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Abstract

:

Detuned resonance, that is, resonance with some nonzero frequency mismatch, is a topic of widespread multidisciplinary interest describing many physical, mechanical, biological, and other evolutionary dispersive PDE systems. In this paper, we attempt to introduce some systematic terminology to the field, and we also point out some counter-intuitive features: for instance, that a resonant mismatch, if nonzero, cannot be arbitrarily small (in some well-defined sense); and that zero-frequency modes, which may be omitted by studying only exact resonances, should be considered. We illustrate these points with specific examples of nonlinear wave systems. Our main goal is to lay down the common language and foundations for a subsequent study of detuned resonances in various application areas.
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1. Introduction


Detuned resonances play an important role in many physical areas of research, from fluid mechanics to geophysics to engineering. Unlike exact resonances, which are comparatively rare and hard to find, detuned resonances are ubiquitous, which makes them very attractive for use in basic models. We list just a few examples. (i) A special form of detuned resonance is introduced in [1] as a new paradigm generalizing the wave kinetic equation approach for modelling nonlinear random wave fields in nature; these detuned resonances are used for numerical simulations with Zakharov’s equation. (ii) A common mechanism based on the quasi-resonant amplification of planetary waves is proposed in [2], for the generation of persistent longitudinal planetary-scale high-amplitude patterns of the atmospheric circulation in the Northern Hemisphere midlatitudes. (iii) The study of detuned resonances in the numerical simulation of the Euler equations allows one to explain in which cases a discretization of a continuous problem, necessary for any numerical simulation, still reproduces the nonlinear energy transfer deduced theoretically for a continuous spectrum of water waves [3]. (iv) Finally, a fundamental drawback of vibration-based energy harvesters is that they typically feature a resonant mass-spring mechanical system to amplify the small source vibrations, and the limited bandwidth of the mechanical amplifier restricts the effectiveness of the energy harvester considerably. This problem can be solved by adaptive tuning of the input frequencies, i.e., taking into account detuned resonances [4]. The terms detuned and exact resonances both refer here to the interactions of dispersive waves. The fundamental role of dispersive wave propagation is emphasized by the fact that partial differential equations (PDEs) are often classified in physics as dispersive or non-dispersive (as distinct from their mathematical classification as elliptic, parabolic, or hyperbolic). A dispersive PDE may be linear or nonlinear; it is allowed to have an arbitrary order and number of variables. Its main characteristic is that the linear part of the dispersive PDE has solutions in the form of Fourier modes,


    φ k  =  A k   P k   ( x )  e x p [ − i  ω k  t ]   ,    A k  = const   ,   



(1)




where    P k   (  x →  )    represents the spatial dependence labelled by wavevector     k  , and the frequency    ω k  = ω  ( k )    [5]. Here, x and t are space and time variables, respectively, and    A k    is called the wave amplitude. The class of nonlinear dispersive PDEs includes, though is not exhausted by, such notable equations as the nonlinear Schrödinger equation, the Korteweg–de Vries equation, and the Charney–Hasegawa–Mima equation. Dispersive waves are met in various physical systems appearing in fluid dynamics, astronomy, plasma physics, mechanical systems, medicine, and elsewhere. If the nonlinearity is small in some sense (that can be defined more precisely in a specific physical setting), the initial PDE may be written as


  L  ( φ )  = ε N  ( φ )   



(2)




where  L  is a linear operator,  N  is a nonlinear operator, and   0 < ε ≪ 1   is a small parameter. In this case, resonances play the major role in the energy transport in the system; the resonance conditions in their simplest form for three-wave interactions with    P k   ( x )  = e x p [ i k ⋅ x ]   read


    ω 1  +  ω 2  =  ω 3    ,    k 1  +  k 2  =  k 3    



(3)




with notation    ω j  = ω  (   k j   )   ; their solution is called a resonant triad. In the standard case of periodic boundary conditions, the wavevectors, after suitable renormalization, have integer wave numbers (components).



A most interesting property of the resonant triads, first discovered in the early 1990s [6,7,8], is that they form clusters (via joint modes belonging to different triads) that are independent in the sense that there is no energy transport between different clusters at the slow time scale   T = t / ε  . Moreover, most modes are not resonant and do not take part in the energy transfer over the resonant spectrum. The set of resonant triads can be computed by specially developed methods (this is a nontrivial problem of number theory) and represented by a planar graph with marked vertices called an NR-diagram [9]. An NR-diagram allows one to represent uniquely the dynamical system on    A k   ( T )    which describes the time evolution of each cluster at the slow time scale  T . In this context,  t  is often referred to as the linear (or fast) time. All polynomial conservation laws can be written out explicitly for an arbitrary cluster [10]. An important example of geophysical application of this theoretical approach can be found in [11].



