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Abstract: Micro-swimmers such as spermatozoa are able to efficiently navigate through viscous
fluids that contain a sparse network of fibers or other macromolecules. We utilize the Brinkman
equation to capture the fluid dynamics of sparse and stationary obstacles that are represented via a
single resistance parameter. The method of regularized Brinkmanlets is utilized to solve for the fluid
flow and motion of the swimmer in 2-dimensions when assuming the flagellum (tail) propagates
a curvature wave. Extending previous studies, we investigate the dynamics of swimming when
varying the resistance parameter, head or cell body radius, and preferred beat form parameters. For a
single swimmer, we determine that increased swimming speed occurs for a smaller cell body radius
and smaller fluid resistance. Progression of swimmers exhibits complex dynamics when considering
hydrodynamic interactions; attraction of two swimmers is a robust phenomenon for smaller beat
amplitude of the tail and smaller fluid resistance. Wall attraction is also observed, with a longer time
scale of wall attraction with a larger resistance parameter.

Keywords: Brinkman; spermatozoa; regularized fundamental solutions; micro-swimmers;
fluid-structure interaction; locomotion

1. Introduction

Spermatozoa (sperm) are micro-swimmers that generate propulsive forces and forward motion
via the undulation of a single, cylindrical flagellum (tail). As shown in Figure 1a, a cross section
of the flagellum of a sperm contains 9 sets of microtubule doublets along the perimeter, as well as
an additional pair of microtubules in the center, giving the so-called 9+2 structure [1]. These rigid
microtubules, along with the accessory structures called the outer dense fibers, set the material
properties of the flagellum. Active bending is generated by dyneins, molecular motors that walk along
microtubules and cause the microtubules to slide relative to one another [2]. Attached to the flagellum
is the cell body or head, which is a rigid and passive structure that contains the genetic material that is
released after fertilizing the ovum (egg) [3]. To date, our understanding of the complex relationships
of sperm navigation is not complete, but a fundamental understanding of the relationship between
flagellar undulations and emergent swimming speeds and trajectories could aid in the development of
therapeutics to aid or hinder sperm progression [4,5], as well as bring insight into the development of
artificial micro-swimmers for applications such as drug delivery [6,7].

Mammalian sperm are fascinating in that they must swim great distances, as well as navigate
different fluid environments throughout the reproductive tract [8]. Oviductal and vaginal fluid often
contains a sparse network of fibers such as mucin, as well as cells and other debris [9,10], which are not
accounted for in a model of a homogeneous fluid with a single viscosity. The presence of these obstacles
can be considered to act as an additional drag or fluid resistance on the swimmer. Since accounting
for each of these fibers can be computationally expensive, we will take the approach derived by
Brinkman [11], thinking of the homogenized flow around a network of stationary and sparse obstacles.
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A drag term with a resistance parameter α will account for the presence of these fibers where α = 0
represents a homogeneous fluid without any obstacles or fibers.
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Figure 1. (a) Schematic of the internal structure of the flagellum. The circular cross-section contains
nine sets of microtubule doublets close to the perimeter and the dynein (molecular force generators)
are shown. (b) Cartoon of the discretization of the cell body or head and how it is connected to
the flagellum. Each line corresponds to a spring connecting points and the stars are nodes from the
discretization (gray dashed lines and nodes correspond to the flagellum).

The swimming speed and efficiency of micro-swimmers has been extensively studied through
both analysis and model simulations [3,12]. To date, in the case of a homogeneous fluid governed by
the incompressible Stokes equations, computations have explored a single to thousands of swimmers
with varying levels of complexity with respect to accurate geometries of the flagellum, regulation
of the beat form, and coupling to chemical concentrations [13–23]. Early pioneering work by Taylor
focused on an infinite-length swimmer with a beat form that was prescribed [24,25], where swimming
speeds and propulsive efficiency were derived as a function of beat form parameters in the case of
a Stokesian fluid. This work was recently extended to the case of an infinite-length swimmer in a
fluid governed by the Brinkman equation, where swimming speeds were found to be an increasing
function of resistance parameter α [26,27]. However, in simulations of finite-length filaments in a
Brinkman fluid, there was a non-monotonic relationship and there generally was a small range of
resistance parameter α that enhanced swimming relative to the case of α = 0 or no obstructions in
the fluid [28–30]. The additional caveat is that previous computational studies of a swimmer in a
Brinkman fluid have primarily focused on the case of a finite-length filament and have neglected the
role of the cell body or head.

In this study, we focus on emergent swimming speeds and trajectories of swimmers in a
2-dimensional (2-d) fluid, with the goal of understanding the complex interplay between fluid
resistance and beat form parameters of the swimmer. The swimmer is assumed to have a cell body
attached to an elastic flagellum that propagates a beat form with preferred kinematics. The viscous,
incompressible fluid that the swimmer is immersed in has a network of sparse obstacles, which is
captured with a drag term with a resistance parameter. The coupled fluid-structure interaction is
solved using the method of regularized Brinkmanlets [28,30,31]. We characterize emergent swimming
speeds and trajectories of a solo swimmer and determine that slower swimming occurs with larger
resistance and radius of the head. Additionally, we observe attraction of two swimmers when the
resistance is small, whereas in the case of large amplitude and/or resistance, swimmers will start
to attract but then push apart. Additionally, we gain an understanding of swimmers near a wall,
which are faster than the case of a swimmer in free-space. Hence, the small volume fraction of fibers or
obstacles in the fluid can change time scales of attraction as well as have a non-monotonic effect on
swimming speeds.

