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Abstract: Phosphate ore slurry is a suspension of insoluble particles of phosphate rock, the primary
raw material for fertilizer and phosphoric acid, in a continuous phase of water. This suspension
has a non-Newtonian flow behavior and exhibits yield stress as the shear rate tends toward zero.
The suspended particles in the present study were assumed to be noncolloidal. Various grades
and phosphate ore concentrations were chosen for this rheological investigation. We created some
experimental protocols to determine the main characteristics of these complex fluids and established
relevant rheological models with a view to simulate the numerical flow in a cylindrical pipeline.
Rheograms of these slurries were obtained using a rotational rheometer and were accurately modeled
with commonly used yield-pseudoplastic models. The results show that the concentration of solids
in a solid–liquid mixture could be increased while maintaining a desired apparent viscosity. Finally,
the design equations for the laminar pipe flow of yield pseudoplastics were investigated to highlight
the role of rheological studies in this context.

Keywords: rheology; non-Newtonian; polydispersity; laminar pipe flow

1. Introduction

Phosphate slurry pipelines have been shown to be an appropriate mode of transport
for phosphate ore in terms of energy use and the generated emissions [1]. Since phosphate
rock is known to be insoluble, it cannot be used directly as a fertilizer. Consequently, it is
normally processed in a wet-process phosphoric acid (WPA) plant [2]. Transporting wet
phosphate from the washing plants over the pipeline is a more rational way to use water
and energy resources, as no drying at the mine is required and the slurry can simply be
driven down the pipeline by gravity.

Phosphate ore is found in sub-horizontal beds as sedimentary deposits with high
phosphorus (P) concentrations of up to 30% alongside limestone, marls, and clays. In
addition to potassium and nitrogen, phosphorus plays a crucial role in biological processes
and is an essential constituent of all living matter, in both its animal and plant forms.
Phosphate minerals are, therefore, raw materials for agricultural fertilizers [3]. Mining is
accomplished by removing the overburden, followed by the extraction of phosphate ore
for processing [4]. Right after excavation, the phosphate is separated from the unwanted
sand and clay minerals in a washing plant [5]. Then, the ore is mixed with water, turned
into pulp, and the resulting slurry is transported through pipes to a chemical processing
plant where it is mixed with sulfuric acid to produce phosphoric acid [6].

The motivation for this rheological study was triggered by evidence that indicates that
the transport characteristics and processing of phosphate ore slurry is heavily dependent
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on its rheological properties. Deep knowledge of the rheological behavior is therefore
essential, particularly when transporting a large amount of slurry. It has been shown that
when designing a pipeline, prediction of the flow regime (laminar or turbulent) and the
head loss cannot be done properly without a rigorous understanding of the rheology [7].

The rheology of a material is usually described using a constitutive equation that
relates the applied shear stress τ to the resulting shear rate

.
γ. The main objective of such

a study is to predict the flow that would appear in a given piece of equipment under the
action of applied forces. A highly viscous liquid requires more power to be pumped than
one with a low viscosity. Knowledge of a material’s rheological behavior is therefore useful
when controlling pumping and piping systems [8,9].

Obtaining suspensions of particles in a fluid matrix is challenging and complex, and
numerous investigations of particle rheology can be found in the literature. As reported in
prior studies, concentrated suspensions may exhibit shear-thickening or shear-thinning
behaviors (with or without a yield point), irreversibility under oscillating shear, and
many other complex performances [10,11]. At high solids loadings (>25% by volume),
observations of the rapid growth in the apparent viscosity, η = τ/

.
γ , and an increase in the

non-Newtonian behavior (particularly shear-thinning), with Newtonian limiting behavior
at both low and high shear rates, are reported in several articles [10–14]. In piping systems,
a shear-thinning slurry is often desired since the viscosity of the mixture can be reduced by
increasing the shear rate, making the pumping more efficient. In most suspensions, the
important physical properties that affect the rheology include a solid volume fraction, the
particle size and shape, and the mechanical and physical interactions between particles
and the fluid matrix.

Particles in a liquid matrix can be considered as obstacles, hindering the liquid’s
flow and, therefore, increasing the flow resistance, i.e., the viscosity. The mechanics of
dilute and semi-dilute suspensions representing very low particle concentrations (volume
fraction φ < 25%) are well understood. Simple models for describing the increased viscosity
at a given shear rate (or apparent viscosity) have been proposed by Einstein [15] and
Batchelor [16]. Their formulas were adapted to monodisperse particles for maximum solid
volume fractions of 0.15 to 0.25 and link the increase in bulk viscosity of the suspension η
to the viscosity of the liquid η0, as well as the solid fraction in the suspension. However,
linearity is restricted to low solid fractions φ. For dense or highly concentrated suspensions,
the apparent relative viscosity (ηr = η/η0) increases rapidly and without bound with φ. At
a large solid fraction, small changes in concentration lead to large variations in viscosity. If
nonhydrodynamic interparticle forces are absent, suspensions with a high solid fraction
can be described with the satisfactory model of Krieger and Dougherty [17], which is valid
for low and high shear rates. This model requires an additional input parameter, defined as
the maximum packing fraction of particles φm, which is related to the particles’ properties.
Physically, φm refers to the maximum solid fraction possible in suspension for a given
particle size distribution and packing arrangement [18,19]. Many other functions have
been proposed and provide excellent fits to experimental data [11,20,21].

