of a
multicomponent perfect gas under the assumption of an equilibrium population of the
energy levels corresponding to all internal degrees of freedom of molecules and atoms [11].
In the indicated case, the specific thermodynamic Gibbs potential has the following form:
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Here, R is the universal gas constant, py = 101,325 Pa is the standard pressure, G?(T)
are the known functions, which are the temperature parts of the standard Gibbs molar
potentials for the individual components of the mixture [11]. Other thermodynamic values
can be expressed via the Gibbs potential and its partial derivatives. In particular, the
thermal and caloric equations of state have the following form:

N N
p=p/(RTY. 1), h=Y_ vH)T) (5)
i=1 i=1
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In the case of a nonequilibrium course of chemical transformations, an arbitrary
mechanism of chemical reactions can be formulated as follows [9]:

N w N
Zygr)Mi —Y ?fr)Mi, r=1,...,N. 6)

Here, vi(r) are stoichiometric coefficients, and M; is the symbol of the molecule of the

i-th substance. The number of elementary reactions per time unit within a volume unit
= (r)

{—
W depends on the temperature, pressure, and volumetric concentrations of the reagents:

(r) (1)

(o, T[T (o) " @)
(i)

To approximate the dependence of the rate constants of direct reactions on temperature
and pressure, the generalized Arrhenius formula is used:

- E
K(p, T) = A(T/To)"(p/po)" exp(=7) ®)
To ensure that the entropy is non-decreasing in nonequilibrium processes and to
ensure the correct calculation of heat release, the relationship between the rate constants of
direct and reverse reactions is used [11]:

() :
e IR G| I

Here, A, n, m, and E are the given constants. The number of moles of the i-th substance
formed per time unit within a volume unit of the mixture is written in the traditional way,
as follows:

N,
o (r) (ry. =) ()

Wi=Y (Vi —vi YW —W ) (10)
r=1

In the case of an equilibrium course of chemical transformations, the concentra-
tions are implicitly defined via the functions of temperature and pressure and can be
calculated by solving the equations of chemical equilibrium and the conservation of
elemental composition:
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Here, N, is the number of elements in the mixture; A% is the composition matrix, and

Zx are unknown values.

To solve the system of Equations (1) and (2), supplemented by Relations (3)-(11), the

grid-characteristic method is used with an explicit isolation of all discontinuities formed in
the flow field [6,7]. The applied grid lines (design points) can belong to one of the following
types: gas trajectory (GT); fixed point (FP); shock wave (SW); contact discontinuity (CD);
characteristic of the C+ family (PC+); characteristic of the C— family (PC—); discontinuous
characteristics (DC+, DC—); rigid wall (RW); or left (LH) and right (RH) boundaries of the
computational domain.

Let us briefly describe the features of the proposed modeling technique.

Firstly, the calculation is carried out by the marching grid-characteristic method for
layers t = const. The flow parameters at a point are determined iteratively until
the predetermined accuracy is reached. If convergence is not achieved within the
maximum allowable number of iterations, the time step is reduced.

The flow region being reviewed is divided into sub-regions of the solution smoothness,
the boundaries of which are formed by the lines of strong and weak discontinuities,
as well as the by left and right boundaries of the computational domain. When
interpolating parameters, only points from a single smoothness sub-region are used;
they can be located both on the previous layer and on the selected discontinuities.
The finite difference grid consists of grid lines, each of which is characterized by a
unique number, type, coordinate, velocity, and gas parameters. A strong discontinuity
(SW, CD) corresponds to two grid lines with the same coordinates and speed of
movement and different parameters that satisfy the Rankine-Hugoniot relations. The
CD can be the boundary of regions with different chemical compositions and models
of the ongoing processes.

If an intersection of grid lines is detected, the layer is calculated with a variable
time step. In this case, the integration step at each iteration is chosen so that the
intersection point lies on the calculated layer. After the layer calculation is completed,
the intersection is processed depending on its type (Table 1) using a special algorithm;
during this process, new grid lines may “emerge”, and old ones may “disappear”.

