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Abstract: We analyze the spectral stability of small-amplitude, periodic, traveling-wave solutions of
a Boussinesq—Whitham system. These solutions are shown numerically to exhibit high-frequency
instabilities when subject to bounded perturbations on the real line. We use a formal perturbation
method to estimate the asymptotic behavior of these instabilities in the small-amplitude regime. We
compare these asymptotic results with direct numerical computations.
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1. Introduction

In 1967, Whitham [1] proposed a nonlinear, integro-differential equation to model
shallow water waves with a linearized dispersion relation that matches one full branch
of the 1D Euler water wave problem (WWP) [2]. Because its dispersion relation excludes
the other branch, however, Whitham’s equation does not capture all the instabilities of
traveling-wave solutions of the WWP [3].

In this manuscript, we investigate the spectral stability of small-amplitude, 27t /x-
periodic, traveling waves of a Boussinesq—Whitham system proposed by Hur and Pandey [4]
and Hur and Tao [5]:

1t = —houx — (171)x,

1
up = —gk[nx] — utty. M

In this model, 7 (x, t) represents the displacement of a wave profile from its equilibrium
depth hg, u(x,t) is the horizontal velocity along #, and K is a Fourier multiplier operator
defined so that the linearized dispersion relation of (1) matches both branches of the WWP.

For functions f € Lll)er(—n /x, /%), K is defined as

KT7ten) = 200 fcn), ez, @
where = denotes the Fourier transform of f:
R K [T/ .
o) =5 [ flape . 3)
Alternatively, K can be defined in physical variables as the pseudo-differential operator
Klf] = (W)ﬁ (4)
where D = —idy. For the remainder of this manuscript, we refer to (1) as the Hur-Pandey-

Tao-Boussinesq—Whitham system, or HPT-BW for short.
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The HPT-BW system is Hamiltonian [4], with

B 1 rm/x 5 ”
H = 3 LH/K (hou +gnKn] +nu )dx, (5)

and non-canonical Poisson structure

0 O«

The system has a one-parameter family of small-amplitude, 27t/ x-periodic, traveling-
wave solutions for each x > 0. We call these solutions the Stokes waves of HPT-BW by
analogy with solutions of the WWP of the same name [6-8]. In Section 2, we derive a
power series expansion for HPT-BW Stokes waves in a small parameter ¢ that scales with
the amplitude of the waves.

Perturbing Stokes waves yield a spectral problem after linearizing the governing
equations of the perturbations. The spectral elements of this problem define the stability
spectrum of Stokes waves (Section 3). The stability spectrum is purely continuous [9-11],
but Floquet theory decomposes the spectrum into an uncountable union of point spectra.
Each of these point spectra is indexed by the Floquet exponent [12-14].

The stability spectrum inherits quadrafold symmetry from the Hamiltonian structure
of (1); i.e., the spectrum is invariant under conjugation and negation [10,13]. Because of
quadrafold symmetry, all elements of the stability spectrum have non-positive real component
only if the stability spectrum is a subset of the imaginary axis. Therefore, HPT-BW Stokes
waves are spectrally stable only if the spectrum lies on the imaginary axis. Otherwise, the
Stokes waves are spectrally unstable.

If the aspect ratio xhy is sufficiently large, both HPT-BW [4] and WWP Stokes
waves [15-17] have stability spectra near the origin that leave the imaginary axis for
0 < |e| <« 1, resulting in modulational instability. Using the Floquet-Fourier-Hill (FFH)
method [12], recent numerical work by [18] and [19,20] shows, respectively, that HPT-BW
and WWP Stokes waves also have stability spectra away from the origin that leave the
imaginary axis, regardless of xhy. These spectra give rise to the so-called high-frequency
instabilities [3], shown schematically in Figure 1.
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Figure 1. (Top, left) A zero-amplitude (¢ = 0) Stokes wave (solid blue). (Bottom, left) The stability
spectrum of the zero-amplitude Stokes wave (solid black). Collisions of nonzero spectral elements
are denoted by red crosses, while the collision of spectral elements at the origin is denoted by the
green polygon. (Top, right) A small-amplitude (0 < |¢] < 1) Stokes wave (solid blue). (Bottom,
right) The stability spectrum of the small-amplitude Stokes wave. Stable elements are in solid black.
High-frequency isolas are in solid red. The modulational instability is in dashed green and present
only if xhy is sufficiently large.
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High-frequency instabilities arise from the collision of nonzero elements of the zero-
amplitude (¢ = 0) stability spectrum. At these collided spectral elements, a Hamiltonian-
Hopf bifurcation occurs, resulting in a locus of spectral elements bounded away from
the origin that leave the imaginary axis as |¢| increases. We refer to this locus of spectral
elements as a high-frequency isola.

High-frequency isolas are difficult to find using numerical methods like FFH. To
capture the isola closest to the origin, for example, the corresponding interval of Floquet
exponents has width O (¢?) (Figure 2). In general, the jth isola from the origin appears to
have width O(e/*1). The isolas also drift from their initial collision sites (Figure 2), meaning
that the Floquet exponent that gives rise to the collided spectral elements at e = 0 is not
contained in the interval parameterizing the corresponding isola for sufficiently large |¢|.To
circumvent these difficulties, one must supply the numerical method with asymptotic
expressions for the interval of Floquet exponents corresponding to the desired isolas. We
discover these expressions for high-frequency isolas of HPT-BW.

o =107 =10 _
() S
-0.5
-0.5
-1
-1
15"
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E
25
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-3 F
25
-35
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Re(N) <107 5 <1073

Figure 2. (Left) The high-frequency isola of HPT-BW closest to the origin with x = ¢ = hy = 1 and
e =25x10"%(red), 5 x 10~* (burgundy), 7.5 x 10~* (purple), and 103 (blue). The collision that
generates the isola when ¢ = 0 is indicated by the red star. The imaginary axis is recentered to show
the magnitude of the drift of the isola from the collision site Ag. (Right) Interval of Floquet exponents
that parameterize the isola as a function of . The solid black lines indicate the boundaries of the
interval, while the dashed black line gives the Floquet exponent of the most unstable spectral element
of the isola. The colored dots provide the Floquet data for the correspondingly colored isola in the
left plot. The red star indicates the Floquet exponent yg that generates the isola when ¢ = 0. The
Floquet axis is recentered to show the magnitude of the drift of the Floquet exponents from .

Our motivation for studying the HPT-BW system, apart from its inherent interest, is
that it retains the full dispersion relation (both branches) of the more complicated WWP.
Our goal is the application of the perturbation method developed herein to the WWP. The
first step towards this goal was the investigation of the stability spectra of Stokes waves of
the Kawahara Equation [21]. The investigations presented here constitute our second step,
before we proceed to the WWP.