Dense particulate suspensions often display a variety of non-Newtonian flow proper-
ties, including shear thinning, shear thickening, and reversible, shear-induced solidification
called shear jamming. Recently, it has been shown that interparticle friction drastically
influences this behavior. Shear jamming (SJ) is a phenomenon where a suspension is
fluid-like at low stresses and jams into a solid-like state at high shear. This shear-induced
solidification occurs at particle concentrations below the traditional, frictionless jamming
packing fraction [22–26].

With an increased solid volume fraction φ, the apparent viscosity η increases but this
increase is not the same for different maximum packing fractions φm. In fact, the rate of
the viscosity increase depends on the ratio φ/φm. The most important factors affecting
the maximum packing fraction φm are the shape and size distribution of the particles.
Since smaller particles can fit into the voids created by larger ones, the maximum packing
fraction of polydispersed particles is significantly higher than in monodispersed parti-
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cle systems [18,19,27]. Many experiments with bidisperse and polydisperse suspensions
have been conducted to establish a relationship between φm and the suspension viscos-
ity [11,12,28,29]. In general, these studies showed that the apparent viscosity η tends to
decrease when increasing the maximum packing fraction φm at a constant volume fraction
φ. This indicates that the concentration of solids in a solid–liquid mixture can be raised
markedly while maintaining a desired apparent viscosity.

At a constant solid fraction, a reduction in particle size leads to an increase in apparent
viscosity. With smaller particle sizes, the total surface area becomes larger, which binds to
water molecules and results in a higher number of particles in a given volume. When the
volume fraction increases, interactions between particles become significant, particularly
for very small particles, thus substantially raising the applied force required to shear
the sample. For larger particles that are fewer in number, the effect of particle–particle
interactions is considerably reduced [30,31]. However, for most real suspensions used in
industry and mineral processing, the particle size is not uniform and is more conveniently
described as a particle size distribution. Under small shear stress, Brownian motion
dominates the behavior of the finest particles, while for coarse particles, frictional contacts
or hydrodynamic forces tend to dominate [11,32].

In this study, we seek to investigate the rheological behavior of phosphate suspension
with the aim of optimizing their dispersity and stability throughout future research works.
Regarding this concern, a few studies on phosphate composites have been conducted for
diverse applications. An early study by Bujake [33] investigated the effect of additives
on the rheological and sedimentation behavior of a phosphate slurry. He suggested that
particle–particle interactions play an important role in the flow of these systems. Benretem
et al. [34] stated that the rheological characteristics of water–phosphate slurries strongly
depend on the solids concentration and increase markedly with decreasing particle size. In
a comparable study, Belbsir et al. [35] drew similar conclusions and showed that viscosity
tends to decrease with increasing temperatures and can also be reduced using appropriate
additives. In a more recent study, Shaikh [36] reported the fabrication of a geopolymer of
phosphate ore and polypropylene. He found that the composites of smaller phosphate ore
particles displayed a highly complex viscosity. Since the transported slurry has a continuous
particle size distribution, it is important to discriminate the role of this distribution in the
process. Thus, in this work, we put our attention toward the influence of the D-value
ratio on apparent viscosity, as well as the solid concentrations. The following sections
present some basic information about the experimental work and the methodology carried
out to provide a description of the non-Newtonian behavior that is typically exhibited
by concentrated phosphate slurries. The main objective of this study was to evaluate
the predictive or fitting capabilities of commonly used yield-pseudoplastic models for the
rheological data description of concentrated phosphate slurries. The rheological parameters
for the Bingham, Casson, Herschel–Bulkley, and Robertson–Stiff models were computed
for six samples. A variety of samples with phosphate ore concentrations ranging from 51
to 56 wt.% in water, i.e., 29 to 33% v/v, were employed for this rheological study. These
slurries with relatively coarse particles are a representation of what is typically found
in phosphate rock processing. The rheological models were used to obtain analytical
expressions relating the mean flow velocity to the pressure drop and to determine velocity
profiles in the laminar regime.

