
Academic Editors: D. Andrew S. Rees

and Filippos Sofos

Received: 30 July 2026

Revised: 6 September 2026

Accepted: 12 September 2026

Published: 17 September 2026

Copyright: © 2026 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

SW-RheoPINN: Physics-Informed In-Line Estimation of
Pipe-Effective Yield Stress from Pressure–Flow Measurements
Md Munim Rayhan *, Anirban Saha , Somnath Somadder , Anzaman Hossen, Fuad Hasan ,
Md Sharif Ahmed Sarker and Dwayne McDaniel

Applied Research Center, Florida International University, 10555 W. Flagler Street, Miami, FL 33174, USA;
asaha017@fiu.edu (A.S.); ssoma012@fiu.edu (S.S.); ahoss024@fiu.edu (A.H.); fhasa011@fiu.edu (F.H.);
msark008@fiu.edu (M.S.A.S.); mcdaniel@fiu.edu (D.M.)
* Correspondence: mrayhan@fiu.edu

Abstract

Reliable in-line estimation of slurry rheology could improve the safety and control of
pipeline-transfer operations, particularly in radioactive-waste processing where frequent
manual sampling is undesirable. This study presents SW-RheoPINN, a physics-informed
inverse pipe-rheometry framework for estimating pipe-effective yield stress and plastic
viscosity from short windows of pressure-drop, mass-flow-rate, density, and pipe-geometry
measurements. The framework combines a permutation-invariant sensor-window en-
coder with an analytical Bingham pipe-flow backbone, radial momentum balance, a reg-
ularized constitutive relation, cross-sectional mass conservation, and a tightly bounded
velocity-profile correction for limited model discrepancy. SW-RheoPINN was evaluated
using 20 two-state kaolin–water flow-loop experiments comprising 40 hydraulic states.
In matched-physics synthetic tests with 2% multiplicative mass-flow noise, yield-stress
recovery improved from R2 = 0.787 for two-state windows to R2 = 0.923 and R2 = 0.955
for three- and four-state windows, respectively; plastic-viscosity recovery improved from
R2 = 0.937 to R2 = 0.967 and R2 = 0.961. For the experimental data, complete sensor-
window reconstruction achieved a MAPE of 0.80% and R2 = 0.990. Because measured
mass flow is an encoder input in this reconstruction, these metrics characterize inverse self-
consistency rather than prospective prediction. A separate target-flow-withheld evaluation,
in which the withheld mass flow was not supplied to the inverse model, achieved an RMSE
of 0.108 kg s−1, R2 = 0.790, and a median absolute percentage error of 3.55%. Prediction
was strongest for compositions with repeatable hydraulic behavior and degraded when
nominally similar experiments occupied distinct response states. Ablation and sensitivity
analyses showed that strongly resolved high-yield conditions were largely insensitive
to composition-related regularization, Papanastasiou sharpness, and correction capacity,
whereas low-yield estimates were more model dependent. Misspecified-physics tests fur-
ther showed that small hydraulic residuals do not necessarily imply unbiased rheological
parameters. The inferred pipe-effective yield stresses retained the broad composition-
dependent trend observed by offline rheometry, although absolute cross-scale agreement
was limited. These results support SW-RheoPINN as a physics-constrained inference and
diagnostic framework for identifying both well-supported and weakly resolved rheological
states from standard process measurements.

Keywords: physics-informed neural network; inverse rheology; yield stress; Bingham fluid;
pipe rheometer; pressure loss; in-line sensing; uncertainty quantification; kaolin slurry
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1. Introduction
The safe treatment of legacy nuclear waste depends on the ability to mobilize, mix,

and transfer concentrated slurries through process equipment. At the Savannah River Site
(SRS), radioactive sludge is retrieved, conditioned, transferred, and prepared as feed for
the Defense Waste Processing Facility (DWPF). The hydraulic behavior of these streams
is strongly influenced by rheology, and Bingham-type yield stress and plastic viscosity
are commonly used to define acceptable mixing and pumping conditions [1,2]. Similar
challenges arise in waste-retrieval and feed-delivery operations across the U.S. Department
of Energy complex.