For a given high-frequency isola of an HPT-BW Stokes wave, we obtain (i) an asymp-
totic range of Floquet exponents that parameterizes the isola, (ii) an asymptotic estimate
for the most unstable spectral element of the isola, (iii) expressions of curves that are
asymptotic to the isola, and (iv) wavenumbers for which the given isola is not present. Our
approach is inspired by a perturbation method outlined in [22], but modified appropriately
for higher-order calculations. We compare all asymptotic results with numerical results
computed by the FFH method.
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2. Small-Amplitude Stokes Waves
In a traveling frame moving with velocity ¢, x — x — ct and (1) becomes
Nt = cffx — houx — (u)x, )

up = cily — gK(1x) — utly.

Non-dimensionalizing (7) according to 7 — hon, u — u+/gho, x — a thox, t —
t\/ho/g, and c — c\/ghp yields the following system:

“7177t = Clfx — tx — (171t)x,
) ®)

o Uy = ClUy — Ka(ﬂx) — UlUy.

The parameter a is chosen to map 27r/x-periodic solutions of (7) to 27m-periodic
solutions of (8). Consequently, & = xhy > 0 and

Kelflm = SO £ ez, ©)
or, alternatively,
Kl = ()5 (10

for f € Lll:,er(—r[, 1) with the Fourier transform (3) redefined over (—, 77).
Stokes wave solutions of (8) are independent of time. Equating time derivatives in (8)

to zero and integrating in x, we find

cp=u+nu+I

1 (11)
cu = Ku(y) + Euz + 1,
where Z; are integration constants. For each a > 0, there exists a three-parameter family of
infinitely differentiable, even, small-amplitude, 27-periodic solutions of (11), provided that
7; are sufficiently small [4]. We call these solutions the HPT-BW Stokes waves, denoted
(1s(x;¢,Z;), us(x; ¢, Ij))T, where ¢ is a small-amplitude parameter defined implicitly in
terms of the first Fourier mode of #s(x; ¢, Z;):

T
e=275(1) = = [ ns(e De . (12)
TJ—m
Remark 1. Redefining c — ¢ — 1y and u — u — I in (11) implies I; = 0 without loss of
generality. If we also equate Ty = 0, our Stokes waves reduce to a one-parameter family of solutions to
(11) such that (12) ensures that ng(x;€) ~ ecos(x) as € — 0. We restrict to this case for simplicitly,
but the methodology in Sections 4 and 5 are unchanged if I, # 0. For series representations of Stokes
waves that include Ij, see [4].

The Stokes waves and their velocity may be expanded as power series in &:

ns = ns(x;e) = ecos(x) + Y ni(x)e, (13a)
j=2
us = ug(x;€) = coecos(x) + Z uj(x)sj, (13b)
j=2
c=cle) =co+ Z czjezj, 3= tanh(zx)’ (13¢)

j=1 “
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where 77;(x) and u;(x) are analytic, even, and 27t-periodic for each j. Substituting these ex-
pansions into (11) (with Z; = 0) and following a Poincaré-Lindstedt perturbation method [2],
one determines 77;(x), u;(x), and cy; order by order. In Appendix A, we report expansions of
1s, s, and c up to the fourth order in ¢; this is sufficient for our asymptotic calculations of
high-frequency isolas discussed in Sections 4 and 5.

3. The Stability Spectrum of Stokes Waves
We consider perturbations to (75, us)” of the form

n(x tep)\ _ (11s(x;¢) H(x, t;e) 2
(u(x, t; s,p)> o (us(x;s) te U(x, t;e) + O(p )’ (14)
where 0 < |p| < 1is a parameter independent of ¢ and H, and U are sufficiently smooth,

bounded functions of x on R for all > 0. When (14) is substituted into (8), terms of O (po)
cancel by (11) (with Z; = 0). Equating terms of O(p), the perturbation (H, U)” solves the

linear system
ot \u _ itanh(aD) _uls+(c_u5)ax u)’

o

where primes denote differentiation with respect to x. Formally separating variables,
H(x,t;€)\ _ a(H(x, te)
(U(x, t;s)) - U(x, t;e) )’ (16)

where (H,U)T solves the spectral problem

H —ug+ (¢ —us)dx  —115 — (1+15)0x (”)
(u) “( _ itanh(aD) —uG+ (c—ug)ox ) \U "

Since the entries of the matrix operator above are 27t-periodic, one can use Floquet
theory to solve (17) for (H,U)T. (Strictly speaking, Floquet theory applies only to linear,
local operators. Work by [23] extends this theory to nonlocal operators.) These solutions

take the form
H(x;e)\ _ iux(b(xe)
(o)) = (e 18)

where y € [—1/2,1/2] is called the Floquet exponent and b, u € H%,er(—ﬂ, 7). Substitut-

ing (18) into (17) results in a spectral problem for w = (h,u)T:
)\g,yw - Eg,yw, (19)

with
—ug + (c —us)(ip+9x) —ng— (147ns)(ip + x)
Lep=a " ian o : . (20)
M ( _ ta h(ﬂ(l’g}l-‘v‘D)) _u/s + (C _ MS)(I# +ax)

For sulfficiently small ¢, (19) has a countable collection of eigenvalues A, for each
Floquet exponent y [14]. The union of these eigenvalues over y € [—1/2,1/2] recovers
the purely continuous spectrum of (17) for fixed ¢; this is the stability spectrum of HPT-
BW Stokes waves. We use the Floquet-Fourier-Hill method [12] to compute the stability
spectrum numerically.

If there exists a y such that there is a A, with Re(A¢,) > 0, then there exists a
perturbation (16) that grows exponentially in time, and Stokes waves of amplitude ¢ are
spectrally unstable. If no such y is found, then the Stokes waves are spectrally stable.



Fluids 2021, 6, 136

6 of 24

Because of the quadrafold symmetry mentioned in the introduction, Stokes waves are
spectrally stable if and only if their stability spectrum is a subset of the imaginary axis.

When ¢ = 0, £y, has constant coefficients, and its spectral elements are given ex-
actly by

)\é‘/’}?/n =—iQe(n+pu), neZ, o==l1, 1)

where (), are the two branches of the linear dispersion relation of (8) with ¢ — ¢¢ (co is
given in (13)). Explicitly,

Qg (k) = —acok + owy (k), (22)

where
wey (k) = sgn(k)y/ak tanh(ak). (23)
As expected, /\(()[,ry),n is a countable collection of eigenvalues for each y, and the resulting

stability spectrum has quadrafold symmetry. In addition, the stability spectrum coincides
with the imaginary axis, implying that zero-amplitude Stokes waves are spectrally stable.

For some p = g, nonzero eigenvalues of £, with double multiplicity may give rise
to Hamiltonian—Hopf bifurcations and, thus, to high-frequency instabilities for 0 < |e| < 1.
These eigenvalues exist, provided there exists y, m, and n, such that

A=A £, (24)

We view (24) as a collision of two simple, nonzero eigenvalues. It can be shown that
such a collision occurs only if o7 # 03 [3,4,24]. Theorem Al in Appendix B shows that,
for any p € Z\ {0, £1}, there exist unique o, m, and n that satisfy (24) with m —n = p.
Thus, there are a countably infinite number of nonzero eigenvalue collisions in the zero-
amplitude stability spectrum; each of which has potential to develop a high-frequency
instability in the small-amplitude stability spectrum.