2. Materials and Methods
2.1. Concentrated Phosphate Slurry Samples

Phosphate rock is mined at different locations and then processed to be stored in
agitated tanks at the main slurry pipeline head station. The solid particles in the present
study were provided by OCP (Khouribga, Morocco). The samples prepared at our labora-
tory were a mixture containing rigid randomly shaped solid particles with an equivalent
spherical diameter ranging from 1 to 500 µm. The particle density was 2.4 t/m3 when
the pores were filled with air and 2.6 t/m3 when the pores were filled with water and
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stabilized by a specific soluble polymer, such as PEG. Various grades and phosphate ore
concentrations of 51, 54, and 56 wt.% in water were used for this rheological study. These
samples, labeled S1 through S6, differed mainly in their solids concentrations and particle
size distributions.

The main ingredients of the concentrated phosphate slurry (CPS) samples were CaO
and P2O5, even though they also contained other elements, such as SiO2, CO2, Fe, MgO,
SO3, and Al2O3. The phosphate content of phosphorite P2O5 is often expressed as a
percentage of bone phosphate of lime (BPL) [37]. Table 1 summarizes the elemental
concentrations of each sample. The samples have a similar composition that can be
considered a representation of what is specifically mined in Morocco. Phosphorite deposit
compositions may differ from one location to another.

Table 1. Elemental composition of the CPS samples.

Element
Concentration (wt.%)

S1 S2 S3 S4 S5 S6

Bone phosphate of
lime (BPL) 64.5 64.7 64.4 64.8 66.0 65.0

CO2 7.6 7.6 7.0 7.7 7.8 7.7
SiO2 3.23 3.35 3.62 3.16 3.34 3.71
MgO 0.80 0.74 0.96 0.83 0.66 0.62
Al2O3 0.46 0.41 0.46 0.44 0.40 0.47

Reactive SiO2 1.43 1.24 1.19 1.29 1.27 1.06

The analysis of the particle size distribution provides essential data for forecasting
the slurry behavior in the transport process or its physical properties. Measurements
were carried out for each sample using a Mastersizer 3000 granulometer from Malvern
(Worcestershire, UK). The analysis of the particles’ size distribution allowed us to define
the percentage of the total volume in each sample containing particles with diameters less
than the following values: 500 µm, 400 µm, 315 µm, 250 µm, 150 µm, 74 µm, 44 µm, 40 µm,
and 37 µm. The most commonly used metrics when describing particle size distributions
are the D-values: D20, D50, and D80, which are the intercepts for, respectively, 20%, 50%,
and 80% of the cumulative mass. Although a comparison of D50 and D80 values indicated
little difference between the samples, the D20 values were dissimilar. The particle sizes in
the CPS samples ranged from around 1 µm to 500 µm, where the cumulative particle size
distribution of all CPS samples is shown in Figure 1.

Figure 1. Cumulative particle size distribution of the concentrated phosphate slurry (CPS) samples
in terms of the percentage of cumulative volume versus particle size. S1–S6 signify the sample labels.
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2.2. Suspension Characteristics

The suspended particles in the present study were assumed to be noncolloidal, which
means that Brownian motion in the suspensions could be neglected. The interaction of
the forces describing the rheophysical properties of the suspensions can be defined using
nondimensional numbers that were first defined by Krieger (1959). In particular, the impact
of Brownian motion is governed by the Peclet number, Pe, which is defined as the ratio of
the hydrodynamic force and the Brownian force [10,21]:

Pe =
6πη0a3 .

γ

kT
, (1)

where η0 is the suspending fluid viscosity, a is the average radius of particles,
.
γ is the shear

rate, k = 1.38 × 10−23 J K−1 is the Boltzmann constant, and T is the absolute temperature.
For Pe > 103, hydrodynamic forces dominate [10,21]. The relative importance of inertial
forces at the particle scale is governed by the particles’ Reynolds number Rep, which is
given by:

Rep =
ρ0a2 .

γ

µ0
, (2)

where ρ0 is the density of the suspending liquid. For Rep > 10−3, inertial forces cannot
be neglected [10,11]. Thus, for low shear rates in this work, the suspended particles were
strongly influenced by inertial forces.

2.3. Experimental Data

The shear rheology of the slurry was measured using a RheolabQC rotational rheome-
ter from Anton Paar (Ostfildern, Germany) with a concentric cylinder geometry, where
the inner and outer cylinders represented, respectively, the test bob and cup (see Figure 2).
This device uses the Searle principle with a rotating inner cylinder and stationary outer
cylinder and can measure the dynamic viscosity of low-viscosity samples up to semi-solid
specimens [38,39]. The Searle system is the most commonly used system for mineral pulps.
Coaxial (or concentric) cylinder systems are absolute measuring systems that conform
to “Deutsches Institut für Normung” (DIN) and the international standards organization
(ISO) standards. Measuring the rotational speed Ω of the electronically communicated (EC)
motor and produced torque M allowed us to calculate the shear stress and the shear rate
according to the following relationships (standard: ISO 3219 [40] (δ ≤ 1.2)):

.
γ =

1 + δ2

δ2 − 1
Ω, (3)

