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Abstract: An analytical approximation to the entire centerline trajectory of inclined round dense
jets in dimensionless form is proposed, in terms of a fourth degree polynomial. The coefficients of
the polynomial for a certain inclination angle can be easily obtained if the position of the maximum
height and the return point are known. Experimental data of the authors are used to determine
these coefficients for six inclination angles between 35◦ and 75◦. The resulting trajectories are then
compared to data of other investigators and found to be in good agreement. The variation of the
polynomial coefficients with inclination angle is also studied. The proposed analytical expression
allows for a straightforward computation of the trajectory length for any inclination angle in the
range studied. It is found that the longest trajectory occurs for the 60◦ angle. The relation between
the computed length and the measured minimum (centerline) dilutions at the location of maximum
height and at the return point is examined. Finally, the laws governing the variation of the minimum
dilution with the axial distance from the source are explored and similarities with the laws of simple
jets and plumes are discussed.

Keywords: inclined dense jets; negatively buoyant jets; turbulent jets; jet trajectory; dilution;
desalination brines

1. Introduction

Desalination plants are rapidly increasing worldwide in coastal areas with water scarcity due to
population growth and consequent freshwater needs. Typically, brines from desalination plants are
discharged back into the sea by means of single or multi-port outfalls. Such effluents may become a major
source of marine pollution, particularly in the benthic zone, as they contain high salt concentrations and
traces of chemicals, e.g., chlorine, coagulants, antifoaming additives, etc. [1]. It is therefore desirable
to achieve a high dilution of the brine effluent, prior to its impact on the benthic zone. To this end,
normally the discharge is directed upwards at an angle, leading to the formation of inclined dense
jets, i.e., jets with negative buoyancy. These typically consist of an upward and a downward branch:
the former is driven by the initial vertical component of the jet momentum and extends up to the point
where this vanishes (maximum height of rise); the downward branch then follows, ending at the bottom
of the ambient water body.

The geometry, dilution and other features of the flow field within an inclined round dense jet have
been studied experimentally by numerous investigators. Zeitoun et al. [2] presented results for the
terminal height and the return distance for discharge angles 30◦, 45◦ and 60◦ and they concluded that
the 60◦ angle yields the longest trajectory and consequently the highest dilution at the return region.
Subsequently, Roberts and Toms [3] and Roberts et al. [4] conducted experiments for the 60◦ inclined
dense jet, whereas Cipollina et al. [5] studied jets inclined at 30◦, 45◦ and 60◦. Nemlioglu and Roberts [6]
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used laser induced fluorescence (LIF) to obtain results for the main geometrical characteristics and
dilution for discharge angles between 15◦ and 90◦. Kikkert [7] and Kikkert et al. [8] employed light
attenuation (LA) and LIF techniques to study the trajectory characteristics, concentration distributions
and dilution of dense jets discharged at angles between 0◦ and 75◦. Ferrari and Querzoli [9] also
conducted LIF experiments for angles between 45◦ and 90◦, focusing on the re-entrainment occurring
for angles exceeding 75◦. Shao and Law [10] studied jets inclined at 30◦ and 45◦ using particle image
velocimetry (PIV) and LIF techniques. Papakonstantis et al. [11] presented experimental results based
on flow visualization for the geometrical characteristics of the jet upper boundary for six discharge
angles between 45◦ and 90◦, whereas Papakonstantis et al. [12] reported results for concentration
distributions, dilution and geometrical characteristics of the jet centerline obtained from concentration
measurements in dense jets inclined at 45◦, 60◦ and 75◦. Lai and Lee [13] conducted experiments
for six discharge angles between 15◦ and 60◦ using LIF and PIV and reported results for geometrical
characteristics, concentration distributions, dilution and velocity. Oliver [14] and Oliver et al. [15]
employed the LIF technique to study dense jets inclined at several angles between 15◦ and 75◦ and
obtained results for jet trajectory, concentration distributions and dilution. Abessi and Roberts [16]
conducted LIF experiments for dense jets discharged at angles between 15◦ and 85◦ at 5◦ intervals and
obtained geometrical characteristics and dilution data for the jet flow and the dense layer spreading
on the bottom. Results for the angles 30◦, 45◦ and 60◦ have also been reported by Abessi and
Roberts [17]. Data regarding the velocity field and the jet geometrical characteristics were reported by
Crowe et al. [18] for discharge angles between 15◦ and 75◦. Papakonstantis and Tsatsara [19] reported
results from flow visualization for trajectory characteristics of the upper jet boundary for five discharge
angles between 15◦ and 70◦, whereas Papakonstantis and Tsatsara [20] studied centerline trajectory
characteristics and dilution of dense jets discharged at angles of 35◦, 50◦ and 70◦. Several experimental
studies have revealed the complexity of the flow field. In particular, at the region of the maximum
height, buoyancy-driven instabilities develop in the inner side of the jet leading to the separation of
fluid parcels from the main flow, e.g., [8,11].