This clear and understandable picture will change if we wait long enough. Detuned resonances will appear with resonance conditions differing from (3):


    ω 1  +  ω 2  =  ω 3  + δ   ,    k 1  +  k 2  =  k 3    



(4)




with nonzero resonance detuning   δ ≠ 0  . They take place at the new time scale   τ = c T  , with some constant   c > 1   depending on the wave system [12]. It has been demonstrated analytically that an isolated detuned triad can also be regarded as an energy conserving system (though its energy is oscillating with the frequency  δ ) and an explicit solution for wave amplitudes can be written out in terms of Jacobian elliptic functions [13]. This means that the behavior of an isolated detuned triad is similar to that of the exact resonance triad. In the last few years, an interest has arisen in the study of clusters of detuned triads. By varying the magnitude of the detuning, one can change the form of energy transport in the system from a few isolated clusters (detuning is very small) to the case when all modes in the system are connected and no isolated cluster survives (detuning is big enough). Some questions to answer are: How to estimate the minimal detuning threshold allowing for the formation of a new cluster? How does the density of clusters depend on the magnitude of the detuning and on the size of the computation domain? How to construct new conservation laws for detuned clusters? These problems are studied in many recent publications, e.g., [14,15,16]. They are not of purely theoretical interest: the answers will be of importance in many physical systems. A celebrated example of a system in which detuned resonances play a major role can be found in plasma physics and in planetary atmospheric physics where so-called quasilinear models are used to solve the Charney–Hasegawa–Mima or barotropic vorticity equation, e.g., [17,18,19]. The main characteristic of this approach is that (at a suitable time scale) all exact resonances can be omitted and the complete wave field evolution can be described in terms of detuned resonances of a special type. All the studies of detuned triad clusters mentioned above have one common feature: they are performed at the kinematic level and no study of cluster dynamics is included. The basic object underlying these studies is not an NR- diagram (which provides a one-to-one correspondence between a cluster and its dynamical system) but a topological presentation of a cluster [9]. The topological presentation of a cluster has been introduced for constructing all the isolated components of a given set of triads. It gives no information about cluster dynamics; the dynamical system describing a cluster cannot be derived from its topological presentation. This drawback is of course known to researchers in the area [14]: “In order to better understand these issues, we believe that it is important to move beyond the kinematic picture of resonance broadening and attempt to devise methods of studying these effects dynamically”. A first step in this direction has been taken in [15], where the dynamics of a particular cluster formed by two triads with two joint modes is studied while investigating the case “the linear wave time scales are comparable to the time scales of nonlinear oscillations”. In the pioneering work of [20], the study of dynamic equations for resonances in the famous Fermi–Pasta–Ulam problem made it possible to establish that the first nontrivial resonances correspond to six-wave interactions and thus to determine the time scale for establishing equipartition.



In this paper, we aim to present a feasible platform for studying the dynamical properties of arbitrary clusters formed by detuned triads. The notion of “a detuned triad” is chosen to be used as a shorter name instead of “a resonance with non-zero frequency mismatch” and is regarded as generic. The notions of quasi-resonance, near-resonance, approximate resonance, etc., describe particular cases of the detuned resonance; their interrelations will be described in Section 2. In Section 3, we demonstrate that detuning cannot be chosen arbitrarily, and that the notion of a characteristic detuning may be misleading. In Section 4, we demonstrate that zero-frequency modes, which usually are not regarded while studying exact resonances, should be taken into account while investigating clusters of detuned resonances. In Section 5, we demonstrate why the construction of a cluster of detuned triads is much more complicated than in the case of exact resonances, and we consider which minimal detuned clusters are important to study first. A brief discussion and a list of open questions concludes the paper.




2. Notion of a Detuned Triad


Any equation of mathematical physics is applicable only in some specific context: for given ranges of the parameters and variables. In particular, wave resonances may be studied for long waves with discrete spectra, so after a suitable renormalization, the wavenumbers, that is, the components of the wave vectors, can be regarded as integers. Below in this presentation, we restrict ourselves to the PDEs (2) with two space dimensions; in this case, each wavevector   k =  (   k x  ,  k y   )    can be envisioned as a node of the two-dimensional lattice with coordinates    (   k x  ,  k y   )    and to each node, we can prescribe a unique frequency   ω = ω  (   k x  ,  k y   )   . Re-normalized coordinates are usually depicted as integers   m     and     n  . The small nonlinearity in (2) allows one to reduce the study of the complete wave evolution in the frame of a weakly nonlinear PDE to the study of only exactly resonant modes, i.e., modes with wavevectors and frequencies satisfying (3) (at the corresponding time scale, of course). This reduction can be performed by any multiscale method and as a result, a dynamical system can be deduced:


     d  A 1    d T   =  V  23  1   A 2 *   A 3    ,     d  A 2    d T   =  V  31  2   A 1 *   A 3    ,     d  A 3    d T   = −  V  12  3   A 1   A 2    



(5)




which is energy conserving, integrable, and describes the envelope evolution in the slow time  T  of the amplitudes of each triple of resonantly interacting modes


    φ k  =  A k    exp { i  [  k ⋅ x −  ω k  t  ]  }   ,    A k  =  A k   ( T )  ≠ const .   



