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Abstract: In this paper, the static interaction of a train of three cylinders in a Bingham fluid is studied
numerically using Computational Fluid Dynamics. The variation of drag forces for the cylinders in
several configurations is investigated. Positions of the particles in relation to the reference particle
are recognized by the separation distance between the cylinders. A steady state field is considered,
with Bingham numbers between 5 and 150. Several separation distances (d) were considered, such that
2.0D ≤ d ≤ 6.0D where D is the cylinder diameter. The Reynolds number was chosen in the range of
5 ≤ Re ≤ 40. In particular, the effect of the separation distance, Reynolds number and Bingham number
on the shape and size of the unyielded regions was investigated. The functional dependence of this
region and the drag coefficient is explored. The present results reveal the significant influence of the
gap between the cylinders on the drag force and the shape of the unyielded regions surrounding the
cylinders. It was found that there are several configurations in which the drag forces over the first and
the third cylinders are almost equal depending on variation of the Bi, Re and the separation distance.
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1. Introduction

The flow around bluff bodies have been a matter of interest for researchers for many years.
The study of non-Newtonian fluids past particulate objects are rapidly increasing. Such flow scenarios
can be found in nature, and not the least in many different engineering applications. In nature, the flow
of crude oil passed rocks is one example. In the industry, a few applications are flow in porous media
such as during composite material manufacturing, flow of food materials through shells, flow in tube
heat exchanger, and lubricant flow in machine elements. In the rheological behavior of materials like
concrete, tomato paste and many dairy products, a so-called yield stress at low shear rates is often
observed. This phenomenon has been studied by a number of researchers; see Refs. [1–5] for some
central contributions, and there is an ongoing discussion whether a true yield stress exists. Regarding
the yield stress, two main hypotheses have been proposed “true” yield stress and “apparent” yield
stress. The first hypothesis anticipates that under a certain threshold shear stress value, the fluid
exhibits a solid-like behavior while exceeding this threshold, the fluid starts to flow. According to the
second hypothesis, all solid and fluid materials can creep and ultimately flow, provided the time scale is
long enough [6,7]. In other words, for the case of a vanishing shear rate, the fluid can still flow and with
increased shear rate, the apparent viscosity quickly and asymptotically decreases. The Bingham [8]
and Herschel–Bulkley [9] rheology models are both based on hypothesis one, i.e., a true yield stress.
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In the Bingham model, the shear stress τ is assumed to be linearly proportional to the shear rate
.
γ,

after it exceeds a certain Bingham yield stress (τ0) such that{ .
γ = 0; τ ≤ τ0

τ = τ0 + µ
.
γ; τ > τ0

(1)

where µ is the Newtonian viscosity. In order to consider the non-linear behavior of the fluid in the
yielded part, the Herschel–Bulkley model is used according to:{ .

γ = 0; τ ≤ τ0

τ = τ0 + K
.
γ

n; τ > τ0
(2)

Here K is the consistency index and n the Power-law index. It should be noted that in both the
Bingham and Herschel–Bulkley models, the yield stress is defined by the von Mises criteria which
states that the yielding of a material begins when the second deviatoric stress invariant tensor reaches
a critical value. According to Equations (1) and (2), the Bingham and Herschel–Bulkley rheology
models are discontinuous, as there is no transition from unyielded to yielded built into the models.
Papanastasiou [10] proposed a modified Bingham model in which the viscosity function smoothly
changes for the whole domain such that:

τ =

µ+ τ0
1− exp

(
−m

.
γ
)

.
γ

 .
γ (3)

where m is a sufficiently large number to guarantee large apparent viscosity (η) at vanishing strain rate.
This model is an example of a so-called regularize model, which is the most widely used approach to
avoid the discontinuity. Some related works in this area are found in Refs. [11–14].