2. Methods

2.1. Fluid Model

Sperm navigation can be considered in the regime where acceleration is negligible and viscous
forces dominate [12,16]. Since we wish to account for stationary and sparse obstacles that will represent
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mucin or other fibers or cells in the fluid, the Brinkman equation can be used [11,32–35]. Different types
of micro-swimmers in a Brinkman fluid have been successfully studied [27,28,36–38] and we use a
similar approach. The non-dimensional and incompressible Brinkman equation is

∆u− α2u = ∇p− f , ∇ · u = 0. (1)

Where u is the fluid flow, p is the pressure, and f is a force density exerted by the micro-swimmer on
the fluid. The presence of fibers or particles in the fluid are represented via the resistance parameter
α = L/

√
K for characteristic swimmer length L and permeability K. Large K (small α) corresponds

to a highly permeable fluid with very few obstacles and as K → ∞ (α → 0), the non-dimensional
Stokes equations are recovered. For a given fiber radii r f and volume fraction of fibers ψ that are
randomly oriented,

r2
f

K = 4ψ

[
1
3

r2
f

K +
5
6

r f√
K

K1(r f /
√
K)

K0(r f /
√
K)

]
; (2)

for parameter values of r f and ψ, we can determine a relevant permeability K range, and hence a
relevant range of α [35]. In Equation (2), K0(·) and K1(·) are the zero-th and first order modified Bessel
functions of the second kind. Since Equation (1) is only valid at small volume fractions of fibers,
we note that in order for a swimmer to navigate without moving the fibers or having the fibers push
on the swimmer, the relevant range is α ∈ [0, 10] [28,30]. This corresponds to a fiber separation in the
range of 20–200 µm where the length of a human sperm is 50 µm [39].

2.2. Sperm Representation

Based on previous recordings of the flagellar beat form of human sperm [39], we assume that the
swimmer will propagate a curvature wave along the tail, with larger magnitude at the end of the tail
(furthest away from the head). The preferred tail beat form of the q-th swimmer is given by:

Xq
T(s, t) = [x(s, t), y(s, t)] = [s, β(1− s) sin(κs− σt)],

where t is time and s is an arc length parameter, 0 ≤ s ≤ L for tail length L with s = 0 the end of the tail
and s = 1 closest to the cell body. The bar will denote any quantity that corresponds to the preferred
configuration. As summarized in Table 1, the preferred non-dimensional beat form parameters are:
amplitude β, beat frequency σ/2π, and wavelength 2π/κ. The relative scales of these parameters are
based on those of human sperm [39].

Table 1. Baseline parameters for swimmer model.

T , characteristic time scale, 0.05 s (beat frequency 20 Hz)
L, characteristic length scale 50 µm
V , characteristic velocity scale L/T (wavespeed)
µ, viscosity 0.001 kg m−1 s−1

F , characteristic force scale µVL
L, tail length 1
rh, head radius 0.1
κ, wavenumber 2π
β, amplitude varied [0.1,0.3]
σ, frequency 4π
SC, curvature stiffness of tail 8
ST , tensile stiffness of tail 10,000
SN , tensile stiffness of neck 500
SH , tensile stiffness of head 10,000
SH,C, curvature stiffness of head 0.8
SN,A, stiffness for tail-head connecting angle 10,000
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We will assume that the tail can be modeled as an Euler elastica. Hence, elastic energies
corresponding to active bending and passive tension can be determined and will tend to be minimized
when the preferred beat form is achieved [29,30,40]. Let Ωq

T correspond to the tail of the q-th swimmer,
and let the actual and preferred curvature of the tail, Λq and Λ(s, t), be given as

Λq(s, t) =
∂2yq

∂s2
∂xq

∂s −
∂2xq

∂s2
∂yq

∂s((
∂xq

∂s

)2
+
(

∂yq

∂s

)2
)3/2 , Λ =

∂2y
∂s2 , (3)

where Xq
T = [xq, yq] is the actual tail location at time t. The energy corresponding to the dynein motors

generating a curvature wave on the tail is given as

E q
C = SC

∫
Ωq

T

(
Λq(s, t)−Λ(s, t)

)2 ds. (4)

The stiffness coefficient SC determines how strictly the preferred configuration is enforced. The tension
component of the tail energy, ET , is an effective inextensibility constraint and is given as

E q
T = ST

∫
Ωq

T

(∣∣∣∣∣
∣∣∣∣∣∂2Xq

T
∂s2

∣∣∣∣∣
∣∣∣∣∣− 1

)2

ds. (5)

Here, the stiffness coefficient ST captures the rigidity of the microtubules in the tail and their resistance
to bending (refer to Figure 1a). We note that ST and SC have been previously calibrated for this model
to be in the range of mammalian sperm [19].

We assume that the cell body is circular with radius rh (preferred curvature η = 1/rh), with the
circle denoted by Ωq

H . Since the cell body is a passive and rigid structure attached to the filament,
we will also utilize a head curvature energy EH,C:

E q
H,C = SH,C

∫
Ωq

H

(ηq(s, t)− η(s, t))2 ds.

The actual head curvature ηq for the q-th swimmer is calculated in the same way as Λq in
Equation (3), with the caveat that curvature is now calculated using the current head location Xq

H =

[xq, yq]. An effective inextensibility constraint is also utilized for the head, similar to Equation (5).
As shown in Figure 1b, this constraint is comparable to Hookean springs connecting all discretization
points on the perimeter of the head as well as connecting points on the circular head that are π apart.
In order for the head to be passively pushed by the active tail, we also have a series of stiff connections
between the head and the flagellum in the neck region (refer to Figure 1b). Five springs are utilized
to connect the first two points on the flagellum (right-most) to the head, all with stiffness coefficient
SN . The corresponding energy will be similar to Equation (5). In addition, an additional energy that
penalizes deviations from the initialized vector between the point on the tail at s = 1 and the midpoint
of the cell body is enforced with a stiffness coefficient SN,A [41].

2.3. Numerical Methods

For all numerical simulations, the time step is4t =10−5. The swimmer is always initialized as
a straight line, and has NT = 100 points on the tail when L = 1. Tail points are increased with the
same discretization spacing for L > 1. Similarly, NH = 48 is the number of points on the head when
the head radius is rh = 0.1 and head points are increased (or decreased) to maintain a constant head
discretization spacing when rh 6= 0.1.
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In order to solve for the resulting fluid flow u in Equation (1), we will first have to determine the
forces f. The point forces Fq that the q-th swimmer exerts on the surrounding fluid can be obtained by
a variational derivative of the total energy [41,42],

Fq = − ∂E q

∂Xq

= − ∂

∂Xq

(
E q

C(Xq
T) + E

q
T(Xq

T) + E
q
H,C(Xq

H) + E
q
H,T(Xq

H) + E
q
N(Xq

T , Xq
H)
)

. (6)