(6)







It may happen that a specific system has no three-wave resonances; then, we have to check whether four-wave resonances do occur, and so on. Note that the general form of (5) is the same for all evolutionary dispersive weakly nonlinear PDEs possessing three-wave resonances: all the differences between the equations are hidden in the form of the interaction coefficients    V  23  1   , which are deduced from the PDE and are a function of wave numbers and parameters included in the PDE.



Any solution of (3) may thus be presented as a unique triangle on the integer lattice (shown as the bold black triangle in Figure 1), and the corresponding dynamical system has the form (5).



Now, let us see what happens when we regard a detuned resonance, satisfying the conditions (4), in the same way. Obviously, for any three nodes of the two-dimensional lattice, the condition    k 1  +  k 2  =  k 3      is satisfied so that only the condition    ω 1  +  ω 2  =  ω 3  + δ     has to be verified and studied. Intuitively, it looks reasonable that among all detuned resonances, those are most important which are in some sense closest to exact resonances.



Accordingly, the first subclass of the class of detuned resonances that we consider is called quasi-resonances, and is defined by the closeness on the integer lattice. The simplest way to construct a quasi-resonance is to take two of the three nodes constituting an exact resonance (depicted as the bold black triangle) and one node neighboring with it. As a result, we get a quasi-resonance (depicted by the blue dotted lines) lying in the one-vicinity of the exact resonance. The one-vicinity of an exact three-wave resonance may consist of a few dozen quasi-resonances. Similarly, one can compute the two-vicinity, three-vicinity, etc. This type of construction (or what can be reduced to it) is used where possible ways of energy transfer within a cluster of detuned resonances were looked at. The one-vicinity of an exact resonance is sometimes called a near-resonance.



Another subclass of detuned resonances is called approximate resonances, defined as follows (e.g., [1]—actually used for a four-wave system therein). In some finite domain of wavevectors, the resonance mismatch should not be too big, that is,   δ <  ω  m i n   ⋅  λ ω    with    ω  m i n       being the minimal wave frequency in the chosen finite domain and    λ ω      a detuning parameter, allowing one to manipulate the number of approximate triads in the domain. For some choice of a detuning parameter, the set of approximate resonances might coincide with a specific s-vicinity of an exact resonance,    s = 1 , 2 , …  . This approach is then used for a statistical description of systems possessing exact resonances and many approximate triads simultaneously: the initial PDE is transformed into a simpler wave kinetic equation considering these specifically chosen detuned resonances.



Obviously, in any finite spectral domain, taking a big enough s-vicinity of a resonance (i.e., quasi-resonances) or, similarly, a big enough detuning parameter      λ ω    (i.e., approximate resonances), one comes to the same result—the finite set will contain all modes as well as the resonant ones, i.e., all detuned resonances.



The main question now is how to choose, if possible, a reasonably small set of detuned resonances which plays the major role in the wavefield evolution on the corresponding time scale     τ = c T , c > 1  , similar to exact resonances at the time scale     T = t / ε  ? The magnitude of detuning   δ     is a relevant parameter to look at.




3. The Choice of Detuning


3.1. Detuning on a Lattice


Let us consider a finite   N × N   lattice, as in Figure 1 compute the value of   ω = ω  (  m , n  )   , and then compute the finite list of all possible detunings for a given dispersion function  ω  and  N . We get altogether      (   N 2   )  ! / 3 !  (   N 2  − 2  )  !  , some of them being equal to zero (exact resonances). The number of zeros depends on the number of exact resonance triads in the domain and on the form of resonance clusters. Let us denote the set of all non-zero detunings    δ j      as


    Δ  l a t t i c e   =  {   δ 1  , … ,  δ p   }  ;   p ∈ ℕ .   