The algorithm for calculating the next layer in time can be represented as a sequence

of the following elementary steps:

(a)
(b)

(0)
(d)

(e)

()

determination of the integration step from the Courant criterion, which ensures stabil-
ity and the control of the error in the approximation of the chemical kinetics equations;
determination of the coordinates of moving nodes on the new layer and analysis
of the presence of intersections of the discontinuity lines with each other and with
gas trajectories. If an intersection is present, then the time of the earliest intersection
becomes the time of the new layer, and the integration step is recalculated;

one iteration is performed to find the parameters of the gas field and the concentrations
of chemical components at all nodes of the grid;

the accuracy of the fulfillment of finite-difference equations is verified: if the specified
accuracy is achieved at all points of the difference grid, then go to step (e), and if at
least at a single point it is not achieved, then another iteration is performed, meaning
a return to step (b);

if an intersection of discontinuities was detected (see step b), then, depending on
the physical nature of interacting discontinuities, the structure of the materialized
flow at the intersection point is determined (for example, if two strong discontinuities
intersect, then the Riemann problem is to be solved);

transition to the calculation for the next time layer.
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Table 1. Interaction between grid lines. RP—*the Riemann problem”; T—"transfer of parameters”;
TCC—"transfer of parameters” with a change of the characteristic family; RF—shock wave reflection
from the wall; RFC—reflection of the characteristic with a change of its family; R—removal of the

grid line; SWO—SW origination.

e 1 2 3 4 5 6 7 8 9 10
Ne Line SW+ SW— CD PC+ PC— GT LHW RHW LHB RHB
1 SW+ +RP +RP +RP +R, TCC +T T — +RF — +R, RFC
2 SW— - +RP — - +RFC — - — — +R
3 CD - +RP - - +T - - - - +R, REC
4 PC+ +RFC +T +T, REC —SWO +T T - +RFC - +R, RFC
5 PC— - +R, TCC —SWO - —SWO — +RFC — — +R
6 GT +T — — +T — — — +R +R
7 LHW - +RF - - +RFC - - - - +R
8 RHW +RF - - +RFC - - - - - -
9 LHB +R +R, RFC +R, RFC +R +R, RFC +R - +R - -
10 RHB - - - - - +R - - - -

Let us dwell in more detail for steps (b) and (c). Any node of the computational
grid belongs to one of the following types: rigid walls—right and left (RHW and LHW),
shock wave (SW), contact discontinuity (CD), point on the characteristic (PC), or gas
trajectory (GT). The parameters are calculated using the grid-characteristic method. Figure 1
provides templates for point calculations, and a description of computational algorithms is
given in [1,6,9].

Sw CD GT

LHW

D]
©

rc RHW

»
&

O

Figure 1. Design models.

When the grid lines intersect, the calculation of the layer is followed by the processing of
the intersection with the correction of the grid lines used and the flow parameters (Figure 2).

Parameter transfer (“T”) is the most commonly applied algorithm for grid line in-
teractions, which is used in two versions. The first case is when the grid lines are not
discontinuity lines for the flow parameters (Figure 2a). It should be noted that, in this
description and further on, the coordinates (time and spatial coordinate) of all points before
and after the interaction are equal to each other, while the speeds of the grid line movements
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are different. In the lower part, there are the calculated points before the interaction is
processed, and, in the upper part, there are the points after interaction processing. Grid
lines (1, 2) and (2, 1), indicated by bold arrows, are interchanged, while, in some cases,
in order to avoid rounding errors, a number of parameters at points 1 and 2 are retained.
For example, if line (1-2) is the gas trajectory and line (2-1) is characteristic (C—), then the
concentrations of chemical components at points 1 and 2 after intersection processing are
exactly equal to the concentrations of chemical components at point 1 before intersection
processing. The second case (Figure 2b) is when one of the grid lines is a discontinuity
line for the flow parameters. For example, the line (1-2, 1-2') is the C+ family SW, and the
line (2-1) is the gas trajectory; in this case, the flow parameters at points 1 and 2 after the
intersection processing coincide with each other, while the speed, pressure, temperature,
and other parameters along the trajectory change abruptly from the parameters at point 2
to the parameters at point 1 (including the complexes included in the right-hand sides
of the characteristic relations), and the concentrations of chemical components remain
unchanged. In the case of the interaction of a shock wave with a characteristic line, the
processing of the intersection depends on the families to which they belong. For example,
the configuration shown in Figure 2b can materialize when SW (1-2, 1’-2") and characteristic
(1-2) belong to the C+ family. In this case, two types of processing algorithms are used.
The first one is the transfer of the characteristic to point 1 to the left of the shock wave, in
which case the characteristic changes its type from C+ to C— (there is no C+ characteristic
to the left of the SW, directed forward in time) and, accordingly, its propagation velocity
changes. The second one is the removal of the C+ characteristic. Line 1-2 in Figure 2b
can constitute a C— characteristic. In this case, the standard parameter transfer described
above is performed.

