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Abstract: In the last three decades computer simulation tools have achieved wide spread use in the
design and analysis of engineering devices. This has shortened the overall product design cycle
(physical experiments may be impossible during early design stages) and it has also provided better
understanding of the operating behavior of the systems under investigation. As a consequence
numerical simulation have led to a reduction of physical prototyping and to lower costs for
manufacturing production chains. Despite this success, it remains difficult to provide objective
confidence levels in quantitative information derived from numerical predictions. The complexity
arises from the amount of uncertainties related to the inputs of any computation attempting to
represent a physical system. This paper focuses on geometrical sources of uncertainty in the field
of CFD applied to twin scroll radial turbines. In particular it has been investigated the effect of
uncertainties on tip clearance values at rotor blade leading edge and trailing edge on selected turbine
performance parameters. The analysis shows the use of the Surrogate-based uncertainty quantification
technique that has been setup by the authors in the Dakota® environment. The polynomial chaos
expansion method has been applied to the same case. The comparison of the results coming from
the different approaches and the discussion of the pros and cons related to each technique lead to
interesting conclusions, which are proposed as guidelines for future UQ applications on the theme of
CFD applied to radial turbines.

Keywords: uncertainty quantification; Surrogate-based UQ; Latin Hypercube Sampling; polynomial
chaos; Twin scroll turbines

1. Introduction

Uncertainty quantification is the science of characterizing and reducing uncertainties in both
computational and real world applications, a tool for determining how likely certain outcomes are if
aspects of the system are not completely known; while the models and methodologies (which combine
mathematics, statistics and engineering) are used throughout academia, the practice has not been
incorporated into professional engineering workflows. The uncertainty propagation through the CFD
model supports engineers to determine whether system outputs will meet the requirements, what the
extreme probabilities really are and which inputs have the most significant effect on output distributions.

A fundamental aspect to be considered in every simulation is represented by the differences
between the real geometrical model (the actual manufactured machine) and the simulated one (the CFD
model). The computational domain used in CFD to simulate a turbine and the real control volume are
not identical; this is due to different factors [1]:
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e the actual machine is different from the designer’s projects due to manufacturing (epistemic) and
assembling (aleatory) uncertainties;
e usually the computational domain does not account for all geometrical features, such as fillets.

Moreover, it is noteworthy to mention that many authors [2,3] have already investigated the
variability of gaps, fillets and small geometrical details due to the turbomachinery operating conditions.
One of the most delicate geometrical aspects concerning radial turbines is undoubtedly the tip
clearance, i.e., the gap between rotor tip and the shroud surface. Usually, in order to limit tip leakage
flows, thus optimizing turbine performance, clearances are kept very close; in this scenario small
geometrical variations, e.g., induced by harsh operating conditions, can be responsible of appreciable
performance variations.

Epistemic uncertainties of a numerical model represent the level of uncertainty in reproducing a
physical system or phenomenon, while the aleatory uncertainties are a strict property of the system
being analyzed. Following this definition turbulence modeling is an epistemic uncertainty whose
effect has been widely investigated at the rotor tip by Krishnababu et al. [4].

This paper deals with the operational aleatory uncertainties to which the tip clearances (at leading
and trailing edge) of a twin entry turbine impeller are subjected: centrifugal, thermal, assembly
and wear effects can significantly affect tip clearance values. The turbine under investigation is for
automotive turbocharging and the authors have previously developed a numerical model for the
simulation of this turbine, validated with experimental data [5]. The uncertainties propagation through
the CFD model of the turbine has been performed using an automated procedure developed within
the Dakota® environment, an open source toolset provided with a large number of optimization and
uncertainty quantification utilities.

Response surface methods have been widely employed for design optimization approaches [6,7],
but the same techniques can also be very useful in the field of UQ methods based on sampling, in order
to bypass the high computational cost generally required to generate converging statistics.

The first application of UQ methodologies follows a ‘Surrogate-based” approach [8] already tested
by the authors on a case study [9]. This method consists, at first, in the evaluation of the objective
functions on a fixed set of samples (DoE), then the results are used to generate a surrogate model
(RSM) of the underlying “true” functions. In the final step random sampling (using thousands of
samples) is performed on the meta-model to obtain estimates of the mean, variance, and percentiles of
the response functions.