There are numerous applications in nature and industries such as particulate foods in non-Newtonian
liquids or crude oil flow with rocks. The first work on the study of the flow past a Newtonian fluid is
reported by Stokes (1851), where Stokes’ law [15] was presented to calculate the drag force on a spherical
object. In fact, the bulk of the studies in this research field is concerned with the Newtonian flow
past spheres; see, e.g., [16–19]. The first study of creeping flow of a Bingham fluid past an object is
by Beris et al. [20], who presented a Finite Element (FEM)/Newtonian method to solve the flow field
including the yield surfaces in the creeping flow over a sphere. They found a non-dimension value
for the critical yield stress value for which below this value the material acts as a solid in the domain.
In addition, a detailed flow pattern around the sphere as well as the results for the drag coefficient
was presented.

The earliest result for the solution of viscoplastic fluids around a 2D cylinder has been reported
by Adachi and Yoshioka [21]. Using the slip-line analysis and the minimum- and maximum stress
principles, they calculated upper and lower bounds for the drag coefficient and compared these
values with each other. Moreover, they calculated the fluid region and the rigid region around the
cylinder—i.e., the corresponding yield surface. In another work by Mitsoulis [22], the creeping flow of
a Bingham fluid past a circular cylinder and the wall effects were investigated by FEM simulations.
The blockage ratio varied between 2–50 in their study. Based on numerical prediction, they determined
the drag coefficient as a function of the Bingham number for different gap/cylinder ratios. In addition,
they examined un-sheared regions around the cylinder for various Bingham numbers. Different
studied have been performed for the flow of Newtonian fluids past dual cylinders. Sheldon and
Green [23] studied numerical simulation of the Newtonian flow around two-dimensional tandem
circular cylinders perpendicular to the flow direction for the case of 1 ≤ Re ≤ 20 and surface-to-surface
separation distance to cylinder diameter ratio between 0.1 and 30. They investigated the effect of the
gap distance between the cylinders on the lift and drag coefficient. Significant change of the lift and
drag coefficients was found for the range of the Reynolds numbers studies. Due to the reduced viscous
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forces at small gap distances, they found a remarkable reduced drag force comparing to the single
cylinder. For the lift coefficient variation with the gap distance, they found a sigmoidal pattern.

On the topic of viscoplastic fluid flow past dual cylinders, Jossic and Magnin [24] studied the
interaction of two parallel cylinders, both numerically and experimentally, where 1 ≤ Bi ≤ 40 and
compared the results with a singular cylinder. Using the correlation between the drag coefficient
and the Bingham number, they estimated a distance where there is no interaction between the two
cylinders. They also investigated the influence of the slip condition on the drag forces. In the recent
research, Koblitz et al. [25] presented the results of DNS simulations of interacting circular cylinders
in three different cases whereas a Bingham fluid was changed between 0–2000 and the separation
distance was kept constant at 1% of the cylinder radius in which the flow type was so called squeeze
flow. They showed that the asymptotic lubrication solution is used in presence of the macroscopic
flow assumption.

In this paper, we describe numerical simulations of the viscoplastic flow around three
two-dimensional side-by-side circular cylinders with gap spacing 3.0D ≤ d ≤ 5.0D, D being the
cylinder diameter, and a Bingham number 10 ≤ Bi ≤ 150. The Reynolds number is 5 ≤ Re ≤ 40.
In Section 2, we describe the numerical method and computational domain used for the simulations.
Sections 4 and 5 discusses the results and Section 6 is comprised of a summary and conclusions.
Although there are some studies made on the experimental or numerical approach of Newtonian fluid
past three stationary spheres in steady or turbulent regions [26,27], to the best of the authors’ knowledge,
no study has been performed on the investigation of the viscoplastic fluid over three or more fixed
stationary objects so far. Three cylinder objects enable us to further investigate the interaction between
the objects and compare the outcomes with the single cylinder ones. It is important and of particular
interest to build an understanding of how a train of cylinders affects the flow. The evolution and
distribution of the yielded and unyielded regions are important for an understanding of the flow
evolution in such domains.