Remark 2. Using results in Appendix B, it can be shown that the Krein signatures [25] of the
colliding eigenvalues have opposite signs. This is a second necessary criterion for the occurance of
high-frequency instabilities [3,26].

Remark 3. The WWP shares the same collided eigenvalues with HPT-BW, since (22) is also the
dispersion relation of the WWP.

4. High-Frequency Instabilities: p = 2
We use perturbation methods to investigate the high-frequency instability that devel-

ops from the collision of Aé};ﬂrn and /\(();42111’ where po € [—1/2,1/2] is the unique Floquet

exponent for which (24) is satisfied and m — n = 2. (Because the spectrum (22) has the

symmetry X&sz,n = )\(()20,”’

p = —2 gives the isola conjugate to that for p = 2. Thus, we may choose p = 2 without
loss of generality.) This instability corresponds to the high-frequency isola closest to the
origin; see Theorem Al in Appendix B. For sufficiently small ¢, this is also the isola with
largest real component.

where the overbar denotes complex conjugation, choosing



Fluids 2021, 6, 136 7 of 24
4.1. The O(€°) Problem
The p = 2 isola develops from the spectral data
A=A = _i0 = —i0 =D 20 25
0=Agupn = — i (po +1) = —iQ 1 (o +m) = Ay, # 0, (25a)
1 ) 1 .
wo(x) = <ZOE§§> =70 (_wa(m+yo)>elmx +71 (wa(nﬂto) ) e, (25b)
0 a(m+po) a(n-+po)

where 7; are arbitrary, nonzero constants. As || increases, we assume the spectral data
vary analytically [24] with e:

A= Ag+edy + Ay + 0(53), (26a)

W = Wo + Wy + 2wy + O (83) (26b)

<Zg) + ¢ <Ei> + & <g§) + O <£3), (26¢)

where we suppress functional dependencies for ease of notation. We normalize w so that

™ 1 T —inx
bh(n) = T /77T he”"dx =1, (27)
or, alternatively, so that

! (28)
hj(n) =0, VjeN.

This normalization ensures that b fully resolves the nth Fourier mode of b, a conve-
nient choice for the perturbation calculations that follow. With this normalization,

bO(x) 1 imx 1 inx
Wo (x) = (x) =70 | _walmtp) |€ T | walntpo) € (29)
" a(m o) X po)
The arbitrary constant o will be determined at higher order, leading to a unique
expression for wy.

Remark 4. The eigenvalue corrections A; derived below are independent of the normalization
chosen for w.

If A is a semi-simple, isolated eigenvalue of Ly ,,, we may justify (26) using analytic
perturbation theory [27], provided the Floquet exponent is fixed. For sufficiently small ¢,
this method of proof gives two spectral elements on the isola. Numerical and asymptotic
calculations show that these spectral elements quickly leave the isola as a result of the
Floquet parameterization’s dependence on & (Figure 2). To account for this dependence, we
formally assume that the Floquet exponent depends analytically on ¢ as well:

M= po+em +s2y2+(’)(e3). (30)
Remark 5. In the calculations that follow, explicit expressions of select quantities are suppressed

for ease of readability. The interested reader may consult the file in Data Availability Statement
hptbw_isolap2.nb for these expressions.
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4.2. The O(¢) Problem

Substituting the expansions of the Stokes wave (13), spectral data (26), and Floquet
exponent (30) into the spectral problem (19) and collecting terms of O(¢), we find

(Lo — Ao) Wi = Awo — L1wy, (31)
with
L1=u (_ull +icop1 — uq (ipo + 9x) _77{ —ipy — 1 (ipo + 0y) ) (32)
—ipy sech®(a(pg+ D)) —uf +icopy — uy(ipo + 0x)

The inhomogeneous terms on the RHS of (31) can be evaluated using expressions
for 11, u1, and wy. Each of these quantities are finite linear combinations of 27r-periodic
sinusoids. As a result, the inhomogeneous terms can be rewritten as a finite Fourier series,
and (31) becomes

m+1

(Loyp —Ao)wr =Y Ty, (33)
j=n—1

where Ty ; depend on p, &, and 7; see the file in Data Availability Statement for details.
Remark 6. Since m —n = 2, the index j € {n —1,n,1+n,m,m + 1}. When evaluating the

inhomogeneous terms, one finds vector multiples of exp(i(1 + n)x) and exp(i(m — 1)x). These
vectors are combined to give T1 14n-

For (33) to have a solution w1, the inhomogeneous terms must be orthogonal (in the
L}%er(—n, T) X Lf,er(—rc, 7r) sense) to the nullspace of the hermitian adjoint of Lo,;, — Ao
by the Fredholm alternative. The hermitian adjoint of Ly ,, — Ag is

—aco(iplo +9x) — A9 itanh(a(yo + D))
Y t_ [ 7ely) (l]'l() + 0 ; 4
(Lo = 20) ( a(ipo + Ox) —aco(ipo +0x) — Ao/’ o

where overbars denote complex conjugation. Its nullspace is

1 , 1 ,
Nuu[(co,},0 —AO)*] = SpanK a(po+n) )e’”", (_ a(po+m) )el”ﬂ. (35)
)

wa (po+n) we (po+m

Thus, according to the Fredholm alternative, there exists a solution w to (33) if

1 . . 1 . )
<< a(po+n) >emer1,nemx> =0, <<_ o(po+m) )elmx, T]rmé’lmx> =0, (36)
we (po+n) we (po+m)

where (-, -) is the standard inner product on L%,er

expressions for T1  and Ty, gives solvability conditions

(—m, ) X le,er(—rc, 7). Substituting

M +ipicg, (po +n) =0, (37a)
Yo(M +ipcg_ (po+m)) =0, (37b)

where cg, (k) = (k) is the group velocity of Q. Lemma A3 in Appendix B shows that
g, (o +n) # cq_, (o + m). Since 7 is nonzero,

M =0=p. (38)

Consequently, T1n = 0 = Ty m, simplifying the inhomogeneous terms in (33).
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With the solvability conditions satisfied, we solve for the particular solution of wy
in (33). Combining with the nullspace of L, — Ao,

m+1 ) 1 . 1 4
wi= ), Wae™ + P (wwﬂto)) "+ P <w<n+ﬂo>) e, (39
j=n—1
e 2(m+ po) a1+ u0)
where B ; are arbitrary constants and W j are found in the file in Data Availability State-
ment. Enforcing the normalization condition (28), one finds 81 , = 0. For ease of notation,
let B4, — 71 so that

m+1 » 1 )

wi= Y Wi+ | wal(m+po) | e (40)
28 WalMm + Jo)
o (1 + pig)

4.3. The O (%) Problem
Using (38), the spectral problem (19) at O (82) is

(Louy — Ao)wa = Aawo — Loy, —oWo — L1, —0wW1, (41)
where £ |ﬂ1:0 is the same as above, but evaluated at #; = 0, and

Lol o= —uuy + (c2 — u2) (ipo + 0x) + iaco —11y — ipiz — 2(ipto + Ox) 42)
=0 —ipy sech® (a(po + D)) —uty + (c2 — u2)(ipo + 0x) +ipaco )