The second UQ approach investigated is the Polynomial Chaos Expansion (PCE), which is based
on a multidimensional orthogonal polynomial approximation formed in terms of standardized random
variables. A distinguishing feature of this methodology is that the final solution is expressed as a
functional mapping, and not merely as a set of statistics as in the case of many nondeterministic
approaches. However, polynomial approaches suffer the curse of dimensionality [1], so their application
is limited to cases where the number of uncertain variables is below 5 (as in this work), since the number
of CFD simulations needed increases exponentially with the number of input variables considered.

At first, based on experience gained on radial turbines [5,10], some key performance parameters
have been selected as response functions for the UQ analysis. According to experimental/CFD data
available on radial turbines for turbocharging applications, the input probability distribution functions
assigned to the rotor tip clearance were selected considering physically suitable values for both
the average values and the standard deviations. The propagation through the CFD model of the
input uncertainties on rotor tip clearances lead to the probability density functions (PDF) of the
outputs; hence the statistical distributions from the two UQ methods (Surrogate-based and PCE) have
been compared.

The final target is to highlight the pros and cons of each UQ technique applied to the numerical
simulation of turbocharging radial turbines, leading to guidelines for future incorporation of uncertainty
quantification procedures into industrial design workflows.
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2. Turbine CFD Model

The test case turbine is a twin scroll inflow radial turbine for turbocharging applications.
Geometrical and performance data are confidential then all quantities have been reported in the
following in non-dimensional or reduced form. For volute and rotor geometrical details, the reader
can refer to previous research works [5,10] which focus on a detailed study of the twin entry turbines
fluid-dynamic behavior.

The ANSYS® CFX commercial platform has been coupled to the Dakota open source for its
UQ capabilities.

The twin scroll volute has been discretized with an unstructured mesh (prism layers added for
guarantee for boundary layer resolution), as depicted in Figure 1, while a structured grid has been
generated for the rotor. The blade leading (L.E.) and trailing (T.E.) edge are indicated in Figure 2.

Figure 1. Unstructured grid detail on the two volute branches. In magenta the volute outlet section.

Figure 2. Rotor channel structured mesh with volume mesh cut plane (yellow).

The CFD model is divided into three domains (Figure 3): volute, single rotor channel, out.

SINGLE ROTOR
CHANNEL

LU Y

Figure 3. CFD model.
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The set of boundary conditions used for the different domains is reported in Table 1.

Table 1. CFD model boundary conditions. Numbers define “in-out’ control sections for each domain.

Domain Boundary Conditions

- inlet total pressure and total temperature

Volute (1-2) - flow direction normal to volute inlets

- rotational speed
Rotor Channel (2-3) - rotational periodicity on side walls
- counter-rotating shroud wall

Out (3-4) - static pressure on outlet section

Simulations were performed with steady-state flow condition and in full admission (for more
details on twin entry admission conditions see [11,12]). The choice to simulate a fixed operating point is
due to the necessity to isolate the effects of tip clearance uncertainties on selected turbine performance
parameters. From the experimental maps provided by the customer, a working point at maximum
rotational speed and near choke has been selected. This choice is because the highly stressed condition
due to the following aspects is obtained:

e  high internal combustion engine exhaust gas temperature — thermal stress;

e  high peripheral speed values — centrifugal stress;

e  high flow momentum variation and flow leakage in the backside cavity [5] — maximum thrust
on bearings.

These factors can significantly reduce the ‘nominal’ tip clearance values, which have been assumed
as the mean values of the corresponding probability density functions.

3. Input Uncertainties

The input uncertain variables of the uncertainty quantification problem are two: the tip clearance
values at rotor leading edge and at the trailing edge, whose range of variations and statistic moments
are summarized in Table 2. Normal distributions have been assumed for the two variables, as in
Figure 4.

The clearance values are reported in Table 1 as a percentage of the corresponding blade heights.
The standard deviation (c—for the definition see Equation (2)) of the two input distributions has been
assumed equal to 10% of the respective mean value.

According the Gaussian probability density function definition (Equation (1)) the 99.73% of input
samples will be concentrated inside the + 30 range centered on the mean value. Therefore the ‘min’
and ‘MAX’ clearance values reported in Table 2 identify the range of variation since the input samples
of the UQ analysis will be almost totally included in the following ranges: TC_LE = 3.5-6.5%h_bin,
TC_TE = 2.45-4.55%h_bout.

Table 2. Input uncertain variables range and statistics.

TIP CLEARANCE LE [%h_bin] TE [%h_bout]
min 1.00% 1.00%
MAX 9.00% 6.00%
ave 5.00% 3.50%

std deviation 0.50% 0.35%
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Figure 4. Input Probabilities (discrete PDF integrals).