τ =
1 + δ2

2δ2
M

2πLR2
i CL

, (4)

where δ = Re/Ri is the ratio of the outer cylinder and inner cylinder radii (Re and Ri,
respectively), L is the bob length, and CL = 1.28 is an end effect correction factor. The
rheological behavior of the CPS samples was determined by measuring the shear stress
at various applied shear rates. The shear stresses were measured at each point while
decreasing the shear rate from 1000 s−1 to 112 s−1 using a coaxial geometry with a rotating
cylinder and a cylindrical cup, with diameters of 38.713 mm and 44 mm, respectively. The
estimated shear rate range occurring during the transport process was 200 to 600 s−1, which
is well within the shear rate range tested. The fixed distance between the two measuring
cylinders was 2.644 mm. The experiments were conducted at controlled shear rates in the
same range as those expected in pipe flows. The experimental data of the CPS samples were
obtained at room temperature. For each measurement, the suspensions were vigorously
mixed in a container beforehand. A pre-shear is required to erase material memory and
to have similar initial conditions for all samples. Then, after prolonged mixing (>30 s),
the necessary volume was quickly poured into the outer cylinder. The inner cylinder was
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subsequently immersed into the slurry. The stress τ exerted on this cylinder was recorded
as a function of the shear rate

.
γ. The rotational tests were carried out in a preset shear rate

ramp mode, descending in steps, while recording the shear stress for each set shear rate. In
order to allow the sample to adapt itself to each shear rate step, a duration of three seconds
was maintained for each measuring point. It is important to note that the chosen Couette
geometry (Figure 2) with the adapted gap allowed us to assume that we would not observe
common sudden changes in the rheogram plots at high shear rates and in the ranges of
the yield-stress calculations. We intended for the applied pre-shear and the preset shear
rate ramp mode to allow for homogenized suspensions and, hence, we could assume their
homogeneity. Furthermore, we had other work in progress using a helical geometry and
our calculated yield stress seemed to corroborate with those obtained using our adapted
geometry and procedure.

Figure 2. Searle principle: the instrument’s motor rotates the measuring bob inside an immovable
cup filled with slurry (αcyl.cone = 120◦).

The data is reproduced in Figure 3 and Appendix A (Table A1).

Figure 3. Representative rheograms showing (a) the shear stress as a function of the shear rate of CPS samples at various
solids concentrations and a fixed temperature of 25 ◦C and (b) the apparent viscosity as a function of the shear rate under
the same conditions.
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The density of the solid particles was higher than that of water, and the settling
experiments performed on a mixture of water with 10 vol.% of particles with sizes between
100 and 500 µm revealed small settling velocities. As a result, the effects of the particle
settling on the sample concentration were negligible during the performed experiments
(less than one minute).

2.4. Rheological Models

Phosphate ore slurry is a suspension of insoluble particles in a continuous phase of
water. This suspension displays non-Newtonian flow behavior and exhibits yield stress
as the shear rate tends toward zero. These materials only flow due to a certain constraint
called the yield stress τy. Below this stress, they behave like solids, while above this stress,
they may flow like a Newtonian fluid or exhibit shear-thinning. Knowledge about the
yield stress is essential for transporting suspensions, especially for resuspending particles
after they have settled in a pipeline or channel. This property is found in certain polymer
solutions and very concentrated suspensions, and in everyday life with toothpaste, yogurt,
ketchup, clays (laponite and bentonite, for example), and drilling muds. This behavior
can be interpreted as a presence of aggregates in the material that remains up to the yield
stress. However, some authors find the idea of yield stress controversial [41] and doubt
whether true yield stress actually exists. The main reason for this debate and discussion
in the literature is that no equipment has so far allowed researchers to measure the shear
stress at very low shear rates without being affected by wall-slip or end effects. For further
reading, we refer to the work by Coussot et al. [42].

For Newtonian fluids, most pure liquids, and gases, shear stress is a linear relation
with respect to the shear rate:

τ = µ
.
γ, (5)

where the constant of proportionality µ is known as the viscosity of the fluid. Non-
Newtonian materials, suspensions of solids, polymer solutions, and polymer melts exhibit
a different response, for which an apparent viscosity η is often assigned:

τ = η(
.

γ)
.
γ. (6)

The simplest representation of such complex fluids is the Bingham model, which gives
the following relationship between the shear stress and shear rate:

τ = τyB + ηB
.
γ, (7)

where τyB is the yield stress and ηB is the constant plastic viscosity. This model has the
advantage of giving a linear relationship after an initial yield and defining the minimum
stress value at which the material starts to flow, which is also referred to as the Bingham
yield point τB. However, recent studies show that this model fails to conform to complex
fluid behavior at low shear rates [43] and may result in unrealistically high values of
τyB [44].

