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Abstract: The Danckwerts’ plot method is a commonly used graphical technique to independently
determine the interfacial area and mass-transfer coefficient in gas-liquid contactors. The method
was derived in 1963 when computational capabilities were limited and intensified process
equipment did not exist. A numerical analysis of the underlying assumptions of the method in this
paper has shown a bias in the technique, especially for situations where mass-transfer rates are
intensified, or where there is limited liquid holdup in the bulk compared to the film layers. In fact,
systematic errors of up to 50% in the interfacial area, and as high as 90% in the mass-transfer
coefficients, can be expected for modern, intensified gas-liquid contactors, even within the
commonly accepted validity limits of a pseudo-first-order reaction and Hatta numbers in the range
of 0.3 < Ha < 3. Given the current computational capabilities and the intensified mass-transfer rates
in modern gas-liquid contactors, it is therefore imperative that the equations for reaction and
diffusion in the liquid films are numerically solved and subsequently used to fit the interfacial area
and mass-transfer coefficient to experimental data, which would traditionally be used in the
graphical Danckwerts” method.

Keywords: gas-liquid mass transfer; Danckwerts’ plot method; numerical simulation; mass-transfer
coefficient; interfacial area

1. Introduction

Novel types of process equipment have recently been developed in which the mixing and
hydrodynamics of gasses and liquids directly lead to better gas-liquid mass-transfer
performance [1-5]. By reducing limitations in heat and mass transfer, chemical processes can be
performed at their intrinsic kinetic conditions. These intensified processes will help meet the societal
demand for safer, more efficient, and economical production of chemicals.

Accurate measurements of the interfacial area for gas-liquid mass transfer (acr), and of the
gas- and liquid-phase mass-transfer coefficients (kc and ki, respectively), are thus required in order
to understand the effect of different design and operating parameters on the mass-transfer
performance of gas-liquid contactors and reactors.

Numerous methods have been used to measure these parameters and several reviews about
them are available in the literature [6-10]. The most commonly used methods rely on chemical and
physical absorption experiments and, in most cases, they allow for the measurement of the
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volumetric mass-transfer coefficients (i.e., the products kc-act and ki-act). However, it is often desired
to measure act independently, since design and operating conditions affect each of these parameters
differently.

One of the methods most often used for the independent determination of k. and ac. is the
Danckwerts’ plot method. This method was proposed by Danckwerts et al. in 1963 [11] and it has been
used ever since to characterize the mass-transfer performance of several gas-liquid contactors and
reactors, such as stirred gas-liquid reactors [12], three-phase fluidized beds [13], packed columns [6],
bubble columns [14], Venturi contactors [15], and even for gas-liquid-liquid systems [16]. The
method relies on the absorption of gaseous A into a liquid, in which B is pre-dissolved. A and B react
inside the liquid, increasing the concentration gradient of A near the interface, effectively enhancing
the mass-transfer rate. The absorption rate can then be expressed as:

Rag;, = kLaGLC:lE 1)

where E represents the enhancement factor, which is defined as the factor with which the transport
of A through the interface is increased due to the effect of reaction.

According to Hatta’s theory [17], the enhancement factor for an irreversible first-order reaction
can be expressed in terms of Ha as:

L e ce Ha
b= C; Ci Costha) tanh(Ha) @

where Ha is the Hatta number, defined by:

v ©

Based on surface renewal theory, Danckwerts further derived an approximation for the
enhancement factor for the case where the bulk concentration of dissolved gas (A~) is zero [6]:

E =1+ Hd? 4)

which holds for Ha > 0.3.
If the reaction is fast enough, i.e., Ha > 3, Equation (4) can be approximated as

E = Ha )

and the rate of absorption becomes independent of the mass-transfer coefficient

Rag, = aGLCZVkQDACE’O (6)

Equations (4) and (5) can also be applied to irreversible second-order reactions as long as the
reactions can be considered pseudo-first-order. It should then hold that:

Ha <<k} - E, (7)

Combining Equations (1) and (4) yields the following relationship for the absorption rate:

Rag, = ag O\ D kO + K, 8)

which can be rearranged to give:

2
Rag,

*

Cy

2
- aé‘L ’ DA ’ kapp + (kLaGL> (9)

in which the apparent first-order rate constant is
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Chemical absorption experiments with a pseudo-first-order reaction can then be used to
characterize the mass-transfer performance of gas-liquid contactors and reactors in two different
ways: (a) by measuring acr in the fast reaction regime (i.e., 3 < Ha < 0.5Ei) based on Equation (6), and
(b) by measuring both acr and k. in the intermediate reaction regime (i.e., 0.3 < Ha < 3) based on
Equation (9). Method (b) is known as the Danckwerts” plot method. This method uses a pseudo-first-
order reaction between a liquid and an absorbed gas to measure the absorption rate at different
apparent rate constants (kayp). The data thus obtained is used to construct a Danckwerts’ plot, as
schematically depicted in Figure 1, from which act and ki can be found from the slope and the
intercept, respectively. The apparent first-order rate constant can be varied by either changing the
concentration of reactant B or by modifying the reaction rate constant with the help of a catalyst [6].

RaGL z . ..
C; >

"% Slope = aZ, Dy,

(rm > Intercept = (k ag,)?

kapp = kQOEC

Figure 1. Schematic representation of the Danckwerts’ plot method.

The method was developed in 1963 when there was no global trend in process intensification
for the development of novel gas-liquid contactors. Although the method still has its merit, it has an
important limitation: the existence of a systematic error, or bias, in the estimation of the mass-transfer
coefficient (ki). This paper discusses this bias and its dependence on the Hatta number and on the
relative liquid volume in the bulk versus that in the film layers and how this limits its use for novel,
intensified gas-liquid contactors.

2. Numerical Methods

Every experimental method is only as accurate as the underlying data. In order to present the
bias in the Danckwerts’ plot method in the most accurate way, data is generated by solving the
continuum equations for diffusion and reaction in the liquid-film layer near the interface. Since this
simplified, one-dimensional (1D)-diffusion model is the basis for the original method, the same
system is solved here, but in a more rigorous way. The numerical data generated with the following
method will then be subjected to the Danckwerts” plot. The mass-transfer parameters will be
extracted from the slope and the intercept and will be compared to parameters initially fixed in the
model in order to analyze the accuracy of the method.

Diffusion-Reaction Model

The numerical method is based on a Two-Film model [18]. In this model, reactant A is in the gas
phase and reactant B is in the liquid as shown in Figure 2. When gas-side mass transfer is neglected,
the concentration of A on the interface is determined by the partial pressure of A in the gas and by
Henry’s solubility constant (H). Component A diffuses through the film of thickness 6 into the bulk
while simultaneously reacting with B, which diffuses in the opposite direction.
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Figure 2. Concentration profiles of A and B within stagnant liquid film (Film Theory).

The liquid-side mass-transfer coefficient is determined by the thickness of this stagnant liquid
film and the diffusivity of the species (Da), as shown in Equation (11).

) (11)

A mass balance over the liquid film results in the following two equations:

d*C
Dyt = K0,y (12)
d*C,
D, = vy - kC,Ch (13)
dz?

These two equations can be solved simultaneously in MATLAB (R2017a, MathWorks, Inc.,
Natick, MA, USA) using the bvp4c solver subject to boundary conditions (14)—(17) to obtain the
concentration profiles of A and B within the liquid film.

*

Cul,_y = Ca (14)
dC 00 Y00
{ Ad_A] cag, = kCYCOF (& —6-ag;) (15)
x =46
A (16)
dzx 0
Cy| _,=C¥ (17)

Boundary condition (15) states that at x = 0 the total flux of A equals the rate of reaction in the
liquid bulk. Consequently, (¢! — 6-act) equals the bulk volume, excluding the liquid film.