The maximum values of clearance inside the abovementioned ranges can realistically correspond

to the cold blade, i.e., to the turbine start-up phase (i.e., when the internal combustion engine is fired
up). The minimum values (‘min’) simulate the maximum stress conditions instead.

1 —1(x— )2
- e 222
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The clearance variations are a consequence of the turbine blade deformation during service.

Two main factors can explain this deformation:

thermal stress, stronger at the LE where the hot gases have not yet undergone the expansion
which produces a remarkable pressure and temperature drop;

centrifugal stress (quadratic with rotational speed), stronger at the TE where the blade extends
mainly in the radial direction, along which the centrifugal force acts.

The variation range (max-min) assigned at the LE is greater (in percentage terms) and this is

related to a third contribution factor, i.e., the axial thrust on rotor bearings. On this issue many
authors investigated [13,14] and discussed that the thrust contribution from the leakage flow in the
rotor backside cavity is usually greater than the momentum variation contribution due to blade flow
deflection. The overall thrust tends to push the rotor toward the shroud at the LE resulting in a further
reduction of the existing gap (while at the TE the axial thrust has no effect on the clearance).

4. Response Functions

The response functions selected for this UQ problem are twin scroll radial turbine performance

parameters, reported below for sake of completeness:

overall expansion ratio, i.e., the ratio between volute inlet total pressure and tailpipe outlet static
pressure. In the present turbine volute inlets cross sections are the same, thus it is valid to consider
an arithmetic mean of inlets total pressures;

Ptish + Prihub

PRF =
2}74

®)

rotor expansion ratio (PRF,.r), which has the same definition reported in Equation (3) but with
the static pressure measured at rotor outlet (p3) instead of the outlet pressure (p4);
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e mass flow ratio, i.e., the ratio between mass flow through one of the two branches and overall
mass flow processed by the turbine;

MFRy, = 228 MFRy,, = 2 (4)

Mot Mot

e mass flow parameter, used to estimate turbine flow swallowing capacity. In case of twin entries,
MEFP is calculated considering the contribution of each volute branch (‘hub’ or ‘shroud’ rotor side)
on the overall mass flow;

VMER, Tyi5 + MFRyy T pup

Peash+Prihub
2

MFP = iy

©)

e  Overall total to static efficiency, i.e., the ratio between the actual total enthalpy drop (hp; — ho4)
and the total to static enthalpy variation in case of isentropic transformation from volute inlets to
tailpipe outlet;

Nts = (6)

SN—
x—‘l
AN
—

1
1- (e
e  Rotor total to static efficiency, which has the same definition reported in Equation (6) but with the
rotor expansion ratio PRF,, instead of the overall expansion ratio PRF.

A set of four response functions has been identified: PRFotor, MFP, 0125 rotor, 12s-

5. UQ Techniques

The uncertainty quantification workflow involves the following steps:

1.  the UQ procedure gives the clearance values at rotor leading and trailing edge selected in the
variation range according the input probability density functions specified in Dakota input file;

2. the rotor mesh is then generated and imported in the computational model (ANSYS CFX®
platform);

3. the CFD simulation is performed and the response functions values are extracted from
post-processing and passed to the UQ algorithm.

This paper deals with the comparison of the results obtained with two different uncertainty
quantification approaches: Surrogate-based sampling UQ and PCE.

5.1. Surrogate-Based Sampling UQ

At first a 64-samples Design of Experiments (DoE) has been generated with the Latin Hypercube
Sampling [15] method: a reasonable number of numerical simulations is necessary to obtain, in the
following phase, a meta-model which is a good approximation of the true physical model (the turbine
CFD model). The input probability distributions are given to the sampling based UQ method (again
LHS) which is applied to the response surface. The meta-model has been generated from the DoE
through the Gaussian Process that involves techniques elaborated in the geostatistics and spatial
statistics communities [16,17] to produce smooth surface fit models of the response values starting
from a data set. The form of the GP model [8] is:

£ ~ @B +7R'R (7 CP) o
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where:

- Xis the current point in n-dimensional parameter space;
- g(x) is the vector of trend basis functions evaluated at X;

- B is a vector containing the generalized least squares estimates of the trend basis
function coefficients;
- 7(X) is the correlation vector of terms between X and the data points;

- Ris the correlation matrix for all of the data points;

- f is the vector of response values;

- G is the matrix containing the trend basis functions evaluated at all data points.

A Gaussian correlation function is used to compute the terms in the correlation vector and matrix
which are dependent on an n-dimensional vector of correlation parameters 0 ={64,...0,)" determined
using a Maximum Likelihood Estimation (MLE) procedure.