The terms on the right hand side of Equation (6) are: tail curvature energy EC, tail tensile energy
ET , head curvature energy EH,C, head tensile energy EH,T , and neck junction energy EN . Discretizing
the energy integrals and taking derivatives leads to a singular force layer, which we regularize to
obtain f = Fφε(r). Here, φε(r) is a radially symmetric blob function that satisfies

∫ ∞
0 rφδdr = 1

2π [43].
For a point Xi on the swimmer, r = |x− Xi| and we choose

φε(r) =
3δ3

2π(r2 + δ2)5/2 , (7)

fixing the regularization parameter as ε = 0.02 for all simulations [29,30]. After regularizing the forces,
we can write the solution to the velocity u as a superposition of all of the point forces. This is the
method of regularized Brinkmanlets and as detailed in [30,31] for a 2-d fluid,

p(x) =
M

∑
q=1

N

∑
i=1

Fq
i ∇Gε(r), (8)

u(x) =
M

∑
q=1

N

∑
i=1

[
−Fq

i (B′′ε (r) + cα + cS) + (Fq
i · (x− Xi))(x− Xi)

rB′′δ (r)− B′δ(r)
r3

]
, (9)

where r = |x−Xq
i |, φε = ∇2Gε, and Bε is implicitly defined as (∆− α2)Bε = Gε for radially symmetric

Gε and Bε. The other terms in Equation (9) are

cα =
−γe − log(α/2)

4π
, cS = −

Fq
i

8π
,

where γe is the Euler-Mascheroni constant and these terms are derived to ensure that as α → 0,
we recover the singular Stokeslet where the remaining constant flow is canceled out with cS. Here,
the total number of swimmers and points on each swimmer is M and N = NT + NH , respectively.
Details of the numerical method are given in Leiderman et al. [30,44]. The main numerical algorithm
involves solving for the forces that the swimmer exerts on the fluid at each time instant, then evaluating
the instantaneous fluid velocity, and then updating the swimmer using a no-slip condition, dXq/dt =
u(Xq). This enforces that the swimmer moves at the local fluid velocity.

3. Results

3.1. Dynamics of a Single Swimmer

We were first interested in understanding how model parameters could lead to different emergent
beat forms and swimming speeds. In Figure 2, traces of the cell body and overlayed tail positions
are shown over four beat periods (from non-dimensional time t = 8− 10). We emphasize that the
x-axes of each graph are constant and all swimmers are initialized at the same initial location with the
same exact preferred beat form. The energy in Equation (4) specifies the preferred curvature but due
to resistance in the fluid and material parameters (corresponding stiffness coefficients) of the swimmer,
the emergent tail positions minimize this energy. In comparing the case of α = 0.01 in Figure 2a,c,e and
α = 8 in Figure 2b,d,f, we observe the preferred taper of the tail from the head to the end of the tail for
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α = 0.01 (very small volume fraction of fibers). In comparison, α = 8 does not achieve the preferred
taper; this is due to the larger resistance in the fluid on this cell body. For these baseline parameters
in Figure 2, we also explored emergent beat forms as the stiffness SC is varied, which enforces how
closely the preferred curvature is followed. Figure 2c,d, the second row, has SC as half the baseline
amount and has the baseline value in Figure 2e,f, the bottom row; for each case of α, 0.5SC deviates
more from the preferred configuration.

(a) 0.5SC and α = 0.01 (Filament) (b) 0.5SC and α = 8 (Filament)

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

0.1

0.2

0.3

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

0.1

0.2

0.3

(c) 0.5SC and α = 0.01 (rh = 0.1) (d) 0.5SC and α = 8 (rh = 0.1)
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0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
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(e) SC and α = 0.01(rh = 0.1) (f) SC and α = 8 (rh = 0.1)
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Figure 2. Flagellar positions are given over two beat periods, rotated and shifted to have the point
at arc length s = L co-located, for non-dimensional time t = 8− 10. The top two rows, (a–d), is for
decreased curvature stiffness SC whereas the bottom row, (e,f), is for the baseline curvature stiffness.
Similarly, the left column with (a,c,e) is for resistance parameter α = 0.01 whereas the right column
with (b,d,f) is for α = 8. The filament cases in (a,b) correspond to head radius rh = 0 and the trace
to the right of the swimmer is the right most point of the swimmer. When head radius is rh = 0.1,
(c–f), the trace to the right of the tail is of the left most point of the head. Other parameters used are
specified in Table 1.

Previous models have been of a filament (no head or rh = 0); we observe that the filament in
Figure 2a,b swims faster than the swimmer with head radius rh = 0.1 in Figure 2c,d for the same
parameters. Even though increased progression is made in the case of the filament, the emergent beat
form is similar. We further explore emergent beat forms in Figure 3. At t = 15 non-dimensional time,
the differences between the preferred and emergent beat form are given in Figure 3a, where x-locations
are shifted to have swimmer configurations overlayed. We observe larger differences at the end of the
tail in comparison to closer to the cell body. This is due to the rigid springs that are connecting the
head and the flagellum, as shown in Figure 1b. The deviations from the preferred beat form increase as
resistance parameter α is increased, and increase as the curvature stiffness SC is decreased. To further
compare the differences in beat forms with and without a cell body or head, we utilized the Procrustes
Measure. This measure is a sum of squared errors that gives the dissimilarity between the filament (no
head or rh = 0) beat form and the corresponding simulation with head radius rh 6= 0. The measure is
calculated after the beat forms of the case of a head has been translated and rotated to coincide with
the filament case. The metric is very small because all emergent beat forms are still represented by a
tapered sine wave. However, the metric highlights that at smaller curvature stiffness, 0.5SC, the beat
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forms of swimmers with a head are more dissimilar to the filament as resistance parameter α increases
and as head radius rh increases.

(a) (b)
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Figure 3. Quantifying difference in flagellar beat forms for different values of resistance parameter
α and curvature stiffness SC at non-dimensional time t = 15. (a) Difference between preferred and
emergent simulation beat forms, superimposed in the case of rh = 0.1. (b) Procrustes measure of
dissimilarity between the emergent beat of the filament (no head or rh = 0) and head cell size of
rh = 0.075, 0.1, and 0.125. For both (a,b), β = 0.1; other parameters used are specified in Table 1.