A general form of the Bingham model, proposed by Herschel and Bulkley [45], is
used to describe the flow of pseudoplastic fluids, which require yield stress to initiate the
flow and then exhibit a nonlinear flow curve. The Herschel–Bulkley model can describe
the rheological behavior of mineral slurries [46,47]. Other investigations have shown that
this model can also describe sludge behavior and is most commonly used to characterize
concentrated sludge [15,48], as well as most drilling fluids or cement slurries [14,49]. The
Herschel–Bulkley model can be used with the constitutive equation:

τ = τyH + K
.
γ

n, (8)

where the yield stress τyH in this equation represents the intercept of the line fitting the
yield stress region, K is the consistency index, and n is the flow index. With the use of the
third parameter, this model often provides a better fit to experimental data.



Fluids 2021, 6, 178 8 of 17

Another commonly used rheological model for yield-pseudoplastic fluids is the so-
called Casson model, which was initially generated to describe ink and paint behavior.
However, it has demonstrated a good approximation for non-Newtonian mineral suspen-
sions [46,47] and complex fluids in the petroleum industry [14,49]. The Casson model is
given by the following equation:

√
τ =

√
τyc +

√
kc

√
.
γ. (9)

The Robertson–Stiff model is a three-parameter model that was developed in 1976 by
Robertson and Stiff to describe the rheology of drilling fluids in the petroleum industry and
cement slurries, though it can also be used for fluids as diverse as maize flour pastes [16]
and gels. It is expressed as:

τ = K(
.
γ +

.
γ0)

n. (10)

The parameters K and n can be considered similar to the parameters (K and n) of the
Herschel–Bulkley model. However, the parameter

.
γ0 has a different implication than the

yield stress of the Herschel–Bulkley or Bingham models. In the Robertson–Stiff model,
.
γ0 appears as a correction to the shear rate rather than the shear stress and the yield stress
is defined as:

τyRS = K
.
γ

n
0 . (11)

For Equations (7)–(9) and (11), the following condition can be applied:

.
γ = 0, |τ| <

∣∣τy
∣∣. (12)

2.5. Determination of Model Parameters

When comparing the measuring data, it is not useful to compare all values of one
test with those of another mostly due to the large number of individual measuring points.
Mathematical model functions for curve fitting are therefore used to characterize complete
flow or viscosity curves, resulting in only a small number of curve parameters. This
simplifies the comparison of measuring curves since there are only a few model parameters
left to compare. Fitting is also called approximation and the corresponding functions are
often referred to as regression models. Not every model function can be used for each
kind of flow behavior. If the correlation value (e.g., in %) indicates insufficient agreement
between the measuring data and model function, it is useful to try another model function.
It is also important to keep in mind that both model-specific coefficients and exponents are
purely mathematical variables and do not represent real measuring data in principle.

Here, with a controlled shear rate (CSR), the rotational speeds (or shear rates) are
preset in the form of steps. However, when using this kind of testing, a yield point cannot
be determined directly. It is instead calculated using a fitting function, which is adapted to
the available measuring points of the flow curve. Curve fitting is carried out using one of
the various model functions. For all approximation models, the dynamic yield stress value
τy is determined via extrapolation of the flow curve toward the shear rate value

.
γ = 0

or at the point of intersection of the fitting function and the τ-axis. The obtained value
of the τy method strongly depends on the chosen rheological model and the accuracy of
the measurements.

To determine the rheological coefficients of each model, curve fitting is performed.
Curved relationships between variables are not as straightforward to fit and interpret as
linear relationships, but there are standard ways for dealing with this problem [14,50].
In total, six sets of rheometer data for the shear stress τi and shear rate

.
γ were analyzed.

Three statistical indicators were computed and reported: the correlation coefficient R2, the
sum of square errors SSE, and the root mean square error RMSE. The SSE was calculated
according to:

SSE =
m

∑
i=0

(τi − τ̂i)
2, (13)
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where τ̂i is the predicted or modeled shear stress value. The root-mean-square error is
given as:

RMSE =

√
∑m

i=0(τi − τ̂i)
2

Nm
, (14)

where Nm is the number of measurements.

3. Results and Discussions
3.1. Rheological and Statistical Evaluation

For each test, the Anton Paar RheolabQC rotational rheometer provided the variation
of the shear stress with the shear rate. Figure 4, Figure 5, Figure 6 show the rheograms
obtained for the six samples at solids concentrations ranging from 51 to 58 wt.%. In all cases,
the flow curves appeared to exhibit non-Newtonian behavior with a nonzero intercept on
the stress axis and could be described as yield pseudoplastic. It was also observed that
the shear-thinning was accentuated and the dynamic yield stress increased as the solids
concentrations were increased for all cases.

Figure 4. Comparison of rheological model fits for (a) S1 and (b) S2.

Figure 5. Comparison of rheological model fits for (a) S3 and (b) S4.
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Figure 6. Comparison of rheological model fits for (a) S5 and (b) S6.