Besides the experimental studies, several works have been presented for modelling inclined
round dense jets including analytical approaches, integral models and computational fluid dynamics
(CFD) tools. More specifically, Vafeiadou et al. [21] conducted numerical simulations of inclined dense
jets using CFX software. Oliver et al. [22] employed the k-ε turbulence model and found that the
predictions for bulk flow parameters are not superior to those provided by the analytical solutions of
Kikkert et al. [8]. Gildeh et al. [23,24] studied the 30◦ and 45◦ inclined dense jets by means of CFD
simulations, whereas Zhang et al. [25,26] employed the large eddy simulation (LES) approach for
the 45◦ and 60◦ jets. As far as integral modeling is concerned, Papanicolaou et al. [27] proposed a
reduced value of the jet entrainment coefficient αj whereas Lai and Lee [13] allowed negative values
of the local Froude number yielding a reduction in the entrainment coefficient below the normal
value of αj in the rising branch of the flow. Yannopoulos and Bloutsos [28] introduced the escaping
mass approach (EMA) for explicitly modeling the loss of mass from the concave side of the jet due to
vertical escape of fluid parcels. Oliver et al. [29] proposed a reduced buoyancy flux model, in which
the buoyancy flux is allowed to decrease up to the maximum height and is kept constant beyond
that point. The application of commercial codes, such as Corjet and Visjet, has also been attempted,
but with limited success [30]. Nikiforakis et al. [31] proposed a modification of Corjet to take explicitly
into account the detrainment of fluid. Christodoulou and Papakonstantis [32] suggested a parabolic
approximation of the dimensionless jet trajectory and they determined the coefficients of the parabola
based on three boundary conditions. The agreement with experimental results was reasonably good,
although the actual trajectory is not parabolic but rather skewed, e.g., [14].

The objective of this paper is to provide simplified modelling of inclined round dense jets in
the form of simple analytical expressions for determining with sufficient accuracy the centerline
trajectory as well as the minimum dilution at key positions. Such modelling is not expected to describe
details of the complex flow field of negatively buoyant jets, but it can be an efficient tool for design
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purposes, providing fast and easy solutions, without resort to experiments or elaborate numerical
models. The study focuses on the most common and practically important range of angles, 35◦ to 75◦.

2. Theoretical Considerations

A schematic and the main notation of an inclined dense jet is shown in Figure 1. Fluid of density
ρ, discharges with velocity Uo from a pipe of diameter D at an angle θ, into a stagnant homogeneous
ambient fluid of slightly smaller density ρα such that (ρo − ρα)/ρα << 1, i.e., the Boussinesq
approximation is valid. Geometrical characteristics of the jet centerline are measured with respect to
a coordinate system located at the jet exit pipe. The maximum centerline height Zc is observed at a
horizontal distance XZ from the source, while Xic is the horizontal distance from the source to the
centerline return point at the level of the jet exit pipe. Minimum (centerline) dilutions at the maximum
height and the return point are denoted as St and Si, respectively.

Fluids 2020, 5, x 3 of 14 

numerical models. The study focuses on the most common and practically important range of angles, 
35° to 75°. 