One can evaluate the inhomogeneous terms of (42) using 7;, u;, and wj_4 for j € {1,2}.
These inhomogeneous terms can be expressed as a finite Fourier series, giving

m+2 »
(Lopy —AoJwz =}, Tajel™. (43)
j=n—-2
j#n=1
It can be shown that T, 1 = 0.
Proceeding similarly to the previous order, solvability conditions for (43) are

2(Ay +iCy) +iv0S2n = 0, (44a)
270(A2 +iC_y ) +1S2m =0, (44b)
where
Cin = Hacg (o + 1) — Pou, (45a)
C_1,m = pacg_, (no +m) — Py . (45b)

Expressions for S, j and P, have no dependence on 7o, 71, p2, or Ay; see the file in
Data Availability Statement for details.
Conditions (44a) and (44b) form a nonlinear system for g and A,. Solving for A, yields

. Clm+cln> (Clm_cln>2 S%
N , AN Y , . (46
=i V 2 ) Pt madurm 4

where

3
wa (po + m)wa(po + 1)’

82,71 SZ,m = - (47)



Fluids 2021, 6, 136

10 of 24

A corollary of Lemma A3 in Appendix B shows that wq (po + m)wa (po + n) is positive.
(This corollary is equivalent to satisfying the Krein signature condition mentioned in
Section 3) Provided S, # 0 and cg_, (o + m) # cq, (4o + 1), A2 has nonzero real part for
Ho € (Mp,—, My ), where

1S
My = o+ p (48)
|cg_y (po +m) — cgy (Ho + 1) \/wa (po + m)wa (po + n)
and P P
1o 2m — 2n (49)

" e (Ho +m) —cg (o + 1)’

That cg_, (1o +m) # cg, (4o + n) follows from Lemma A2 in Appendix B. A plot
of &; as a function of a suggests that S, > 0 for all values of & > 0 (Figure 3). We
conjecture that HPT-BW Stokes waves of any wavenumer experience a p = 2 high-
frequency instability at O (¢?).

0.15
0.1
A 0.05
0
-0.05
0 5 10
o

Figure 3. A plot of S, vs. a. No roots of S are found for a > 0. It is likely that the Hur-Pandey-Tao—
Boussinesq-Whitham (HPT-BW) Stokes waves of all wavenumbers experience a p = 2 instability.

For yp € (Mp,—, My ), a quick calculation shows that (46) parameterizes an ellipse
asymptotic to the numerically observed p = 2 high-frequency isola (Figure 4). The ellipse
has semi-major and -minor axes that scale like €2, and the center of the ellipse drifts along
the imaginary axis from Ag like &2.

The midpoint of (Mp,—, My ;) maximizes the real part of A,. Thus, the most unstable
spectral element of the isola has Floquet exponent

e = o+ o€ + O (), (50)

and its real and imaginary components are

|S2 5 X
)\r* - ) )
: (2\/wa(yo+m)wa(y0+n)>s + (e) (51a)

Aiw == (o + 1) — Crpe® + O (83>, (51b)

respectively. These expansions agree well with the FFH results (Figure 5).
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Figure 4. (Left) The p = 2 isola with a = 1 and ¢ = 5 x 10~%. The zeroth-order imaginary correction
is removed for better visibility. The solid red curve is the ellipse obtained by our perturbation
calculations. Blue circles are a subset of spectral elements from the numerically computed isola using
loquet-Fourier-Hill (FFH). (Right) The Floquet parameterization of the real (blue) and imaginary
(red) components of the isola. Both the zeroth- and second-order corrections of the Floquet exponent
and the zeroth-order correction of the imaginary component are removed for better visibility. Solid
curves illustrate perturbation results. Circles indicate FFH results.
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Figure 5. (Left) The interval of Floquet exponents that parameterize the p = 2 isola as a function
of e for « = 1. The zeroth- and second-order Floquet corrections are removed for better visibility.
Up to recentering the Floquet axis and accounting for a wider range of ¢, this plot is identical to the
right panel of Figure 2. Solid blue curves indicate the boundaries of this interval according to our
perturbation calculations. Blue circles indicate the boundaries computed numerically by FFH. The
solid red curve gives the Floquet exponent corresponding to the most unstable spectral element of
the isola according to our perturbation calculations. Red circles indicate the same but computed
numerically using FFH. (Right) The real (blue) and imaginary (red) components of the most unstable
spectral element of the isola as a function of e. The zeroth-order imaginary correction is removed for
better visibility. Solid curves illustrate perturbation calculations. Circles illustrate FFH results.
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5. High-Frequency Instabilities: p = 3

According to Theorem Al in Appendix B, the p = 3 high-frequency instability is
the second-closest to the origin. This instability arises at O(¢%). Let g correspond to
the unique Floquet exponent in [—1/2,1/2] that satisfies the collision condition (24) with
m — n = 3. Then, the spectral data (25) give rise to the p = 3 high-frequency instability. We
assume these data and the Floquet exponent vary analytically with e. For uniqueness, we
normalize the eigenfunction w according to (28) so that wy is given by (29).

The calculations proceed similarly as in the p = 2 case, with two major exceptions. (i)
At O(€?), the solvability conditions are linear in A, and i, and independent of 7y, leading
only to a purely imaginary correction to the isola at this order. (ii) At O (&%), the solvability
conditions depend nonlinearly on A3 and 7y, but also include a term proportional to ;.
One can show that this term vanishes due to the solvability conditions at O(e2). For more
details, see Appendix C.

Remark 7. In Appendix C and what follows, explicit expressions of select quantities are suppressed
for ease of readability. Some quantities borrow notation from the p = 2 case (but evaluate differently).
The interested reader may consult the file in Data Availability Statement hptbw_isolap3.nb for
these expressions.

Solving for A3 in the solvability conditions at O (&%), one finds

As = _iy3<cg1(ﬂo+m)2+ Cg1(,”0+”)) 52)
+ _‘u2<cg1(ﬂ0+m)_cg1(.”0+n)>2+ Sc%
3 2 4wy (po + m)wy(po +mn)’

where S is given in the file in Data Availability Statement. As in the p = 2 case, wq (po +
m)wy (po +n) > 0and cg | (o +m) # cg, (o + n). Provided Sz # 0, A3 has nonzero real
partif u3 € (—Ms, M3), where

|S

M; = .
leg_y (o +m) — cg, (po + 1) [\/wa (po + m)wa (po + 1)

(53)

A plot of Sz vs. a reveals that S3 = 0 only at @ = 1.1862... (Figure 6). For this aspect
ratio, the p = 3 instability does not occur at 0(83). In fact, Figure 6 shows that, if «
approaches 1.1862.... for fixed ¢, the numerically computed p = 3 isola shrinks to a point
on the imaginary axis. We conjecture that HPT-BW Stokes waves with « = 1.1862... do
not have a p = 3 instability, even beyond O(¢%). In the next subsection, we find that A4
is purely imaginary, so Stokes waves with aspect ratio # = 1.1862... do not exhibit p = 3
instabilities to O (&*).

