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Abstract: In general, computational fluid dynamics (CFD) models incur high computational costs
when dealing with realistic and complicated flows. In contrast, the mass-consistent flow (MASCON)
field model provides a three-dimensional flow field at reasonable computational cost. Unfortunately,
some weaknesses in simulating the flow of the wake zone exist because the momentum equations are
not considered in the MASCON field model. In the present study, a new set of improved algebraic
models to provide initial flow fields for the MASCON field model are proposed to overcome these
weaknesses by considering the effect of momentum diffusion in the wake zone. Specifically, these
models for the wake region are developed on the basis of the wake models used in well-recognized
Gaussian plume models, ADMS-build and PRIME. The MASCON fields provided by the new set
of wake zone models are evaluated against wind-tunnel experimental data on flow around a wall-
mounted rectangular obstacle. Each MASCON field is compared with the experimental results,
focusing on the positions of the vortex core and saddle points of the vortex formed in the near-wake
zone and the vertical velocity distribution in the far-wake zone. The set of wake zone models
developed in the present study better reproduce the experimental results in both the wake zones
compared to the previously proposed models. In particular, the complicated recirculation flow which
is formed by the union of the sidewall recirculation zone and the near-wake zone is reproduced
by the present wake zone model using the PRIME model that includes the parameterization of the
sidewall recirculation zones.

Keywords: mass-consistent flow (MASCON) model; diagnostic wind field model; algebraic models
for flow fields

1. Introduction

Predicting the three-dimensional flow fields around surface-mounted rectangular
obstacles is important in applications such as urban air quality research and tracking the
plumes of accidentally released toxic air pollutants. For these applications, various types of
computational fluid dynamics (CFD) models have been applied to predict the flow fields
around obstacles. However, CFD models have the drawback that the computational cost is
substantially high.

A diagnostic mass-consistent flow (MASCON) field model is often used to predict the
flow field in complex terrains [1–3]. The characteristics of the model are that reasonable
results can be expected by using an adequate initial flow field, such as observed wind data
in the model, and that the computational cost is small compared with CFD models. In
the case of the dynamics of dominant flow topological features in the street canyon, the
MASCON field model completed the calculation in only 5 s using a one-core processor,
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whereas the Reynolds average Navier-Stokes equation (RANS) model required 5 h of
execution time even with four-core processors [3]. Owing to these features, the MASCON
field model has been used primarily to estimate meteorology-related flow fields. However,
more recently, there are some examples that have been applied to the estimate flow fields
that are not directly related to meteorology, such as those used to simulate airflow around
automobiles [4] or a fence-shaped obstacle [5].

The MASCON field model was developed by Röckle [6] to compute the three-dimensional
flow field around surface-mounted rectangular obstacles. The model predicts flows us-
ing the mass-conservation equation in combination with empirical parametrizations to
determine the initial flow fields in the upstream recirculation zone, near-wake zone, and
far-wake zone of the obstacle. Following this, a mass-consistent flow field is produced by
conventional diagnostic flow modeling based on a variational principle [7].

QUIC-URB is part of the Quick Urban and Industrial Complex (QUIC) dispersion
modeling system containing an “urbanized” random-walk model [1]. It is based on
Röckle’s MASCON field model. Singh et al. introduced additional physically based but
simple parameterizations that produce vortices in front of surface-mounted rectangular
obstacles and on rooftops [1]. Gowardhan et al. improved the parameterizations that
produce upwind recirculation zones and rooftop flow [2]. Hayati et al. comprehensively
evaluated their MASCON field model and two CFD simulations with different turbulence
modeling approaches, Reynolds-averaged Navier–Stokes simulation (RANS) and large-
eddy simulation (LES), against high-spatial-resolution wind-tunnel velocity data [3]. They
also introduced a parametrization for sidewall-wake recirculation zones around surface-
mounted rectangular obstacles [3].

MCAD, which is also based on Röckle’s MASCON field model, is a model that
can calculate the flow fields in a greater variety of geometric configurations compared
to the previously proposed models [8]. The model was evaluated against wind tunnel
experiments for applications ranging from point-source emissions in uniform urban canopy
to along-road emissions in real city geometries [8].

These models are typical algebraic models for estimating the initial flow fields of the
flow around building-shaped obstacles on land. The physics and formulations of these
algebraic models were well explained in various papers. However, most of the model
validations were based on element tests using obstacles with a simple aspect ratio, such
as cubes [2]. In addition, the MASCON fields of environments consisting of multiple
obstacles simulating an urban area have been validated using the spatial concentration
distributions of tracer gas from fixed emission points [8–10]. However, some weaknesses
in the wake zone flows have been pointed out because the MASCON field model does not
consider the momentum equations [11,12]. The MASCON field obtained from the Röckle
model exhibits an excessively strong velocity gradient confined to a narrow area behind the
surface-mounted rectangular obstacle. The stepwise change in the streamwise velocity at
the wake-ambient flow interface emerges because the momentum diffusion is not modeled.

In the present study, improved algebraic models for the initial flow fields are pro-
posed in which the effect of momentum diffusion in the wake region is considered. Each
MASCON field is compared with the experimental results, focusing on the positions of
the vortex core and saddle points of the vortex formed in the near-wake zone and the
vertical velocity distribution in the far-wake zone. Additionally, the parameters contained
in the algebraic models are improved such that the MASCON field better reproduces the
experimental results compared to the conventional models.