Since the swimmer is moving with the local flow field, we further investigate this in Figure 4.
Flow fields and the corresponding pressure are shown for six different sets of parameters after 30 beat
periods of the tail. We observe local vortices around the tail where the motion of the tail coincides
with the fluid. Additionally, as the tail is pushing on the surrounding fluid, we observe corresponding
peaks in the pressure. Since the fluid computations are for an infinite fluid in 2-d, the flow and pressure
are lower in magnitude away from the swimmer. The tail trajectory is shown with the gray curve and
the axes of each graph are constant. In each of these plots, the swimmer is initialized at the same initial
location and are given the same exact preferred beat form. In the top row of Figure 4a,b, this is the case
of preferred beat amplitude β = 0.2 and we observe increased forward progress in comparison to the
second row of Figure 4c,d with amplitude β = 0.1 (with all other parameters the same). In comparing
the tail traces between the left column with α = 0.01 and the right column with α = 8 in Figure 4,
similar to Figure 2, we observe a smaller amplitude at the end of the tail for the smaller resistance
parameter. In Figure 4e,f, the bottom row, the head radius is decreased by half and as a result, we
observe decreased pressure directly behind the head (in comparison to the top two rows in Figure 4).

Often times we are interested in the swimmer and/or fluid properties that allow for the greatest
forward progression, since this will correlate with the ability of the sperm to reach and fertilize the
egg [3,5]. In Figure 5, all swimming speeds are scaled by the baseline case of head radius rh = 0.1, α =

0.01, β = 0.2, and curvature stiffness SC from Table 1. In Figure 5a, due to this scaling, the swimming
speed starts at 1 for these parameters and then decreases as α increases. This trend is the same for the
other cases of SC and β; in this parameter regime, obstructions in the fluid cause swimming speeds
to decrease. For a fixed β, as shown in Figure 5a, the swimming speed increases for larger curvature
stiffness SC. Similarly, for fixed curvature stiffness, swimming speed is larger for larger preferred
amplitude β. Comparing a swimmer with a head radius rh = 0.1 to the case of a filament (rh = 0),
we observe an increased swimming speed for the filament in Figure 5b. For the baseline case of
β = 0.2 and SC, the filament is around 2.8 times faster than the swimmer with head radius rh = 0.1.
This increased swimming speed of the filament relative to the swimmer with a head is consistent for
the range of α studied. In Figure 5b, for a filament (no head or head radius rh = 0), we observe that
doubling amplitude β results in a significant increase in swimming speed. The swimming speeds
decreased in Figure 5a as α increased, but for the filament in Figure 5b, there was a non-monotonic
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change in swimming speed as α increased. As shown in Figures 2–4, the emergent beat form changes
and this complex relationship between emergent beat form parameters and fluid properties determines
the amount of forward progression. Figure 5c also shows that due to increased drag on the head,
as the head radius is increased, the swimmer decreases forward progression, regardless of resistance
parameter α.

(a) (b)
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Figure 4. Swimmers at t = 15 (non-dimensional, after 30 beat periods) for different resistance parameter
α and preferred beat form amplitude β: (a) α = 0.01, β = 0.2, and head radius rh = 0.1, (b) α = 8,
β = 0.2, and head radius rh = 0.1, (c) α = 0.01, β = 0.1, and head radius rh = 0.1, (d) α = 8, β = 0.1,
and head radius rh = 0.1, (e) α = 0.01, β = 0.1, and head radius rh = 0.05, (f) α = 8, β = 0.1, and head
radius rh = 0.05. The flow field is shown with arrows and normalized pressure is shown with the
background color with scale given on the colorbar. The last point on the flagellum is also traced out
(corresponding to arc length parameter s = 0). Other baseline parameters utilized are given in Table 1.
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Figure 5. Swimming speeds vary as a function of the resistance parameter α. Speeds for two different
preferred beat amplitudes β and curvature stiffness parameters SC: (a) swimmer with head radius
rh = 0.1 and (b) filament (F, head radius rh = 0). (c) Speeds for four different head radii rh using
baseline parameters. In (a–c), speeds are scaled by the swimmer using α = 0.01 and with baseline
parameters (L = 1, β = 0.2, SC, rh = 0.1; refer to Table 1). All speeds are calculated as an average over
a beat period and are the total distance traveled by the center point of the head (or the first point on the
filament with no head) over the time interval τ = 0.025.
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3.2. Pairs of Swimmers

In the above section, we have observed that as expected, the size of the cell body or head geometry,
as well as the resistance parameter will change the swimming dynamics. As has been previously
reported both in experiments and model simulations, pairs of swimmers will tend to attract and
synchronize their flagellar beat [8,30,40,45]. This was the case of filaments in a Stokesian and Brinkman
fluid where enhanced swimming speed (in comparison to a single swimmer) was observed when
filaments attracted and synchronized. In the case of a Brinkman fluid, attraction was observed when
the pairs of swimmers (filaments without a head) were less than 1/α apart, which corresponded to
the Brinkman screening length [30,34]. The question that is now being investigated is how or whether
attraction will occur between swimmers in a Brinkman fluid when the cell body is accounted for.
The setup is the same as for a single swimmer except that each swimmer feels the other swimmer
through the surrounding fluid. Additionally, when swimmers (points on the head or tail of different
swimmers) are within 4ε of each other, we utilize an additional repulsive force to ensure that structures
do not cross into each other. Similar to the discretization on the tail for the tension forces, it acts as a
Hookean spring with stiffness SR = 0.05 [40]. The distance between every point on the swimmers is
calculated and this force only turns on at the sub-set of points that are less than 4ε apart (zero for the
majority of the time points in the simulation).