Waste-slurry rheology can change with solids concentration, particle interactions,
chemical environment, shear history, and elapsed time. Consequently, a value obtained
from an earlier laboratory sample may not represent the material currently entering a
transfer line. Conventional rheological testing also requires sampling, transport, handling,
and offline analysis. For radioactive materials, these steps can increase personnel exposure,
generate secondary waste, delay operational decisions, and allow the sample structure to
evolve before testing. These limitations have motivated the development of minimally
intrusive methods for estimating yield stress directly from process measurements [3,4].

The flow loop used in this study was developed in support of this application. Kaolin–
water slurry provides a controllable, nonradioactive material with yield-stress behavior
suitable for waste-mixing and feed-delivery method development. Kaolin-based mix-
tures have therefore been used as non-Newtonian rheological simulants in DOE-related
research [5]. Here, simulantrefers only to selected bulk hydraulic characteristics. Kaolin–
water does not reproduce the complete chemistry, mineralogy, particle-size distribution,
aging, or heterogeneity of actual radioactive waste. The present experiments are therefore
intended for method development rather than as a complete surrogate for a particular
waste batch.

Yield stress is commonly interpreted as the stress required to initiate or sustain flow
in a structured material. However, it is not independent of the measurement protocol. Its
reported value can depend on geometry, observation time, wall condition, deformation
history, and the criterion used to identify yielding [6–9]. This dependence is especially
important for clay-based slurries, whose structure may break down under shear and rebuild
during rest. Preshear, rest time, ramp direction, and elapsed time after mixing can therefore
influence the result. The distinction between static and dynamic yield stress reflects these
different structural states [10].

Pipe-scale measurements introduce further complications. Wall slip can reduce the
pressure gradient required to sustain flow and thereby lower the apparent viscosity or yield
stress [11]. Shear-induced particle migration can create radial concentration gradients even
when the slurry is initially well mixed [12,13]. Sedimentation, air entrainment, entrance
losses, structural rebuilding, and developing flow may also cause the hydraulic response
of a process line to differ from an offline rheometer result.

Pipeline measurements can also be influenced by the mechanical response of the
conduit itself. Classical frequency-domain fluid–structure-interaction analysis has repre-
sented liquid-filled pipe systems using transfer matrices that include frictional, Poisson,
and junction coupling [14]. Recent work has extended pipeline dynamics to thermal
bifurcation and nonlinear vibration [15], spinning and hybrid meta-pipe band-gap be-
havior [16,17], periodic acoustic-black-hole vibration suppression [18], composite pipes
conveying solid–liquid two-phase flow [19], and spectral-element models that accommo-
date multiple supports and accessories [20]. More recent studies have also considered
nonlinear vortex-induced response and post-buckling under complex constraints [21], tun-
able piezoelectric metamaterial pipes [22], and vibration suppression of spatial marine
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pipelines using coupled fluid–structure models [23]. Collectively, these studies show that
conduit motion, support conditions, and transient excitation can materially affect pipeline
dynamics. The present work addresses a different operating regime: short quasi-steady
measurement windows in a mechanically rigid laboratory flow loop. Pipe-wall dynamics
are therefore not modeled, and the measured pressure drop is interpreted using a steady,
fully developed Bingham-flow representation. Extension to transient or compliant pipeline
systems would require coupling the inverse rheology formulation with an appropriate
fluid–structure-interaction model.

For these reasons, we refer to the inferred quantity as the pipe-effective yield stress It
represents the yield-stress parameter that provides the best explanation of the measured
pressure–flow response within the adopted pipe-flow model. Offline dynamic rheometer
measurements are used for comparison across measurement scales, but they are not treated
as exact ground truth for the pipe-flow condition. From an operational perspective, the
main question is not whether the slurry has one universal yield-stress value, but whether
its current hydraulic behavior supports reliable transfer through the pipeline.

Pressure-driven pipe flow provides a practical basis for in-line rheological monitor-
ing because pressure, flow rate, density, and geometry are already measured in many
process systems. For steady, fully developed flow in a circular pipe, the pressure gradi-
ent determines the wall shear stress. Under a specified constitutive model, the resulting
pressure–flow relationship can be inverted to estimate rheological parameters. For an
ideal Bingham fluid, the Buckingham–Reiner relation connects pressure drop and flow
rate to yield stress and plastic viscosity [24,25]. Related formulations have extended pipe-
rheometer analysis to different flow regimes and Herschel–Bulkley behavior [26,27].