2. Governing Equations and Numerical Models

The description below is based on the assumptions that the flow is steady, laminar and without
secondary motions, which is indeed the case considering the very low Reynolds number for the flow
in the domain. Non-dimensionalising the governing equations using the diameter of the cylinder D as
characteristic length scale and the inlet velocity u as characteristic velocity we get:

∇·u = 0 (4)

(u·∇)u = −∇p +
1

Re
∇·τ (5)

As previously mentioned, in this work, the shear thinning fluid is modelled using a so-called
regularized Bingham Papanastasiou viscosity model expression [10]. The parameter m is considered
sufficiently large to guarantee large apparent viscosity (η) at vanishing strain rate. Figure 1 shows
the shear stress curve versus shear rate for different values of m. For the current study, m = 1000
was considered in all simulations, which does not show significant results compared to the ideal
Bingham model.

The shear rate (
.
γ), is calculated using the second invariant of the rate of strain tensor Sij [28]:

I2 = Si jSi j (6)

.
γ =

√
I2

2
(7)



Fluids 2019, 4, 93 4 of 13

To distinguish the yielded region from the non-yielded one considering the yield stress definition,
one can use the criterion in Equation 8. The material consequently flows when the magnitude of the
stress tensor exceeds the yield stress value in accordance with:{

Non− yielded; τ ≤ τ0

yielded; τ > τ0
(8)

In this paper, the OpenFOAM open source Computational Fluid Dynamics (CFD) software [29]
was employed to model the viscoplastic fluid flow past the three tandem cylinders. The finite volume
solver, which uses a non-staggered grid, calculates the mass and momentum equations in the discretized
form, which guarantees the conservation of fluxes through the control volume. Diffusion and pressure
gradient terms were evaluated by a second order interpolation. The PISO scheme was employed for
the pressure-velocity coupling.
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Figure 1. Shear stress versus shear rate for different values of m according to the Papanastasiou
Bingham model.

3. Problem Setup

Three equally sized cylinders with diameter D are taken into account at several relative positions
in a rectangular domain and Cartesian coordinates. Figure 2 shows the domain and cylinders positions.
The positions are solely defined using separation distance d. Simulations are carried out for d = 2.0D,
3.0D, 4.0D, 5.0D and 6.0D, respectively. The dimensions of the 2D computational domain are 15 × 40.
The results of the grid independency of the computational domain are shown in Figure 2. The grid
resolution of h = D/20 is used for the computation; see Figure 3.
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A uniform velocity profile is applied at the inlet, a Dirichlet condition at the outlet, slip boundary
conditions at the lateral boundaries, and a no-slip boundary condition on the cylinders surface.
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A grid sensitivity study of all computational domains used in this study was obtained. Various
simulations of the Newtonian flow past the single cylinder and triple cylinders was performed and the
drag coefficient was selected as a criterion to find a grid independent computational domain. It was
found that there were only minor differences in the drag coefficient for the three finest resolution.
As previously mentioned, the grid resolution of D/20 was used for all computational domains.

4. Results

4.1. Single Cylinder

For validating the non-Newtonian solver, the drag coefficient results of the single cylinder in
viscoplastic media were compared with the results of the former researchers. Table 1 shows the results
for viscoplastic fluid flow (Bingham number 10) for three Reynolds numbers—Re = 5, 20 and 40.
The results agree well with previous studies.

Table 1. Drag variation for three Reynolds number at Bingham number 10 in the current study
compared to the previous works.