After solving Equations (12) and (13), the overall rate of absorption can be calculated from the
slope of the concentration profile at the gas-liquid interface, given by Equation (18).

e
Rag, = =D, { dmA] e (18)
z=0

This model was used to simulate a bubble column, a packed bed, and a rotating packed bed so
that the effect of the holdup & and of the magnitude of the interfacial area acr can be accounted for.
The model requires input for the liquid holdup and interfacial area. Typical values occurring in
bubble columns, packed beds, and rotating packed beds are chosen as represented in Table 1. Please
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note that k. is fixed in this model by choosing a value for ¢ in boundary conditions (15) and (17), while
act is set via Equation (18). Other parameters used in the simulation are shown in Table 2.

Table 1. Parameters used in the simulations.

Equipment & mdmr?)  acr (m2mi?)  kr (mi3mi2s?) (e/aci-d) References
Bubble Column 0.90 50 1:8 ) 18:2 18 ” 182 [19-21]
-3 2
Packed Bed 0.15 150 1:8 . 18_4 22 ) 181 [22-24]
Rotating Packed Bed 0.03 700 18 : 18:2 22%;;11%1 [25-27]

Table 2. Other parameters used in the simulations (based on properties of the system CO2/NaOH [6]).

Parameter Value
Da (mt* mi2-s7) 1.80 x 10-?
Dg (mi* mi2s™) 3.10 x10-°

Cp=(mol-mv3) 1.00 x 103
C4" (mol'mr?) 3.90 x 101
Ei 2.18 x 102

From the results following Equation (18), a Danckwerts’ plot can be finally made from which
the regressed values of ac. and ki are compared with their counterparts in Table 1.

3. Results and Discussion

3.1. Accuracy of the Danckwerts’ Plot Method

The model described in Section 2.1 was used to obtain the concentration profiles for a bubble
column using its respective values from Tables 1 and 2, with a kz value of 1.0 x 10*mc?mi2-s'. Figure
3a shows typical concentration profiles for a bubble column at Hatta numbers between 0.3 and 3,
with a spacing between them of AHa = 0.15. The concentration of B is nearly constant and the reaction
can therefore be considered pseudo-first-order in A. Since Equation (4) holds, the graphical method
should, in principle, be able to be applied to obtain act and k.

In Figure 3b, the results from the simulation data are plotted alongside the theoretical line
expected from the Danckwerts” method using act and kt as reported in Table 1 for a bubble column.
If the method were accurate enough, regressing the simulation results would produce a straight line
with a very similar slope and intercept to those of the “ideal” plot. Nevertheless, inspection of this
figure shows that the slope of the numerical data approaches that of the theoretical line only for high
values of the apparent rate constant. On the other hand, the Danckwerts” method results in the right
value of the mass-transfer coefficient at low values of ke at the cost of accuracy in act. In addition to
this effect, a small deviation in the slope of ks further reduced the accuracy in the mass-transfer
coefficient. It is thus clear that a trade-off exists between the accuracy at which each of these
parameters can be estimated.
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Figure 3. Concentration profiles (a) and Danckwerts’ plot (b) for &/(acL-0) = 1.0 x 10% (bubble column).

Since the slope and the intercept of a regressed plot change as ks increases, the mass-transfer
parameters thus calculated should vary with the Hatta number. As the Hatta number depends on the
mass-transfer coefficient, it cannot be known a priori at which position in Figure 3b the experiments
were performed, and thus to which accuracy act and k. were determined.