2. The MASCON Field Model and Existing Algebraic Models for the Flow Field
2.1. The MASCON Field Model

Unlike the CFD model, the MASCON field model does not solve the Navier-Stokes
equations. Instead, flow velocities are calculated from the continuity equation in such a
way that the mass conservation should be met by a variational approach. The MASCON
field model is a mass-consistent model that is often used for predicting the flow fields
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in complex three-dimensional terrain [1–3]. Reasonable results can be expected from the
MASCON field model given an initial flow field. An initial flow field v∗(r), which includes
the upwind and downwind recirculation zone, rooftop recirculation zone, and downwind
velocity deficit, is generated on the basis of empirical parameterizations.

The initial flow field v∗(r) most likely contains some divergences. In the case of air,
these divergences must be minimized to obtain a valid flow field. After setting the initial
flow field according to the parameterizations, it is necessary to obtain a velocity field v(r)
that satisfies continuity and is as close as possible to the original field v∗(r). In this problem,
the difference R̃ between the initial and final velocity fields v(r) is minimized [7].

R̃ =
1
2

∫
Ω
[v(r)− v∗(r)]2dΩ, (1)

where r is the position vector, and Ω is the domain over which the velocity field is defined
subject to the continuity constant. Details of the MASCON field model are described
in Appendix A. Some algebraic models for the initial flow fields v∗(r) are presented in
Section 2.2.

2.2. Existing Algebraic Models for the Initial Flow Fields

Typical existing algebraic models for the initial flow fields are the modified Röckle
model and the shelter model, which are shown in detail below.

2.2.1. Modified Röckle Model

Most algebraic models for the diagnostic MASCON field models for calculating
the three-dimensional flow field around obstacles are based on the model presented by
Röckle [2]. The Röckle model utilizes empirical algorithms for the initial flow fields in the
upstream recirculation, near-wake, and far-wake regions of a single obstacle (see Figure 1).
Using the initial flow field, a MASCON field is calculated, similar to the approach used
in traditional diagnostic flow field modeling [1]. The Röckle model makes it possible to
approximate a flow field with a relatively high spatial resolution around cube- or cuboid-
shaped obstacles [6,13]. After the Röckle model was proposed, various modifications were
made to overcome some of the weaknesses of the model. In the present study, the Röckle
model with modifications is called the modified Röckle model.
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Figure 1. Schematic diagram of the flow patterns around a surface-mounted obstacle. Figure 1. Schematic diagram of the flow patterns around a surface-mounted obstacle.

Here, the algebraic models related to the near- and far-wake zones are presented. For
the upstream recirculation zone, the parametrization proposed by Gowardhan et al. [2] is
used in the present study.

(1) Rooftop recirculation zone

Gowardhan et al. [2] developed a model for the initial flow field in the rooftop re-
circulation zone. The length and height of the rooftop recirculation zone depend on the
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crosswind geometry of the obstacle. These are given with respect to the length scale R as
follows:

R = B2/3
s ·B1/3

l , (2)

where Bs is the smaller and Bl is the larger of the obstacle height h and width w. The length
lC and height hCM of the vortex in the rooftop recirculation zone are expressed as

lC = 0.9R, hCM = 0.22R. (3)

The following velocity parameterization [2] is used in the rooftop recirculation zone:

u(z) = −u0,∞
(
z′
)∣∣∣∣ (h + hCM)− z

hCM

∣∣∣∣, (4)

where u0,∞(z′) is the upstream boundary layer velocity that is unaffected by the obstacle at
the height z′ = h + hCM − z.

(2) Near-wake zone

A cavity zone, which is called the near-wake zone in the present study, is produced in
the downwind of the obstacle. In the Röckle model, the near-wake zone is an ellipsoid with
the length of 1·LR downwind of the obstacle and the same width as the obstacle w [14]. In
the modified near-wake zone model proposed by Fröhlich, the length LR is expressed as
follows [15]:

LR

h
=

1.8(w/hLR)

(l/hLR)
0.3·[1 + 0.24(w/hLR)]

·hLR, (5)

where w and h are the width and height of the obstacle, respectively, and the length of the
obstacle in the flow direction is specified as l. Equation (5) makes the calculation of stable
values for LR possible by avoiding a large LR despite a small w through the introduction of
a scaling factor hLR [15].

hLR = 5.0·[1.0− exp(−0.2h)]. (6)

The near-wake zone described in Equations (5) and (6) is confined vertically to the
height of the obstacle and laterally to its width. The length of the near-wake zone dR(y, z)
in the streamwise direction is expressed as follows [6]:

dR(y, z) = LR

√[
1−

( y
w

)2
]
·
[

1−
( z

h

)2
]

, (7)

where dR(y, z) is the along-wind distance measured from the downwind face of the obstacle.
The following velocity parameterization is specified in the near-wake zone [6]:

u(x, y, z)
u0,∞(h)

= −
[

1−
(

x
dR(y, z)

)2
]

, (8)

where u(x, y, z) are the velocities at arbitrary positions in the near-wake zone, and x is the
distance from the upwind face of the obstacle in the streamwise direction.

(3) Far-wake zone

The length of the far-wake zone Lw is three times that of the near-wake zone LR in
Equation (5) [6].