Assuming « # 1.1862..., u3 € (—Ms3, M3) parameterizes an ellipse asymptotic to the
p = 3 high-frequeny isola; see Figure 7. The ellipse has semi-major and -minor axes that
scale like 3. The center of this ellipse drifts along the imaginary axis like € due to the
purely imaginary correction found at O (¢?).
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Figure 6. (Left) A plot of S3 vs. . The quantity S3 has a root & = 1.1862... (red star), implying that
HPBT-BW Stokes waves of this aspect ratio do not have a p = 3 instability at O (¢3). (Right) A plot
of the maximum real component of the numerical p = 3 isola (computed by FFH) as a function of «
for e = 1073 (solid blue), ¢ = 7.5 x 10~ (dot-dashed purple), e =5 x 10~ (dashed light blue), and
e =2.5x 1074 (dotted cyan). The p = 3 isola vanishes when o = 1.1862... (red star).
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Figure 7. (Left) The p = 3 isola witha = 1 and ¢ = 5 X 10~%. The zeroth- and second-order
imaginary corrections are removed for better visibility. The solid red curve is the ellipse obtained by
our perturbation calculations. The blue circles are a subset of spectral elements from the numerically
computed isola using FFH. (Right) The Floquet parameterization of the real (blue) and imaginary (red)
components of the isola. Both the zeroth- and second-order corrections of the imaginary component
and Floquet exponent are removed for better visibility. Solid curves illustrate perturbation results.
Circles indicate FFH results.

The interval of Floquet exponents that parameterizes the p = 3 isola is
i€ (Mot ae? — Mse®, o + poe® + Mae® ) + O(&*), (54)

where y; is given by (A23b). The width of this interval is an order of magnitude smaller
than that of the p = 2 isola. Consequently, the p = 3 isola is more challenging to find
numerically than the p = 2 isola, at least for methods similar to FFH (Table 1).

Fora = 1and |¢| < 5 x 1074, (54) provides an excellent approximation to the nu-
merically computed interval of Floquet exponents (Figure 8). Fourth-order corrections are
necessary to improve agreement between (54) and numerical computations for larger ¢, as
is done below.
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Table 1. Intervals of Floquet exponents that parameterize the p = 2 and p = 3 high-frequency isolas
with e = 1073 and & = 1/2,1, and 2. The first digit for which the boundary values disagree is underlined
and colored red. If a uniform mesh of Floquet exponents in [—1/2,1/2] is used for numerical methods
like FFH, the spacing of the mesh must be finer than &> to capture the p = 2 instability and &3 to capture
the p = 3 instability. The intervals vary with « as well, making it difficult to adapt and refine a uniform
mesh to find high-frequency isolas.

p=2
w = % (—0.106478813547533, —0.106478633575956)
=1 (—0.260909131823605, —0.260908917941151)
a=2 (—0.330352196060556, —0.330352275321770)
p=3
x = % (—0.375448877009085, —0.375448875412116)
a=1 (0.257196721100572, 0.257196721343587)
=2 (0.044058331346416, 0.044058331384758)

Choosing pi3 = 0 maximizes the real part of A3. Thus, the most unstable spectral element
of the p = 3 isola has Floquet exponent

e = po+ 1o + O (), (55)

where y; is as in (A23b), and its real and imaginary components are

|53 3 .
Ar* - ,
’ (2\/wa(}lo+m)wa(‘u0+n>>s +O(€ ) (56a)

PomCq, (Ho +n) — Papncg (V0+m)> 2 4
Oy (g +m) — (2 , +0(e4),  (56b
1(po + 1) ( cg_y (po+m) —cg (po +n) € (8 ) (56b)

)\i,*
respectively. Expressions for P, and P,,, are found in the file in Data Availability
Statement. The expansion for A, . is in excellent agreement with numerical results using
the FFH method (Figure 8). As with (54), corrections to yx and A; , at O (84) improve the
agreement between numerical and asymptotic results for these quantities.

Before proceeding to O (¢*), we solve the O (€2) problem (Equation (A27) in Appendix C),
subject to the solvability and normalization conditions. We find

m+3 . 1
W3 = Z W3,jel]x + 73 _ Wa(m+ﬂo)eimx ’ (57)
j=n-3 a(m-+pio)
jFn—=2

where 73 is arbitrary, W3 n—2 = 0, and the remaining W3 j are in the file in Data Availability
Statement.

The O (e*) Problem

In this section, we derive corrections to the p = 3 isola beyond its leading-order
behavior. As will be seen, a new condition must be introduced to close the solvability
conditions at this order. This extends the perturbation method introduced in [22]. We
anticipate that our extension generalizes for corrections beyond the leading-order behavior
of any isola.
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Figure 8. (Left) The interval of Floquet exponents that parameterize the p = 3 isola as a function
of € for « = 1. The zeroth- and second-order Floquet corrections are removed for better visibility.
Solid blue curves indicate the boundaries of this interval according to our perturbation calculations.
Blue circles indicate the boundaries computed numerically by FFH. The solid red curve gives the
Floquet exponent corresponding to the most unstable spectral element of the isola according to our
perturbation calculations. Red circles indicate the same but computed numerically using FFH. (Right)
The real (blue) and imaginary (red) components of the most unstable spectral element of the isola
as a function of . The zeroth- and second-order corrections of both the imaginary component and
Floquet exponent are removed for better visibility. Solid curves illustrate perturbation calculations.
Circles illustrate FFH results.

At O(e4),
4 4
(Lo = Ao)wa =} Ajws =) Liljy=oWsj, (58)
j=2 =1
where L;|,,—o are as before and
1 p012)
£4‘y1:0 = 0‘( (2,1) L:A(ll'l) ’ (59)
4 4
with
Ez(ll'l) = iCo]/l4 — iy3u1 + i]/lz(CZ — u2) + (C4 — u4)(i}lo + ax) — Mf;, (60a)
L3 = —ipy — ipzip — ipanz — yalipo +0x) — 11k, (60b)
L3 = —iyysech?® (a(po + D)) + iapd sech(a(po + D)) tanh(a(jig + D). (60¢)
Substituting #;, u;, and w;j_1 for j € {1,2,3} into (58), we find
m—+4 B
(Lojy —Ao)wa = ), Tyje'l, (61)
j=n—4
j#n—3
where Ty 3 = 0 (since W3 n—p = 0).
The solvability conditions for (61) can be expressed as
2 iSs, )(M) . ( 0 ) ( pacg, (o + 1) — Py )
. ’ + i = —2i B / . 62
(Z’Yo 2(As + iusce, (o +m)) ) \n) TP\ Tam Y0 (Hacg (o + 1) — Pam) (62)
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p3(cg_; (po +m) — cg, (po + 1)) [—palcg_; (o +m) — g, (po +1)) + Pam — Pan)

Expressions for Py ; are in the file in Data Availability Statement. Using the solvability
condition (A22b) together with the collision condition (24) shows that 74 ,, = 0. What remains
is a linear system for A4 and ;.