(7)







The dynamical system describing an isolated detuned triad reads


     d  A 1    d T   =  V  23  1   A 2 *   A 3   e  − i  δ ˜  T     ,     d  A 2    d T   =  V  31  2   A 1 *   A 3   e  − i  δ ˜  T     ,     d  A 3    d T   = −  V  12  3   A 1   A 2   e  + i  δ ˜  T     



(8)




with    δ ˜  = δ / ε  , and it can be turned into (5) by putting    δ ˜  = 0  . Moreover, as demonstrated in [13] on page 136, in some well-defined sense, the system (8) can be regarded as an energy-conserving system where the total energy    E 1  +  E 2  +  E 3      of the detuned system (8) oscillates periodically with frequency      δ ˜   , again at the specified time scale. Here,    E 1  ,  E 2  ,  E 3      are energies of each distinct mode of the triad,    E i  ∼  A i 2  , i = 1 , 2 , 3  .



The first and most important consequence of the existence of the set of allowed detunings    Δ  l a t t i c e     is the following: the detuning cannot be made arbitrarily small. Given a dispersion function, one can obtain a lower boundary    δ  m i n     for this set. For instance, if   ω ≅ m / n  (  n + 1  )    (spherical Rossby waves [11]), then    δ  m i n   = O  (   N  − 6    )   . This lower estimate is “local” in that it depends on     N  . One can argue that as the size  N  of the spectral domain tends to infinity,    δ  m i n     therefore tends to zero. However, this would bring us outside the applicability domain of the barotropic vorticity equation and spherical Rossby waves. The spectral domain usually studied in the problems of weather prediction is rather small, e.g.,   N = 21     and sometimes even smaller, while the characteristic length of the Rossby wave in the Earth’s atmosphere is of an order of 1000 km. Such a “local” lower boundary exists for arbitrary wave systems.



For some forms of dispersion function, there exists a global lower boundary, which does not depend on any finite domain. For instance, surface water waves have a dispersion function   ω ≅   (  m 2  +  n 2  )   1 / 4     and four-wave exact resonances. It can be shown that if      ω 1  ±  ω 2  ±  ω 3  ±  ω 4  ≠ 0  , then,    ω 1  ±  ω 2  ±  ω 3  ±  ω 4  > 1  , i.e.,      δ  m i n   = 1  . More examples and explanations can be found in [9,21]. This means that the idea of making the detuning smaller and smaller in order to get back to the case of exact resonances does not work. The question now is why look for the detuned triads in a vicinity of an exact resonance at all? Is it possible that the triads with smallest achievable detuning do not lie in the close vicinity of an exact resonance triad?



To answer this question, we need to quantify the idea of closeness, which we do here by defining a Euclidean distance  d  between the triad    {   (   m 1  ,  n 1   )   (   m 2  ,  n 2   )   (   m 3  ,  n 3   )   }    and the triad    {   (   m 1 ′  ,  n 1 ′   )   (   m 2 ′  ,  n 2 ′   )   (   m 3 ′  ,  n 3 ′   )   }   . This is given by


  d =   m i n  p     Σ  i = 1  3    (  m i  −  m j ′  )  2  +   (  n i  −  n j ′  )  2     



(9)




where the indices    { j }      represent a permutation   P     of    {  i = 1 , 2 , 3  }    and the permutation giving the minimum distance is taken. For each detuned triad, we can compute the distance   d   to each resonant triad, and hence find the closest resonant triad(s) (with the least  d ) for that detuned triad. Figure 2 shows how this closeness varies with detuning for all detuned resonances in the   N = 21     domain. Two key features are immediately apparent. First, as perhaps expected, the top-left and bottom-right corners of the figure are empty; so, the smallest detunings do not occur with the largest distances, and the largest detunings do not occur with the smallest distances. Second, however, and perhaps less expected, the rest of the figure is quite broadly filled out: in particular, the smallest detunings are not limited to the smallest distances, nor are the smallest distances limited to the smallest detunings.



One may argue that the search for quasi-resonances in some small vicinity of an exact resonance might work for a special initial distribution of the energy in the wave field—energy should be initially distributed only among exact resonant modes, and at least in some triads, high-frequency modes have to be excited—but this should be explicitly discussed as is done, e.g., in [8,22].




3.2. Detuning Outside the Lattice


One of the main facts established in the previous section—the allowed detuning cannot be too small—is somewhat counter-intuitive. What would prevent us from taking a very small detuning   δ <  δ  m i n   ∈  Δ  l a t t i c e     and performing a numerical simulation? However, because the dynamical system is a reduction obtained from the initial PDE, some properties of the PDE may be lost; in particular, the existence of allowed and non-allowed detunings cannot be detected at the level of the dynamical system. It is easy to check numerically whether at least some “memory” about the discreteness of    Δ  l a t t i c e     survives and in what form, by performing simulations with the system (8) for different values of   δ     regarding it as a continuous parameter.