The GP can be used to model surfaces with slope discontinuities along with multiple local minima
and maxima because it has a hyper-parametric error model; this makes the Gaussian Process a very
flexible tool for modeling response functions obtained from the simulation of complex fluid dynamic
problems. The samples number of the sampling-based UQ is two order of magnitude greater than
the corresponding number used for DoE generation; the input uncertainties propagate through the
meta-model leading to the response function PDFs.

5.2. Polynomial Chaos Expansion

Polynomial chaos expansions (PCE) use multidimensional orthogonal polynomial approximation
formed in terms of standardized random variables. Stochastic Expansion methods use the notions of
projection, orthogonality, and weak convergence [18,19] in order to estimate the functional relationship
between response functions and their random inputs, giving a more complete uncertainty representation
for application in multi-code simulations.

The set of classical orthogonal polynomials that provide an optimal basis for different continuous
probability distribution types is obtained from the family of hypergeometric orthogonal polynomials
known as the Askey scheme [20]. If all random inputs can be described using independent normal,
uniform, exponential, beta, and gamma distributions (as in the present work) then Askey polynomials
can be directly applied. The set of polynomials are used as an orthogonal basis to approximate the
functional form between the stochastic response output and each of its random inputs. The chaos
expansion for a response R takes the form [21]:

R= ﬂOBO + i ﬂilBl(Eil) + i ZI‘ 1112B2 élll 512 i le ZZ‘ 111213 511!5121 '513) : (8)
i1=11i=1 1=1i=1i3=1

=1

where the random vector dimension is unbounded and each additional set of nested summations
corresponds to an additional order of polynomials in the expansion formulation. Using a more compact
term-based indexing, the chaos expansion for a response R takes the general form:

R= )" ajp;(&) ©)
j=0

where there is a one-to-one correspondence between a;, 4, ._;, and & and between By, (51-] iy 51‘,1) and
(&), which are multidimensional polynomials involving products of the one-dimensional polynomials.
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The further step consists in truncating the infinite expansion at a finite number of random variables
(the input uncertain variables) and at a finite expansion order:

P
R= Zajl,bj(é) (10)
=0

According to the “tensor-product expansion” approach [21] polynomial order bounds are used on a
per-dimension basis and all combinations of the one-dimensional polynomials are counted; furthermore
the tensor-product expansion contemplates anisotropy in polynomial order for each dimension (variable)
since the polynomial order bounds for each dimension can be defined independently. PCE estimates
the coefficients a; using the spectral projection approach, which projects the response on every basis
function using inner products and exploits the polynomial orthogonality properties to obtain each
expansion coefficient:

v Ryp) 1
WA @A
where each inner product requires a multidimensional integral over the support range (Q2) of the
weighting function. In particular QO = () ® --- ® (), with possibly unlimited intervals Q); C R

f R y; o&)de 1)
Q

n
and the tensor product form p(&) = [] 0i(&;) of the joint probability density (weight) function.
i=1

The denominator in Equation (11) is the norm squared of the multivariate orthogonal polynomial,
while the numerator is approximated numerically employing quadrature approach. This technique
uses a tensor product of one-dimensional quadrature rules. In the multivariate case n > 1, for each
f € C°(Q) and the multi-index i = (i; ...i,) € N, the full tensor product quadrature formulas are
given below [21]:

mil Miy,

Q" f(&) = (Ut U )(f)(E) =), -} fE), &) @] eewr)  (12)
=1 Jjn=1

where the above product requires ﬁl m;;j function evaluations.

Full tensor product quadratui“e is a very efficient numerical tool if the number of input random
variables is small. However, approximations based on tensor product grids undergo the curse of
dimensionality [1] because the number of collocation points in a tensor grid increases rapidly with the
number of input random variables.

In this paper Gaussian quadratures are selected using an isotropic approach. This means that
the UQ algorithm uses the same quadrature order m;; = m for the selected input variables (n = 2
dimensions), resulting in a total of m" function evaluations to compute the PCE coefficients «;.

PCE method provides analytic statistical moments of the response functions; however, cumulative
distribution function probabilities are evaluated numerically by sampling (LHS) on the expansion.

6. Results

Dakota provides in the output file the discretized PDFs of the response functions, i.e., the probability
density values inside each ‘bin’, which corresponds to a pre-definite response level.

For an easier interpretation of the results, the discretized probability is reported in the following
discussion; it is the local integral (on each bin) of the discrete PDFs (input distributions of Figure 4).