Lw = 3LR. (9)

The length of the far-wake zone dw(y, z) is the along-wind distance from the down-
wind face of the obstacle and is expressed as follows [6]:

dw(y, z) = Lw

√[
1−

( y
w

)2
]
·
[

1−
( z

h

)2
]

. (10)
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Within the far-wake zone LR < x < 3·LR, the following velocity parameterization is
specified [6]:

u(x, y, z)
u0,∞(z)

=

[
1−

(
dw(y, z)

x

)1.5
]

. (11)

2.2.2. Shelter Model

The MASCON field obtained from the modified Röckle model exhibits an exces-
sively strong velocity gradient confined to a narrow area behind the obstacle [11,12]. This
stepwise change in the streamwise velocity observed at the wake–ambient flow interface
emerges because the momentum diffusion is not modeled. To overcome this issue, an
algebraic model that implements the momentum diffusion mechanism based on the shelter
model [16] was proposed [8,11,12]. The shelter model produces a Gaussian velocity deficit
profile in the wake zone using the following equations [16]:

ud(x, y, z)
u0,∞(h)

= ΓC̃D

(w
h

)
·
( x

h

)−1.5
F(η)G(ζ), (12)

F(η) =
1√

2πaf
exp

(
−η2

2a2
f

)
, (13)

G(ζ) = caζ exp
(
−agζ1.5

)
. (14)

In the above equations, ud(x, y, z) is the velocity deficit at the arbitrary positions
(x, y, z) in the wake zone, and w and h are the width and height of the obstacle, respectively.
Γ and C̃D = (0.2 + 0.35)/2 [8] are the drag coefficients. Γ is empirically expressed as
follows [16]:

Γ = 0.67C2
a . (15)

The functions F(η) and G(ζ) are the lateral and vertical velocity deficit variations,
respectively [16].

η =
(y

h

)( x
h

)−1/2
, ζ =

( z
h

)( x
h

)−1/2
. (16)

The coefficient af is the lateral wakespread parameter. The vertical coefficients ca and
ag are defined as follows [16]:

ca =

√
ln (h+z0)

z0

2κ2 , (17)

ag = 0.67C1.5
a , (18)

where z0 is the aerodynamic roughness, and κ is the von Kármán constant (0.4).
Note that the shelter model applies only to the downstream region, including the

near-wake and far-wake zones in the Röckle model. The shelter model does not include
the parametrization of the near-wake and rooftop recirculation zones and the velocity
parameterization in these zones. In the present study, the velocity parameterization in the
zones proposed by Röckle in Equations (2)–(8) is incorporated into the shelter model.

The results of the MASCON field using the modified Röckle and shelter models
are shown in Section 4, together with the results obtained using the algebraic model
proposed in the present study. As described later, the MASCON field based on the existing
algebraic models does not adequately reproduce the experimental results in the near- and
far-wake zones.

3. Methodology
3.1. Improved Algebraic Models for Flow Fields Using MASCON Field Model

The MASCON field based on existing algebraic models inadequately reproduces the
experimental results in the near- and far-wake zones. In the present study, two algebraic
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models are proposed to resolve the issues associated with these existing models. The flow
field estimation schemes used in the two different plume models are improved for use as
algebraic models in the MASCON field.

3.1.1. ADMS-Build Wake Model

The ADMS-build wake model is a module in the urbanized version of the Gaussian
plume-dispersion model ADMS [17–19]. The ADMS building effects module calculates
the near-field dispersion of pollution from sources close to large buildings or groups of
buildings represented as a single effective building. In the module, a simplified flow field is
defined on the basis of a well-mixed cavity or recirculating flow region and a downstream
wake region with reduced momentum.

The ADMS-build wake model is applicable only when U > 0, i.e., downwind of
the near-wake zone where x is larger than LR (see Figure 2). LR is determined by the
along-wind length l, crosswind width w, and height h of the obstacle as follows [17]:

LR = Aw
1+Bw/h , B = 0.24,

A = 1.8
(

l
h

)−0.3
,
(

0.3 < l
h < 3

)
.

(19)
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Note that, if w/h is small, LR ∼= Aw.
The upper limit of the near-wake zone zR(x) is as follows [17]:

zR(x) = zRmax

√
1−

{
x− xRmax

xR − xRmax

}2
, (20)

zRmax = h, xsep = l
2 , (l ≥ min(h, 0.5w)),

zRmax = h·
[
1 + 0.7

(
1− exp

[
−(w−2l)

h

])]
, xsep = − l

2 ,

(l < min(h, 0.5w))

(21)

where xsep is the downwind rooftop separation point. In the ADMS-build model, the length
LR of the near-wake zone is given by Equations (19)–(21), whereas no parameterizations are
provided for the rooftop and near-wake zones. In the present study, the parameterization
for each zone proposed by Röckle represented by Equations (2)–(8) is applied for the zone
in the ADMS-build model. Equation (7) can be expressed as

dR(y, z) = LR

√√√√[1−
( y

w

)2
]
·
[

1−
(

z
zRmax

)2
]

. (22)
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The flow components in the far-wake zone are as follows [17]:

u = u0,∞(h)·
[

1− û·
(

w
2ly

)
·
(

h
lz

)2
·p(ξ)·q(η)

]
,

v = −u0,∞(h)·û·
(

w
2(x−x0)

)
·
(

h
lz

)2
·p(ξ)· η2 ·q(η),

w = −u0,∞(h)·û·
(

h
x−x0

)
·
(

w
2ly

)
·
(

h
lz

)
·
[

∂g
∂ξ

∣∣∣
ξ=0
− ∂g

∂ξ

]
·q(η).