2. Theoretical Considerations 

A schematic and the main notation of an inclined dense jet is shown in Figure 1. Fluid of density 𝜌 , discharges with velocity 𝑈  from a pipe of diameter 𝐷  at an angle 𝜃 , into a stagnant 
homogeneous ambient fluid of slightly smaller density 𝜌  such that (𝜌 𝜌 )/𝜌 1, i.e., the 
Boussinesq approximation is valid. Geometrical characteristics of the jet centerline are measured with 
respect to a coordinate system located at the jet exit pipe. The maximum centerline height 𝑍  is 
observed at a horizontal distance 𝑋  from the source, while 𝑋  is the horizontal distance from the 
source to the centerline return point at the level of the jet exit pipe. Minimum (centerline) dilutions 
at the maximum height and the return point are denoted as 𝑆  and 𝑆 , respectively. 

 
Figure 1. Schematic and main notation of an inclined dense jet. 

It has been well established through dimensional analysis [4,11,12] that for turbulent jets at 
relatively large densimetric Froude numbers, any geometrical characteristic 𝑌  of the jet can be 
expressed as  𝑌𝐷𝐹 = 𝐶(𝜃) (1) 

where 𝐹  is the densimetric Froude number  𝐹 = 𝑈𝑔 𝐷 (2) 

with 𝑔 = 𝑔  being the apparent acceleration of gravity at the source.  

Equation (1) implies that the dimensionless coordinates of the jet trajectory depend solely on the 
discharge angle, therefore there is a single dimensionless trajectory for a given discharge angle. As a 
consequence, the maximum centerline height 𝑍  and the respective horizontal distance 𝛸  as well 
as the distance to the return point 𝛸  can be written in dimensionless form as [19,20]:  𝑍𝐷𝐹 = 𝐶 (𝜃) (3) 𝑋𝐷𝐹 = 𝐶 (𝜃) (4) 𝑋𝐷𝐹 = 𝐶 (𝜃) (5) 

Similarly, the dilution at any point of the dimensionless trajectory can be expressed as  

Figure 1. Schematic and main notation of an inclined dense jet.

It has been well established through dimensional analysis [4,11,12] that for turbulent jets at
relatively large densimetric Froude numbers, any geometrical characteristic Y of the jet can be
expressed as

Y
DFo

= C(θ) (1)

where Fo is the densimetric Froude number

Fo =
Uo√
g′oD

(2)

with g′o = gρ−ραρα
being the apparent acceleration of gravity at the source.

Equation (1) implies that the dimensionless coordinates of the jet trajectory depend solely on the
discharge angle, therefore there is a single dimensionless trajectory for a given discharge angle. As a
consequence, the maximum centerline height Zc and the respective horizontal distance XZ as well as
the distance to the return point Xic can be written in dimensionless form as [19,20]:

Zc

DFo
= C1(θ) (3)

XZ

DFo
= C2(θ) (4)

Xic
DFo

= C3(θ) (5)
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Similarly, the dilution at any point of the dimensionless trajectory can be expressed as

S
Fo

= C4(θ) (6)

The coefficients C1, C2, C3, C4 vary with the discharge angle.
The validity of the above equations has been verified with extensive experimental research

and the coefficients of those equations were determined by several investigators, as discussed in
the Introduction.

3. Simplified Analytical Model

As discussed above, there is a single dimensionless trajectory for a given discharge angle.
Christodoulou and Papakonstantis [32] proposed a parabolic approximation for the centerline trajectory
and they determined the coefficients of the parabola by employing three boundary conditions,
namely the origin (0,0), the maximum centerline height (XZ, Zc) and the return point (Xic, 0) obtained
from available experimental data at specific inclination angles. However, experimental evidence shows
that in fact the trajectory is not symmetric but rather skewed. Herein, a better approximation is sought
by considering two additional boundary conditions, i.e., the known inclination at the origin and the
condition of zero derivative at the point of maximum centerline height. Thus, the trajectory may be
described by a fourth degree polynomial, as follows:

Z∗ = α0 + α1X∗ + α2X∗2 + α3X∗3 + α4X∗4 (7)

where X∗ and Z∗ denote the dimensionless variables X/(DFo) and Z/(DFo), respectively.
Differentiating Equation (7) yields:

dZ∗

dx
= α1 + 2α2X∗ + 3α3X∗2 + 4α4X∗3 (8)