In this study, a statistical model fitting analysis was performed on all five models
previously discussed to determine the model that was best able to predict the rheological
behavior of the CPS samples. Table A1 lists the measured shear stresses of the fluids at
different rotational speeds. The raw data obtained were analyzed using several models
to determine the various rheological parameters, such as the yield value, consistency, and
shear-thinning index. For discussion purposes and in order to limit the size of the paper,
only six samples of the total number of experimental runs are presented.

The plots of experimental data and shear stress predicted by each model versus the
shear rate for all samples are shown in Figures 4–6. Tables 2 and 3 summarize, respectively,
the rheological parameters and statistical indicators obtained after the fitting processes. It
can be seen that all the models fit the general trend well but the Bingham model failed to
match the experimental stress as closely as the other models. All the models had high R2

values ranging from 0.90 to 0.99 and the highest value was from the Robertson–Stiff fit. The
same procedure was applied to the data from all the tests and similar results were obtained;
the Robertson–Stiff fit model appeared to fit the data better than the other models tested.

Table 2. Constant parameters for rheological models.

Model Rheological Parameters
Test Samples

S1 S2 S3 S4 S5 S6

Bingham τyB (Pa) 5.54 3.81 6.75 4.47 16.8 18.92
ηB (Pa·s) 0.024 0.02 0.037 0.03 0.051 0.061

Casson
τyc (Pa) 4.42 2.56 5.29 3.27 12.86 14.8
ηc (Pa.s) 0.01 0.012 0.017 0.017 0.019 0.022

Herschel–Bulkley
τyH (Pa) 1.36 0.89 1.32 0.82 3.21 3.7
K (Pa·sn) 0.75 0.395 1.032 0.6 2.98 3.56

n 0.51 0.6 0.52 0.58 0.42 0.42

Robertson–Stiff

K (Pa·sn) 0.99 0.5 1.28 0.72 3.87 4.56
n 0.47 0.56 0.49 0.56 0.39 0.39

.
γ0 (s−1) 6.63 3.84 1.32 0.82 3.22 3.7

τyRS (Pa) 2.40 1.06 1.66 0.65 6.1 7.5

The plots show that increasing viscosity or decreasing size ratios resulted in shear-
thinning (curved line) for intermediate shear rates. The data fit to the Bingham and Casson
equations resulted in better correlation coefficients for samples with weak shear-thinning:
S1, S2, S3, and S4. Thus, for the diluted phosphate slurry, the Bingham and Casson models
gave a fair description of the rheological behavior.
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Table 3. Statistical indicators.

Model Statistical
Indicators

Test Samples

S1 S2 S3 S4 S5 S6

Bingham
R2 0.97 0.98 0.96 0.95 0.92 0.9

SSE 12.16 9.58 51.11 36.01 210.14 356.49
RMSE 0.67 0.59 1.37 1.15 2.79 3.63

Casson
R2 0.99 0.99 0.98 0.98 0.95 0.93

SSE 3.94 3.87 29.94 21.22 137.33 252.25
RMSE 0.38 0.37 1.053 0.88 2.25 3.05

Herschel–Bulkley
R2 0.99 0.99 0.99 0.99 0.98 0.97

SSE 0.48 0.93 6.28 5.41 44.9 93.8
RMSE 0.13 0.18 0.48 0.44 1.28 1.86

Robertson–Stiff
R2 0.99 0.99 0.99 0.99 0.98 0.97

SSE 0.52 0.97 5.25 4.79 40.4 86.74
RMSE 0.14 0.19 0.44 0.42 1.22 1.79

However, the Robertson–Stiff and Herschel–Bulkley models provided a better fit for
all samples, with the correlation coefficients R2 ranging from 0.97 to 0.99, thus reflecting
the accuracy of these models. The sum of the square errors was also lower in comparison
with the other models and ranged from 0.48 to 93.80. These indicators were significantly
lower than for the Bingham and Casson models, perhaps indicating that three-parameter
models were more adequate to describe the rheological behavior of phosphate slurries.
Furthermore, the shear-thinning behavior was satisfactorily captured by these models.

3.2. Effect of Particles Concentration

The rheology of a particle suspension is a complex function of its physical properties
and of processes that occur at the scale of the dispersed particles. The most important
factors are the particle volume fraction φ, the particle shape, the interactions between the
particles, and the spatial arrangement of the particles. The results in Figure 3 and Table 2
describe the rheological behavior of phosphate slurries with three solids concentrations at
a temperature of 25 ◦C.

Clearly, at a solids concentration of 51 wt.% (29% by volume), the behavior appeared to
involve weak shear-thinning at shear rates less than 300 s−1 that tended to be considerably
reduced at shear rates larger than 300 s−1. At even higher particle concentrations, the
flow curve became more convex upward, indicating shear-thinning in a wider range of
shear rates (<400 s−1). This was due to large interparticle distances between the solid
particles in a dilute slurry such that attractive forces existing between them had no effect. A
larger concentration fraction of particles implied a higher concentration of particle–particle
bonds wherefore greater shear energy was required to disrupt them. The higher energy
dissipation was reflected by a higher viscosity and yield stress.