(23)

The normalized crosswind dimensions η and ξ are expressed as follows using the
length scale ly,z(x) [17]:

η =

(
y
ly

)
, ξ =

(
z
lz

)
, (24)

ly,z(x) =

√
Dy,z·(x− x0)

u0,∞(h)
, (25)

where Dy,z are the constant eddy viscosities under neutral conditions [17].

Dy = κ·u∗·h, Dz = 2·κ·u∗·h. (26)

The virtual origin x0 in Equation (25) is defined such that u > 0 throughout the
main wake. The velocity perturbation parameter û is assumed to be 0.45, as given in the
literature [17]. The shape functions p(ξ) and q(η) are defined as follows [17]:

p(ξ) =
ξ

2
· exp

(
− ξ2

4

)
, q(η) =

1
2
√

π
· exp

(
−η2

4

)
. (27)

As shown in Figure 2, the boundary between the near- and far-wake zones of the
ADMS-build model is the y–z plane perpendicular to the x-axis, where u > 0. In the region
downstream from the downwind face of the obstacle, the inside of the near-wake zone
contains a negative velocity (u < 0), whereas u > 0 outside the 1/4 ellipsoid that defines the
near-wake zone. In the present study, the boundary of the far-wake zone is extended to the
outer surface of the 1/4 ellipsoid that delineates the near-wake zone (red line in Figure 2).
The modified model is called the ADMS-build model in the present study.

3.1.2. PRIME Model

Similar to the ADMS model, the PRIME model [20] is a Gaussian dispersion model.
The PRIME model incorporates building downwash effects, including enhanced dispersion
in the wake, reduced plume rises due to streamline deflection and increased turbulence,
and continuous treatment of the near- and far-wake zones. The model can estimate the
position of the stack relative to the obstacle, the streamline deflection near the obstacle, and
the shear of the vertical flow and velocity deficit (see Figure 3).
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In the PRIME model, the length scale in Equation (2) is used to estimate the rooftop
recirculation zone. The value used for Bl is restricted to 8Bs [21]. When l > 0.9R, the rooftop
recirculation zone reattaches to the obstacle, and the maximum height of the near-wake
zone hR is as follows [22]:

hR = h. (28)

When l ≤ 0.9R, the rooftop recirculation zone does not reattach, and hR is given as
follows [20]:

hR(x) = h + 0.22R at x = 0.5R, (29)

where x is the along-wind distance measured from the upwind face of the obstacle. The
height and width of the near-wake envelope (hC(x), wC(x)) are as follows [20]:

hC(x) = h (0 ≤ x ≤ l),

hC(x) = h·
[

1−
(

x−l
LR

)2
]

(l ≤ x ≤ l + LR),

hC(x) = hR + 4(x−R/2)2·(H−hR)
R2 (0 ≤ x ≤ R/2),

hC(x) = hR·
√

1−
(

x−R/2
l+LR−R

)2
(R/2 ≤ x ≤ LR).

(30)

The horizontal boundary of the near-wake zone wC(x) is estimated using the following
equation on the basis of the analysis of horizontal-plane streamlines in a wind tunnel
experiment by Snyder and Lawson [23]:

wC(x) = w
2 + R

3 −
(x−R)2

3R (0 ≤ x ≤ R),

wC(x) =
(

w
2 + R

3

)
·
√

1−
(

x−R
l+LR−R

)2
(R ≤ x ≤ l + LR).

(31)

In the present study, the envelope height is assumed to be

hC(x) = hR. (32)
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The parameterizations for the rooftop recirculation zone and near-wake zone in
Equations (2)–(8) proposed by Röckle are also applied as the zones of the PRIME model.
Equation (7) can be expressed as

dR(y, z) = LR

√√√√[1−
(

y
wC(x)

)2
]
·
[

1−
(

z
hC(x)

)2
]

. (33)

The wake boundary, (hw(x), ww(x)), is also based on the analysis of the horizontal-
plane streamlines in a wind-tunnel experiment [20,22].

hw(x) = 1.2R·
[

x
R +

(
h

1.2R

)3
]1/3

,

ww(x) = w
2 + R

3 ·
[ x

R
]1/3.

(34)

These equations indicate the x1/3 dependence of the three-dimensional far-wake growth.
In the present study, the velocity parameterization proposed by Röckle for the far-

wake zone in Equations (10) and (11) is applied to the far-wake zone of the PRIME model.
Equation (10) can be expressed as

dw(y, z) = LR

√√√√[1−
(

y
ww(x)

)2
]
·
[

1−
(

z
hw(x)

)2
]

. (35)

The sidewall recirculation zones (see Figure 3) are generated on both sidewalls of the
obstacle, which were parameterized by Hayati et al. [3]. At the vertical levels where the
side-bubble zones exist, the vortex is defined similarly to the rooftop vortex that develops
along the upwind edge of a flat roof and is nominally perpendicular to the prevailing flow
direction [3]. In the present study, sidewall recirculation zones are incorporated into the
PRIME model. The downwind length lC and lateral width wC of the elliptical recirculation
region in the sidewall recirculation zones are expressed as

lC = 0.9R, wC = 0.22R, (36)

where R is the vortex size scaling factor defined in Equation (2), and the lateral width wC is
also the height of the vortex. In the present study, the following velocity parameterization
is specified in the sidewall recirculation zones:

u(y, z) = −u0,∞(z)
∣∣∣∣ (w + wC)− y

wC

∣∣∣∣, (37)

where u0,∞(z) is the upstream boundary layer velocity that is unaffected by the obstacle at
z. The model with the above modifications is called the PRIME model in the present study.