The five boundary conditions mentioned above lead to the following equations:

Z∗(0) = 0⇒ a0 = 0 (9)

dZ∗

dx
(0) = tan(θ)⇒ α1 = tan(θ) (10)

Z∗
(
X∗Z

)
= Z∗c ⇒ tan(θ)X∗Z + α2X∗Z

2 + α3X∗Z
3 + α4X∗Z

4 = Z∗c (11)

dZ∗

dx

(
X∗Z

)
= 0⇒ tan(θ) + 2α2X∗Z + 3α3X∗Z

2 + 4α4X∗Z
3 = 0 (12)

Z∗
(
X∗ic

)
= 0⇒ tan(θ)X∗ic + α2X∗ic

2 + α3X∗ic
3 + α4X∗ic

4 = 0 (13)

If for a certain inclination angle θ the values of X∗Z, Z∗c, X∗ic are known from experiments,
Equations (11)–(13) form a linear system allowing a straightforward determination of the coefficients
a2 , a3, a4 . To implement the above, the experimental values of Papakonstantis et al. [11,12] and
Papakonstantis and Tsatsara [19,20] will be used, as they were all obtained in the same experimental
apparatus and cover a wide range of discharge angles from 35◦ to 75◦. The experimental data used
are summarized in Table 1. The resulting trajectories are subsequently compared to the experimental
results of other studies to test the degree of their validity.
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Table 1. Experimental data used to obtain the coefficients α2, α3, α4.

θ Zc/DFo XZ/DFo Xic/DFo St/Fo Si/Fo

35◦ 0.79 1.90 3.23 0.45 1.20
45◦ 1.17 2.03 3.16 0.52 1.55
50◦ 1.28 1.94 3.00 0.57 1.69
60◦ 1.68 1.83 2.75 0.56 1.68
70◦ 1.81 1.22 1.94 0.47 1.76
75◦ 1.93 1.15 1.80 0.51 1.67

4. Results and Discussion

4.1. Centerline Trajectory

The linear system of Equations (11)–(13) was solved for each angle using Cramer’s rule in Microsoft
Excel. The obtained values of the coefficients are given in Table 2. The resulting trajectories for the
angles θ = 35◦, 45◦, 50◦, 60◦, 70◦, 75◦ are shown in Figure 2.

Table 2. Coefficients of Equation (7) for various discharge angles.

θ 35◦ 45◦ 50◦ 60◦ 70◦ 75◦

a0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
a1 0.7002 1.0000 1.1918 1.7321 2.7475 3.7321
a2 −0.1187 −0.3461 −0.4999 −1.0070 −1.6425 −3.5900
a3 0.0038 0.1724 0.2666 0.6454 1.1419 2.8536
a4 −0.0106 −0.0516 −0.0775 −0.1848 −0.5285 −1.1172
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To test the validity of the trajectories predicted by Equation (7), they are compared to detailed
experimental data of other investigators for two discharge angles, namely 45◦ and 60◦. Selected data
from those reported by Kikkert [7], Lai and Lee [13] and Oliver [14] are plotted in Figure 3. It can be
seen that the predicted trajectories are in satisfactory agreement with the experimental data. In addition,
as the literature includes a lot of data for the maximum centerline height and the return point for
several inclination angles, a comparison is shown in Figure 4. Again, the location of these important
points is generally well predicted by the proposed trajectories.
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Figure 3. Comparison of the predicted centerline trajectories for (a) θ = 45◦, (b) θ = 60◦ with
experimental data.

The variation of the coefficients α2, α3 and α4 with discharge angle θ was investigated by trying
several fitting functions. Figure 5 shows a plot of these coefficients against tan(θ) and the respective
second degree polynomial fitting lines (forced through the origin as they theoretically should). As the
coefficients α2 and α4 take negative values for all the angles studied, the opposite values are depicted
in Figure 5. The analytical expressions for the obtained fitting lines and the corresponding coefficients
R2 are presented in Table 3. The high values of R2 (close to 1) show the validity of the proposed fittings,
which allow the determination of the polynomial coefficients for any angle in the range studied.
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Table 3. Second degree polynomial fitting curves for the variation of coefficients α2, α3, α4 with
discharge angle θ and the respective values of R2.

