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Abstract: This paper analyses the stability of thin power-law fluid flowing down a moving plane in a
vertical direction by using the long-wave perturbation method. Linear and nonlinear stability are
discussed. The linear stable region increases as the downward speed increases and the power-law
index increases. More accurate results are obtained on the coefficients of the nonlinear generalized
kinematic equation in the power-law part. The regions of sub-critical instability and absolute
stability are expanded when the downward movement of plane increases, or the power-law index
increases, and meanwhile the parts of supercritical stability and explosive supercritical instability are
compressed. By substituting the power-law index and moving speed into the generalized nonlinear
kinematic equation of the power-law film on the free surface, the results can be applied to estimate
the stability of the thin film flow in the field of engineering.

Keywords: power-law film fluid; long-wave perturbation; linear and nonlinear stability

1. Introduction

Generally, fluid has two different flow states. According to experience, the Reynolds
number can be used to determine whether the flow is laminar or turbulent, and it is
relatively easy to use. However, this method is not an exact indicator of whether the fluid
is actually laminar or turbulent. In general, a fluid will exhibit laminar flow at a lower
Reynolds number, where the disturbance can be dissipated through the viscous effect of
the fluid, and thus remain in a laminar flow state, which is called stability. Once a small
disturbance in the laminar flow grows so large that the entire flow state is changed then
the fluid loses its stability and enters the turbulent state. A system needs to be stable under
all disturbance conditions in order to be in a stable state. By discussing the stability of the
fluid, we can determine whether the fluid is laminar or turbulent, and we can understand
under what conditions the flow will lose its stability.

The discussion of fluid stability is a relatively old topic. The stability of fluids is also
discussed in books written by Lin [1] and Chandrasekhar [2]. For the stability of the fluid
film, it was first assumed in the paper by Kapitza [3] in 1949 that a velocity distribution
was considered in the boundary layer equation and the momentum integral method was
applied to the boundary layer equation. Nonlinear stability was mostly ignored in the
discussion of fluid stability because the nonlinear theory had some obvious defects. Since
1960, there have been more and more nonlinear theories that have improved the whole
theory of fluid stability. Landau, who has contributed so much to hydrodynamic stability,
proposed the Landau equation. Then, the nonlinear free-surface equation of thin-film fluid
was derived by using Benney’s [4] small parameter expansion method. Lin [5], Nakaya [6],
and Krishna [7] used this method to derive the Landau equation, which shows that the
nonlinear instability occurs near the linear neutral curve. The stability of film flow on a
flat plane has been researched by many scholars. This paper follows the previous small
parameter expansion method.
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In recent years, there have been more and more studies and discussions of thin film
fluids, and such issues have attracted more and more attention from scholars. Tsai [8]
discussed the linear stability problem of thin magnetic fluid films condensing on a flat
plane. Lai [9] discussed the stability of Newtonian fluid films on a vertical moving plane.
Naganthran [10,11] focused on the Carreau thin film flow over an unsteady stretching sheet
and provided several different numerical solutions. After that, Naganthran [12] presented
a melting heat transfer and entropy analysis about the Carreau thin hybrid nanofluid film
flow past a stretching sheet.

The topic of non-Newtonian fluid makes the stability of film flow more complex.
Correspondingly, there are more research efforts in the direction of non-Newtonian fluids.
Rehman [13,14] discussed the numerical calculation of flow through obstacles for two
different non-Newtonian fluids, Eyring–Power fluid and Carreau–Bird law fluid. The
results show that the effect of non-Newtonian fluids cannot be ignored. Cheng [15,16]
discussed the film stability of a pseudoplastic fluid and a viscoelastic fluid on a vertical
plane. Amaouche [17] discussed the linear stability of a power-law fluid film flowing down
an inclined plane. The rupture problem of a thin micropolar liquid film under a magnetic
field on a horizontal plane was investigated by Cheng [18]. Some other geometric models of
power-law film flow are discussed. Lin [19] discussed the linear stability of a pseudoplastic
fluid with condensation effects flowing on a rotating circular disk. Chen [20] derived the
nonlinear stability of a thin micropolar film falling exterior to a rotating vertical cylinder.
Lin [21] examines the hydromagnetic weakly nonlinear stability of a general viscous fluid
film flow on a rotating vertical cylinder. These studies continue to broaden the use of thin
film stability analysis. The goal of this article is to further expand the current range of use so
that the stability analysis can also be used on power-law fluid film flow on a moving plane.