The main advantage of pressure-based pipe rheometry is its instrumental simplicity.
Its limitation is that pressure and bulk flow provide only an integrated hydraulic response.
Different combinations of yield stress, plastic viscosity, wall slip, and unmodeled losses
can produce similar measurements. This ambiguity is particularly important when only
two operating states are available or when the states span a narrow range of wall stress. Al-
though two measurements can formally determine two Bingham parameters, the resulting
solution may be highly sensitive to small sensor perturbations. A low flow-reconstruction
error therefore does not necessarily demonstrate that the inferred parameters are unique
or stable.

Spatially resolved techniques provide stronger rheological information. Ultrasonic
velocity profiling, electrical-resistance tomography, and related methods can recover local
velocity gradients, identify plug regions, and reveal transient or non-ideal behavior [28–30].
Their use, however, requires specialized instrumentation, suitable material properties, and
additional calibration. Such systems may be difficult to deploy in an existing radioactive
transfer line. Pressure-only and pressure–flow methods therefore remain attractive when
the objective is to infer rheology using ordinary process sensors.

Industrial pipe-viscometer methods have estimated rheological parameters from pump
rate, standpipe pressure, or differential pressure in drilling and process systems [31–34].
These studies demonstrate the feasibility of operational rheology estimation, but they
generally assume a fixed constitutive form and report a best-fitting parameter set without
clearly separating measurement uncertainty, parameter non-identifiability, and model-
form inadequacy.

The closest experimental predecessor to the present work is the kaolin–water flow-loop
investigation of Saha et al. [4]. That study developed and experimentally evaluated two
approaches for real-time in-line monitoring of apparent yield stress: the Pressure Loss
method and the Liquid Rise method. The study established the experimental feasibil-
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ity of both monitoring concepts and provided the flow-loop measurements used in the
present analysis.

These limitations are fundamentally related to inverse-problem identifiability. Yield
stress mainly influences the size of the unyielded or weakly sheared core, whereas plastic
viscosity controls the velocity gradient in the yielded region. Over a limited stress range,
changes in these parameters can partially compensate for one another. A parameter pair
may therefore reconstruct the measured flow accurately while remaining unstable to per-
turbations. Parameter-bound activation, Jacobian rank, information-matrix conditioning,
restart sensitivity, and resampling variability are consequently important complements to
residual-based goodness of fit.

Model discrepancy introduces a related difficulty. The analytical Bingham solution
assumes homogeneous, steady, laminar, fully developed, no-slip flow. Real slurry mea-
surements may violate several of these assumptions. If every deviation is forced into the
inferred yield stress and plastic viscosity, the estimated parameters may absorb wall slip,
entrance effects, particle redistribution, structural evolution, or other losses. Conversely, an
unrestricted discrepancy model may fit the measurements while becoming confounded
with the parameters of interest [35]. A useful inverse method must therefore retain the
constitutive physics while allowing only limited and auditable departure from it.

Physics-informed neural networks (PINNs) provide a framework for combining sparse
observations with governing equations, constitutive relations, boundary conditions, and
conservation laws [36]. This is attractive for inverse rheology because the measurements
alone may be weakly informative, whereas momentum balance and pipe-flow physics
strongly constrain the admissible stress and velocity fields.

Previous rheology-informed neural networks have learned constitutive behavior from
sparse rheometric data and solved coupled non-Newtonian flow equations [37,38]. Other
physics-guided models have focused on forward prediction of Herschel–Bulkley or Bing-
ham flow when the rheological parameters are known [39,40]. More recent inverse ap-
proaches have inferred constitutive behavior from spatially resolved velocity fields [41–43].
These studies demonstrate the value of embedded rheological physics, but their inputs
typically include direct rheometric observations or local flow fields. The present problem is
more weakly observed: the radial velocity profile is unknown, and only its cross-sectional
integral is measured.

Data-driven estimation from global pressure and flow measurements has also been
investigated using simulated microfluidic data [44]. However, synthetic microfluidic
training does not directly address repeated experimental windows from yield-stress slurries,
model discrepancy, transfer between compositions, or experiment-level uncertainty.