Coefficient Polynomial Fitting Curve R2

α2 −α2 = 0.2259(tanθ)2 + 0.0875tanθ 0.982
α3 α3 = 0.223(tanθ)2

− 0.0969tanθ 0.979
α4 −α4 = 0.0944(tanθ)2

− 0.0566tanθ 0.999

4.2. Dilution

Estimating dilution is particularly important as it can be directly related to the environmental
impact of the effluent on the water body. For this reason, several studies have reported experimental
results for the minimum dilution at the maximum height St and the minimum dilution at the return
point Si, e.g., [12–14,16,17,20]. Zeitoun et al. [2] concluded that (among the angles 30◦, 45◦ and 60◦)
60◦ is optimum, because it results in the longest trajectory and consequently in the highest ultimate
dilution. Obviously, the trajectory length affects the dilution, but the variation of the dilution along the
trajectory deserves further attention.

Conceivably, an inclined dense jet behaves initially as a simple jet dominated by its initial
momentum, whereas buoyancy takes over gradually leading to plume-like behavior around and
beyond the maximum height. For simple jets Fischer et al. [33] proposed the following equation:

Cm

Co
= 5.6

lQ
z

(14)

where Cm is the maximum concentration (at the jet centerline) in excess of the ambient concentration
(herein considered zero), Co is the initial (at the source) concentration, lQ is a length scale equal to√
πD2

4 and z is the axial distance from the source.
The previous equation can be rewritten in terms of the centerline dilution as

S =
Co

Cm
= 0.20

z
D

(15)
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For vertical plumes Fischer et al. [33] suggested that

Cm = 9.1QCoB−1/3z−5/3 (16)

where B is the buoyancy flux at the source, defined as B = g′oUo
πD2

4 . Therefore, Equation (16) can be
rewritten as

S =
Co

Cm
= 0.129F−2/3

o

( z
D

)5/3
(17)

In normalized form, Equations (15) and (17) are as follows:

S
Fo

= 0.20
z

DFo
(jets) (18)

S
Fo

= 0.129
( z

DFo

)5/3
(plumes) (19)

showing that for vertical (positively) buoyant jets the dilution follows a z1 law in the jet-regime and a
z5/3 law in the plume-regime.

To investigate the relation between dilution and trajectory length in inclined dense jets, the length
L1 of the dimensionless trajectory from the jet exit up to the maximum centerline height and the total
length Ltot of the dimensionless trajectory (up to the return point) were calculated from the fourth
degree polynomial (Equation (7)) for each discharge angle, as

L1 =

∫ X∗Z

0

√
1 +

(
dZ∗

dX∗

)2

dx (20)

Ltot =

∫ X∗ic

0

√
1 +

(
dZ∗

dX∗

)2

dx (21)

The calculated lengths of the dimensionless trajectory and the experimental values of normalized
dilution reported by Papakonstantis et al. [12] and Papakonstantis and Tsatsara [20] for the respective
discharge angles are presented in Table 4. The maximum values of L1 and Ltot were obtained for the
angle of 60◦, suggesting that the highest dilution at both the maximum height and the return point is
expected for a discharge angle of 60◦, in accordance with the early observations of Zeitoun et al. [2].
The present experimental results show a slightly higher dilution at the maximum height for 50◦ and at
the return point for 70◦ compared to the respective values for 60◦, but the differences are very small.
This is consistent with earlier studies indicating that the dilution varies very little in the range of 45◦ to
75◦ [6,12] or 45◦ to 65◦ [16].

Table 4. Computed lengths of dimensionless trajectory and experimental values of normalized dilution.