It is very difficult to construct an experiment that can accurately measure the flow
state of a fluid, and the measurement itself is usually quite hard. So, most of the research on
fluid stability is based on mathematical modeling and theoretical demonstration. It is very
important to discuss the stability of fluid to solve engineering problems. The mathematical
model of laminar or turbulent flow can be confirmed after the fluid state is determined.
The study of hydrodynamic stability becomes more complicated because of the properties
of non-Newtonian fluid.

An important process in the automotive industry is to paint the surface of a car. A lot
of the paintwork in the modern automobile industry is carried out by immersing the frame
of the car into a paint tank and then taking it out. The paint will form a coating layer along
the surface of the frame. It is important to understand the relation between the flow state
of the coating and how it affects the coating formation and the flow stability of the coating
film on the frame surface.

Using the process of coating a car frame as an example, the paint is a non-Newtonian
fluid, and the frame itself has motion relative to the paint pool that is similar to the
movement of plane motion in a non-Newtonian fluid. In this paper, the power-law fluid
film is the main object of this research, and the stability of the flow state on the movable
plane surface is discussed. The small parameter expansion method is applied in the case
where the surface wavelength of the thin film is much longer than the thickness of the
liquid film. The linear and nonlinear stability analysis of a power-law fluid film flowing on
a moving wall is discussed in this paper.

2. Generalized Kinematic Equation

The simplified model of this study is shown in Figure 1. It shows a thin power-law
film flow down and along a vertically moving plane. U* is the moving velocity of the plate
in vertical direction, h* is the film thickness, h0* is the film thickness in equilibrium state, u0*
is reference velocity. The research focuses on the hydrodynamic stability of the power-law
fluid film affected by a small perturbation when the fluid is in a steady-state equilibrium at
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first. Consider the surface tension and density of the fluid as constant. The power-law fluid
which uses the Ostwald–de Waele model obeys the constitutive equation of state [22].

τij = −p∗δij + 2µnΘeij (1)

where τij is the stress tensor, p∗ is the isotropic pressure, µn is the dynamic viscosity of
power-law fluid, and eij is the rate of the strain tensor. Θ can be defined as

Θ = [2
(
e2

x∗x∗ + e2
y∗y∗

)
+ 4e2

x∗y∗ ]
(n−1)/2

=

{
2

[(
∂u∗

∂x∗

)2
+

(
∂u∗

∂y∗

)2
]
+

(
∂v∗

∂x∗
+

∂u∗

∂y∗

)2
}(n−1)/2

(2)

where n is the power-law index of the fluid, and u* and v* are the velocity components in
x* and y* directions, respectively. Assume that the flow is isothermal and incompressible.
The governing equation of mass and momentum can be expressed in terms of Cartesian
coordinates as

∂u∗

∂x∗
+

∂v∗

∂y∗
= 0 (3)

ρ

(
∂u∗

∂t∗
+ u∗

∂u∗

∂x∗
+ v∗

∂u∗

∂y∗

)
= ρg +

∂τx∗x∗

∂x∗
+

∂τy∗x∗

∂y∗
(4)

ρ

(
∂v∗

∂t∗
+ u∗

∂v∗

∂x∗
+ v∗

∂v∗

∂y∗

)
=

∂τx∗y∗

∂x∗
+

∂τy∗y∗

∂y∗
(5)

where ρ is a constant density of the fluid, t* is the time, and g is the gravitational acceleration.
The individual stress components can be written as