6.1. Surrogate-Based UQ Main Outcomes

The Surrogate-based UQ approach consists in the application of the Latin Hypercube sampling
on the generated meta-model, in order to evaluate the response functions statistics.
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An example of the surrogate generated with the SB-UQ approach is reported in Figure 5 for the
overall total to static turbine efficiency (Equation (6)).

Contours have been reported on the response surface to display the overall variation in turbine
efficiency as a function of the input parameters (tip clearances at rotor LE and TE). The blue scattered
points represent the 64 points of the DoE, which correspond to 64 different combinations of rotor
clearance values, i.e., to a database of 64 CFD simulations. This computational effort is necessary
to build a reliable surrogate of the CFD model through the RSM (Gaussian Process Equation (7)):
the overall efficiency variation inside the DoE is about 6% (see Figure 5 vertical axis).

“+ DOE LHS - CFD - 64 samples
“+ UQ LHS - 6400 samples
GP response surface

ETA t2s Overall []
()]

TC TE [%h bout]

Figure 5. SB-UQ: overall efficiency response surface and samples.

In order to compute the statistics of the response function, the SB-UQ algorithm performs 6400
(2 orders of magnitude greater than the DoE) function evaluations on the meta-model, which are visible
in red scatter in Figure 5. The discretized probability distribution of the overall turbine efficiency is
plotted in Figure 6, where each bin of the histogram is equal to a 0.12% efficiency difference.

18%
16%
14%
12%
10%
8%
6%
4%
2%

0% <
H : 2.2%

bin_width=0.12% Eta_t2s[-]

Y

Figure 6. SB-UQ: overall efficiency probability bars (in blue) and related Gaussian trend (red line).
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The input uncertainties (Figure 4) correspond to a 2.2% efficiency variation range, where it is
possible to fall with non-zero probability. This is a significant outcome: for a fixed turbine operating
point subject to rotor tip gap uncertainties (see Table 2) the overall efficiency variability is about 2%.
The red line plotted in Figure 6 over the probability bars represents the corresponding Gaussian
distribution with the same average and standard deviation of the discretized PDF computed by Dakota.

Rotor total to static efficiency (calculated with the rotor expansion ratio PRF,.tr) has a slightly
different behavior and a wider variability inside the DoE: about 7% variation as indicated in Figure 7.

“ DOE LHS - CFD - 64 samples
+ UQ LHS - 6400 samples
—] |GP response surface
A
i Py
~ -/
S
g
7%
N g
<
'—
w L
Py
0
v?
L 2 3 4 e T TC LE [%h bin]

TC TE [%h bout]

Figure 7. SB-UQ: rotor efficiency response surface and samples.

The rotor efficiency larger sensitivity (compare Figures 5-7) can be explained considering that tip
gap variations directly affect the rotor efficiency while the stage efficiency also includes volute and
tailpipe losses that tend to hide the effect of tip clearance gap.

However, the rotor total to static efficiency probability distribution is sharper and less dispersed
than the previous one (compare Figures 6-8).

45%
40%
35%
30%
25%
20%
15%
10%
5% I
(]

0% 1 ~ -
_H 5 8%

bin_width=0.12% Eta_t2s_rotor[-]

Figure 8. SB-UQ: rotor efficiency probability bars (in blue) and related Gaussian trend (red line).
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Among the statistical quantities provided by the UQ analysis, the Skewness (Equation (13)) and
the excess Kurtosis (Equation (14)) are obtained from the following equations:

N,
C(Ri—uV] 1 [ \
Sk = E[(T) ] =33 l;(rzk — i) wi (13)
N,
O (Ri- ) [ \
Ku = E[(G—l) }—3 = 0_14 I;(T’zk—ul) Wi -3 (14)

where y; is the mean, o; the standard deviation and E is the expectation operator.

The skewness (Sk) is a measure of the asymmetry of the probability distribution of a real-valued
random variable about its mean, while the excess Kurtosis (Ku) describes the shape of a PDF with
respect to the Gaussian distribution having Ku = 0.

The corresponding values of these statistics moments are reported in Table 3 and the following
considerations can be drawn:

e overall efficiency: comparing the discretized probability with the corresponding Gaussian
(Figure 6) it is clear that the distribution is left-skewed (Sk < 0), i.e., the left tail is longer and
the mass of the distribution is concentrated on the right of the figure. Moreover, Ku < 0 and the
distribution is defined ‘platykurtic’, i.e., it is flatter than the corresponding Gaussian, resulting in
thinner tails;

e  rotor efficiency: the distribution is right-skewed (Sk > 0) instead, i.e., the right tail is longer and
the mass of the distribution is concentrated on the left of the figure. Ku > 0 and the distribution is
defined ‘leptokurtic’, i.e., it is sharper than the corresponding Gaussian, resulting in fatter tails.