The preceding literature establishes three important foundations for the present study.
First, classical pipe rheometry relates pressure drop and flow rate to constitutive parameters
through analytical relations such as the Buckingham–Reiner equation. Second, advanced
ultrasonic, tomographic, and velocimetric methods can recover local flow information and
reveal departures from ideal pipe-flow behavior, although they require instrumentation
that is not commonly available in process pipelines. Third, physics-informed learning has
demonstrated that rheological parameters can be inferred when constitutive equations are
combined with rheometric data or spatially resolved flow measurements.

A remaining challenge is considerably more restrictive: determining whether a small
number of ordinary process measurements can support a defensible rheological inference.
In the present flow loop, each experiment provides only two pressure–flow states, bulk
density or specific gravity, and known pipe geometry. No radial velocity profile, local
shear rate, or pipe-scale yield-stress label is available. Under these conditions, yield stress
and plastic viscosity may compensate for one another and produce similar flow rates. The
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scientific problem is therefore not only to estimate the parameters, but also to determine
when the available hydraulic variation is insufficient to identify them reliably.

SW-RheoPINN addresses this problem as a set-based inverse pipe-rheometry frame-
work. A small pressure–flow window is first mapped to one experiment-level apparent
yield stress and plastic viscosity. These parameters are then evaluated through a for-
ward hydraulic reconstruction based on the analytical Bingham velocity profile, the radial
momentum-balance stress distribution, the regularized constitutive relation, and the cross-
sectional mass-flow integral. A smooth and tightly bounded correction permits limited
departure from the ideal Bingham profile without allowing the neural component to replace
the governing pipe-flow structure.

The principal contribution is therefore not the use of a neural network alone. It is
the combination of sparse process-sensor inversion with an analytical pipe-flow backbone
and explicit diagnostics of parameter support. Synthetic cases with known rheological
parameters test recoverability under controlled Bingham physics. Held-window and leave-
one-composition-out evaluations test whether the inverse relationship transfers beyond the
experiments used for fitting. Buckingham–Reiner conditioning, parameter-bound activity,
independent optimization restarts, bounded-correction magnitude, and experiment-cluster
bootstrap resampling are then used to distinguish stable estimates from weakly identified
or model-dependent results.

The objective of this study is to determine whether sparse pressure–flow windows
from a kaolin–water slurry loop contain sufficient hydraulic information to estimate a
process-relevant pipe-effective apparent yield stress. Equally important, the study examines
whether the framework can identify conditions for which a single precise yield-stress value
is not supported by the measurements. The intended output is therefore not an unqualified
regression estimate, but a physics-constrained rheological interpretation accompanied by
evidence describing its recoverability, transferability, uncertainty, and dependence on the
assumed flow model.

Table 1 positions this contribution relative to classical pipe rheometry, in-line velocity-
measurement methods, and recent physics-informed approaches to rheological inference.
Prior work has established parameter recovery from controlled tube-flow data, direct
rheometric observations, simulated pressure–flow responses, and spatially resolved ve-
locity fields. The present study addresses the more data-limited experimental setting in
which rheological parameters must be inferred from a small set of global pressure–flow
measurements without an observed radial velocity field or pipe-scale parameter label.

The supported outcome is an estimate of pipe-effective yield stress , not a universal
intrinsic material property. The framework is intended to distinguish among conditions
that are strongly supported by the measured hydraulics, conditions that are close to a
weakly identifiable low-yield limit, and conditions for which repeated experiments indicate
more than one hydraulic response state. This distinction is important for future waste-
transfer monitoring because an in-line rheological estimate is operationally useful only
when its degree of support from the current pressure–flow data is also understood.

The novelty of the present study lies in treating sparse pressure–flow measurements
as an evidence-qualified inverse pipe-rheometry problem rather than as a sequence of
independent curve fits. The proposed framework combines an order-invariant sensor-
window encoder with the analytical Bingham pipe-flow solution, exact radial stress balance,
cross-sectional mass conservation, and a tightly bounded velocity-profile correction. This
structure preserves an interpretable theoretical backbone while allowing limited model
discrepancy and learning across repeated experimental windows. Relative to a fixed ana-
lytical inversion, the principal advantage is not a guaranteed reduction in fitting error; it is
the ability to provide experiment-level estimates together with transfer, restart, resampling,
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conditioning, and model-discrepancy diagnostics, and to reveal when repeated measure-
ments do not support one stable Bingham parameter pair. To the authors’ knowledge, this
combination has not previously been demonstrated for experimental in-line yield-stress
estimation using only bulk pressure–flow process measurements.