τx∗x∗ = −p∗ + 2µnΘex∗x∗

= −p∗ + 2µn

{
2
[(

∂u∗
∂x∗

)2
+
(

∂v∗
∂y∗

)2
]
+
(

∂v∗
∂x∗ +

∂u∗
∂y∗

)2
} n−1

2
∂u∗
∂x∗

τy∗y∗ = −p∗ + 2µnΘey∗y∗

= −p∗ + 2µn

{
2
[(

∂u∗
∂x∗

)2
+
(

∂v∗
∂y∗

)2
]
+
(

∂v∗
∂x∗ +

∂u∗
∂y∗

)2
} n−1

2
∂v∗
∂y∗

τx∗y∗ = τy∗x∗ = µnΘex∗y∗

= µn

{
2
[(

∂u∗
∂x∗

)2
+
(

∂v∗
∂y∗

)2
]
+
(

∂v∗
∂x∗ +

∂u∗
∂y∗

)2
} n−1

2 (
∂v∗
∂x∗ +

∂u∗
∂y∗

)
(6)

The boundary condition on the wall (y∗ = 0) obeys the no-slip condition

u∗ = U∗, v∗ = 0 (7)

where U* is the moving velocity of the vertical plane. The boundary condition for the free
surface at (y∗ = h∗) is derived based on the result given by Edwards et al. [23] The shear
stress for film flow at the free surface is given as

∂h∗

∂x∗

[
1 +

(
∂h∗

∂x∗

)2
]−1(

τy∗y∗ − τx∗x∗
)
+

[
1−

(
∂h∗

∂x∗

)2
][

1 +
(

∂h∗

∂x∗

)2
]−1

τx∗y∗ = 0 (8)

The normal stress for film flow at the free surface is given as

[
1 +

(
∂h∗

∂x∗

)2
]−1[

2τx∗y∗
∂h∗

∂x∗
− τy∗y∗ − τx∗x∗

(
∂h∗

∂x∗

)2
]
+ S∗

 ∂2h∗

∂x∗2

[
1 +

(
∂h∗

∂x∗

)2
]−3/2

 = Pa
∗ (9)
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Figure 1. Schematic diagram of a thin power-law fluid film flowing down a moving plane in a
vertical direction.

The kinematic boundary condition, which means the velocity directly perpendicular
to the free surface must vanish on the boundary itself, can be expressed as

∂h∗

∂t∗
+

∂h∗

∂x∗
u∗ − v∗ = 0 (10)

where h* is the local film thickness, Pa* is the atmosphere pressure, and S* is the surface
tension. The variable associated with a superscript ‘*’ stands for a dimensional quan-
tity. By introducing the stream function ϕ*, the dimensional velocity components can be
expressed as

u∗ =
∂ϕ∗

∂y∗
, v∗ = −∂ϕ∗

∂x∗
(11)

In order to make the equations dimensionless, the variables in the equations can be
defined as

x = αx∗
h∗0

, y = y∗
h∗0

, t = αu∗0 t∗

h∗0
, h = h∗

h∗0
, ϕ = ϕ∗

u∗0 h∗0
, p = p∗−p∗a

ρu∗20
,

Ren =
u∗2−n

0 h∗0
ν , S = S∗(

2−3n2+3n+2ρn+2ν4g3n−2
)1/(n+2) , α =

2πh∗0
λ

(12)

where α is the dimensionless wave number, h0* is the film thickness of local base flow, u0*
is the reference velocity, Ren is the Reynolds number, and λ is the perturbation wavelength.
The moving velocity of the vertical plane, which can be denoted as U*, can be expressed as

U∗ =
n

n + 1
Z
( g

ν

)1/n
h∗0

1+n
n (13)

where Z is a specific constant ratio of the plane velocity to the free stream velocity, and ν is
the kinematic viscosity of power-law fluid. The reference velocity u0* can be expressed as

u∗0 =
n

n + 1
(1 + Z)