1 2 1 2 2 1
1 2 1 1 2 1 2

T (b) T, RFC (©R
. T 2 2! T

o S e B

1 2 2
(d) R, RFC (e) RF (f) RP (TWO SWs)
5 5 6 ¢ : 3 3 4 4

RGooF oD

(8) RP (EW SW) (h) SWD (i) SWO

Figure 2. Change of calculation nodes at the intersection of grid lines.
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Figure 2c demonstrates the case of intersection between the free boundary and the
grid line (GT, PC—). When the grid line crosses the free boundary of the computational
domain, the grid line is removed, and some of the parameters of the removed grid line are
transferred to the boundary point.

When a shock wave (or a contact discontinuity) interacts with a free boundary
(Figure 2d, SW C+ or CR (1, 1') and RHB (2-2) line 1 after processing—PC—), the SW
(CD) are removed (R), and a new calculation point emerges on the new time layer: the
C— characteristic, in the case of the right free boundary, or the C+ characteristic, in the case
of the left free boundary.

Figure 2e demonstrates the case of SW+ reflection from RHW. After reflection, the SW
becomes a wave of the C— family (SW—) while the flow parameters at point 1 are retained
(except for the grid line velocity), and the parameters at points 1’ and 2, along with the SW
velocity, are calculated by solving the problem of SW reflection from the wall. In the case of
reflecting a characteristic, the characteristic changes its type (from C+ to C— or from C— to
C+) and movement speed, while the rest of the parameters remain unchanged.

In the case of interaction between shock waves and contact discontinuities, the Rie-
mann problem is to be solved. In this case, the parameters to the left side of the left one of
the interacting discontinuities are taken as parameters to the left of the discontinuity break-
down, and the parameters to the right side of the right one of the interacting discontinuities
are taken as the parameters to the right of the discontinuity breakdown. The number of
computational points after the calculation of the interaction depends on the configuration
emerging as a result of solving the Riemann problem and on the initial difference in param-
eters. Figure 2f shows the case of the interaction of two strong discontinuities (two SWs or
SW and CD) defined by points (1, 1') and (2, 2’) before the interaction. As a result of the
interaction, the “Two SWs” configuration emerged, which corresponds to 3 grid lines (or
6 computational points) tracked at the following time points: (1, 1')—SW—; (2, 2/)—CD;
(3, 3')—SW+; moreover, the values of the flow parameters at points 1’ and 2, as well as at
points 2’ and 3, coincide.

Figure 2g provides the case of the interaction of two SWs or SW and CD, defined
by points (1, 1') and (2, 2’) before the interaction. As a result of their interaction, the
“DF to the left, SW to the right” configuration materialized. It corresponds to 6 grid
lines (or 8 computational points) tracked at the following points in time: 1, 2, 3, 4—PC+,
(5,5')—CD; and (6, 6')—SW+; moreover, the values of the flow parameters at points 4 and
5, as well as at points 5" and 6, coincide. Four tracked characteristics in the fan indicate that
the fan is of medium intensity. Typically, the number of characteristics to be tracked after
the discontinuity breakdown is proportional to the pressure gradient in the fan and ranges
from two to twenty.

It should be noted that the modeling technique provides for the cases of degeneration
of shock waves and contact discontinuities (Figure 2h) if the difference in parameters ob-
served at them is less than 0.001%. In this case, shock waves degenerate into characteristics,
and contact discontinuities degenerate into gas trajectories.