The remainder of the paper describes the experimental loop, formulates the physics-
constrained inverse architecture, presents the synthetic and experimental validation strat-
egy, compares the inferred parameters with analytical and rheometer references, and
discusses the limitations and implications for future waste-transfer monitoring.

Table 1. Representative literature on nuclear-waste slurry rheology, pipe rheometry, in-line monitor-
ing, and physics-informed rheological inference.

Study Measurements
or Inputs Method and Output Principal Strength Gap Relative to

SW-RheoPINN

Nuclear-waste rheology and simulants

Fellinger et al. [1]
and Koopman [2]

SRS and Hanford
waste-rheology, solids,
and processing data

Offline rheometry,
Bingham fitting, and
waste-feed rheology
analysis

Establish the
operational
importance and
variability of
waste-slurry
rheology

Offline and
batch-specific; no
current-state inference
from pressure–flow
sensors

Gauglitz et al. [5]

Kaolin-based mixtures
with controlled
density and Bingham
properties

Development of
nonradioactive
waste-feed and
mixing simulants

Provides
controllable
materials for
hydraulic method
development

Represents selected
bulk behavior rather
than complete waste
chemistry

Classical and in-line pipe rheometry

Buckingham and
Reiner [24,25]

Pressure drop, flow
rate, density, and pipe
geometry

Analytical Bingham
relation for yield
stress and plastic
viscosity

Transparent and
physically
interpretable

Fixed ideal model; no
learned discrepancy,
transfer analysis, or
uncertainty
qualification

Wiklund et al. [28],
Machin et al. [29],
and Tasaka
et al. [30]

Ultrasonic or
tomographic velocity
measurements

Recovery of local
velocity and
rheological behavior

Provides spatially
resolved
information and
reveals non-ideal
flow

Requires specialized
instrumentation rather
than ordinary
pressure–flow sensors

Magnon and
Cayeux [27], Liu
et al. [33], and Zou
et al. [34]

Multiple pressure
measurements over
controlled flow rates

Deterministic or
surrogate-assisted
pipe-rheometer
inversion

Supports frequent
industrial
parameter
estimation

Assumes a fixed
constitutive form and
provides limited
separation of
uncertainty and model
discrepancy

Baharanchi et al. [3]
and Saha et al. [4]

Pressure loss, flow,
density, liquid rise,
and kaolin-loop data

Candidate in-line
methods and
analytical yield-stress
estimation

Closest
experimental
foundation for the
present
nuclear-waste
application

No reusable inverse
encoder, bounded
latent correction,
transfer validation, or
cluster-bootstrap
uncertainty
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Table 1. Cont.

Study Measurements
or Inputs Method and Output Principal Strength Gap Relative to

SW-RheoPINN

Physics-informed rheological inference

RhINNs and
nn-PINNs
study [37,38]

Sparse rheometric,
boundary, and
field data

Physics-informed
learning of
constitutive and
non-Newtonian
behavior

Demonstrates
inverse learning
with embedded
rheological physics

Uses direct rheometric
or field observations
rather than sparse
pipe pressure–flow
windows

Kumar et al. [39]
and Zhang [40]

Governing equations
and specified
rheological parameters

Physics-guided
forward prediction of
viscoplastic pipe flow

Efficient flow-field
solution with
physical
constraints

Rheological
parameters are treated
as known

Thakur et al. [41]
and Lardy
et al. [43]

Spatially resolved
velocity measurements

Inverse inference of
stress fields or
constitutive behavior

Provides rich local
information for
constitutive
identification

Requires measured
velocity fields rather
than an unobserved
latent field constrained
by total flow

Sandubete-López
et al. [44]

Simulated microfluidic
pressure-drop and
flow-rate data

Deep-learning
estimation of
rheological
parameters

Demonstrates
learning from
global hydraulic
measurements

Primarily synthetic; no
experimental
yield-stress slurry,
bounded discrepancy,
or experiment-level
uncertainty