( g
ν

)1/n
h∗0

1+n
n (14)
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Thus the dimensionless governing equations can be expressed as

ϕn−1
yy ϕyyy = − (1 + n)n

nn+1(1 + Z)n +
αRen

n
(

ϕty + ϕy ϕxy − ϕx ϕyy + px
)
+ O(α2) (15)

py =
α

Re

[
(n− 2)ϕn−1

yy ϕxyy − 2(n− 1)ϕn−2
yy ϕxy ϕyyy

]
+ O(α2) (16)

and associated boundary conditions on the wall surface (y = 0) can be given as

ϕx = 0 (17)

ϕy =
Z

1 + Z
(18)

The boundary conditions at the free surface (y= h) of the film flow can be given as

ϕyy = 0 + O(α2) (19)

p = −2α2SRen
(3n2−4n−4)
(n+2)(2−n)

(
n + 1

2n

) 3n2−2n
n+2

hxx −
2α

Ren

[
ϕn−1

yy ϕxy + hx ϕn
yy

]
+ O(α2) (20)

ht + ϕyhx + ϕx = 0 (21)

Subscripts of t, x, and y are used to represent the associated partial derivatives of the
underlying variable. The film flow will be a classical Newtonian flow if the power-law
index n = 1.

Since the long-wavelength models that give the smallest wave number are most
likely to induce flow instability for the film flow, the above equations can be computed by
expanding the stream function and pressure in terms of small wave number as

ϕ = ϕ0 + αϕ1 + O(α2) (22)

p = p0 + αp1 + O(α2) (23)

By plugging the above two equations into Equations (15)–(21), the governing equations
can be expanded order by order. Since the non-dimensional surface tension S is a large value
in practice, the term α2S can then be treated as a quantity of zeroth order. After collecting
all terms of zeroth order in the governing equations, a set of zeroth-order equations can
be obtained

ϕn−1
0yy ϕ0yyy = − (1 + n)n

nn+1(1 + Z)n (24)

p0y = 0 (25)

The boundary conditions associated with the equations of zeroth order are given as

ϕ0x = 0, ϕ0y =
Z

1 + Z
at y = 0 (26)

ϕ0yy = 0, p0 = −2α2ShxxRen
3n2−4n−4
(n+2)(2−n)

(
n− 1

2n

) 3n2−2n
n+2

at y = h (27)

Thus, the solution of the zeroth-order equations is

ϕ0 = − n
(1 + Z)(2n + 1)

y
2n+1

n +
(1 + n)h1/n

2n(1 + Z)
y2 +

Z
1 + Z

y (28)

p0 = −2α2ShxxRen
3n2−4n−4
(n+2)(2−n)

(
n− 1

2n

) 3n2−2n
n+2

(1 + Z)1/3 (29)
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The first order governing equations are given as

ϕ1yyy =
Ren

n
(

p0x + ϕ0ty + ϕ0y ϕ0xy − ϕ0x ϕ0yy
)

ϕ1−n
0yy (30)

p1y =
1

Ren

[
(n− 2)ϕn−1

0yy ϕ0xyy − 2(n− 1)ϕn−2
0yy ϕ0xy ϕ0yyy

]
(31)

and the boundary conditions associated with the equations of the first order are given as

ϕ1x = 0, ϕ1y = 0, at y = 0 (32)

ϕ1yy = 0, p1 = − 2
Ren

[
ϕn−1

0yy ϕ0xy + hx ϕn
0yy

]
, at y = h (33)

The value of power-law index n is near 1 and ϕ0yy is a small number, so ϕ1−n
0yy in

Equation (30) is approximated to 1. By plugging the zeroth-order solutions into the first-
order equations and boundary conditions, the first-order solution of the stream function
can be given as