3.2. Wind-Tunnel Measurement Data

The physics and formulation of some MASCON field algebraic models are well ex-
plained in various research papers. These models were validated on the basis of element
tests using obstacles with simple aspect ratios, such as cubes [2]. In other models, the
MASCON fields of environments consisting of multiple obstacles simulating an urban area
were validated using the spatial concentration distribution of tracer gas from a fixed emis-
sion point [8–10]. The existing studies, however, did not investigate the environments in
which the MASCON field based on algebraic models is applicable. The characteristics and
limitations of the models should, therefore, be discussed from various perspectives. In the
present study, the MASCON fields obtained from the algebraic models are compared with
the results of two wind tunnel experiments, namely, the measurements of Wang et al. [24],
who obtained information on the vortex and flow velocity around obstacles, and those
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of Meng et al. [25], who measured the vertical velocity profile with respect to the flow
direction from the upwind face of the obstacle. These wind-tunnel experiments were
selected according to their applicability for the near-wake and far-wake zones.

3.2.1. Outline of the Experiment by Wang et al. and Computational Condition

In the experiment by Wang et al. [24], the three-dimensional turbulent wake flow
around different building models was measured using time-resolved particle-image ve-
locimetry (PIV). The mean flow streamlines, velocity component, turbulent kinetic energy,
Reynolds shear stress distribution, and positions of the saddle points and vortex cores in
the wake were evaluated for flow fields around obstacles. The Reynolds number based
on the obstacle width w and mean free stream flow velocity at the roof UH was 2.16× 104.
The time-resolved flow field was measured using PIV on the horizontal and vertical planes
of the obstacle. PIV measurements were performed on several horizontal planes at various
distance intervals with the central vertical plane located at y/H = 0.

The inflow conditions used in the present study were obtained from the mean velocity
profile and turbulence intensity. The logarithmic law of the velocity distribution for neutral
atmospheric stability is given by

u
u∗

=
1
κ
· ln
(

z
z0

)
. (38)

In the present study, the friction velocity and surface roughness were, respectively,
obtained as u∗ = 0.281 m/s and z0 = 5.50× 10−5 m as a function of z = 0.12 m. The
MASCON fields based on each algebraic model were obtained using the above inflow
conditions. The domain size used for the calculations was set to 10l in the mainstream
direction, 7l across the flow direction, and 8l in the vertical direction, where l is the length
of the obstacle (see Figure 4). According to Singh et al. [1], the calculation of the MASCON
field based on the modified Röckle model requires a uniform grid resolution in which the
cubic-shaped obstacle l is resolved with at least 10 cells in each direction. With this in mind,
the domain size used was 100× 70× 80 = 560, 000 in grid cell units.
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3.2.2. Outline of the Experiment by Meng et al. and Computational Condition

The Working Group of the Architectural Institute of Japan (AIJ) has published guide-
lines [26] on CFD techniques for the prediction and assessment of the pedestrian wind
environment around buildings. The guidelines consist of a cross-comparison among CFD
predictions, wind-tunnel test results, and field measurements, which are used to investigate
the influence of some of the computational conditions for various flow fields. In the present
study, the test case for a square prism with the aspect ratio of l : w : h = 1 : 1 : 2 was
adopted. Meng et al. [25] conducted an experiment on the test case. The Reynolds number
based on the obstacle width w and mean free stream flow velocity at the roof UH was
2.4× 104. The mean flow velocity was measured for each component using a split-fiber
probe. The measurement was performed on the y/b = 0 vertical cross-section and the
horizontal cross-section at 10/16 of the building height (z/b = 1.25).
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In the present study, the friction velocity and surface roughness were, respectively,
obtained as u∗ = 0.293 m/s and z0 = 4.49× 10−5 m as a function of z = 0.16 m. The
MASCON fields based on each algebraic model were obtained using the inflow conditions
above. The domain size used for the calculations was set to 10l in the mainstream direction,
7l across the flow direction, and 8l in the vertical direction using the length l of the obstacle,
as described in Section 3.2.1 (see Figure 4); the domain size was 100× 70× 80 = 560, 000 in
grid cell units.

4. Results and Discussion

The MASCON fields obtained from the algebraic models were compared with the exper-
imental results. The experimental results obtained by Wang et al. [24] and Meng et al. [25]
were used for the evaluation. Each MASCON field was obtained by the minimal adjust-
ment of the initial flow fields represented by a series of the algebraic models, as shown in
Appendix A of this paper. The program of the MASCON field model shown in Appendix A
was coded by Fortran 90.

4.1. Comparison with Experiment by Wang et al.

Figure 5(a1,b1) show the streamlines obtained from the experiment by Wang et al. [24]
representing the flow fields on the symmetry plane at y = 0 and on the mid-height hori-
zontal plane around the obstacle at z = h/2, respectively. The general wake pattern behind
an obstacle is characterized by recirculating flow. The near-wake zone behind the obstacle
is one of the regions where recirculating flow occurs. As shown in Figure 5(a1), a distinct
recirculating flow occurs in the near-wake zone behind the object. In Figure 5(b1–b5), it can
be seen that two recirculating flows occur in the near-wake zone. Note the slight extension
of the recirculation flows on the horizontal plane slightly beyond the width of the obstacle
and the presence of other circulations that flow near both sides of the obstacle.