The case of intersection of the characteristics belonging to a single family, which is
inadmissible from the point of view of the applied system of equations in partial derivatives,
is used in the numerical implementation to describe the origination of shock waves in an
initially shockless flow (Figure 2i). Here, 1 and 2 are characteristics of the C+ family. The
flow parameters obtained at points 1 and 2 as a result of solving the finite-difference system
of equations differ. To resolve the kinematically incompatible situation that has arisen,
the Riemann problem has to be solved. In the case shown (Figure 2i), a shock wave that
propagates to the right SW+ (4, 4'), a contact discontinuity (3, 3'), and a weak expansion
wave fan described by two characteristics 1 and 2 are formed. It should be noted that, in
real problems modeled via the detailed finite-difference grids, the difference in parameters
at the expansion wave fan and at the contact discontinuity is often below the degeneration
threshold, and they are not taken into account in the calculation.
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In principle, the Riemann problem can be used to resolve any of the interactions
between the internal grid lines from the table, which are marked with the “-” sign. However,
in order to avoid cases of loss of gas mass located between the initially defined grid lines
(gas trajectories), if an intersection between the trajectories and contact discontinuities is
detected, the algorithm is interrupted with the appropriate diagnostics.

In mathematical modeling, 18 types of grid line intersections are considered. In the
case of SW + SW or SW + CD interaction, the structure and parameters of the realizing flow
are determined through the solution of the Riemann problem, which, for the case of gas with
constant adiabatic exponents, is described in detail in [12]. This paper considers the case
when the thermodynamic properties of gas mixtures to the left and right of the discontinuity
depend on pressure and temperature, and the concentrations of the components can either
be fixed or satisfy the conditions of thermodynamic equilibrium. Therefore, the generalized
solver of the Riemann problem is applied [13].

In SW + PW (point on the wall) interactions, the parameters of the reflected shock
wave are determined via Rankine-Hugoniot type relations for a multicomponent gas using
the condition that the velocity behind it is equal to zero, supplemented, if necessary, by the
conditions of thermodynamic equilibrium.

3. Results

The authors have developed a software package that includes a system for prepar-
ing initial data (geometry of the computational domain, initial gas-dynamic parameters,
grid parameters, thermodynamic properties of substances and kinetic mechanisms), a
computational module, and a system for visualization and storage of the results [7].

The grid-characteristic method described above has been tried on a large number of
test problems [6] and has demonstrated its effectiveness.

When studying a supersonic flow in a flat channel simulating the operation of the
experimental facility of the IPMech RAS Hypersonic Shock Wind Tunnel in the mode with
a closed inlet of the nozzle block [14], it became necessary to refine the structure of the
flow in the near-wall region. In the setup, air was used as the working and pushing gas,
the pressures in the sections at the moment of opening of the membrane separating the
chambers of high pressure (HPC) and low pressure (LPC) were 2.1 MPa (0 < X <2 m) and
0.1 MPa (2 < X <10 m), and the pressure sensors were located on the left end of the HPC
and in the middle of the LPC.

As a result of numerical simulation, the flow structure presented in Figure 1 was
obtained. Here, the red lines indicate the trajectories of shock waves, and the green lines
indicate contact discontinuities. During the observation time, which was ~0.2 s, the initial
shock wave managed to be reflected four times from the ends of the installation (Figure 3a).
Figure 3b shows an enlarged fragment of a complex shock wave structure that appears
when the incident shock wave is first reflected from the wall and interacts with the initial
contact discontinuity. The flow structure includes a set of secondary shock waves and
contact discontinuities of varying intensity. It should be noted that, in contrast to the
shock-capturing method, all generated shock waves and contact discontinuities are clearly
distinguished; they are double computational grid nodes, which are interconnected by
the exact fulfillment of the Rankine-Hugoniot relations. When these computational nodes
interact with each other, the Riemann problem is solved with high accuracy. The shock
waves and contact discontinuities formed as a result of the solution become new grid nodes.

The numerical modeling resulted in the flow structure presented in Figure 3. Here,
“thick solid” lines denote SWs, “dotted” lines denote CDs, and “thin solid” lines denote
characteristics. During the observation time, which was ~0.2 s, the initial SW managed to
reflect four times from the ends of the setup.

Figure 4 provides a comparison of pressure sensor readings typical for this series
of experiments with the results of the numerical modeling. Figure 4a demonstrates the
readings of the pressure sensors located at the HPC end (the upper curve) and in the middle
of the LPC (the lower curve). Figure 4b,c demonstrate the results of numerical modeling of
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the flow in the installation: the graph of the pressure at the LHW, which corresponds to the
readings of the HPC end sensor, and the graph of the pressure in the middle of the LPC.
The modeling technique under consideration makes it possible to “take” the readings of
the sensors. To perform this, fixed nodes with coordinates corresponding to the location of
the pressure sensors along the setup length are introduced into the computational grid.