ϕ1 = − Reny2

2

− α22
−3n2+3n+2

n+2 ( 1
n +1)

n(3n−2)
n+2 SRen

− 3n+2
n+2 hxxxh

3√Z+1

+ (n+1)2hxh
2
n +2

6n3(Z+1)2 + (n+1)h
1
n +1[Zhx+(z+1)ht ]

2n2(Z+1)2

− (n−1)(n+1)hxh
2
n +2

2n2(3n+1)(Z+1)2

}
− α22−

n(3n−2)
n+2 ( 1

n +1)
n(3n−2)

n+2 Sy3Ren
− 2n

n+2 hxxx

3 3√Z+1

+ (n+1)2Reny5hxh
2
n−1

120n3(Z+1)2

+ (n+1)Reny4h
1
n−1(zhx+(Z+1)ht)

24n3(Z+1)2

− (n−1)(n+1)Reny
1
n +5hxh

1
n−1

2( 1
n +5)n(3n+1)(4n+1)(Z+1)2

(34)

By plugging the solutions for the equations of both the zeroth and the first orders
into the dimensionless free surface kinematic equation of Equation (21), the nonlinear
generalized kinematic equation can be obtained and presented as

ht + A(h)hx + B(h)hxx + C(h)hxxxx + D(h)h2
x + E(h)hxhxxx = 0 (35)

where

A(h) =
2n2Z + (1 + 3n)h1+ 1

n

2n2(1 + Z)
(36)

B(h) =
α(1 + n)2(25 + 257n + 678n2)Renh4+ 2

n

240n4(1 + 4n)(1 + 5n)(1 + Z)2 (37)

C(h) =
2

2+3n−3n2
2+n α3

(
1 + 1

n

) n(−2+3n)
2+n Ren

− 2n
2+n Sh3

3(1 + Z)1/3 (38)

D(h) =
α(1 + n)2(25 + 307n + 1192n2 + 1356n3)Renh3+ 2

n

120n5(1 + 4n)(1 + 5n)(1 + Z)2 (39)
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E(h) =
2

2+3n−3n2
2+n α3

(
1 + 1

n

) n(−2+3n)
2+n Ren

− 2n
2+n Sh2

(1 + Z)1/3 (40)

In the case of n = 1, the film flow is equal to the Newtonian fluid. The equations above
have been carefully derived and presented by Lai et al. [8]. They are more accurate than
the results from Cheng [15].

2.1. Stability Analysis

The dimensionless film thickness in the perturbed state can be written as

h(t, x) = 1 + η(t, x) (41)

where η is the perturbation quantity of the stationary film thickness. By inserting Equation (41)
into Equation (35) and collecting all terms up to the order of three, the equation of η can be
written as

ηt + Aηx + Bηxx +Cηxxxx + Dη2
x + Eηxηxxx

= −
[(

A′η + A′′
2 η2

)
ηx +

(
B′η + B′′

2 η2
)

ηxx +
(

C′η + C′′
2 η2

)
ηxxxx

+(D + D′η)η2
x + (E + E′η)ηxηxxx

]
+ O

(
η4) (42)

where the values of A, B, C, D, E, and their derivatives are evaluated at the dimensionless
height, h = 1, of the film.

2.2. Linear Stability Analysis

To analyze the linear stability of the film flow, the nonlinear terms in Equation (42)
should be assumed insignificant and neglected. Then, Equation (42) can be given as

ηt + Aηx + Bηxx + Cηxxxx = 0 (43)

The normal mode analysis is performed by assuming that

η = aexp[i(x− dt)] + c.c. (44)

where a is the perturbation amplitude, and c.c. is the complex conjugate counterpart. The
complex wave celerity, d, can be given as

d = dr + idi = A + i(B− C) (45)

where dr is the linear wave speed, and di is the linear growth rate of the wave amplitudes.
The characterization of flow stability is under linearly unstable supercritical condition for
di > 0, and it is under linearly stable subcritical condition for di < 0.