If & # 1.1862..., then an application of the third-order solvability condition (A28a)
shows that, for u3z € (—Ms, M3),

2 iS3 5, )
det , ¢ = 8A3,, 63
<270 2(A3 +ipzcg (o +m)) 3 (63)

where A3, = Re(A3). For pj3 in this interval, A3, # 0 by construction; thus, (62) is an
invertible linear system.

We solve (62) for A4 by Cramer’s rule, using (A28a) to eliminate the dependence on
Yo and Sz ;. Then,

(A3 +ipscq_ (po +m))(pacg, (po + 1) — Pay)
2A3,
(Az +ipscg, (o + 1)) (pacg (o +m) — Pap)
* 27,
7

Ny = —i
(64)

We decompose (64) into its real and imaginay components, noting Py ,, Py, and
Hs € R. We find Ay = Ay, +iAy;, where

4hs, , (65a)

I [V4 (Cg71 (VO + m) +cq (VO + n)) - (7)4,111 + 7)4,71)]- (65b)

As |us| = Ms, Az, — 0. If Ay, is to remain bounded, the numerator of (65a) must
vanish in this limit. Since cq_, (po + m) # cg, (o + 1), we must have

P4,m - P4,n
Cg_q (;40 + m) —Cg (‘uO + n)

My = (66)

We refer to this equality as the regular curve condition: it ensures that the curve
asymptotic to the p = 3 isola remains continuous near its intersections with the imaginary
axis. From the regular curve condition, we obtain

/\4 — (P4,mcg1 (FO + 7’1) - P4,ncg_1 (VO + m) ) ) (67)

g1 (o +m) — cg, (po +n)

As expected, the Floquet parameterization and imaginary component of the p = 3
isola have a nonzero correction at O (¢*). These corrections improve the agreement between
numerical and asymptotic results observed at the previous order (Figures 9 and 10). No
corrections to the real component of the isola are found at fourth order.

Remark 8. If « = 1.1862..., one can show that A3 = 0 = 3z and S3,, = 0. Applying the
Fredholm alternative to (62) gives (66). Then, Ay is given by (67), and vy = 1. The constant 7y;
remains arbitrary at this order for this value of a only.
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Figure 9. (Left) The p = 3 isola witha = 1 and ¢ = 5 X 107%. The zeroth- and second-order
imaginary corrections are removed for better visibility. Solid and dashed red curves are given by
perturbation calculations to 0(84) and 0(83), respectively. Blue circles are a subset of spectral
elements from the numerically computed isola using FFH. (Right) The Floquet parameterization of
the real (blue) and imaginary (red) components of the isola. The zeroth- and second-order corrections
of both the imaginary component and Floquet exponent are removed for better visibility. Solid and
dashed curves illustrate perturbation calculations to O (e*) and O (&3), respectively. Circles indicate
FFH results.
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Figure 10. (Left)The interval of Floquet exponents that parameterize the p = 3 isola as a function of ¢
for & = 1. The zeroth- and second-order Floquet corrections are removed for better visibility. Solid
and dashed blue curves indicate the boundaries of this interval according to perturbation calculations
to O (84) and O <S3 ), respectively. Blue circles indicate the boundaries computed numerically by FFH.
The solid red curve gives the Floquet exponent corresponding to the most unstable spectral element
of the isola according to our perturbation calculations. Red circles indicate the same but computed
numerically using FFH. (Right) The real (blue) and imaginary (red) components of the most unstable
spectral element of the isola as a function of e. The zeroth-order imaginary correction is removed
for better visibility. Solid and dashed curves illustrate perturbation calculations to O (e*) and O(€?),
respectively. Circles illustrate FFH results.

6. Conclusions

We have extended a formal perturbation method, introduced in [22], to obtain asymp-
totic behavior of the largest (p = 2,3) high-frequency instabilities of small-amplitude,
HPT-BW Stokes waves. In particular, we have computed explicit expressions for (i)
the interval of Floquet exponents that asymptotically parameterize the pth isola, (ii) the
leading-order behavior of its most unstable spectral elements, (iii) the leading-order curve
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asymptotic to the isola, and (iv) wavenumbers that do not have a pth isola. Items (i)—(iii)
can be extended to higher-order if necessary using the regular curve condition. In all
instances, our perturbation calculations are in excellent agreement with numerical results
computed by the FFH method [12].

We restrict to p = 2 and p = 3 in this work, but our method can provide asymptotic ex-
pressions for p > 3 isolas. We conjecture that this method yields the first real-component
correction of the isola at O(¢”), similar to the cases p = 2 and p = 3. If correct, this conjec-
ture highlights the main difficulty of computing higher-order high-frequency instabilities,
both numerically and perturbatively.

The asymptotic expressions derived in this paper are intimidating and cumbersome.
Although it is satisfying to have asymptotic expressions for the results previously obtained
only numerically, this is not the main point of our work. Rather, (i) the perturbation method
demonstrated allows one to approximate an entire isola at once, going beyond standard
eigenvalue perturbation theory [27], (ii) the results obtained constitute a first step toward a
proof of the presence of the high-frequency instabilities, and (iii) the asymptotic expressions
for the range of Floquet exponents allow for a far more efficient numerical computation of
the high-frequency isolas, which are difficult to track numerically as the amplitude of the
solution increases.

Author Contributions: Conceptualization, B.D.; formal analysis, R.C.; supervision, B.D. and O.T,;
writing—original draft preparation, R.C.; writing—review and editing, B.D. and O.T. All authors
have read and agreed to the published version of the manuscript.

Funding: This work was partially funded by the ARCS (Achievement Rewards for College Scientists)
Foundation Fellowship.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The asymptotic expressions derived in this manuscript may be found
at https:/ /zenodo.org/record /4637882.

Conflicts of Interest: The authors declare no conflict of interest.
Abbreviations
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HPT-BW  Hur-Pandey-Tao-Boussinesq—Whitham System
FFH Floquet-Fourier-Hill Method
WWP Water Wave Problem (in 1D)

Appendix A. Stokes Wave Expansions

Below are the Stokes wave expansions of (11) (with Z; = 0) to the fourth order in the
small-amplitude parameter ¢. In what follows,

»  tanh(ak) 1
G="p o P=gT

where ¢ = C3. (A1)
5 —

For the surface displacement 175(x; ¢),

s(xi6) = &1 (x) + 1a(3) + Ea(x) + eha(x) + O (&)
=¢ecos(x) + (Nz,o + 2N, cos(2x))e2 + 2Nj3 3% cos(3x) (A2)

+ (N4,o + 2Ny 5 cos(2x) 4+ 2Ny 4 cos(4x)) 40 (85> /
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with

Nyo = 36(2’4131, (A3a)

Npp = 36%5@, (A3b)

N33 = C(Z)D%DCS (5cg + 4c§), (A3c)

Nio = — SC%IZED%Z (256§ + 4C4 + 2C3 (<7 + 2C3) — 4c§(2 4+ 11C3) (A3d)
+c§(1+223 +10G4) ),