Reference Re = 10 Re = 20 Re = 40

Present work 33.30 17.11 8.85
Mossaz et al. [30] 34.79 17.21 9.43

Nirmalkar and Chhabra [31] 33.11 17.00 8.97
Takur et al. [32] 34.83 17.20 9.37

4.1.1. Drag Variation

Figure 4 shows the drag variation over a single cylinder where the Bingham number and Reynolds
number are varied such that 5 ≤ Re ≤ 40 and 5 ≤ Bi ≤ 150. According to Figure 4—and as expected—the
drag coefficient is increased with an increased Bingham number. However, the variation of the
drag coefficient is more pronounced for the lower Reynolds numbers. In other words, for lower
Reynolds numbers, the effect of the Bingham number is dominating compared to the range of higher
Reynolds numbers.
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Figure 4. Variation of the drag coefficient for a single cylinder where the Reynolds number (Re) and
Bingham number (Bi) are varied.

4.1.2. Non-Yielded Region Variation

Figure 5 shows the unyielded region (shaded) observed in the viscoplastic fluid past the single
sphere. The unyielded region appeared around the cylinder is varied by changing the Reynolds and
the Bingham numbers. Island and polar caps regions can be observed as well. Although increasing
the Bingham number, increases the unyielded regions around the cylinder, the size and the shape of
these regions are different and does not follow a similar pattern in different Reynolds numbers. When
Re > 10, two small unyielded regions appear at top and bottom of the cylinder, which were not seen in
the lower Reynolds number. In addition, while the Bingham number increases, the unyielded region
gets smaller at flow direction, while at the vertical direction, it remains almost constant.
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It should be noted that the small zig-zag lines divide the unyielded and yielded regions, relating
to the use of higher values of m coefficient (m = 1000 s) in Equation (3), which generate non-smooth
lines in the solution. These lines has been observed in previous research [33].

4.2. Three Cylinders

4.2.1. Drag Coefficients

Figure 6 shows the variation of the drag coefficient for the three cylinders, where the separation
distances are changed to 2.0D ≤ d ≤ 6.0D and 5 ≤ Bi ≤ 100. Like the drag alteration for the single
cylinder, the drag coefficient is increased as the Bingham number increased. The cylinder in the middle
position is also significantly affected by these parameters. However, the effect is varied by the variation
of both Reynolds number and the Bingham number. This will be discussed later in this study.
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4.2.2. Unyielded Region

Figures 7–10 show the growth of the unyielded region around three cylinders in tandem position
for separation distances d = 2.0D, 3.0D, 4.0D and 6.0D, Bi = 5, 50 and 100 and Re = 5, 20 and 40.
As shown in the figures, increasing the Bingham number or decreasing the Reynolds number, both
enhances the yield regions around and between the cylinders.
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From the figures, one can notice the separation distance influences on the breakage of the unyielded
region between the cylinders. This phenomenon is observed for separation distance greater than 3.0D.
For example, for d = 4.0D, the continuous unyielded region, which was previously observed for all
cases in d = 2.0D and d = 3.0D, were broken and depending on the Bingham number and the Reynolds
number, these region sizes are varied. The size of the unyielded region between the cylinders are
more noticeable for cases with the lowest Reynolds number and the highest Bingham number where
d ≥ 4.0D. In these cases, the size of the un-sheared zone is significantly larger than the other cases
(e.g., see cases with Re = 5, Bi = 150 in Figures 9 and 10).
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4.2.3. Velocity Distribution

Figure 11 shows the velocity distribution of the three cylinders in separation distance d = 4.0,
three Reynolds number Re = 5, 20 and 40, and three Bingham number Bi = 5, Bi = 50 and Bi = 100.
As shown in the plots, the distribution of the velocity is different in various Reynolds numbers and
Bingham numbers. As is shown in the figure, by increasing the Bingham number, the fluid shows a
more symmetrical shape, which is related to the developing unyielded areas and the plug flow around
the cylinders.
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5. Discussion

The results in the previous section comprise of the outcome of viscoplastic fluid flow past single-
and triple cylinders, respectively. The drag coefficient of the single cylinder was compared with
previous results and the results were found to agree well. Concerning the drag coefficient for various
Bingham numbers, it was shown that its variation is more pronounced for lower Reynolds numbers,
which is due to the dominant viscous forces in the actual range of Reynolds numbers. Likewise,
the unyielded region was reported for various Reynolds and Bingham numbers. Island and polar caps
regions, which were reported in previous research [12,21,33,34], were observed in this study as well.
The structure of the unyielded regions are very similar to the earlier findings cited above.