Figure 5(a2–a5,b2–b5) show the streamlines of the MASCON field obtained from the
various algebraic models. The streamlines obtained from all the algebraic models exhibit
a recirculating flow in the rooftop and near-wake zones. In the ADMS-build and PRIME
models, the boundary of the rooftop recirculation flow changes according to the obstacle
aspect ratio (see Equations (19), (21), (30) and (31)). The rooftop recirculation zone does
not reattach to the rooftop of the obstacle only in the PRIME model. As a result of the
increased correlation between each zone, the MASCON field from the PRIME model has a
recirculation flow in the region where the two zones are fused. From Figure 5(a5,b5), it was
confirmed that the rooftop recirculation zone does not reattach to the downstream side on
the rooftop of the obstacle in agreement with the experimental result. The boundary of
the near-wake zone obtained from the shelter model was ambiguous compared to that of
the other models (see Figure 5(a3)). This is because the initial velocity field given to the
near-wake zone in the 1/4 ellipsoidal shape interfered with the flow of the far-wake zone
given by the shelter model.

It is worth noting that the streamlines in Figure 5(b5) obtained from the PRIME model
reproduced the experimentally obtained circulation flows that extended slightly beyond
the width of the obstacle. In addition, the recirculations in the sidewall recirculation
zones also reproduced the experimental results well because the initial flow field associ-
ated with the sidewall recirculation zones was incorporated into the PRIME model (see
Equations (36) and (37)). These features are some of the advantages of the PRIME model.
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Figure 5. Streamlines around the obstacle representing the flow fields on the obstacle symmetry
plane at (a1–a5) y = 0 and the mid-height horizontal plane around the obstacle at (b1–b5) z = h/2.
Results from (a1,b1), experiments by Wang et al. [24]; (a2,b2), the modified Röckle model; (a3,b3),
the shelter model; (a4,b4), the ADMS-build model; (a5,b5), the PRIME model.
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The recirculation flow is generally characterized by the locations of the vortex cores
and saddle points in the near-wake zone. The locations of the saddle points and vortex
cores of the recirculation flow inside the near-wake zone obtained by the MASCON field
model were compared with the experimental results. The locations of the saddle points
and vortex cores in the near-wake zone could be identified from the streamlines in Figure 5
and are summarized in Table 1. Comparing the MASCON field with the experiment,
the distance of the vortex core from the back of the object xvc/w was smaller, and the
height from the floor zvc/w was larger. The locations of the saddle points were almost in
agreement with the experimental results. Examining the various algebraic models, the
PRIME model fully reproduced the experimental location for the saddle point xsp/w. In
comparison, the locations of the vortex core and the saddle point in the ADMS model
deviated from the experimental results while the saddle points were indistinct in the shelter
model. In summary, it can be concluded that the MASCON fields from the PRIME model
are a good model for near-wake zone, although they are not superior in all cases.

Table 1. The coordinate information of Vortex core and Saddle point in the near-wake zone.

Aspect Ratio of
the Obstacle Experiment/MASCON Model

Central Vertical Plane Mid-Height Horizontal Plane

Vortex Core
(xvc/w,zvc/w)

Saddle Point(
xsp/w,zsp/w

) Vortex Core
(xvc/w,yvc/w)

Saddle Point(
xsp/w,ysp/w

)

1:1:2

Experiment [24] (0.46, 1.74) (1.8, 0) (0.5, ±0.46) (1.325, 0)

MASCON

Röckle (0.30, 1.95) (1.88, 0) (0.26, ±0.48) (1.55, 0.00)

Shelter (0.48, 1.85) − (0.20, ±0.43) (1.49, 0.00)

ADMS (0.25, 1.95) (1.60, 0) (0.25, ±0.45) (1.40, 0.00)

PRIME (0.30, 2.00) (1.80, 0) (0.42, ±0.43) (1.48, 0.00)

The contours of the velocity component u obtained from the experiment by
Wang et al. [24] on the obstacle symmetry plane at y = 0 and the obstacle mid-height
horizontal plane at z = h/2 are shown in Figure 6(a1,b1), respectively. As shown in
Figure 6(a2–a5,b2–b5), the velocity distributions in the far-wake zone downstream of the
near-wake zone differed significantly between the models. In the modified Röckle model,
the formation range of the far-wake zone was constrained by a 1/4 ellipsoid, and the ambi-
ent flow velocity was given only on the outside of the ellipsoid (see Equations (9)–(11)).
This indicates that the modified Röckle model provides an initial flow field with a large
velocity difference at the boundary of the elliptical plane. The MASCON field obtained
from such an algebraic model inadequately reproduced the experimental results. The
effect of momentum diffusion could be confirmed in the contour diagram obtained by
replacing the far-wake zone of the modified Röckle model with the shelter model (see
Figure 6(a3,b3)). However, the calculation results did not quantitatively reproduce the
experimental results. Velocity distributions close to the experimental results were obtained
from the ADMS-build (Figure 6(a4,b4)) and PRIME models (Figure 6(a5,b5)). These new
models provided a better estimate of the velocity transition in the wake region compared
to the results of the modified Röckle and shelter models.
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4.2. Comparison with Experiment by Meng et al.