2.3. Weakly Nonlinear Stability Analysis

Considering the nonlinear effect, the perturbation is assumed as a small wave that
does not fundamentally alter the nature of the motion. The multiple scales method is used
to characterize the weakly nonlinear behaviors of the fluid. The resulting Ginburg–Landau
equation [24] can be derived following the same procedure as Cheng [9] and Lai [8]:

∂a
∂t2

+ D1
∂2a
∂x2

1
− ε−2dia + (E1 + iF1)a2a = 0 (46)

where
e = er + iei =

(
B′ − C′ + D− E

)
/(16C− 4B) + iA′/(4B− 16C) (47)

D1 = B− 6C (48)
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E1 =
(
−5B′ + 17C′ + 4D− 10E

)
er − A′ei +

(
−3B′′/2 + 3C′′/2 + D′ − E′

)
(49)

F1 =
(
−5B′ + 17C′ + 4D− 10E

)
er + A′ei + A′′/2 (50)

The overhead bar appearing in Equation (46) stands for the complex conjugate of the
same variable. The solution of the Ginburg–Landau equation can be assumed as

a = a0exp[−ib(t2)t2] (51)

By substituting Equation (51) into Equation (46), the result can be expressed as

∂a0

∂t2
=
(

ε−2di − E1a2
0

)
a0 (52)

∂[b(t2)t2]

∂t2
= F1a2

0 (53)

The associated wave amplitude is given as

εa0 =

√
di
E1

(54)

The nonlinear wave speed of the supercritical stable region is given as

Ncr = dr + ε2b = dr + di

(
F1

E1

)
(55)

Equations (52)–(55) are used to determine the stability state of the film fluid. The
criteria for stability are presented in Table 1.

Table 1. Various states of the Landau equation.

linearly stable
(subcritical region)

di < 0

subcritical
instability

E1 < 0

εa0 < ( di
E1
)

1
2 a0 → 0 conditional

stability

εa0 > ( di
E1
)

1
2 a0 ↑

subcritical
explosive

state

subcritical
(absolute)
stability
E1 > 0

a0 → 0

linearly unstable
(supercritical region)

di > 0

supercritical
explosive state

E1 < 0
a0 ↑

supercritical
stability
E1 > 0

εa0 → ( di
E1
)

1
2

Ncr → dr + di
F1
E1

3. Numerical Results and Discussions

It can be explained more clearly by giving an example using a specific numerical model.
Take the stability behavior of the thin power-law fluid film flowing down a moving plane
in a vertical direction as an example. The power-law index of common fluids generally
ranges around 1. The value of Z is the velocity ratio, which is presented in Table 2. This
study will use the following physical quantities for calculation: Reynolds numbers (Re) are
from 0 to 15; the dimensionless perturbation wave numbers (α) are from 0 to 0.12; the value
of constant dimensionless surface tension is set to 6173.5 [10]; the velocity ratio (Z) is set to
−0.32, 0, 0.51; and the power-law index (n) is set to 0.95, 1, 1.05.
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Table 2. The corresponding value of Z at various plane movement speeds.

U* −0.4 u∗0 0 0.4 u∗0
Z −0.32 0 0.51

3.1. Linear Stability Analysis

The linear stability of film flow can be determined by the term di in Equation (45),
which is the linear growth rate of the wave amplitude. Figure 2 shows the region is divided
into two parts by the linear neutral curve di = 0.
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The part on the left of the curve is di < 0, and in this part, the flow will remain stable
when it encounters disturbance. The perturbation will gradually disappear by the viscous
effect, and the flow will stay in laminar flow. The flow will be unstable on the right side of
the curve. The perturbation will grow stronger and be able to change the laminar flow into
a turbulent flow. Figure 2 shows the neutral stability curve of Newtonian film fluid on the
stationary wall and two kinds of non-Newtonian fluid under two wall speed on two sides.