To study the effect of Hatta number on the accuracy of the method, regressions of the simulation
data were performed over a wide range of Hatta numbers. For each Hatta number, a regression was
made over five equidistant points in the range Ha < x < Ha + 0.1. From this, ac, kv and their
corresponding percentage errors with respect to the values in Table 1 were calculated. The results for
a bubble column are shown in Figure 4. The shaded area corresponds to the intermediate reaction
regime, i.e., 0.3 < Ha < 3, where the Danckwerts’ plot method should hold. In this range of Ha, the
interfacial area is underestimated by up to 20%, it then becomes more accurate for faster reactions,
i.e, Ha >3, and starts to deviate again for Ha > 100, or Ha ~ 0.5Ei. At this point, the reaction is too fast
for the assumption of pseudo-first-order to be valid. The source of error in the intermediate reaction
regime comes from the misprediction of the Enhancement factor by Equation (4), which was derived
under the assumption that the concentration of reactant A in the liquid bulk equals zero, an
assumption that holds well for fast reactions but not so well for intermediate and slow reactions
relative to the mass-transfer rate. These results show that chemical absorption can lead to very
accurate measurements of the interfacial area if a fast reaction is used while a loss of accuracy should
be expected when using intermediate reactions. The mass-transfer coefficient, on the other hand, lies
close—without fully converging—to the predetermined value of 1.0 x 10* mt® mi/?s™ when it is
measured within the intermediate reaction regime but is highly mispredicted in the fast reaction
regime. In this sense, it does not seem possible to determine, simultaneously, both mass-transfer
parameters in an accurate way.
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Figure 4. Percentage error in the estimation of (a) interfacial area (acL) and (b) mass-transfer coefficient
(k) using the Danckwerts’ plot over a wide range of Ha for a Bubble column, ei/(acc-6) = 1000.
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3.2. Bias in the Determination of k. and Effect of the Ratio ei/(acL-0)

Figure 5 shows similar plots to those in Figure 4 but for the intermediate reaction regime only.
The different lines represent one of the three equipment types previously mentioned, with their
characteristic hydrodynamic and mass-transfer parameters listed in Table 1. It can be seen in the
figure that again there is always a bias in the determination of ac. and k. At higher Hatta numbers,
acL can be determined more accurately, while the error in k: is less, but never fully disappears, at
lower Hatta numbers. Moreover, the error at lower Hatta numbers rapidly increases when ¢i/(act-0)
decreases.
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Figure 5. Percentage error in estimation of (a) interfacial area (act) and (b) mass-transfer coefficient

Hatta number

(k) using the Danckwerts’ plot in the intermediate reaction regime for the different equipment.

These results show that the Danckwerts’ plot method leads to acceptable estimations of the
interfacial area but estimates of the mass-transfer coefficient are subject to a systematic error. This
error becomes more significant as the ratio of liquid in the bulk over liquid in the film layers
decreases, i.e., as ¢i/(acL-0) decreases. The method has been said to be valid for 0.3 < Ha < 3; however,
the exact range depends on the validity of the assumption that A~ is close to zero. This assumption
can only hold when the rate of reaction in the bulk is large enough to prevent the presence of
unreacted A in the bulk itself. The lower limit of this range is located at Ha = 0.3 for systems with
large volumes of bulk, such as bubble columns. However, this lower limit shifts towards higher Ha
numbers as &i/(acL-6) decreases. If this ratio becomes too small, which may occur with process-
intensified equipment, at some point an accurate determination of k. cannot be obtained any longer.
This is true even without considering the possible accumulation in time of unreacted A for systems
with limited bulk, a phenomenon previously described by Elk et al. [28]. A natural approach would
then be to introduce a correction factor in terms of the ratio ¢i/(acc-0) to obtain a revised and more
general expression for the range of validity of the method. In this way, it could be applied with more
certainty to reactors with different relative amounts of liquid bulk. However, according to Equations
(12) and (13) and boundary conditions (14)—(17), the range of validity depends not only on this ratio
but also on the reaction rate constant, the stoichiometric coefficient, and the diffusivity of species A
and B and their concentration at the interface and in the liquid bulk, respectively. Introducing such a
revised range of validity for the method thus seems unfeasible and of little practical significance as it
would require knowledge on the mass-transfer coefficient a priori.