In Figure 6, we initialize swimmers a vertical distance of Id apart and at the same starting
location with the same preferred curvature, and show the flow field and pressure after 30 beat periods
(non-dimensional time t = 15). Similar to Figure 4, the trace of the last point of the tail is shown for
each swimmer and we observe a decrease in vertical distance between the tails for all plots in Figure 6.
Figure 6a,c,e, the left column, is for smaller amplitude β = 0.1 and Figure 6b,d,f, the right column,
is for larger amplitude β = 0.2. In the 30 beat periods, the larger resistance parameter α in Figure
6e attracts less than in Figure 6a,c. The increased resistance and hence, volume fraction of fibers, is
preventing the swimmers from attracting on a fast time scale in Figure 6e. The larger amplitude in the
right column allows for additional forward progression and greater attraction in the vertical direction.
For the lower resistance parameter α in Figure 6b,d, there is stable attraction over the time period.
In contrast, even though α = 8 in Figure 6f, the larger amplitude generates additional propulsive
thrust and can push the fluid out of the way in order for the swimmers to attract initially. However,
due to the large drag on the cell body, the beating tails at later time points cause the cell body to rotate
slightly, causing the sperm to separate.

The dynamics of attraction for this same pair of swimmers is further explored in Figure 7.
At non-dimensional time t = 15, the distance between the centers of the head (or the first point on the
swimmer in the direction of swimming for the case of a filament) is shown for preferred amplitude
β = 0.1 in Figure 7a. Interestingly, the filament (no head, F) is able to get the closest by t = 15 (30
beat periods) for α = 0 and 1 whereas the distance between the tails is larger as shown in Figure 7b.
In addition, whereas the filament (no head, F) stays further apart at α = 8 in Figure 7a,b in terms of
head and tail distance, respectively, the swimmers with heads are able to attract more closely. The case
of larger amplitude is shown in Figure 7c,d over the time interval t = 0− 15 for the head and tail
distances, respectively. As observed in the right column of Figure 6, the larger amplitude allows the
swimmers to experience increased attraction, especially for lower to moderate resistance parameter α.
For larger α, the head reaches maximal attraction around t = 12 or 24 beat periods and then starts to
slowly push apart whereas the end of the tail continues to attract and beat in synchrony.

There are many questions about whether swimming in pairs or groups can be more efficient,
potentially giving an increase in the collective swimming speed. Previous work has shown increases
in swimming speeds in a Stokesian fluid [40] for a pair of finite-length filaments. In Figure 8a, average
progressive velocity for the pair of filaments (no head) in a Brinkman fluid is shown, scaled by the speed
of the corresponding solo filament simulation with the same parameters. The swimming speed of a pair
of swimmers in Figure 8a is slower (scaled speed always < 1) than the corresponding solo swimmer
for larger resistance α when initialized Id = 0.5 or 2.0 apart. In stark contrast, the pair of swimmers
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with head radius rh = 0.1 in Figure 8b swims faster (scaled speed > 1) than the corresponding solo
swimmer for larger resistance α (α ≥ 4) when initialized Id = 0.5 apart. This is contrary to intuition
since swimming speed and attraction is enhanced with a small volume fraction of fibers in the fluid.
In comparison, when Id = 2 in Figure 8b, there is a small decrease in swimming speed for most of the
resistance parameter values examined.

(a) α = 0.01, β = 0.1 (b) α = 0.01, β = 0.2
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(c) α = 4, β = 0.1 (d) α = 4, β = 0.2
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(e) α = 8, β = 0.1 (f) α = 8, β = 0.2
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Figure 6. Swimmers at t = 15 (non-dimensional, after 30 beat periods) for different resistance parameter
α and preferred beat form amplitude β when initialized a vertical distance Id = 0.5 apart: (a) α = 0.01,
β = 0.1, (b) α = 0.01, β = 0.2, (c) α = 4, β = 0.1, (d) α = 4, β = 0.2, (d) α = 8, β = 0.1, (e) α = 8,
β = 0.2. The flow field is shown with arrows and normalized pressure is shown with the background
color with scale given on the colorbar. The last point on the flagellum is also traced out (corresponding
to arc length s = 0). Other baseline parameters utilized are given in Table 1.

We further explore the potential stability of this attraction by running simulations out to t = 30.
Trajectories for resistance parameter α = 0 with preferred amplitude β = 0.1 are in Figure 9a whereas
Figure 9b is for β = 0.2. The swimmers continue to attract in Figure 9a and remain stably attracted
over this additional time period in Figure 9b. However, there is a question of whether these two
swimmers will eventually push apart, especially in the case of Figure 9b where it looks like the head of
the upper swimmer is moving upward. To investigate the trajectories of these pairs of swimmers, we
characterized the direction of swimming as the vector connecting the center of mass of the tail and the
center of the head, either

−→
S1 for the top swimmer or

−→
S2 for the bottom swimmer. Angle changes or

deviations from the trajectory of a solo swimmer (direction given by
−−→
Solo) is calculated as:

θ = arccos

( −→
S1 ·
−−→
Solo

|−→S1||
−−→
Solo|

)
, (10)

where the numerator is the dot product of the vectors and the denominator has the standard Euclidean
norm for each vector. Note that we are just calculating the the angle between the solo swimmer and
one of the two swimmers; we do not capture whether this angle is causing the swimmer to push down
or move up, but this can be gathered from previous figures. In Figure 9c, for β = 0.2, we show the
angle differences for the top swimmer S1 (similar patterns are observed for S2). For α = 8, this angle
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difference continues to increase in time; the top swimmer continues to swim further up and away
from the trajectory of the solo swimmer. From Figure 6f, we classified the swimmers as starting to
push apart at t = 15, corresponding to an angle difference of θ = 30◦ (shown in Figure 9c). In the case
of α = 0, Figure 9c shows that angle changes are much smaller but they are oscillating and growing
in time (small rate of growth). For α = 1 and α = 4, the oscillations and continued growth are also
present. Based on these angle changes that continue to slowly grow, we predict that attraction will
be stable for a long period of time, but that when θ ≥ 30◦, this would then change from attracted
swimmers to those that are starting to push away.

(a) Head Distance, β = 0.1 (b) Tail Distance , β = 0.1
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Figure 7. Distance between pairs of swimmers initialized with the same initial beat form and a vertical
distance of Id = 0.5 apart. (a,c) Distance between the center of the cell body (or last point on the
filament, s = 1, when rh = 0) (b,d) Distance between the last point on the tail (arc length s = 0).
The amplitude of the preferred beat form is β = 0.1 for the top row (a,b) and β = 0.2 for the bottom
row (c,d). The top row, (a,b), is distance between swimmers at time t = 15, plotted as a function of
resistance parameter α for different head radii rh (where filament is rh = 0). The bottom row, (c,d),
shows the distance between swimmers plotted as a function of time for rh = 0.1. For parameters not
specified, refer to Table 1 for baseline values used.