The calculation results for the MASCON fields based on the algebraic models were
evaluated by comparison with the experimental results of Meng et al. [25]. In the present
study, the experimental results from the end of the obstacle to the downstream were used
for comparison with the calculation results. The normalized vertical and horizontal velocity
profiles of the velocity component u were plotted at several distances downstream of the
obstacle as shown in Figure 7, where umax, the velocity in the undisturbed flow, was
6.75 m/s at z/b = 7.5 for the vertical profiles and 4.02 m/s at y/b = 1.25 for the horizontal
profiles. The modified Röckle model exhibited an excessively strong velocity gradient
confined to a narrow area behind the obstacle because the effect of momentum diffusion
was not considered. The MASCON fields obtained from the shelter and ADMS-build
models, which incorporate the effect of momentum diffusion, still exhibited steep velocity
gradients at the building height at z/b = 2. This indicates that the effect of momentum
diffusion is insufficient around the near-wake zone.

The location x/b = 0.5 in Figure 7(a1,b1), which was just behind the obstacle, could
be identified as the transition boundary between the rooftop recirculation zone and the
near-wake zone. The obstacles used in the experiment by Meng et al. had the aspect
ratio of 1:1:2. For the obstacle aspect ratio of 1:1:2 in the PRIME model, the boundary
surface of the rooftop recirculation zone did not reattach to the downstream side of the
obstacle rooftop. In other words, the rooftop recirculation zone and near-wake zone were
merged. Figure 7(a5,b5) show that the PRIME model was superior to the other models in
reproducing the experimental values in the horizontal section.

The locations included in the near-wake zone were x/b = 0.75 and 1.25 because
Meng et al. found that the location of the saddle point in the near-wake zone was approxi-
mately x/b = 1.92 in the experiment [25]. As shown in Figure 7(a2,a3,b2,b3), there were
remarkable differences between the models. In the MASCON field from the Röckle model,
there was a velocity discontinuity at z/b = 2 near the rooftop of the obstacle in the vertical
section velocity distribution and at y/b = −0.5 near the side surface in the horizontal sec-
tion velocity distribution. The MASCON fields obtained from the shelter and ADMS-build
models had steep velocity gradients at the building height at z/b = 2 and at y/b = −0.5.
In the MASCON field from the PRIME model, the velocity changed continuously in the
approximate transition region located within the range of z/b = 1.75 − 2.25 near the
rooftop of the obstacle and y/b = ±(0.5− 1.0) near the side surface. The MASCON field
obtained from the PRIME model reproduced the experimental results very well compared
to the other models owing to the effect of momentum diffusion. In the PRIME model, not
only was the effect of momentum diffusion properly reflected in the MASCON field, but
the velocity change at the height of the obstacle also reproduced the experimental results.
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horizontal section velocity distribution. The MASCON fields obtained from the shelter 
and ADMS-build models had steep velocity gradients at the building height at 𝑧 𝑏⁄ = 2 
and at 𝑦 𝑏⁄ = −0.5. In the MASCON field from the PRIME model, the velocity changed 
continuously in the approximate transition region located within the range of 𝑧 𝑏⁄ =1.75 − 2.25 near the rooftop of the obstacle and 𝑦 𝑏⁄ = ±(0.5 − 1.0  near the side surface. 
The MASCON field obtained from the PRIME model reproduced the experimental results 
very well compared to the other models owing to the effect of momentum diffusion. In 
the PRIME model, not only was the effect of momentum diffusion properly reflected in 
the MASCON field, but the velocity change at the height of the obstacle also reproduced 
the experimental results. 

As shown in the profiles in Figure 7a4,a5,b4,b5 for 𝑥 𝑏⁄ = 2.0 and 3.25, which were 
located in the far-wake zone away from the near-wake zone, the difference between the 
experimental results and the results from all the models except the PRIME model 
increased as the distance from the back of the obstacle increased. In the PRIME model, the 
experimental results were reproduced very well in the regions corresponding to these far-
wake zones. 

In the modified Röckle model, the far-wake zone was defined by a 1/4 ellipsoid that 
extended the near-wake zone to the downstream direction, resulting in a steep velocity 
gradient on the ellipsoidal surface. Considering that momentum diffusion is one method 
to overcome this defect, in the MASCON field using the shelter model, the velocity 
distribution in the far-wake zone insufficiently reproduced the experimental results. It is 
shown that, using the PRIME model proposed in the present study, the MASCON field 
could reproduce the experimental results well not only in the near-wake zone, but also in 
the far-wake zone velocity field. 

Figure 7. (a1–a5) Vertical and (b1–b5) horizontal profiles of velocity component u: (a1,b1), x/b = 0.5;
(a2,b2), x/b = 0.75; (a3,b3), x/b = 1.25; (a4,b4), x/b = 2.0; (a5,b5), x/b = 3.25. umax is the velocity
in the undisturbed flow, which was 6.75 m/s at z/b = 7.5 for vertical profiles and 4.02 m/s at
y/b = 1.25 for horizontal profiles.
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As shown in the profiles in Figure 7(a4,a5,b4,b5) for x/b = 2.0 and 3.25, which
were located in the far-wake zone away from the near-wake zone, the difference between
the experimental results and the results from all the models except the PRIME model
increased as the distance from the back of the obstacle increased. In the PRIME model,
the experimental results were reproduced very well in the regions corresponding to these
far-wake zones.