When the plane moves downward (z > 0), the neutral stability curve will shift to the
right, which means the range of the fluid in the stable condition increases; on the contrary,
when the plane moves upward (z < 0), the neutral stability curve will shift to the left, which
means the range of the fluid in the unstable condition increases, and the fluid is more
likely to become unstable. When the power-law index of the non-Newtonian fluid (n) is
greater than 1, the curve will shift to the right, and the range of the fluid in the stable
condition increases accordingly. On the contrary, when the power-law index (n) is less than
1, the curve will shift to the left, and the range of the fluid in unstable conditions increases
accordingly. Overall, the increase in the power-law index n and the movement downward
will promote the fluid to be stable.

Due to the fact that stability will be influenced by both n and Z, we chose the condition
of n = 1.05 and Z = 0.51, n = 0.95and Z = −0.32 in order to make the chart clearer.

Figure 3 shows the variation of the temporal amplitude growth rate of non-Newtonian
fluid film on different moving planes with dimensionless wave number α under the
condition of Re = 10. It can be seen that the temporal amplitude growth rate reaches 0 faster
when the downward movement is more acute and the power-law index n is larger.

Figure 4 shows the variation of the temporal amplitude growth rate of non-Newtonian
fluid film on different moving planes with Re under the condition of dimensionless wave
number α = 0.06. For the same Re, it can be seen that the temporal amplitude growth rate
reaches 0 faster when the downward movement is more acute and the power-law index n
is also larger.
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3.2. Nonlinear Stability Analysis

As the amplitude of the perturbation wave increases, the nonlinear effect cannot be
neglected. By using the weakly nonlinear stability analysis, the various states of the flow
are shown in Table 1. The stability states can be determined by di and E1. If E1 > 0, the
nonlinear effect will promote the film fluid to become stable. On the other side, if the
E1 < 0, the nonlinear effect will promote the film to become unstable.

There are 4 types of conditions, which are sub-critical instability, subcritical stability,
supercritical stability, and explosive supercritical instability.

The regions of Figures 5–7 are separated by the blue curves and orange curves. The
blue curve is di = 0. The orange curve is E1 = 0. Figure 6 shows the result of the growth
amplitude of the Newtonian fluid film flowing down along a vertical static plane. This
figure is separated into four parts which are the four types of the condition by the curve
di = 0 and E1 = 0. By comparing the results of Figure 5, n = 1.05 Z = 0.51, and Figure 7,
n = 0.95 Z =−0.32, with Figure 6, the following can be concluded: the regions of sub-critical
instability and absolute stability are expanded; meanwhile, the parts of supercritical stability
and explosive supercritical instability are compressed when the plane moves downward,
Z > 0, or the power-law index n > 1. The parts of sub-critical instability and absolute stability
are compressed; meanwhile, the parts of supercritical stability and explosive supercritical
instability are expanded when the plane moves upward, Z < 0, or the power-law index
n < 1. Z increases or power-law index n increases has similar influences on the stability,
but the specific behaviors are different. It can be calculated by substituting Z, n into
Equations (35)–(40).
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Figure 8 shows how the nonlinear threshold amplitude at Re = 5 will be affected by
different plane movement speeds and power-law index values while α varies from 0.08
to 0.12, which is in the subcritical unstable region. The threshold amplitude curves cross
near α = 0.09. This is quite different from the result only influenced by plane movement or
the non-Newtonian fluid. It shows that the threshold value of the wave amplitude curves
in the sub-critical unstable region decreases much faster by the influence of both upward
movement and a smaller power-law index. The film flow will become unstable under this
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situation. If the initial finite-amplitude disturbance is less than the threshold amplitude, the
film flow will become conditionally stable. In other situations, if the initial finite-amplitude
disturbance is greater than the threshold amplitude, the film flow will become explosively
unstable. The stable condition of the film flow is stricter when the upward speed increases
and the power-law index decreases for the same initial finite-amplitude disturbance.
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Figure 8. Nonlinear threshold finite wave amplitude in the sub-critical unstable region for various n
and Z with α at Re = 5.