0.2

0.05¢

,C

X,
(a) (b)

Figure 3. Time sweep of the flow (a) and its enlarged fragment (b).

The experimenters were interested in the flow pattern adjacent to the right closed
end of the setup. Figure 3b shows that, in the area of the closed nozzle block, a complex
shock-wave structure of the flow emerges. It is important to note that the reflected SW
observed in the experiments is the result of a series of SW reflections and interactions with
the CD instead of a pure SW reflection from the wall, which must be taken into account
when analyzing the experimental data. The developed method of numerical modeling
makes it possible to visually study such effects. Moreover, not only qualitative but also
quantitative alignment between the results of numerical calculations and experimental
data is observed (Figure 4), despite the fact that the numerical simulation does not take
into account viscous effects.

To test the computational algorithms for the numerical modeling of high-speed flows
with exothermic chemical transformations, it is worth reviewing the self-similar modeling
Riemann problem in a combustible mixture [15,16] (Bam-Zelikovich problem), the solution
of which can be found from a system of nonlinear algebraic equations, including those
applied for the thermodynamic model used in the present paper. A special case [15], which
is the problem of the reflection of a plane shock wave from a wall in a combustible mixture,
is considered. It should be noted that this test example is valid for both one-dimensional
and two- and three-dimensional non-steady flows.

Let us consider the flow of a stoichiometric methane-air combustible mixture behind
a reflected shock wave, which simulates the experimental studies of detonation carried out
using a shock tube at the Institute of Physics and Technology [17,18] (the pressure in front
of the incident shock wave was 10,132.5 Pa, and the temperature was 298.15 K). To simulate
chemical transformations, a simplified kinetic mechanism was used (Table 2), which in-
cludes four reversible stages; the rate constants of direct reactions were borrowed from [19].
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Figure 4. Comparison of the experimental results [14] (a) with the results of numerical modeling (b,c).

Table 2. Kinetic mechanism of methane combustion [19,20]. Parameter n from (8) is equal to 0.

Reactions A; m3, mole, ¢ m E, K
1 CHy + O, =2/3CO + 4/3H,0 +1/3CHy 6 x 108 —0.2264 22,660
2 H, + H, + O, — H,0 + H,O 7 x 107 -0.5 10,574
3 CO+CO +H, — CO, +CO, 8.5 x 10° -15 10,574
4 CO, + H2=CO + H,0 1 x 10° -1 20,998

This kinetic mechanism was tested by the authors in [20], which presented the results
of calculations of more than 100 experiments [17] to determine the ignition delay time of a
combustible mixture behind reflected shock waves.

The Mach number of the incident SW varied. Figure 5 shows a typical time sweep
of the process. In contrast to the results presented in [20], the case was considered when
the incident wave propagates with a Mach number equal to M; = 3 through a combustible
mixture having a temperature Ty = 298.15 and Py = 1.01325 x 10* ITa. Figure 6 shows a
detailed picture of the flow during the formation of a hanging shock (HSW, Figure 5 line 2),
which is a consequence of the intersection of the C+ family sound characteristics, the
trajectories of which are grid lines.

The temperature behind the reflected SW exceeds the self-ignition temperature of the
combustible mixture, and ignition occurs at the left wall (Figure 7, curve 1). An increase
in temperature and pressure leads to the appearance of a compression wave, which, at
t ~ 0.00245, forms a “hanging” shock wave (Figures 5 and 6). It should be noted that



Fluids 2023, 8, 265

11 0f 14

the temperature drop at the hanging SW at the moment of its origination depends on
the computational grid; in the calculation, it is less than 100 K (Figure 7, curves 2, 3). At
subsequent time stamps, the hanging SW intensity increases, and a detonation wave is
formed (Figure 7), which propagates behind the reflected shock wave. At t ~ 0.0031, the
waves interact; an overcompressed detonation wave, a contact discontinuity, and a fan
of expansion waves are generated (Figure 5). Over time, the intensity of the detonation
wave decreases, and it enters the propagation regime with parameter fluctuations around a
certain stationary state.
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0.0035 |
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0.0025 |
0.002
0.0015 |
0.001 ;
0.0005
0

t, sec 4

\w

0 05 1 15 xXm

Figure 5. Time sweep of detonation initiation behind the reflected SW (M; = 3). (1—Reflected SW,
2—hanging SW, 3—CD, 4—expansion wave fan).

t, sec

0.0025

0.0024

0 0.05 0.1 0.15 0.2 X,m

Figure 6. The origination of a hanging SW (2) as a result of the intersection of characteristics (1).