3.3. Effect of Particle Size Distribution

The particle size distribution is an important factor that needs to be taken into account
to understand the rheology of certain industrial suspensions. During mineral processing,
phosphate rock is subjected to various grinding operations that result in a wide particle
size range, from nearly one to few hundreds of micrometers. Thus, to better understand the
effect of particle size distribution changes on the viscosity of the CPS samples and to keep
the size of this paper reasonable, additional polydisperse systems were used alongside
the six samples discussed previously. The total solids concentrations ranged from 51 to
56 wt.%. The values presented in Figure 7 were obtained using the same methodology
described previously in this work.
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Figure 7. Apparent viscosity at a constant shear rate of 400 s−1 as a function of the D-value ratio of
the large (dL) and small (dS) particles.

The correlation of the apparent viscosity at a shear rate of 400 s−1, η400 = τ400/
.
γ400,

with particle size distribution is provided in Figure 7. The dL/ds ratio is the particle size
ratio (d80/d20) and is expected to correlate with the apparent viscosity η. This seems to be
borne out by the data: η decreased as the particle size expanded. This can be predicted
using the theory of Farris when applied to suspensions of single-sized fractions of spherical
particles [28]. For a given solids concentration, a wide particle size distribution will decrease
the apparent viscosity of the mixture. The maximum packing fraction of a monomodal
suspension is not influenced by the particle size. However, the maximum packing fraction
increases when the particle size distribution (PSD) gets wider because the small particles
can fill the void between the large particles. This relation between φm with the PSD can be
used to predict the Krieger–Dougherty equation, and hence, to predict a slurry’s apparent
viscosity. This justifies further research on the viscosity of multimodal suspensions to better
understand the role of particle size distributions. From an industrial perspective, finding
the best size proportions would be useful to optimize the transport process by reducing
the resistance to the flow. In this context, air classification might be used before mixing the
solids with water in the primary classification of mineral processing.

3.4. Laminar Pipe Flow

In the mineral-processing industry, it is essential to know the rheological properties of
pumped slurries over extended distances in order to evaluate the key design parameters
(flow rates, pressure gradients, etc.). In this subsection, mathematical models of the flow of
time-independent and non-Newtonian fluids through a straight pipe in steady-state laminar
flow regimes are described in order to highlight the influence of rheological parameters
on flow behavior. In the following, it was assumed that the liquid–solid mixture was
homogeneous and that there was no slippage between the suspension and the pipe wall.

When considering a unidirectional and axisymmetric flow of a fluid through a circular
tube with radius R, the relation between the volumetric flow rate Q and the pressure
gradient ∆p/L is obtained via integration of the Rabinowitsch–Mooney equation:

Q
πR3 =

1
τ3

w

∫ τw

0
τ2 .

γ dτ, (15)

where Q is the total volumetric flow rate and τw is the wall shear stress. At r = R, the
relationship between the wall stress and the pressure gradient is as follows:
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τw =
R
2

∆p
L

. (16)

When the relationship between the shear stress and the shear rate raw data from the
rheometer can be accurately modeled using explicit algebraic expressions, such as the
rheological models that we proposed in Section 2.4, we can use them as a substitute for

.
γ in

Equation (16), allowing the integral to be evaluated analytically. Similarly, cross-sectional
velocity profiles for a given pressure drop can be found. The shear rate is expressed as
.
γ = du/dr. Assuming a no-slip condition u(R) = 0, this integrates to give the flow velocity
distribution in the axial direction u(r) with respect to the radial distance:

u(r) =
∫ R

r

.
γ dr. (17)

In Figure 8, the Herschel–Bulkley model was used to plot the flow curves of samples
4 and 6 in the laminar regime. As can be seen, S6 required a greater pressure gradient (or
equivalently, τw) in order to reach the same mean flow velocity as S4 through a cross-section.
For a mean velocity of 0.8 m/s, sample 6 theoretically needed nearly three times more
pressure per unit length for a given transfer duty. The required pressure gradients per
length for S4 and S6 were 336.84 Pa·s/m and 1107.26 Pa·s/m, respectively. Indeed, as seen
in Table 2, the curve fitting indicated that sample 6 had a higher value of dynamic yield
stress. Moreover, Figure 3 revealed a higher value of apparent viscosity over the range
of shear rates where the Herschel–Bulkley model was applied. Thus, the design of slurry
pipelines relies heavily on the rheological behavior of the transported suspensions, which
needs to be optimally controlled.

Figure 8. Pipe pressure loss analysis of the Herschel–Bulkley model for S4 and S6.

Figure 9 shows the velocity distributions for different rheological models during the
laminar flow of phosphate ore slurry through a 0.1 m pipe evaluated at a constant pressure
gradient ∆p/L. The rheological parameters obtained via curve fitting using the raw data of
sample 4 served as the basis to illustrate the effect of different rheological models on the
velocity profile. In these plots, the value of the pressure gradient was adjusted to maintain
a laminar flow regime [44,51–53].