θ L1 Ltot St/Fo Si/Fo

35◦ 2.087 3.698 0.45 1.20
45◦ 2.384 4.114 0.52 1.55
50◦ 2.372 4.142 0.57 1.69
60◦ 2.542 4.568 0.56 1.68
70◦ 2.249 4.283 0.47 1.76
75◦ 2.321 4.439 0.51 1.67

In Figure 6, the experimentally obtained normalized dilutions S/Fo for the discharge angles 35◦,
45◦, 50◦, 70◦, 75◦ shown in Table 4, are plotted against the respective length L of the dimensionless
trajectory. More specifically, the values of dilution at the maximum centerline height (St/Fo) are
plotted against L1, while the dilution values at the return point (Si/Fo) are plotted against Ltot.
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As seen in Figure 6, the data concerning the maximum height may be well fitted by a linear equation
(passing through the origin) of the form:

S
Fo

= 0.221L (22)
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This suggests that the upward branch follows the law of the jet-regime with the constant 0.221 being
close to 0.20 of Equation (18). However, it is evident that the dilution data at the return point do not
follow the same law. As seen in Figure 6b, the entire dilution dataset (i.e., data at both the return point
and the maximum height) are well fitted by an equation of the form:

S
Fo

= 0.142L5/3 (23)
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Equation (23) implies that the dilution throughout the downward branch of the flow approximately
follows the law of the plume-regime, with the constant 0.142 being close to 0.129 of Equation (19).

To further clarify the behavior of the inclined jet in the plume-like regime, the ratio of the
normalized dilution S∗ (S∗ = S/Fo) to the respective dimensionless length L5/3 is plotted against the
inclination angle θ in Figure 7. It is evident that (i) the ratios for both the maximum height and the
return point are essentially constant over the range of angles studied, and (ii) the values S∗i /L5/3 at the
return point are somewhat larger than the values S∗t/L5/3 at the maximum height.
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Thus, although the entire dataset follows approximately Equation (23), two subsets can be
distinguished considering the average values of the respective ratios:

St

Fo
= 0.126L5/3 (24a)

Si
Fo

= 0.145L5/3 (24b)

It is remarkable that the constant of Equation (24a) for the maximum height dilution almost
coincides with the value of the ordinary plume (Equation (19)); the somewhat higher constant for
the return point dilution (Equation (24b)), which is essentially the same as in Equation (23), may be
attributed to the loss of fluid mass from the main jet flow occurring beyond the maximum height
(e.g., [11]).

Considering the above, one may conclude that the dilution at the maximum height can be
estimated well by means of either the law of the jet-like regime (Equation (22)) or the plume-like regime
(Equation (24a)). The dilution beyond the maximum height and throughout the downward branch
up to the return point follows the law of the plume-like regime (Equation (23)). Since the dense jet is
initially momentum-dominated, it is conceivable that Equation (22) will also be valid in the upward
branch of the flow. Dilution data at positions before the maximum height could clarify whether the
jet-like regime extends up to the maximum height or the flow turns to plume-like behavior before
reaching that height.

5. Conclusions

A lot of experimental data on inclined dense jets have been obtained in recent years. Knowledge of
the location of the maximum height and the return point of the jet centerline for a given inclination
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angle provides five boundary conditions, which allow the determination of a fourth degree polynomial
approximation of the jet trajectory in dimensionless form. Available data from past studies of the
authors were used in this study for defining the coefficients of this polynomial function for six
discharge angles in the range of 35◦ to 75◦. The resulting trajectories were compared and found to be in
satisfactory agreement with experimental results of other investigators. Simple analytical expressions
were derived for the dependence of the polynomial coefficients on the inclination angle, therefore the
trajectory at any angle in the range studied can be readily determined. Moreover, the proposed model
allows for a straightforward computation of the (dimensionless) length of the trajectory at any desired
distance from the source. The relation between the computed length and experimentally obtained
values of normalized dilution, suggests that the minimum (centerline) dilution of a dense jet follows
the linear law of a simple jet in the upward branch and the 5/3 law of a plume in the downward
branch. The relevant equations presented allow a simple estimation of the dilution at any point along
the trajectory. Overall, the proposed simplified analytical model is expected to be useful for design
purposes, providing sufficiently accurate predictions for the geometry and the dilution of inclined
dense jets without resorting to experiments or elaborate numerical models.
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