Table 3. SB-UQ: 3rd and 4th order moment statistics values for rotor and ‘overall’ efficiency.

Qol Skewness (Sk) Excess Kurtosis (Ku)
ETA_t2s_Overall —0.0195 —0.3046
ETA_t2s_Rotor 0.2982 2.3968

The difference between rotor and stage efficiency probability distributions can be explained
comparing the corresponding response surfaces. In Figure 7 the surface has an inflection at the tip
clearance average values. Since the input distributions are Gaussian, the majority of UQ samples falls
around the mean values giving a lower variability of the rotor efficiency.

The abovementioned inflection in rotor efficiency response surface is due to the peculiar behavior
of the rotor pressure ratio, whose response surface is shown in Figure 9.

The resulting PDF is displayed in Figure 10 where the input uncertainties correspond to about 0.1
rotor pressure ratio variation range. The rotor pressure ratio probability distribution is almost uniform
within this range with the highest peaks at around 8%.

Figure 11 shows the response surface of the mass flow parameter with the dataset points. It is
evident from the surface gradient that the tip gap at blade TE has a higher influence on the MFP than
the tip gap at the blade LE.

The TE tip clearance reduction (i.e., TE blade tip closer to the shroud) leads to an appreciable
lowering of the mass flow parameter, i.e., of the turbine exhaust gas swallowing capacity. This result
matches the radial turbines design theory where the aerodynamic blockage in the exducer (final part of
the blade) limits the impeller blades number.
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+ DOE LHS - CFD - 64 samples
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Figure 9. SB-UQ: rotor pressure ratio response surface and samples.
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Figure 10. SB-UQ: rotor pressure ratio probability bars (blue) and related Gaussian trend (red line).

The MFP discretized probability distribution is reported in Figure 12. The 6400 results of the
sampling-based UQ algorithm are concentrated in a small range of 0.02 [(kgKO'S)/bar], equal to 0.8% of
the mean value of the distribution. It can be observed that tip gap uncertainties have a limited impact
on turbine mass flow, which is slightly affected by TE tip clearance.
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Figure 11. SB-UQ: mass flow parameter response surface and samples.
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Figure 12. SB-UQ: mass flow parameter probability bars (blue) and related Gaussian trend (red line).

6.2. Surrogate Model Validation

The surrogate models given by Dakota’s Surfpack toolset allows to compute diagnostics metrics
on the basis of [8]:

1)  simple prediction error with respect to the training data. In this case the points x; are those used
to train the model;

2)  prediction error estimated by cross-validation, when the points x; are selectively omitted from
the build;

3) prediction error with respect to challenge data, which are supplementary points x; provided by
the user.
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The resulting metrics must be interpreted very carefully; in case of interpolatory models, like
those used for the surrogate generation, simple prediction error (1) will almost always be zero.
The determination coefficient (R?) is meaningful for polynomial models, but less for other model types.

In order to check the meta-model reliability, a cross-validation was performed. At first the k-fold
cross-validation is considered: the DoE dataset is divided into k partitions and k meta-models are
generated, each excluding the k-th partition of training data. Each surrogate is tested at the points that
were excluded for the generation and the user-specified diagnostic metrics are computed with respect
to the held-out data [8]. The results obtained from a 4-fold cross-validation are reported in Table 4,
including the Root Mean Squared, the Mean Absolute Value and the Maximum Absolute Value of the
prediction error (calculated between the observed value and the surrogate model prediction for the
training data points). The average and maximum absolute values of the prediction error (last two rows
of Table 4) are reported in relative percentage form with respect to the corresponding average values of
the 64-points DoE.

Table 4. Metrics for 4-fold cross validation of the response surfaces.

Metrics Eta_ts Eta_ts (ot PRF (ot MFP [kgKU'S/bar]
Root Mean Squared (RMS) 5.766 x 1074 1.428 x 1073 1.794 x 102 1.356 x 1073
Mean Absolute Value (%mean value) 0.08% 0.20% 0.33% 0.04%
Maximum Absolute Value (%mean value) 0.30% 0.97% 1.52% 0.15%

The results confirm the reliability of the model, with average errors never above 0.5% and
maximum errors contained within 1.5%. In addition, the Leave-one-out cross-validation or Prediction
Error Sum of Squares (PRESS) was performed. In this special case of k-fold cross-validation the number
of partitions is equal to the number of data points. The results given by this analysis are summarized
in Table 5.