Present study

SW-RheoPINN

Experimental
pressure-drop,
mass-flow, density,
and geometry
windows

Permutation-
invariant inverse
encoder, analytical
Bingham backbone,
bounded correction,
and integral flow
constraint

Estimates
parameters using
ordinary process
sensors and reports
identifiability,
transfer,
uncertainty, and
model-validity
diagnostics

Current validation is
limited to the present
kaolin–water
campaign; additional
compositions and
external pipe-scale
testing are needed

2. Materials and Methods
2.1. Experimental Data and Analysis Scope

This study reanalyzes pressure–flow measurements obtained from the kaolin–water
slurry experiments reported by Saha et al. [4]. The original facility was developed to
evaluate two candidate approaches for real-time in-line estimation of apparent yield stress:
the Pressure Loss method and the Liquid Rise method. Because the present study focuses
on inverse pipe rheometry, SW-RheoPINN uses the pressure-drop, mass-flow-rate, density,
and test-section geometry measurements from the Pressure Loss experiments. The Liquid
Rise measurements are not used as inputs, training targets, or validation labels in the
present inverse model.

The experimental facility consisted of a recirculating steel-pipe loop supplied from a
continuously mixed slurry tank. A 0.5 HP Dayton mixer (Dayton Electric Mfg. Co., Lake
Forest, IL, USA), equipped with an approximately 6 in propeller was used to maintain
suspension in the tank, and a centrifugal pump circulated the slurry through the loop.
Flow rate and bulk density were measured in real time using a KROHNE OPTIMASS
1000 Coriolis meter (KROHNE Group, Beverly, MA, USA). Differential pressure across
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the horizontal Pressure Loss section was measured using an Omega PX-3005 differential-
pressure transducer (Omega Engineering, Norwalk, CT, USA). The facility also contained
vertical steel and clear-PVC sections instrumented with a Flowline radar level transmitter
(Flowline Inc., Los Alamitos, CA, USA) for the Liquid Rise measurements. Pressure, flow-
rate, density, and level measurements were acquired through the original LabVIEW 2006
(version 8.1; National Instruments, Austin, TX, USA) and MATLAB R2020a (version 9.8;
MathWorks, Natick, MA, USA) monitoring system. Further details of the facility, slurry
preparation, sensor arrangement, and operating procedure are provided by Saha et al. [4].

For each slurry condition, the material was mixed until a visually uniform suspension
was obtained and then circulated through the loop. The flow condition was adjusted using
the loop flow-control arrangement and allowed to stabilize before measurements were
retained. For the Pressure Loss experiments, differential pressure and the corresponding
Coriolis mass-flow and density measurements were collected at two distinct operating
conditions for each experimental window. These paired hydraulic states are the measure-
ments analyzed by SW-RheoPINN. Repeated samples associated with an operating state
were represented by their sample median before inverse analysis to reduce sensitivity to
short-duration fluctuations.

The pressure-loss test section was constructed from 0.5 in nominal Schedule-40 pipe.
The internal diameter D and pressure-tap spacing L used in the analysis are

D = 0.0157988 m, L = 0.381 m, (1)

where D = 15.7988 mm (0.622 in) is the internal diameter of the Schedule-40 pressure-loss
section and L = 381 mm (15 in) is the pressure-tap spacing.

The main recirculating loop was approximately 20 ft long and was constructed pri-
marily from 1-in nominal Schedule-40 steel pipe [4]. The dedicated pressure-loss section
used 0.5-in nominal Schedule-40 pipe. Approximately 30 in of straight pipe was available
upstream of the pressure taps, and the taps were separated by 15 in. With the internal
bore of 15.7988 mm, these lengths correspond to approximately 48 and 24 pipe diameters,
respectively. These dimensions provide useful development-length context, but they do not
by themselves prove that every retained state was fully developed; that condition remains
part of the adopted pipe-flow model.