Before proceeding this way, let us try to understand what it would mean if the detuning does not belong to the set      Δ  l a t t i c e    . A geometric interpretation of this case is shown in Figure 3 and gives us an immediate insight: as all eigenmodes of the initial PDEs are depicted as nodes of the lattice, we have to change the initial PDE by adding a new term, say,  D . Accordingly, triads with allowed and forbidden detunings are obtained from different initial PDEs:


   L  ( φ )  = ε N  ( φ )      v e r s u s   L  ( φ )  = ε N  ( φ )  + D .   



(10)







Here   D ≠ 0   can be interpreted as a forcing or a dissipation. It follows that for   δ ≠ 0 ,     the wave amplitudes might become larger for the case of exact resonance described by (5): a detuned resonance in the first system may become an exact resonance in the latter and have a larger amplitude.



In order to establish whether or not this effect can be observed at the level of the dynamical system, numerical simulations have been performed with the dynamical system (8) for specific resonant triads of spherical Rossby waves, taken from [11]. More details of similar computations can be found in [23]. A typical result is shown in Figure 4.



A certain overall symmetry with respect to   δ     can be seen in Figure 4a—inverting the sign of   δ     whilst changing  ϕ . by  π . However, for a fixed   ϕ  ( 0 )   , the fluctuation range is not in general symmetric about     δ = 0  , nor does it peak there, as it is demonstrated in Figure 4b.





4. Zero-Frequency Mode


Often, zero-frequency modes are not taken into account while studying exact resonances, because they do not satisfy the exact resonance condition. For example, for spherical Rossby waves, the dispersion function has the form   ω  (  m , n  )  =   − 2  m       n     (   n    + 1  )     . and corresponding resonance conditions read


         m  1        n  1      (   n  1     + 1  )    +    m  2        n  2      (   n  2     + 1  )    =    m  3        n  3      (   n  3     + 1  )      ,    |   n 1  −  n 2   |  <  n 3  <  |   n 1  +  n 2   |    ,         m  j     ≤    n  j       ∀   j = 1 , 2 , 3 ,         n 1  +  n 2  +  n 3      is   odd ,    n  i     ≠  n  j       ∀   i , j = 1 , 2 , 3 .      











If    ω 3  =   − 2  m  3        n  3      (   n  3     + 1  )    = 0   ⬄  m 3  = 0  , then the selection rule    m  1     +  m  2     =  m  3       implies    m  1     = −  m  2     .   However, the selection rule    n  1     ≠  n  2       then implies    ω 1  +  ω 2  =   2  m  1        n  1      (   n  1     + 1  )    +   2  m  2        n  2      (   n  2     + 1  )      ≠ 0   and so


     ω 1  +  ω 2  ≠  ω 3  .  











However, zero-frequency (or zonal) modes can participate in detuned resonances (an example is shown in Figure 5). An example in the case of spherical Rossby waves is the triad between the following three (m; n) modes: (0; 2); (1; 3) → (1; 4). This triad satisfies all of the kinematic selection rules for the mode numbers, just not the exact dynamical resonance condition for the  ω ′s. Furthermore, since the three n′s are all different, the interaction coefficients in Equation (8) do not vanish, and the dynamical system is of the same form as for a general detuned resonance: the dependence of the dynamics on the specific triad enters only through the interaction coefficients and the detuning.



In the next section, we illustrate the dynamics of a detuned resonance, both in isolation and when coupled to another (exact) resonance (Figure 6). A particular case of the isolated zonal triad (0; 2); (1; 3) → (1; 4) will also be shown (Figure 7).




5. Clusters of Detuned Triads


The examples shown below all involve a single resonant triad and a single detuned triad. The dynamical equations are modelled on an actual example taken from the spherical Rossby system, namely the resonant (  δ = 0 )   triad (2,6), (3,8) → (5,7) and the detuned (  δ = 0.0004 )   triad (1,5), (1,8)    →  (2,6). At the truncation   N = 8  , the former is the only resonant triad, and the latter is the detuned triad with the smallest detuning. In reality, these two triads are coupled via their common mode (2,6). In some of the simulations shown, this coupling is artificially disconnected; in others, the detuning is artificially set to zero. This is done without changing anything else about the dynamical system, so that the difference made by the coupling and the detuning may be seen in isolation.