Regarding the viscoplastic fluid flow past triple cylinders (as mentioned in the Introduction),
to the best of the authors’ knowledge, this is the first study that examines the interaction between
the cylinders and the unyielded regions around the objects in the presence of the viscoplastic fluid.
The drag coefficient of three cylinders was depicted in various configurations. The higher the Reynolds
number, the more difference between the drag coefficients of the cylinder in the middle position and
the first/third position was observed. It should be noted that this pattern is repeated for all separation
distances, but the rate of this difference is a matter of importance. In other words, for the smaller
separation distances, this influence is more than the same effect for the bigger separation distances.
It is worthwhile to note that due to the effect of the viscoplastic properties of the carrying fluid,
by decreasing the Bingham number, the difference between the drag coefficient over the second and
the first/third cylinders are decreased.

It is also interesting to observe how the third cylinder is affected by the flow comparing to the first
cylinder. According to the graphs in Figure 7, the drag force over the cylinder in the middle position is
always between the two other cylinders. However, the difference between the drag coefficients for the
first and second cylinder is influenced by the separation distance, Bingham number, and the Reynolds
number. As the Bingham number is increased, this difference is decreased. In contrast, by increasing
the Reynolds number, this difference is increased due to the existing dominant viscous forces. In fact,
except in cases where separation distance d = 2.0D, for other separation distances, there are some cases
that the drag force over the first and the third cylinder is almost equal. For example, for d = 3.0D,
cases where Bi = 100 and Bi = 150, the drag force for the cases with Re = 5 are equal. By increasing
the separation distance, these cases can be found in lower Bigham numbers as well. For example,
for d = 6.0D and Bi = 30, the first and third cylinders encounter a similar drag force.

Further, it was found that the maximum difference between the drag forces of the first and third
cylinder is about 38% where d = 3.0D, Re = 5 and Bi = 150. In this case, the difference between the drag
force of the second and first cylinder was maximum too, whereas approximately a 59% difference was
observed between these two drag forces.

As aforementioned, and likewise the cases for single cylinder, the Reynolds number has influence
on the size and shape of the shaded region. Regarding the plots in Figures 7–10, one can mention that
an increased Reynolds number has more effect on decreasing the size of the unyielded region around
the cylinder rather than the size of the similar region in between the cylinders.

Increasing the Bingham number has another effect on the size and shape of the unyielded region
in between the objects. It is noteworthy that in all cases, the height of the unyielded region is developed
by increasing the Bingham number. In addition, some small islands are observed above the cylinders or
around the cylinders when separation distance is increased to d ≥ 3.0D and Bingham number above 50.

6. Conclusions

The variation of drag coefficient over three fixed cylindrical particles for various configurations in
tandem position was investigated. Simulations were performed for 10 ≤ Bi ≤ 150, 5 ≤ Re ≤ 40 and
separation distances 2.0D ≤ d ≤ 6.0D. The results had good agreement with previous studies for a
single particle.
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For a single particle, it was shown that due to the dominant viscous forces in the lower Reynolds
number, the effect of the Bingham number is more pronounced. The unyielded region shape and size
were investigated, and several patterns were found dependent on Reynolds number and the Bingham
number. It was shown that the unyielded region gets smaller in the flow direction by increasing the
Bingham number, while it remains almost constant at the vertical direction.

For multiple cylinders, it was found that the separation distance has a significant effect on the
drag variation on the cylinders. Several conditions (in terms of Bingham number, separation distance
and Reynolds number) were found in which the first and the third cylinder are affected with the same
drag force. Concerning the drag force applied to the cylinder in the middle position, higher difference
between the drag coefficients of this cylinder and the other two cylinders was found for the higher
Reynolds number.
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