Even inside the traditional limits of 0.3 < Ha < 3, ki is subject to a bias of up to 90% while the
interfacial area is subject to a bias of up to 50%. In this perspective, it is interesting to note the findings
of Cents et al. [29], who measured ki-acr simultaneously by physical desorption and by chemical
absorption, ending up with differences of about 64% between both measurements.

In intensified equipment, where there is a limited amount of liquid in the bulk and the mass-
transfer coefficient is large, the interval in allowable Hatta numbers becomes too small to make
accurate predictions with the Danckwerts” method. The method can therefore only be used to
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estimate the interfacial area accurately when considerable care is taken that the assumptions of zero
bulk concentration of solute gas and large bulk volumes are satisfied. In addition, the method only
allows for an order of magnitude estimation of k.. A more accurate way to obtain the mass-transfer
parameters from experimental data would be to fit k. and acr in a numerical simulation of the
equations of reaction and diffusion.

4. Conclusions

The Danckwerts’ plot method results from a mathematical approximation for the enhancement
factor for intermediate reactions. The derivation of the Danckwerts’ plot equation has a solid
mathematical basis and therefore it has been used often for the simultaneous determination of the
mass-transfer coefficient and the effective interfacial area of gas-liquid absorbers and reactors.
However, this method was developed more than 50 years ago, when computational capability was
limited and process-intensified equipment types were not under development. At this time, there
was thus no need and no computational possibility to study the effect that the underlying
assumptions had on the accuracy of the method. This work shows that the Danckwerts” method can
only lead to fair estimates of the mass-transfer coefficient over a very limited range of Hatta numbers,
depending on the relative liquid volume in the bulk versus that in the film layers. Nonetheless, the
accuracy in k. comes at the cost of a loss in accuracy in the prediction of the interfacial area. On the
other hand, if the method is applied to measure the interfacial area, it comes at a loss in accuracy in
k. A systematic error appears then to exist in the method, since ki cannot be determined accurately
even using simulated absorption data. A bias of up to 90% in the mass-transfer coefficient and of up
to 50% in the interfacial area was found for the equipment simulated. A preferred approach to isolate
ki from ac. would be to use the chemical absorption method (either with a Danckwerts’ plot or with
single measurements) to find the interfacial area and to use physical absorption experiments to
measure kr-acL. Moreover, with the current computational power, a more accurate method would be
to fit kz and act in a numerical simulation of the equations of reaction and diffusion to experimental
data that would typically be subjected to the graphical Danckwerts’ method.
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Nomenclature
acL Effective gas-liquid interfacial area, m?mgr
Ca Concentration of solute gas A within stagnant liquid film, mol-mv.™3
Ca* Concentration of solute gas A at the gas-liquid interphase, mol-mc
Ca~ Concentration of solute gas A in liquid bulk, mol'mc
Cs Concentration of liquid reactant B within stagnant liquid film, mol-mc-
Cp Concentration of liquid reactant B in liquid bulk, mol-mc™
Da Diffusion coefficient of component A in the liquid, mt* mi2-s71
Ds Diffusion coefficient of component B in the liquid, mr* mi2-s
E Enhancement factor
E Enhancement factor for an instantaneous reaction, defined by B Dy C¥
' 4 vp -CZ
el Liquid holdup
Ha Hatta number
Kapp Apparent first-order rate constants, s

ke Gas-phase mass-transfer coefficient, mg® mi2-s7!
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kcracL  Volumetric gas-phase mass-transfer coefficient, me® mr3-s71

kL

Liquid-phase mass-transfer coefficient, mr3 mi2-s-!

kc-acL  Volumetric liquid-phase mass-transfer coefficient, mt® mg3-s

k2

Reaction rate constant for second-order reaction

R-act  Overall rate of absorption, mol-s™

UB
X

Stoichiometric coefficient of B
Position perpendicular to interface, m
Position parallel to interface, m
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