Nis = CéDlZCzDCS ( — 208 +4CC2 + (2 + 31C3 +50C2) (A3e)
+c5C3(C5 +2C5(10 4+ 7C3)) — c5(38C5 +32C5 + G5 (=5 + 37c§))),

Nig = C‘%D%I;SQDC“ (35¢ — 20C4C3 + 5cf(4C3 + 5C3) — 4c§(7C4 +8C3C3) ). (A3

For the horizontal velocity ug(x;¢€) along 1s(x; €),
us(x;€) = eup(x) + eun(x) + Suz(x) + etug(x) + 0(85)
= ¢pecos(x) + <U2,0 +2Us» cos(Zx))£2 + (2113,1 cos(x) +2Usz3 cos(3x))£3 (A4)

+ (U4,o + 2Uyp cos(2x) + 2Uy s cos(4x)> e+ 0 (85),

with
D
Uy = CO4 L(2+4), (A5a)
coD,
Uy = =2 (23 +d3), (A5b)
3c3D1D
Usy = % (1 — 33+ zcg), (A50)
D¢, D
Uss = 070276 (44 9c2c2 +23(CE +2¢2)), (A5d)
, 16 0 23 0\>2 3
—3c3D3D2 (24 c3)
Uy = — 2= (208(—2+5c) + C3(~3 + 8c} — 17¢}) +2C4(1 +243) ), (A5e)
C0D1D3 DC
Uy = —po— (256} +8C5C3 + cf(7 — C3 + 45C3) + e (CG + 32C4 (A5f)
+ C3(—27 4 37C2)) — ch(60CE + 37C3C3 + CH(—22 + 56c§))),
coD2 D¢, D
Uss = —2-2— (5§ — 8CAC3C] + 2¢§(—2C3 + 5C3CF + 6C3 (—C3 + C3) (ASg)

+c8(8C2 +15(C2 +2C2)) — 4c3(5C3C3C2 +3CH(CE + 2c§))).
For the velocity of the Stokes waves c(¢),
c(e) = co+cre? + eyt + O (€6>, (A6)

with



Fluids 2021, 6, 136 20 of 24

3coDyD
c2 = =2 (B +5c - 2532+ ), (A72)
3coD3D3 D¢
cp = ——2 2 (363 (c§ — 3c§ + 15¢}° — 85¢)? + ¢4C3 (11 + 3¢ — 3cf + 205¢5 (A7b)
512 O TR A O PR

— 4c3C3(—2 + 15¢3 + 3¢ + 38¢§) — 4C5(—4 + 12§ — 27c + )
+ C3(c§(—103 + 309¢3 — 345c§ + 355¢8) — 3c¢jC3(31 — 57¢§ + 57¢f + 185¢5)
+36c3CH(2 — 32 + 9ck +10c8) — 4C5(2 + 2) (—2+ 73 + 13c3))).

Appendix B. Collision Condition
Up to relabeling m and n, (24) simplifies to

M (po +n) = Qq(po +m) # 0. (A8)
With k = pp 4+ n and p = m — n, (A8) becomes
Q1 (k) = Q_y(k+p) #0. (A9)

We refer to (A9) as the collision condition. We prove that, for each p € Z\ {0, £1},
there exists a unique k(p; a) that satisfies the collision condition. These solutions k(p; «)
are distinct from each other (for each & > 0) and result in an infinite number of distinct
collision points on the imaginary axis, according to (24). First, we establish important
monotonicity properties of Q) (k), defined in (22).

Lemma A1l. The function wy (k) = sgn(k)/aktanh(ak) is strictly increasing for k € R. If
k| > 1, then wl, (k) < a|col, where c3 = tanh(x) /a.

Proof. A direct calculation shows

h(ak k
wh (k) = ;(V octank(zx ) +ayf sinﬁ(wk) sech3/2(1xk)>, (A10)

from which w), (k) > 0. This proves the first claim. Since tanh(ak) / (ak) < 1, ak/ sinh(ak) < 1,
and sech(ak) <1, (A10) gives

wh (k) <

1 o« tanh (ak)
-2

2 +a sech(zxk)). (A11)

Since « > 0, sinh(«)/a > 1 > sech(a), so that sech(a) < |co|. Because sech(z) is even
and strictly decreasing for z > 0, we have

sech(ak) < |co|, for |k > 1. (A12)

Similarly, since tanh(z)/z is even and strictly decreasing for z > 0,

L) [ ey, tor > (A13

Together with (A11), inequalities (A12) and (A13) imply w} (k) < a|co| for k| > 1. O

Lemma A2. Ifco > 0, Q_1(k) is strictly decreasing for k € R, and )y (k) is strictly decreasing
for [k| > 1. If co < 0, Oy (k) is strictly increasing for k € R, and Q_4 (k) is strictly increasing for
k| > 1.
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Proof. Suppose ¢y > 0. By definition, Q) (k) = —aco + ow) (k). If o = —1, we use w), (k) > 0
from Lemma A1 to conclude Q' ; (k) < 0. If o = 1 and |k| > 1, we use w) (k) < a|co| from
Lemma A1 to conclude Q] (k) = —acy + wj (k) < 0, since ¢y > 0. An analogous proof holds
whency < 0. O

In what follows, we consider cg > 0, which corresponds to right-traveling Stokes
waves. Similar statements hold when ¢y < 0 if one rewrites the collision condition (A9) as
Q_1(k) = Oq1(k+ p) # 0, where k and p are redefined appropriately.

Lemma A3. Foreachp € Rand a > 0, there exists a unique k(p; a) € R such that Oy (k(p; a)) =
Q 1 (k(p;a) +p). If p € Zand ¢y > 0, we have - - - < k(L&) < k(0;a) < k(—=1;a) < ---.
Moreover, |k(p;a)| > |p| for p € Z\ {0, £1} and ¢y > 0.

Proof. Fix p € Rand « > 0. Define F(k, p) = (1 (k) — Q_1(k+ p). Then,

1
F(k,p) ~ \/a—i-(?(\/m) as |k| — oo. (A14)

Since F has opposite signs as k — £0o, there exists at least one root, denoted k(p; «).
Since 9xF(k, p) = «w'(k) + ' (k + p) > 0 by Lemma A1, k(p; «) is the only root of F in R,
proving the first claim of the theorem.

To prove the second claim, we differentiate F(k(p; ), p) with respect to p. Using the
definition of ),

Q7 (k(p;a) + p)
w'(k(p;a)) + ' (k(p;a) + p)’
which is well-defined since 9y F(k, p) > 0. If ¢p > 0, then Lemma A2 implies k' (p) < 0. If p
is restricted to Z, we have - - - < k(1;a) < k(0;a) < k(—=1;&) < -- -, as desired.