Fluids 2021, 6, 178 14 of 17

Figure 9. Axial laminar velocity profiles that were calculated based on different rheological models.

As shown in Figure 9, the velocity profile of a yield stress fluid presented a plug core
flowing in the center of the pipe. In this zone, the applied stress was less than the yield
stress. When the threshold was exceeded, the sheared fluid presented a curved velocity
profile. For the Bingham and Casson models, the flat region occupied a major part of the
pipe section. This could be explained by the fact that the curve fitting based on these two
models resulted in high values of yield stress in comparison with the Robertson–Stiff and
Herschel–Bulkley models, which enlarged the zone of the plug flow. Lower values of yield
stress imply a reduction in the size of the plug core and a higher velocity magnitude [50].
Figure 9 clearly demonstrates that using different models to describe fluid flow may lead
to completely dissimilar outputs. The accuracy of the mean velocity or pressure loss
prediction is then closely related to the accuracy of the data and the closeness with which
the slurry flow properties fit any chosen model. Performing a benchmark test with pipe
flow experiments is crucial for validating the obtained results.

4. Conclusions

As a starting point, we proposed an experimental protocol for measuring the shear rhe-
ology of a concentrated phosphate slurry. The flow curves appeared to be non-Newtonian
and exhibited shear-thinning behavior in all cases and could be described as yield pseudo-
plastics. Then, well-known rheological models were considered for the modeling. These
equations were more suitable for describing the behavior of our mixture over the range
of shear rates. Based on the results of this work, the following conclusions were reached.
The Robertson–Stiff model was found to give the best description of the flow curves, yield-
ing a value of R2 higher than 0.97 in all cases. The Casson model, as a two-parameter
model, offered a good alternative for this suspension. The apparent viscosity increased
as the particle concentration increased. It was also observed that an expanded particle
size distribution yielded a lower apparent viscosity for all cases. The results show that
apparent viscosity can be reduced at a constant loading by up to 20%. Later, it was found
that the accuracy of the pressure loss prediction relied on the accuracy of the rheological
model. Despite the fact that a significant amount of rheological data for the concentrated
phosphate slurry were evaluated in this study, the data did not cover the complete range
of the shear rates. Hence, we are aware that some conclusions are limited to the range of
the data considered in this study.
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These findings can be exploited for better control of phosphate dispersion in biocom-
posites polymeric-based systems, which allow for better control of the filler dispersity
and avoid harmful aggregation. Overall, shear rheology seems to be a suitable tool for
controlling the phosphate filler properties and especially their polydispersities upstream of
their processing. This part is the subject of an ongoing investigation that is to be published
in our future works.
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Appendix A

Table A1. Shear stress data.

Rotational Speed (rpm) Shear Stress
τ (Pa)

Measuring Points S1 S2 S3 S4 S5 S6

776.5 24.47 27.66 47.42 40.55 72.63 66.39
713.8 23.26 26.48 46.19 39.94 70.31 65.07
656.2 22.2 25.39 44.44 38.4 67.79 63.13
603.2 20.47 24.58 42.74 37.07 65.63 61.48
554.5 19.52 23.66 41.17 35.69 63.71 59.79
509.7 18.78 22.71 39.77 34.42 61.9 58.22
468.5 18.01 21.79 38.54 33.25 60.09 56.79
430.7 17.27 20.91 37.35 32.21 58.39 55.35
395.9 16.51 20.1 36.24 31.2 56.83 54.02
364 15.79 19.35 35.13 30.24 55.3 52.66

334.6 15.09 18.65 34.03 29.32 53.73 51.27
307.6 14.39 18.02 32.87 28.5 52.21 49.9
282.7 13.71 17.43 31.74 27.67 50.65 48.4
259.9 13.09 16.89 30.54 26.84 48.95 46.86
238.9 12.49 16.35 29.31 26.02 47.27 45.31
219.6 12.17 15.84 28.12 25.15 45.69 43.69
201.9 11.55 15.32 26.92 24.28 43.89 42.08
185.6 11.18 14.8 25.74 23.41 42.34 40.48
170.6 10.82 14.31 24.59 22.49 40.5 39.03
156.8 10.39 13.83 23.5 21.63 38.56 37.13
144.1 9.797 13.32 22.32 20.7 36.79 36.19
132.5 9.117 12.85 21.34 19.79 34.93 33.85
121.8 8.646 12.29 20.27 18.92 33.16 32.14
112 8.036 11.84 19.12 18.09 31.42 30.41

102.9 7.567 11.42 17.97 17.3 29.63 28.74
94.61 7.102 10.99 16.9 16.52 27.83 27.02
86.97 6.586 10.51 15.87 15.63 26.04 25.2
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