The presence of a head, and its size, also changes the dynamics of attraction. Table 2 delineates the
deviations in the angle, in comparison to the solo swimmer, at t = 15 for a variety of cases. In general,
we note that the top swimmer S1 generally has a slightly larger change in angle than the bottom
swimmer S2 for the smaller amplitude case, β = 0.1, for both head radius rh = 0.1 and the filament
(rh = 0). In addition, the angle changes at t = 15 in the direction of swimming are non-monotonic with
respect to resistance parameter α for β = 0.2 for the bottom swimmer S2. At smaller amplitudes, angle
changes decrease with respect to increasing α for the top swimmer S1.
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Figure 8. Swimming speeds at time t = 15 as a function of resistance parameter α for a pair of
swimmers initialized with the same initial beat form and a vertical distance of Id = 0.5 or Id = 2
apart. Speeds for different preferred beat amplitude β for baseline parameters: (a) filament (F, head
radius rh = 0) and (b) speed for head radius rh = 0.1. In (a,b), for each α, speeds are scaled by the
corresponding solo swimmer with the same parameters; the rest of the baseline parameters are given
in Table 1.
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Figure 9. Long-term dynamics of a pair of swimmers: (a,b) Tail traces from t = 0− 30 and final flagellar
locations at t = 30 for α = 0 with amplitude β = 0.1 in (a) and β = 0.2 in (b). The change in angle of
swimming trajectories of the top swimmer S1, with respect to the solo swimmer, for t = 0− 30 for
β = 0.2 (calculated using Equation (10)). The rest of the baseline parameters are given in Table 1.

Table 2. Angle differences at t = 15, calculated using Equation (10). S1 and S2 correspond to the
top and bottom swimmers, respectively, when centerlines are initialized a distance Id = 0.5 apart. F
corresponds to filament (no head).

Parameters α = 0 α = 1 α = 4 α = 8

S1, β = 0.1, rh = 0.1 4.1427 4.0591 3.3784 2.6849
S2, β = 0.1, rh = 0.1 2.6702 2.5901 2.1684 1.4504

S1, β = 0.2, rh = 0.1 29.8417 10.0230 12.0022 21.1165
S2, β = 0.2, rh = 0.1 2.7297 3.1615 6.3438 15.9360

S1, β = 0.1, rh = 0 (F) 8.5972 8.3903 6.1374 3.4372
S2, β = 0.1, rh = 0 (F) 0.7264 0.7264 0.4022 1.0445

S1, β = 0.2, rh = 0 (F) 5.3680 5.3680 6.1029 3.6030
S2, β = 0.2, rh = 0 (F) 1.5309 1.2868 0.7523 0.3240
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3.3. Wall Interactions

Sperm must navigate complex environments, interacting with boundaries such as the oviductal
epithelium in order to reach and fertilize the egg [5]. We explore wall interactions of a swimmer by
modeling the wall as an elastic boundary, which will be composed of energy functionals similar to
those in Equations (4) and (5), where we assume that the wall will have a preferred curvature of zero
and we want to maintain an effective inextensibility constraint. We choose to set the wall stiffness
coefficients for curvature and tension as SW,C = SC and SW,T = ST , respectively. The wall is initialized
as horizontal with a length of 10. Since we initialize the swimmer with left most point at x = 0,
we choose the wall to be present for −3 ≤ x ≤ 7 to ensure that the swimmer feels the wall for the
entire simulation (a longer wall increases computational costs and this choice was based on a series of
simulations to ensure numerical accuracy). The spacing of the discretized wall is set to be the same as
the discretization size of the tail of the swimmer.

We first investigate how the presence of the wall modifies the swimming speed and trajectory in
the case with a tail centerline Wd = 0.5 above the wall (parallel to the wall). Figure 10 shows the trace
of the last point on the tail over 26 beat periods (t = 0− 13), with the tail undulations over the next four
beat periods shown in gray. The original case (no wall) is shown in the left column of Figure 10a,c,e,
where the comparison with a wall is shown in Figure 10b,d,f. We observe that the swimmers in Figure
10a,c,e are swimming in a fairly straight trajectory whereas Figure 10b,d,f have started attracting to the
wall. The case of no resistance, α = 0 is in the top right column in Figure 10a; comparing Figure 10a
and Figure 10b, we observe that due to the presence of the wall in Figure 10b, the amplitude at the end
of the tail is much larger. This is same for resistance parameter α = 4 and α = 8 in the next two rows.
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Figure 10. Solo swimmer in free-space in left hand column and swimmer initialized Wd = 0.5 above an
elastic wall in right hand column. End of the tail traces are shown for t = 0− 13 and the tail beat form
over four beat periods (t = 13− 15) are overlayed and shown in gray. The black tail curve corresponds
to the time point t = 13. All simulations are utilizing the baseline parameters in Table 1 with amplitude
β = 0.1. The resistance parameter is varied: (a,b) are α = 0, (c,d) are α = 4, and (e,f) are α = 8.

The locations of the end of the swimmer from Figure 10 are further quantified for a range of α in
Figure 11. The y-location at the end of the swimmer is shown in Figure 11a. Here, we do not plot the
sinusoidal motion and only track the y-coordinate at the end of each beat cycle. Additionally, the solid
lines correspond to the no wall case and the dashed lines correspond to the swimmer initialized
Wd = 0.5 above the wall. In Figure 11a, we observe that there is a slight decrease in the minimum
y-value at the end of the tail as resistance α is increased. As already highlighted in Figures 2 and 4,
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the end of the tail has larger amplitude. Thus, even though it is decreasing a very small amount,
the swimmer is not on a downward trajectory; it is still swimming straight as shown in Figure 10a,c,e.
In contrast, for the case of the wall being present, for smaller α, we see a significant attraction to the
wall in α = 0.01, 1, 2 and a moderate and slower scale attraction to the wall for α = 8. As can be seen
in Figure 10b,d,f, for all cases of α, there is enhanced forward progression when initialized Wd = 0.5
above the wall.
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Figure 11. (a) y-locations of the swimmer tail at the end of each beat period, corresponding to the setup
in Figure 10. Dashed lines in the graph correspond to the swimmer with centerline initialized Wd = 0.5
above the wall and the corresponding solid line is for a swimmer in free-space (no wall). (b) Angle
differences (degrees) in trajectories of swimmers with different head radii initialized Wd = 0.5 above a
wall in comparison to the corresponding solo swimmer in free space. All simulations are utilizing the
baseline parameters in Table 1 with amplitude β = 0.1 and resistance parameter α is varied.