The results of quantitative studies of the stationary state around which the plane deto-
nation wave oscillates have shown compliance with the solution of the self-similar problem
of the Riemann problem in a combustible mixture [15], obtained for the thermodynamic
model being applied, provided that the conditions of chemical equilibrium in the combus-
tion products behind the detonation wave are fulfilled. Figures 8 and 9 show two typical
cases of detonation wave propagation. The case of a stationary detonation wave takes
place at the Mach number of the incident shock wave equal to 4 (Figures 8a and 9a). The
obtained solution corresponds, with high accuracy, to the solution of the Bam-Zelikovich
problem [15], while the parameters of the Chapman-Jouguet wave differ significantly.
The case of a detonation wave propagating in an oscillatory mode takes place when the
Mach number of the incident SW is equal to 3 (Figures 8b and 9b). The resulting solution
oscillates regularly around the solution of the problem [15], while the parameters of the
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Chapman-Jouguet wave (D =992.5m/s, T = 2968.3 K) and the reflected equilibrium wave
(D=9955m/s, T =2992 K) are similar.

4500

4000 T, K

g
V-

2000 4 5
1500

1000
0 00005 0001 00015 0.002 0.0025 0.003t,sec
Figure 7. Dependences of temperature on time along the main grid lines (1—wall, 2—head SW,
3—to the left of the hanging SW, 4—to the right of the hanging SW, 5—to the left of the CD,
6—to the right of the CD).
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(a) (b)
Figure 8. Dependence of the speed of the reflected SW (1) on time: (a)—M; = 4; (b)—M; = 3; [,
(2)—the speed of the equilibrium reflected wave; *, (3)—the speed of the Chapman—Jouguet DW.
3600 —
3400 l— : = !
3200 «
3000
2800
2600
2400
2005 1 15 2z xm Rg 2 4 6 8§ 10 12X
(a) (b)

Figure 9. Temperature distribution (1) behind the reflected SW: (a)—M; = 4, t = 0.00287 s; (b)—M; =3,
t=0.0152 s; [, (2)—temperature behind the equilibrium reflected wave; *, (3)—temperature behind
the Chapman-Jouguet wave.
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4. Conclusions

A grid-characteristic method has been developed that makes it possible to calculate
quasi-one-dimensional flows of a reacting gas; the grid lines in this method are the gas
trajectories, shock waves, contact discontinuities, and sound characteristics.

Examples of calculation of flows in experimental setups have been provided and
demonstrate the effectiveness of the developed method.

The use of the self-similar Riemann problem in a combustible gas mixture
(Bam-Zelikovich, 1949) [15] as a test problem for modeling flows with exothermic
reactions has been proposed. It has been shown that the parameters of detonation
waves in plane channels propagating in stationary or oscillatory modes correspond,
on average, to the solution of this problem.

Author Contributions: Conceptualization, V.G.; Methodology, V.G.; Software, N.S.; Validation, N.S.;
Investigation, V.G. and N.S.; Writing—original draft, V.G. and N.S. All authors have read and agreed
to the published version of the manuscript.

Funding: This research was funded by the Ministry of Science and Higher Education of Russia, state
assignment number FSFF-2023-0008.

Institutional Review Board Statement: Not available.
Informed Consent Statement: Not available.
Data Availability Statement: Not available.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Moretti, G. On the issue of shock separation. In Numerical Treatment of Problems of Hydromechanics; Mir: Moscow, Russia, 1977;
pp- 55-63.

2. Adrianov, A.L,; Starykh, A.L.; Uskov, V.N. Interference of Stationary Gas-Dynamic Discontinuities; Nauka: Novosibirsk, Russia, 1995;
p- 180.