The form of the coupling coefficients    V  23  1    in the dynamical equations for three resonantly interacting spherical Rossby waves are of the form   Z    [   n  i      (   n  i     + 1  )  −  n  j      (   n  j     + 1  )   ]  /  n  s      (   n  s     + 1  )   , where  Z  is a property of the triad and the indices   i , j , s   are a permutation of 1,2,3. Here, for illustrative purposes, we allow ourselves to vary  Z  for the resonant triad and    Z  1       for the detuned triad, keeping the initial conditions fixed. As a period of energy exchange within a triad depends on the initial energy distribution within the triad and on the coefficient   Z  , this allows us to vary the relative time scales in dynamics. Figure 6 depicts characteristic dynamics of the modes’ energies in four different cases: uncoupled resonant and detuned triads (physical detuning), panel (a); coupled triads (physical detuning), panel (b); uncoupled triads (artificial zero detuning), panel (c); coupled triads (artificial zero detuning), panel (d). The resonant triad has   Z = 7.82  , and the detuned triad has    Z  1     = 2 Z  . This allows us to adjust the relative time scales in the uncoupled dynamics with zero detuning, as seen in the top and middle rows of Figure 6c. The slowest oscillation time scale, seen in the middle row of Figure 6a, is given by the detuning period   2 π / δ  . It is evident in the top row of Figure 6b that both the fast and the slow dynamics of the detuned resonance are communicated to the exact resonance when coupled.



We demonstrate in Figure 7 how the amplitudes and energies of modes in the isolated zonal triad (0; 2); (1; 3) → (1; 4) evolve in time. The coefficient   Z = 7.82   as above but the physical detuning   δ = 0.033333333   is much larger than for the detuned resonance in Figure 6, and hence affects much shorter time scales (seen in the varying heights of the peaks in the top panel). The mode amplitudes have been increased correspondingly so that the triad dynamics also take place on a shorter time scale (seen as the underlying oscillations in both panels).




6. Brief Discussion and Conclusions


Exact and detuned resonances represent a subject of widespread multidisciplinary interest describing many physical, mechanical, biological, and other systems. While the theory of exact resonances and their standard description in the form of resonance clusters, NR-diagrams, etc., is quite developed, the theory of approximate resonances is only in its infancy. To the best of our knowledge, this is the first attempt to introduce some systematic terminology to the field and give illustrative examples confirming the importance of understanding what resonance detuning is, why it cannot be arbitrary, what properties of a dynamic system cannot be attributed to the original PDE, etc. Both exact and detuned resonances play important roles—at different time scales—in energy transport in (weakly) nonlinear dispersive wave systems. They may be studied within at least three different mathematical frameworks: (a) the initial PDE (full evolution equation), with chosen boundary conditions; (b) wavenumber resonance conditions (kinematics); (c) a dynamical system deduced as a reduction of the initial PDE (dynamics).



Any combination of these approaches is very useful and provides new insights into understanding the temporal evolution of the systems under consideration. Thus, in [7], a combination of kinematic results and a numerical study of the initial PDE allows us to establish through which modes the energy flows into the wave field from the exact resonant triad. The combination of kinematics and dynamic description of large resonant clusters of complex structure makes possible the use of stochastic methods of analysis for describing the temporal dynamics of a cluster [23]. Using the form of a dynamic system for resonantly interacting waves to transform the original nonlinear PDE allows you to convert it into a more convenient form for further research, and in some cases, linearize the original equation [24].



The main conclusions of our study can be formulated as follows.



	1 

	
Detuning cannot be arbitrary small.







The study of detuned resonances at the level of kinematics operates with the notion of characteristic detuning, which may make the results obtained by this approach nonphysical. Before studying detuned resonances in a specific problem, one has to compute the set of its physical detunings according to the set of eigenfunctions of the initial PDE. The set of physical detunings is discrete and finite in a fixed spectral domain. Other choices of detuning correspond to changing the initial energy-conserving PDE to a different PDE with additional forcing or dissipation terms included.



	2 

	
Detuned and exact resonances are not necessarily close in the Fourier space.







The intuitive belief that detuned resonances should be studied in a small neighborhood of an exact resonance is erroneous: the detuned resonances with a very small detuning can exist far away in the spectral domain from the exact resonance. However, there may be a special choice of initial energy distribution in a wave system, e.g., as in [8], for which the study of detuned resonances in the vicinity of exact resonances is appropriate.



	3 

	
Zero-frequency modes participate in detuned resonances.







The study of detuned resonances should take into account the existence of zero-frequency modes which are of no importance while studying three-wave exact resonances. As can be seen from Figure 6 and Figure 7, zero-frequency modes not only have their own complex dynamics, but also change the dynamics of the exact resonant triad, being coupled with it.



As already said, in this paper, we aim to lay down the common language and foundations for a subsequent study of detuned resonances. Our choice of examples is in no way exhaustive or complete but it serves its purpose: it draws the attention of the researcher to three main mistakes in the study of detuned resonances which should be avoided.