Similar to the case of two swimmers, we utilize Equation (10) to calculate the deviation from a
solo swimmer initialized Wd = 0.5 above a wall and the free-space swimmer. In Figure 11b, there is the
largest angle change for rh = 0.1 and α = 0, as can be seen in Figure 10b. The swimmer attracts to the
wall and the swimming direction changes, a difference of 4◦ by t = 12. As α increases, the swimmer
with a head (rh = 0.1) has less of a swimming angle change, and swims fairly straight with a few
degree change towards the wall. Even though the swimmer with a head is attracting to the wall, we
note that in Figure 10b,d,f, we observe tail centerlines that are only a few degrees from parallel to
the wall. The angle changes of a filament as it approaches the wall (in comparison to the filament in
free-space) are also shown in Figure 11b. The filament has a similar trend to the swimmer with a cell
body. However, the angle changes are on the range of 2–7◦, larger than that of the swimmer with a
head. As can be seen in the traces and configuration of a swimmer at t = 15 in Figure 12a,b, there is
more of a tilt in the flagellar centerline towards the wall, in comparison to Figure 10b,d,f.

(a) (b)

0 0.3 0.6 0.9 1.2 1.5 1.8 2.1

0

0.2

0.4

0.6
t=15.000, alpha=1.00

0 0.3 0.6 0.9 1.2 1.5 1.8 2.1

0

0.2

0.4

0.6
t=15.000, alpha=8.00

Figure 12. Filament (rh = 0) initialized Wd = 0.5 above the wall with tail traces up to t = 15; (a) α = 1
and (b) α = 8. All simulations are utilizing the baseline parameters in Table 1 with amplitude β = 0.1.

Next, we investigate the dynamics of two swimmers that are initialized with centerlines Id = 0.5
apart, where the bottom swimmer’s centerline is Wd = 0.5 above the wall. Figure 13 shows the trace
on the last point of the tail over 24 beat periods (t = 0− 12) with the tail undulations over the next
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four beat periods shown in gray. Again, the no wall case is shown in the left column of Figure 13a,c,e,
where the comparison with a wall is shown in Figure 13b,d,f. We observe that overall, the swimmers
in Figure 13 are all attracting. The lower resistance of α = 0 and α = 4 in Figure 13b,d has a different
trajectory than the free-space case in Figure 13a,c, respectively; although the swimmers attract in
Figure 13b,d, due to the wall, the top swimmer is swimming on a downward trajectory whereas
the bottom swimmer is moving in a straighter trajectory, but still moving slightly closer to the wall.
However, for higher resistance, α = 8 in Figure 13f, the bottom swimmer does not attract to the wall
and seems to be swimming fairly straight whereas the upper swimmer is moving in a downward
trajectory, attracting to the bottom swimmer. We also note that in Figure 13b,d,f, due to the presence of
the wall, we observe that as time progresses, there is some head rotation. The extra drag on this cell
body causes it to rotate downward slightly for the lower swimmer (and upper slightly for the higher
swimmer) as the tail is bending and pushing it forward.
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Figure 13. Two swimmers initialized Id = 0.5 apart in the vertical direction, shown in free-space in the
left hand column and initialized Wd = 0.5 above an elastic wall in the right column. End of the tail
traces are shown for t = 0− 12 and the tail beat form over four beat periods (t = 12− 14) are overlayed
and shown in gray. All simulations are utilizing the baseline parameters in Table 1 with amplitude
β = 0.1 and resistance parameter is varied: (a,b) are α = 0, (c,d) are α = 4 and (e,f) are α = 8.
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For a range of α, Figure 14 highlights the tendency for wall and/or swimmer attraction when the
centerline of the bottom swimmer is initialized Wd = 0.5 above the wall. In Figure 14a, the y-distance
to the wall is plotted for the last point on the tail at t = 12. The top swimmer S1 is initialized Id = 0.5
above the bottom swimmer and Id + Wd = 1 above the wall. Hence, the top swimmer S1 does move
downward and attracts to the bottom swimmer for all α ∈ [0, 8]. For the bottom swimmer S2, there
is a clear attraction to the wall for α ≤ 2, and little attraction for α > 2. In the case of no wall in
Figure 13a,c,e, there is always an attraction of the bottom swimmer to move upward and closer to
the top swimmer. For the case of a wall, the top swimmer S1 is more strongly attracted to the bottom
swimmer when comparing to the no wall case. Similar to the case of a single swimmer near a wall,
in Figure 13b,d,f, the presence of a wall enhances forward progression for all α explored. Figure 14b
shows the angle changes with respect to time for the top swimmer S1. As time increases, the angle
deviations increase (in comparison to the corresponding solo swimmer in free-space). The swimmer
S1 in the case of α = 1 has a swimming angle that has changed by almost 10◦ by t = 12, attracting
downwards to the bottom swimmer. Table 3 highlights that the top swimmer S1 has a larger angle
change in the swimming direction, in comparison to the bottom swimmer S2. In the case of two stacked
swimmers in free-space, the angle changes were similar for the top and bottom swimmer whereas
with the wall, the top swimmer S1 was significantly larger.
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Figure 14. Corresponding to the setup in Figure 13: (a) y-distance to the wall for top swimmer S1 and
bottom swimmer S2 at t = 12. (b) Angle differences (degrees) in swimming trajectories of top swimmer
S1 with respect to time, in comparison to corresponding solo swimmer in free-space. All simulations
are utilizing rh = 0.1 and the baseline parameters in Table 1 with amplitude β = 0.1.

Table 3. Angle Differences at t = 12 for swimmers with rh = 0.1 and β = 0.1 that are initialized with
centerlines Id = 0.5 apart. S1 is the top swimmer, above S2. The cases with a W also have an elastic
wall Wd = 0.5 below the centerline of S2.