Table 5. Metrics for Leave-one-out cross validation (PRESS) of the response surfaces.

Metrics Eta_ts Eta_ts rot PREF 1ot MFP [kgK%5/bar]
Root Mean Squared (RMS) 5.116 x 1074 1.339x 1073 1.738 x 1072 1.393 x 1073
Mean Absolute Value (%mean value) 0.07% 0.17% 0.29% 0.04%
Maximum Absolute Value (%mean value) 0.27% 1.03% 1.71% 0.15%

The results of Table 5 confirm the outcome of the 4-fold cross validation. The maximum error
slightly increases (1.71%) as expected because the number of partitions used to evaluate the statistical
quantities corresponds to the number of training points. Maximum errors within 2% are considered
acceptable and confirm the validity of the UQ results discussed in Section 6.1. The SB-UQ approach is
therefore taken as reference to assess the quality of the PDFs obtained with PCE of different orders.

6.3. PCE: Results Comparison among Different Expansion Orders

The Polynomial Chaos Expansion technique requires the order of expansion of the multivariate
polynomial approximation and the polynomial order bounds for each input variable.

The GP algorithm previously used in the Surrogate-based approach (Section 6.1) requests a 2nd
order polynomial for the trend function of each response function and the highest total polynomial
order of any term in the trend function is 2. However, if no information on the response behavior is
available, it is essential to compare the output PDF resulting from different orders of the polynomial
expansion. In this paper the results from a 2nd, 3rd and 4th order polynomial expansions are compared,
in order to give some guidelines for future applications of UQ approaches on twin scroll radial turbines.
The comparison of the overall total to static efficiency discretized PDFs is shown in Figure 13.
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Figure 13. PCE vs. SB-UQ: overall efficiency probability distributions coming from different
polynomial orders

It is interesting to note that 2nd and 4th order PDFs are more similar close to the mean value,
while 3rd order polynomial expansion PDF differs from the previous ones, with higher probability
peaks close to the distributions average value.

If the SB-UQ distribution is taken as reference, the closest is the 4th order expansion, especially
taking into account the central bars, related to higher probability levels. Looking at the absolute
maximum probability difference between the PCE and the SB-UQ distributions (Table 6), the 2nd and
4th differs only for 0.4%.

Table 6. Overall efficiency maximum absolute probability differences from SB-UQ approach.

Eta_t2s MAX prob. Diff. PCE—SB-UQ
2nd 3rd 4th
1.22% 2.22% 0.83%

At this point the question is legitimate: is it worth doing 16 CFD simulations instead of 4 (minimum
required number for 4th and 2nd order PCE respectively) for such a small improvement? The answer
to this question can be given considering the assembly of all response functions.

One interesting result is that again the 3rd order PCE is the more distant from SB-UQ probability
prediction. Figure 13 and Table 6 highlight an interesting fact: with the 2nd order PCE it is possible to
get an overall efficiency probability distribution which differs from the SB-UQ by a maximum of 1%.

The PCE technique allows to obtain optimal probability predictions with a much lower
computational effort: from 64 CFD simulations required for the meta-model to only 4 simulations for
the 2nd order multivariate polynomial chaos expansion.

The rotor total to static efficiency is plotted in Figure 14. It can be noted that, as the overall
efficiency, the 3rd order polynomial expansion is the sharpest distribution.

Lower order expansions (2nd and 3rd) show more concentrated probabilities around the PDFs
mean value, while 4th order and SB-UQ have a larger probability dispersion.

The difference between the 2nd and 4th order polynomial PDFs is larger in this case as reported in
Table 7; the 2nd order maximum probability difference from the SB-UQ is twice than with the 4th order
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PCE. The larger difference found in the rotor efficiency probability distributions would require the
adoption of a 4th order PCE.

60%
° H pce_2nd
50% O pce_3rd
B pce_4th
40% W sb_uq
30%
20%
10%
0% . |.H al
H 0.8%
bin_width=0.12% Eta_t2s [-]

Figure 14. PCE vs. SB-UQ: rotor efficiency probability distributions coming from different
polynomial orders.

Table 7. Rotor efficiency maximum absolute probability differences from SB-UQ approach.