Author Contributions


Conceptualization, E.T.; methodology, E.T. and G.C.; software, G.C. and Y.A.; validation, G.C., Y.A. and E.T.; writing—original draft preparation, G.C.; writing—review and editing, E.T. All authors have read and agreed to the published version of the manuscript.




Funding


Open Access Funding by the Austrian Science Fund (FWF) under projects P30887 and P31163.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Acknowledgments


This research was initiated at the 9th Festival de Theorie in Aix-en-Provence; we wish to thank the organizers for their facilitation and for financial assistance. GC also thanks the Johannes Kepler University Supplementary for its hospitality during a visit to Linz, and acknowledges the financial support of the Leverhulme Trust. GC also thank G. Vallis, S. Thomson, B. Wingate, and A. Owen for helpful discussions.




Conflicts of Interest


The authors declare no conflict of interest. The funders had no role in the design of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript; or in the decision to publish the results.




References


	



Annenkov, S.Y.; Shrira, V.I. ‘Fast’ nonlinear evolution in wave turbulence. Phys. Rev. Lett. 2009, 102, 24502. [Google Scholar] [CrossRef] [PubMed]

	



Petoukhov, V.; Rahmstorf, S.; Petri, S.; Schellnhuber, H.J. Quasiresonant amplification of planetary waves and recent Northen Hemisphere weather extremes. Proc. Nat. Acad. Sci. USA 2012, 110, 5336–5341. [Google Scholar] [CrossRef] [PubMed]

	



Tanaka, M.; Yokoyama, N. Effects of discretization of the spectrum in water-wave turbulence. Fluid Dyn. Res. 2004, 34, 199–216. [Google Scholar] [CrossRef]

	



Cammarano, A.; Burrow, S.G.; Barton, D.A.W.; Carrella, A.; Clare, L.R. Tuning a resonant energy harvester using a generalized electrical load. Smart Mater. Struct. 2010, 19, 55003. [Google Scholar] [CrossRef]

	



Whitham, G.B. Linear and Nonlinear Waves; Wiley Series in Pure and Applied Mathematics; John Wiley & Sons: Hoboken, NJ, USA, 1999. [Google Scholar]

	



Kartashova, E. Partitioning of ensembles of weakly interacting dispersing waves in resonators into disjoint classes. Phys. D 1990, 46, 43–56. [Google Scholar] [CrossRef]

	



Kartashova, E. On properties of weakly nonlinear wave interactions in resonators. Phys. D 1991, 54, 125. [Google Scholar] [CrossRef]

	



Kartashova, E. Weakly nonlinear theory of finite-size effects in resonators. Phys. Rev. Lett. 1994, 72, 2013. [Google Scholar] [CrossRef] [PubMed]

	



Kartashova, E. Nonlinear Resonance Analysis; Cambridge University Press: Cambridge, UK, 2010. [Google Scholar]

	



Kartashova, E.; Tec, L. A Constructive Method for Computing Generalized Manley-Rowe Constants of Motion. Commun. Comput. Phys. 2013, 14, 1094–1102. [Google Scholar] [CrossRef]

	



Kartashova, E.; L’vov, V.S. A model of intra-seasonal oscillations in the earth atmosphere. Phys. Rev. Lett. 2007, 98, 198501. [Google Scholar] [CrossRef] [PubMed]

	



Pedlosky, J. Geophysical Fluid Dynamics; Springer: New York, NY, USA, 1987. [Google Scholar]

	



Craik, A.D. Wave Interactions and Fluid Flows; Cambridge University Press: Cambridge, UK, 1985. [Google Scholar]

	



Harris, J.; Connaughton, C.; Bustamante, M.D. Percolation transition in the kinematics of nonlinear resonance broadening in Charney–Hasegawa–Mima model of Rossby wave turbulence. New J. Phys. 2013, 15, 83011. [Google Scholar] [CrossRef]

	



Bustamante, M.D.; Quinn, B.; Lucas, D. Robust energy transfer mechanism via precession resonance in nonlinear turbulent wave systems. Phys. Rev. Lett. 2014, 113, 84502. [Google Scholar] [CrossRef] [PubMed]

	



Dutykh, D.; Tobisch, E. Resonance enhancement by suitably chosen frequency detuning. Mathematics 2020, 8, 450. [Google Scholar] [CrossRef]

	



Parker, J.B.; Krommes, J.A. Zonalfow as pattern formation. Phys. Plasmas 2013, 20, 100703. [Google Scholar] [CrossRef]

	



Parker, J.B.; Krommes, J.A. Generation of zonal flows through symmetry breaking of statistical homogeneity. New J. Phys. 2014, 16, 35006. [Google Scholar] [CrossRef]