To prove the third claim, we first consider p > 1. Suppose k(p; ) > —p. Since wy (k)
is odd and strictly increasing by Lemma Al,

wu (k(p;a))
wu (k(p;a) +p)

Using the definition of O, F(k(p; ), p) = 0 can be rewritten as

K(p) = (A1

,x(P) (Al6a)

> —
>w,(0) = (Al6b)

wa(k(p;a)) + wa(k(p;a) + p) = —acop. (A17)

Together with (A17), inequalities (Al6a) and (A16b) imply

—wu(p) < —acop = wa(p) > wa(1) (A18)

a contradiction, since wy(z)/z is strictly decreasing for z > 0. Therefore, k(p;a) < —p for
p > 1. Since QO (k) is odd, k(p; ) = —k(—p; «). Therefore, when p < —1, k(p;a) > —p.
Combining the two cases yields |k(p;a)| > |p| whenever p € Z\ {0,£1} and ¢y > O,
as desired. O

Lemma A3 has several consequences:

1. Whency >0, k(p;a) < 0forp > 0,and k(p;a) > 0 for p < 0.

2. Whency > 0, k(p;a) — o0 as p — Foo. In fact, the sequence {k(p;«)} must grow at
least linearly as |p| — oo. Formal arguments suggest quadratic growth in this limit.

3. The products k(p;a)(k(p;a) + p) > 0 and wa(k(p; a))ws(k(p; ) + p) > 0 when
cp > 0. The latter of these products is related to the Krein signature condition proposed
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in [26]. In effect, Lemma A3 provides a different proof that collided eigenvalues (24)
have opposite Krein signatures, consistent with [3].

The above results lead to the following theorem.

Theorem Al. Let ¢g > 0. If p € {0, %1}, then the collision condition (A9) is not satisfied. If
p € Z\ {0,£1}, then k(p;a) solves the collision condition. Moreover, - -- < Ajz < Aip <
0<Aj 2 <Aj_3<---, where);, is the imaginary part of the collision point corresponding to
k(p; ).

Proof. When p = 0 or £1, we have k(p; &) = 0 or F1, respectively, by inspection. It follows
that O (k(p;«)) = 01n all three cases, so (A9) is not satisfied. This proves the first claim.

To prove the second claim, consider the sequence {Q; (k(p;a))}, p € Z\ {0, +1}. From
Lemma A3, {k(p;«)} is a strictly decreasing sequence, and each element of this sequence
satisfies |k(p;a)| > |p| > 1. Thus, Lemma A2 holds, and the sequence {Q; (k(p;a))} is
strictly increasing. Since ()1 (£1) = 0, we have O (k(p;a)) # 0. This proves that k(p; a)
satisfies the collision condition (A9) for the relevant values of p.

The proof of the third claim is immediate since {Q; (k(p; «))} is strictly increasing. [J

Let uo = k(p; ) — [k(p; a)] for p € Z \ {0, £1}, where [-] denotes the nearest integer
(1)

O,jio,n and

function. Then, p is the unique Floquet exponent in [—1/2,1/2] for which A
ALY satisfy (24) with n = [k(p;a)] and m = n + p.

0,p10,m

Appendix C. Detailed Calculations of the p = 3 Instability
Appendix C.1. The O(e) Problem

Substituting expansions (13), (26), and (30) into the spectral problem (19), equating
terms of O(¢), and using expression for 71, u1, and wy to simplify, we find

m+1

(Lopy —Ao)w1 =Y Tyjel™. (A19)
j=n—1

Expressions for Tq; depend on pio, &, and ‘yo; see the file in Data Availability Statement.
Sincem —n =3,j € {n—1,n14n,m—1,m,m+ 1}. The functional expressions for
T1n-1 and Tq m+1 are identical to those in the p = 2 case (they do not evaluate to the same
vectors, however, as y is different for p = 2 and p = 3 in general).

Solvability conditions for (A19) simplify to 41 = 0 = A;. Together with the normaliza-
tion (28), these conditions guarantee a solution to (A19) of the form

m+1 . 1 ‘

wi= ) Wigel | walmtpo) | ™, (A20)
phy
]j?!;’m 0‘(’”"'#0)

where 71 is arbitrary and expressions for Wy j are found in the file in Data Availability
Statement. Because T1n—1 and Tqm41 are identical to their p = 2 counterparts, Wi n—1
and Wi m+1 are as well.

Appendix C.2. The O (&) Problem

The O(€?) problem takes the same form as (41). Evaluating at 1, uj, and wj_q for
j € {1,2}, we find

m+2 =
(Lo = Ao)wz = Zsz,jel]x/ (A21)
=Nn—
n-
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For the same reasons as in the p = 2 case, To 1 = 0, and expressions for Ty ,—2 and
T3, m+2 are identical to their p = 2 counterparts.
Since g # 0, the solvability conditions for (A21) simplify to

Az +ipacg, (po + 1) —iPy, =0, (A22a)
Ay +ipzce  (po +m) —iPoy =0, (A22b)
where P, ; are independent of Ay, iz, Yo, and 71; see the file in Data Availability Statement.

Note that these terms are distinct from those introduced in (45).
Solving (A22a) and (A22b) for A, and y; yields

cg_y (po +m) — cg, (po +n)
1 Pam — Po (A23b)

" e (o +m) —cg, (o + 1)’

Thus, the spectral elements and Floquet parameterization of the p = 3 isola have
nontrivial corrections at O (82). However, since Re(A2) = 0, we have yet to determine the
leading-order behavior of the isola. We find this at the next order.

Imposing solvability conditions (A22a) and (A22b) as well as the normalization condi-
tion on wy, the solution of (A21) is

m-+1 3 1 )

wa= Y Wyt ya | wa(m+po) | ™, (A24)
Rs
;'?g:ll_l (X(m-l—]/lo)

where 7, is an arbitrary constant. Since Ton—1 = 0, Wpn—1 = 0.
Appendix C.3. The O (&%) Problem
At O (&%), the spectral problem (19) takes the form

3 3
(Lopy —Ao)Ws =) Ajwa_j— ) Ljlu—owWs—j, (A25)
=2 =1

where L[, —o for j € {1,2} are as before and

—uy — ippuy — uz(ipo +0x) +ipsco  —uz —ips —inpa — naipo + ax))
L3]4—0 = 3 3 . . ) A26
3lu=0 a( — U3 sechz(zx(yo+D)) ufy — ippuq — uz(ipo + 0x) + ipsco (A26)

Evaluating (A25) at 1j, Uj, and wj_q forj € {1,2,3}, one finds

m+3 B
(LO,HO — )\())W;; = Z T3,j61]x, (A27)
j=n-3
j#Fn—=2
where T3 n—2 = 0.
The solvability conditions for (A27) are
2(As +ipscg, (po + 1)) +iv0Ssn =0, (A28a)

270(A3 +ipscg o (po +m)) +iS3m +iv1T3m =0, (A28b)
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where S3 ; and T3 m have no dependence on g, y1, 43, or A3; see the file in Data Availability
Statement. Using (A22a) and (A22b) from the previous order as well as (24), one can show
that 73 ,, = 0. In addition, similar to (47) for the p = 2 isola, we have

S5
wa (o +m)wq (po +n)’

SB,n S3,m - (A29)

where S is given in the file in Data Availability Statement. As a result, (A28a) and (A28b)
form a nonlinear system for A3 and 7.
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