Eta_t2s_rot MAX prob. Diff. PCE—SB-UQ
2nd 3rd 4th
19.39% 25.13% 9.31%

All the probability distributions for the rotor pressure ratio from the PCE differ in shape from the
reference; moreover, lower orders (2nd and 3rd) have a larger dispersion within the dataset as shown
in Figure 15.
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6% = pce_4th
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Figure 15. PCE vs. SB-UQ: rotor pressure ratio probability distributions coming from different
polynomial orders.
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The maximum percentage difference from the surrogate model is always around 3-4%, as confirmed
by Table 8. However, it must be stressed that the 4th order PCE is the one that qualitatively best fits the
results of the SB-UQ.

Table 8. Rotor pressure ratio maximum absolute probability differences from SB-UQ approach.

PRF_rot MAX prob. Diff. PCE—SB-UQ
2nd 3rd 4th
4.52% 3.25% 3.98%

Finally, the mass flow parameter is considered: PDFs are almost entirely contained in a range of
amplitude equal to 0.8% of the average value of the distribution (see Figure 16). Analyzing the data in
Table 9 it can be concluded that quantitatively the 4th order PCE is the solution that best approximates
the probability distribution of the surrogate-based approach with a maximum error of about 3%.

25%
20% lpce_2nd
pce_3rd
Epce_4th

15% Esb_ugq
10%

5%

0% TS aann

NI N I AN N R N N IR N R N NI S S IR AN BN XS I RN
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MFP [(kgK"0.5)/bar]

Figure 16. PCE vs. SB-UQ: mass flow parameter probability distributions coming from different
polynomial orders.

Table 9. Mass flow parameter maximum absolute probability differences from SB-UQ approach.

MFP MAX prob. Diff. PCE—SB-UQ
2nd 3rd 4th
5.58% 9.59% 3.34%

7. Conclusions

The application of the UQ analysis to a radial turbine with the introduction of uncertainties
in the tip clearance gaps at blade LE and TE has demonstrated the capabilities and large potential
of these numerical techniques for turbomachinery design purposes. The effects of rotor tip gap
uncertainty have been quantified and overall results from radial turbine design practice has been
confirmed. Two approaches have been developed and compared: response surface vs. polynomial
chaos. A validation method has been developed and applied to the reference case of response surface
UQ method. The use of polynomial chaos is very attractive because it requires a much lower number of
individuals in the CFD database but the order of the polynomial strongly affects the final distributions
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in the UQ analysis. The best polynomial order for the present application case has been obtained and
validated using the response surface method as reference.

The final target of this analysis is to provide a quantitative indication to the designer of how
much the performance obtained preliminarily through a CFD simulation may vary due to operational
geometric uncertainties due to rotor tip clearances.

The designer can extract realistic information on the performance attainable in a given working
point and can correlate the simulated data with the actual performance.
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Nomenclature

ave Mean value
ETA_t2s_Overall Total to static overall efficiency
ETA_t2s_Rotor

Total to static rotor efficiency

h_bin Inlet blade height (leading edge)

h_bout Outlet blade height (trailing edge)

k Ratio of fluid specific heats

Ku Kurtosis

m Mass flow [kg/s]

min Minimum value of a distribution

MAX Maximum value of a distribution

MEFP Mass Flow Parameter [(kgKO'S)/bar]

MFR Mass Flow Ratio

N Number of samples in a Gaussian distribution
std deviation Standard deviation or root mean square of a distribution
P Pressure [Pa]

PRF Flow pressure ratio

Sk Skewness

TC_LE Tip clearance at blade leading edge

TC_TE Tip clearance at blade trailing edge

T Static temperature [K]

v Mean value (Gaussian distribution function)

n Efficiency

o Standard deviation

Subscripts

1 Volute inlet section

2 Volute outlet/Rotor inlet section

3 Rotor outlet/Tailpipe inlet section

4 Tailpipe outlet section

hub Rotor hub side (identification of the volute scroll)
sh Rotor shroud side (identification of the volute scroll)
rot, rotor Relative to the rotor only

s Static condition

t Total condition

tot Overall (referred to mass flow)

ts, t2s

Total to static
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Acronyms

CFD Computational Fluid Dynamics
DoE Design of Experiments

GP Gaussian Process

L.E. Leading edge

LHS Latin Hypercube Sampling

MLE Maximum Likelihood Estimation
PCE Polynomial Chaos Expansion
PDF Probability Density Function

Qol Quantity of Interest

RSM Response Surface Methodology
SB Surrogate-Based

TE. Trailing edge

UuQ Uncertainty Quantification
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