In the modified Röckle model, the far-wake zone was defined by a 1/4 ellipsoid that
extended the near-wake zone to the downstream direction, resulting in a steep velocity
gradient on the ellipsoidal surface. Considering that momentum diffusion is one method
to overcome this defect, in the MASCON field using the shelter model, the velocity distri-
bution in the far-wake zone insufficiently reproduced the experimental results. It is shown
that, using the PRIME model proposed in the present study, the MASCON field could
reproduce the experimental results well not only in the near-wake zone, but also in the
far-wake zone velocity field.

5. Concluding Remarks

The MASCON field model provides a three-dimensional flow field at a low compu-
tational cost, which is very useful for predicting realistic and complicated flow fields for
applications such as environmental risk assessments. However, some weaknesses in the
flow of the wake zone exist because the momentum equations are not considered in the
MASCON field scheme. The MASCON field obtained using the shelter model, which is a
typical algebraic model for considering momentum diffusion, insufficiently reproduced
the experimental results in the wake zone.

In the present study, an algebraic model in the wake zone to provide the initial velocity
for the MASCON field model was developed on the basis of the wake models implemented
in two well-recognized Gaussian plume models, ADMS-build and PRIME. The conclusions
are summarized as follows:

• The new set of wake zone models based on ADMS-build and PRIME wake models
can provide the initial velocity in the near-wake zone and take into consideration the
effect of momentum diffusion in the far-wake region.

• Streamlines obtained from the experiment around the obstacle representing the flow
field on the mid-height horizontal plane show the complicated recirculation flow
formed by the union of the sidewall recirculation zone and the near-wake zone. The
present wake zone model based on the PRIME model that includes the parameteriza-
tion of the sidewall recirculation zones can reproduce such a recirculation flow.

• In the far-wake zone, the flow fields according to the present models considering
the effect of momentum diffusion are all in general agreement with the experimental
results. In particular, the wake zone model based on the PRIME model provides
the excellent flow field that precisely reproduces the profile of the vertical velocity
distribution of the experimental results.

Therefore, these findings suggest that the MASCON field provided by the wake zone
model based on the PRIME model proposed in the present study best reproduces the entire
flow field from relatively close to the obstacle to the downstream.
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Appendix A

The initial flow field v∗(r) most likely contains several divergences because it does
not satisfy the law of conservation of mass. It is necessary to obtain a velocity field v(r)
that satisfies the continuity and is as close as possible to the original field v∗(r). In this
problem, the difference R̃ between the initial and final velocity fields v(r) is minimized, as
shown in Equation (1). The velocity field is defined over, subject to the continuity constant
being satisfied everywhere in the field [27].

∇·v(r) = 0 (A1)

A way of dealing with the problem of calculus of variations is to introduce a Lagrange
multiplier, λ(r). This is replaced by the problem of minimizing Equation (A1).

R =
1
2

∫
Ω
[v(r)− v∗(r)]2dΩ−

∫
Ω

λ(r)∇·v(r)dΩ. (A2)

Suppose that the function that minimizes the functional R is v†(r), where v†(r) also
satisfies Equation (A1).

Rmin =
1
2

∫
Ω

[
v†(r)− v∗(r)

]2
dΩ. (A3)

If Rmin is a true minimum, then any deviation from v†(r) must produce a second-order
change in R. Thus, suppose that

v = v†(r) + δv, (A4)

where δv is small but arbitrary. Substituting v into Equation (A3) yields the result Rmin + δR.
δR is expressed as follows:

δR =
1
2

∫
Ω

δv(r)·
[
v†(r)− v∗(r)

]
dΩ−

∫
Ω

λ(r)∇·δv(r)dΩ. (A5)

Here, the term of second order (δv)2 has been dropped in the above equation. Inte-
grating the last term by parts and applying Gauss’s theorem, the following equation is
obtained:

δR =
1
2

∫
Ω

δv(r)·
[
v†(r)− v∗(r) +∇λ(r)

]
dΩ−

∫
S

λ(r)δv(r)·ndS. (A6)

On the domain surface on which a boundary condition such as walls or inflow on v is
given, it is presumed that both v and v† satisfy the given condition. Hence, δv is zero there.
No condition on λ is required on them because these portions of the boundaries make no
contribution to the surface integral Equation (A6).

On the boundary where other types of boundary conditions such as symmetry planes
or outflows are given, δv is not necessarily zero. To make the surface integral vanish, λ = 0
is required on the boundary. If δR is to vanish for arbitrary δv, it is required that the volume
integral in Equation (A6) also vanishes. Therefore,

v†(r)− v∗(r) +∇λ(r) = 0. (A7)

Since v†(r) satisfies the continuity Equation (A1), taking the divergence of the equation
and applying this condition yields

∆λ(r) = ∇·v∗(r). (A8)

The above equation is a Poisson equation for λ(r). On those portions of the boundary
on which boundary conditions are given on v, v† = v∗. In this case, Equation (A7) is
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∇λ(r) = 0, which is a boundary condition on λ. If Equation (A8) is satisfied with the
boundary conditions, the velocity field is divergence-free. The modified velocity field is
obtained from the Equation (A7) written in the following form by solving the Poisson
equation:

v†(r) = v∗(r)−∇λ(r). (A9)

This show that the Lagrange multiplier λ(r) essentially plays the role of pressure. The
function of pressure is to allow continuity to be satisfied in incompressible flows.
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