Parameters α = 0 α = 1 α = 4 α = 8

W, S1 9.9491 11.4553 10.5367 7.9992

W, S2 3.2190 4.1000 1.9124 1.9891

S1 4.4893 4.3786 3.5096 2.5974

S2 2.3740 2.3133 2.0395 1.5294

4. Discussions and Conclusions

In this paper, we have explored the role of the fluid resistance on swimming dynamics. A low
resistance parameter corresponds to a very small volume fraction of fibers where fiber separation
is much larger than the tail of the swimmer (∼200 µm) whereas a higher resistance parameter of
10 corresponds to a fiber or obstacle separation on the order of the length of the tail of the swimmer
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(50 µm for human sperm). Even though we do not represent each one of these fibers or obstacles,
the swimmer feels the homogenized effect through the fluid resistance term in Equation (1). Ovarian
fluids contain these additional fibers and other debris [9,10], and our resistance parameter range of
[0,10] falls within the experimentally reported values of fiber volume fraction and radii [26,28,30].
Additionally, gels such as methylcellulose are frequently used in experiments to understand how
motility changes in gels of different volume fractions (polymer chains in the fluid) [39], and this
Brinkman model can be used to understand the influence of the gel in the case where viscoelastic
effects are negligible. Our results of larger tail amplitude at the end of the tail as seen in Figures 2 and 4
for higher resistance parameter α are similar to experimental results of human sperm in methylcellulose
gels of higher polymer concentration (1% in comparison to 0.45%) [39].

Since we have a computational model, we are able to further explore a range of cell geometry and
beat form parameters, as well as fiber volume fraction (by varying resistance parameter α). In the case
of a solo or pair of swimmers, we varied the size of the head radius, rh, to understand how this changed
emergent trajectories and swimming speeds. To give some intuition, the drag on a sphere of radius
a in a uniform Brinkman flow U with viscosity µ is given by Fdrag(α) = 6πµa|U|(1 + α + α2/3) [11].
The ratio of drag forces on a sphere for α = 8 to α = 0.01 is ∼ 37. Hence, due to this excessive drag
force of the cell body, the emergent kinematics in Figure 2d,f are not as tapered at the cell body and
actually have larger amplitude at the very end of the tail (s = 0). Due to the additional drag on the
head, in Figure 5c, it is not surprising that the swimming speed increases as the head radius decreases.
This additional drag on the cell body seems to play an even larger role in the dynamics of interactions
of swimmers and/or wall interactions at larger fluid resistance α. Due to the large drag on the cell
body, in combination with large fluid resistance, the large amplitude beating tails of two swimmers
will lead to attraction and then the cell body will rotate slightly upward for the top swimmer (and
downward for the bottom swimmer), as shown in Figure 6f. As a result, the swimmers will push apart
and thus, attraction of swimmers is only robust (over 10–30 beat periods) at smaller resistance α and
smaller beat amplitude β. Additionally, the extra drag on this cell body will also cause a slight head
rotation in the case of two swimmers near a wall (Figure 13d,f). We note that in this model, we have a
preferred rigid connection between the tail and head via a preferred angle at this junction. However,
since this is a preferred angle, it is free to deviate from this configuration due to the fluid-structure
interaction. This is why we observe a fairly fixed head-tail junction in most simulations but observe
this rotation in the cases of higher α. Future work will investigate the role of head-tail junction stiffness
as well as more accurate cell body geometries as in [46].

We were specifically interested in dynamics such as emergent swimming speeds since this
correlates with the ability to reach and fertilize the egg [3,5]. There are previous analytical studies of a
2-d swimmer of infinite extent and immersed in a Brinkman fluid where swimming speed is given as

u∞ =
β2κ

2

√
1 +

(α

κ

)2
,

a function of the beat form parameters and the resistance α [27]. This is a monotonically increasing
function of the resistance parameter α but in Figure 5a and as previously published [28–30],
the swimming speed is a non-monotonic function of α for a finite-length filament (head radius
rh = 0). In contrast, when accounting for a cell body, Figure 5a,c, there is generally a decreased
swimming speed as resistance parameter increases. Hence, for the parameters studied, the speed of a
solo swimmer in an infinite fluid is decreased when there are obstacles in the fluid that add additional
fluid resistance.

In general, sperm in the female reproductive tract are swimming in groups, with group size
decreasing closer to the egg [47]. Accordingly, interactions between sperm and walls in the reproductive
tract can have a significant impact on trajectories and swimming speed. For a solo swimmer,
we observed a decrease in swimming speed for a range of α. However, this decrease in swimming
speed is not observed when considering other swimming scenarios such as near another swimmer or
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near a wall. In the case of two swimmers, a boost in swimming speed for all resistance parameter α is
observed, when swimmers are initialized Id = 0.5 apart (refer to Figure 8b). This is due to attraction,
which has been observed previously in experiments and in computational models [23,30,40,41,45].
Additionally, the presence of a wall Wd = 0.5 below the swimmer, for the case of a single or pair of
swimmers, results in increased forward progression (Figures 10 and 13). Hence, in the mammalian
reproductive tract, a swimmer or swimmers near a wall and immersed in a fluid that has a small
volume fraction of fibers will actually make additional forward progression relative to the case of no
fibers and/or no wall interactions.

The attraction of a sperm to a boundary was first observed by Rothschild [48]. In our model
simulations, we do not observe wall attraction for larger α in Figures 11a and 14a; previous studies
of swimmers in a Stokesian fluid have also observed that wall attraction is not robust and depends
on beat form parameters [15,21,46,49] and potentially the competition of interactions with other
swimmers [41]. An interesting extension of this work will be to investigate wall attraction based on
the angle of approach as in [21], as well as account for the adhesion dynamics of sperm interacting
with walls [50,51]. We note that there are also different ways to model a wall. In the case of a Stokesian
fluid, an image system can be utilized [49,51,52]. However, in the case of a Brinkman fluid, the image
system can not be truncated and alternate approaches have been developed that can be utilized in
future simulation studies [53]. In this work, we utilized an elastic wall as in [41], where future work
can also investigate walls that exhibit a time dependent configuration, corresponding to peristaltic
contractions in the oviduct [5].
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