Figure 9 shows how the nonlinear threshold amplitude at Re = 10 will be affected by
different plane movement speeds and power-law index values while varies α from 0.03
to 0.07, which is in the supercritical stable region. The three curves are in different areas
because the supercritical stable region for the three conditions corresponds to three different
ranges of wave number α. The upward movement and the decrease in the power-law
index cause the supercritical stable region to move to the larger wave number and the
nonlinear threshold amplitude increase, and the film flow will become relatively more
unstable. The downward movement and the increase in the power-law index cause the
supercritical stable region to move to the smaller wave number and the nonlinear threshold
amplitude decrease, and the film flow will become relatively more stable. The wave speed
in Equation (45) is predicted to be a constant value for all wave numbers by using linear
stability theory. The wave speed in Equation (55) is predicted to be a function of wave
number α, Reynolds number, the power-law index n, and plane speed Z, by using nonlinear
stability theory. Figure 10 shows how the nonlinear wave speeds at Re = 10 will be affected
by different plane movement speeds and power-law index values while α varies from 0.03
to 0.07, which is in the supercritical stable region. The nonlinear wave speed increases as
the upward movement increases and the power-law index decreases. It shows the stable
condition becomes stricter as the upward movement and the power-law index decrease.

For each particular power-law flow and plane movement, this article builds a model to
analyze the linear and nonlinear stability. By substituting different n and Z into the model,
the Landau equation will show the state of the film flow, and the characterization of the
stability can be revealed easily.

As discussed above, it becomes obvious that the characterization of film flow stability is
significantly affected by the plane movement and power-law index. The effect of downward
speed has the same tendency as the effect of the power-law index, but the specific behaviors
are different.

If the power-law index is set to 1, the data can be compared with the results given by
Lai et al. [8]. It is found that both sets of data agree well with each other.
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4. Conclusions

The stability analysis of thin power-law fluid film flowing down a moving plane
in a vertical direction is discussed in this article by applying the method of long-wave
perturbation. It derived the generalized nonlinear kinematic equation of the power-law
film on the free surface of the moving plane. The characterization of the flow stability has
been analyzed. Based on the results above, several conclusions can be made:

1. The neutral stability curve in the linear stability analysis is obviously affected by the
movement of the plane and non-Newtonian fluid characteristics. The linear stable
region increases as the downward speed increases and the power-law index increases.
On the other hand, the linear stable region decreases as the upward speed increases
and power-law index n decreases.

2. By applying the Landau equation, the nonlinear neutral stability curve separates
the flow field into four different regions: sub-critical instability, sub-critical stability,
supercritical stability, and explosive supercritical instability. The regions of sub-critical
instability and absolute stability are expanded when the plane’s downward speed
increases or the power-law index increases, and meanwhile, the parts of supercritical
stability and explosive supercritical instability are compressed. The parts of sub-
critical instability and absolute stability are compressed when the plane’s upward
speed increases or the power-law index decreases, and meanwhile, the parts of
supercritical stability and explosive supercritical instability are expanded. Threshold
amplitude in the sub-critical instability region and both the threshold amplitude and



Fluids 2022, 7, 167 14 of 15

the nonlinear wave speed in the supercritical stability region show that the stable
condition of the film flow is stricter than the same initial finite-amplitude disturbance
when the upward speed increases and the power-law index decreases.

3. The stability behavior of thin power-law fluid film flowing down a moving plane in a
vertical direction is significantly affected by both the movement and the power-law
index. The downward motion and larger value of the power-law index will tend to
enhance the stability of the flow system.

4. By substituting the power-law index n and moving speed Z into the generalized
nonlinear kinematic equation of the power-law film on the free surface, the results
can be used to estimate the stability of the thin film flow in oil paint, semicon-
ductor manufacturing, pharmaceutical and chemical engineering, and other fields
of applications.
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