	



Tobias, S.M.; Dagon, K.; Marston, J.B. Astrophysical fluid dynamics via direct statistical simulation. Astrophys. J. Lett. 2011, 727, 127. [Google Scholar] [CrossRef]

	



Onorato, M.; Vozella, L.; Proment, D.; Lvov, Y.V. Route to thermalization in the α-Fermi–Pasta–Ulam system. Proc. Nat. Acad. Sci. USA 2015, 112, 4208–4213. [Google Scholar] [CrossRef]

	



Kartashova, E. Exact and quasi-resonances in discrete water-wave turbulence. Phys. Rev. Lett. 2007, 98, 214502. [Google Scholar] [CrossRef] [PubMed]

	



Kartashova, E.; L’vov, V.S. Cluster dynamics of planetary waves. EPL Europhys. Lett. 2008, 83, 50012. [Google Scholar] [CrossRef]

	



L’Vov, V.S.; Pomyalov, A.; Procaccia, I.; Rudenko, O. Finite-dimensional turbulence of planetary waves. Phys. Rev. E 2009, 80, 66319. [Google Scholar] [CrossRef] [PubMed]

	



Kuksin, S.; Maiocchi, A. The Effective Equation Method. In New Approaches to Nonlinear Waves; Lecture Notes in Physics; Tobisch, E., Ed.; Springer: Berlin/Heidelberg, Germany, 2016; Volume 908, pp. 21–41. [Google Scholar]








[image: Fluids 07 00297 g001 550] 





Figure 1. Color online. Triads on an integer lattice. Each mode has an integer length in both directions,   k =  (   k x  ,  k y   )  =  (  m , n  )   . Each triad satisfies    k 1  +  k 2  =  k 3      and therefore forms a triangle (the location of the triangle on this grid has no significance). The triads shown represent a resonant triad (black, solid) and a quasi-resonant triad (blue, dashed) in its one-vicinity (also called a near-resonance); a general detuned triad (red, dashed); and a zonal triad (teal, dot-dashed), which is a (detuned) triad that includes a zonal mode (has    k x  = m = 0   and is therefore vertical). 
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Figure 2. Color online. Scatter plot showing, for each detuned triad, the detuning  δ  versus the distance  d  to the closest resonant triad. The color of each point indicates    n  m a x    , the largest   n     found amongst all the six modes in the detuned triad and its closest resonant triad. The plot can be thought of as a layer of each color, with layers corresponding to low    n  m a x    , appearing in front of layers corresponding to high      n  m a x    . The number of layers is limited by the domain size     N = 21  . 
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Figure 3. Color online. A resonant triad (black, solid) is shown, as in Figure 1, and an off-grid near-triad (violet, dashed) in its  δ —neighborhood (yellow disc, hatched); the two labelled modes do not lie on the lattice, i.e., do not satisfy the original system of PDE and boundary conditions. 
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Figure 4. Color online. The fluctuation range of the energy    E 3    for the triad    (  4 , 12  )   (  5 , 14  )   (  9 , 13  )    which is an isolated resonant train in the truncation     N = 21  , [11]: (a) as a function of (artificial) detuning  δ  and initial phase  ϕ  (at time   t = 0  ; two   2 π   periods in   ϕ  ( 0 )    are shown); (b) as a function of   δ     at   ϕ  ( 0 )  = 0  . The initial energies are    E 1   ( 0 )  = 0.4 ,  E 2   ( 0 )  = 0.4 ,  E 3   ( 0 )  = 0.2 ,   which is case (b) of [16]. 
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Figure 5. Color online. Triads on an integer lattice 2. Here, each lattice point represents a particular mode   (  k x  ,    k y  ) =  (  m , n  )     . The resonant triad (black, solid) and the zonal triad (teal, dot-dashed) from Figure 1 are shown. The zonal mode has    k x  = m = 0   and therefore lies on the    k y    axis. 
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Figure 6. Color online. Each panel shows the time evolution of (top) the amplitude of the modes in the resonant triad; (middle) the amplitude of the modes in the detuned triad; (bottom) the energy E of the resonant triad, the energy F of the detuned triad and the total energy. The panels are as follows: (a) uncoupled with physical detuning   δ = 0.000396825  ; (b) coupled with physical detuning; (c) uncoupled with zero detuning; (d) coupled with zero detuning. 
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Figure 7. Color online. Time evolution of the amplitude (top) and energies (bottom) of the modes in the zonal triad (0; 2); (1; 3)  →  (1; 4) with physical detuning   δ = 0.033333333     and   Z = 7.82 .   
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