3. Uskov, V.N.; Chernyshov, M.V. Special and extreme triple shock-wave configurations. J. Appl. Mech. Tech. Phys. 2006, 47, 492-504.
[CrossRef]

4. Chernyshov, M.V,; Kapralova, A.S.; Matveev, S.A.; Savelova, K.E. Stationary Mach Configurations with Pulsed Energy Release on
the Normal Shock. Fluids 2021, 6, 439. [CrossRef]

5. Chernyshov, M.V.; Gvozdeva, L.G. Triple configurations of steady and propagating shocks. News of Higher Educational
Institutions. Aviat. Eng. 2022, 65, 87-110.

6.  Gidaspov, V.Y;; Pirumov, U.G.; Severina, N.S. Mathematical modeling of quasi-one-dimensional non-steady flows of reacting gas
with arbitrary number of interacting discontinuities. Vestn. MAI 2008, 15, 83-94.

7. Gidaspov, V.Y.; Golubev, VK.; Severina, N.S. A Software Package for Simulation of Unsteady Flows of the Reacting Gas in the
Channel. Bull. South Ural State Univ. Ser. Math. Model. Program. 2016, 9, 94-104.

8. Garbacz, K.; Morgado, F,; Fossati, M. Effect of thermal nonequilibrium on the shock interaction mechanism for carbon dioxide
mixtures on double-wedge geometries. Phys. Fluids 2022, 34, 026108. [CrossRef]

9. Pirumov, U.G.; Roslyakov, G.S. Gas Dynamics of Nozzles; Nauka: Moscow, Russia, 1990; 368p.

10. Cherny, G.G. Gas Dynamics; Nauka: Moscow, Russia, 1988; 424p.

11.  Gurvich, L.V;; Veits, 1.V,; Medvedev, V.A. Thermodynamic Properties of Individual Substances: Reference Book in 4 Volumes; Nauka:
Moscow, Russia, 1978.

12.  Godunov, S.K.; Zabrodin, A.V.; Ivanov, M.Y,; Kraiko, A.N.; Prokopov, G.P. Numerical Solution of Multidimensional Problems of Gas
Dynamics; Chief Editorial, Physics and Mathematics Literature; Nauka: Moscow, Russia, 1976; 400p.

13.  Menshov, LS. Generalized and variational statements of the riemann problem with applications to the development of godunov’s
method. Comput. Math. Math. Phys. 2020, 60, 651-662. [CrossRef]

14. Kotov, M.A ; Kryukov, I.A.; Ruleva, L.B.; Solodovnikov, S.I.; Surzhikov, S.T. Calculated and experimental research of hypersonic
flow structure in flat channel of complicated configuration. Her. Bauman Mosc. State Tech. Univ. Ser. Mech. Eng. 2015, 100, 4-21.

15. Bam-Zelikovich, G.M. Breakdown of an arbitrary discontinuity in a combustible mixture. Theor. Hydromech. 1949, 4, 112.

16. Bulat, PV.; Uskov, V.N. Shock and detonation wave in terms of view of the theory of interaction gasdynamic discontinuities. Life
Sci. J. 2014, 11, 307-310.

17.  Zhukov, V.P; Sechenov, V.A.; Starikovskii, A.Y. Spontaneous ignition of methane—Air mixtures in a wide range of pressures.

Combust. Explos. Shock Waves 2003, 39, 487-495. [CrossRef]


https://doi.org/10.1007/s10808-006-0081-5
https://doi.org/10.3390/fluids6120439
https://doi.org/10.1063/5.0078233
https://doi.org/10.1134/S0965542520040132
https://doi.org/10.1023/A:1026186231905

Fluids 2023, 8, 265 14 of 14

18.  Zhukov, V.P; Sechenov, V.A.; Starikovskii, A.Y. Autoignition of a lean propane-air mixture at high pressures. Kinet. Catal. 2005,
46, 319-327. [CrossRef]

19. Basevich, V.Y,; Frolov, S.M. Global kinetic mechanisms used in modeling multi-stage self-ignition of hydrocarbons in reacting
flows. Chem. Phys. 2006, 25, 54.

20. Gidaspov, V.Y,; Kononov, D.S.; Severina, N.S. Simulation of the ignition and detonation of methane-air mixtures behind a reflected
shock wave. High Temp. 2020, 58, 846-851. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1007/s10975-005-0079-7
https://doi.org/10.1134/S0018151X20060103

	Introduction 
	Mathematical Model 
	Results 
	Conclusions 
	References