Slurry density was calculated from the measured specific gravity as

ρ = SG · ρw ≈ 1000 · SG kg m−3, (2)

with ρw ≈ 1000 kg m−3.
The analyzed dataset comprised four nominal compositions (SG 1.23, 1.25, 1.27, and

1.32), with five experimental windows at each composition. Each window contained two
pressure–flow operating states, giving 20 windows and 40 hydraulic states in total. Across
the retained measurements, SG ranged from 1.237887 to 1.326048, differential pressure from
1.612 to 7.772 kPa, and mass-flow rate from 0.0660 to 0.7581 kg s−1.

The two original in-line measurement concepts have different physical limitations.
The Pressure Loss method infers rheology from the relationship between pressure gra-
dient and bulk flow and therefore requires the test section to be represented adequately
by the assumed pipe-flow model. Its interpretation is most reliable for approximately
steady, laminar, reasonably developed, and homogeneous flow. Wall slip, particle migra-
tion, sedimentation, developing-flow losses, or time-dependent structural changes can
modify the measured pressure drop without representing a change in intrinsic Bingham
parameters. The method is also sensitive to experimental design because yield stress
and plastic viscosity are inferred jointly; two operating states that are too similar provide
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weak parameter separation and can amplify pressure- or flow-measurement uncertainty.
These limitations motivate the identifiability, model-misspecification, correction-bound,
and geometry-sensitivity analyses included in the present study.

The Liquid Rise method instead estimates an apparent resisting stress from the equi-
librium height and pressure of slurry in a vertical column. It therefore depends directly on
the accuracy of pressure, column-height, density, and vertical-pipe-diameter measurements
and on the assumption that the measured bulk density represents the material within the
column. Sedimentation, axial concentration gradients, wall slip, and thixotropic rebuilding
during the settling period can alter the inferred value. Consequently, the Liquid Rise
result is best interpreted as an apparent static or equilibrium yield-stress estimate under
the particular column conditions rather than as a complete constitutive characterization.
These differences are also why the Liquid Rise measurements were not treated as pipe-scale
ground-truth labels for SW-RheoPINN.

2.2. Inverse Rheology Problem and Governing Pipe-Flow Physics

The objective was to estimate pipe effective yield stress and plastic viscosity from each
pressure–flow sensor window. The inferred yield stress is referred to as a pipe-effective
yield stress because it is the value required for the assumed pipe-flow model to reproduce
the measured hydraulic response. It should not automatically be interpreted as identical
to a yield stress obtained using a laboratory rheometer, because the two measurements
involve different flow geometries, shear histories, spatial scales, and model assumptions.

For steady, axisymmetric, fully developed flow through a horizontal circular pipe, the
axial momentum balance gives the wall shear-stress magnitude

τw =
|∆P|D

4L
, (3)

where |∆P| is the measured pressure-drop magnitude.
Let r denote radial distance from the pipe centerline, R = D/2 the pipe radius, and

ξ = r/R the dimensionless radial coordinate. The corresponding shear-stress distribution is

τ(ξ) = τwξ. (4)

Equation (4) was imposed directly and was not learned from the data. Thus, the
model retained the exact linear radial stress distribution required by the fully developed
momentum balance.

The post-yield constitutive behavior was represented using the Papanastasiou regular-
ization of a Bingham material [45],

τreg(γ̇) = µpγ̇ + τy[1 − exp(−mγ̇)], (5)

where γ̇ is the shear-rate magnitude, τy is the apparent yield stress, µp is the apparent
plastic viscosity, and m is the regularization parameter. Increasing m produces a pro-
gressively sharper approximation to the ideal Bingham yield transition while preserving
differentiability for numerical optimization.

The ideal Bingham velocity profile provided the analytical starting point for the model.
Defining the plug ratio as

a =
τy

τw
, (6)
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the axial velocity is

uBR(ξ) =


Rτw

2µp
(1 − a)2, 0 ≤ ξ < a,

Rτw

µp

[
1
2
(1 − ξ2)− a(1 − ξ)

]
, a ≤ ξ ≤ 1.

(7)

The first region is the central unyielded plug, whereas the second is the yielded
annular region. Integrating the profile over the pipe cross-section gives the Buckingham–
Reiner relation,

QBR =
πR3τw

4µp

(
1 − 4

3
a +

1
3

a4
)

, a < 1. (8)

The condition a < 1, or equivalently τw > τy, requires the wall stress to exceed the
yield stress. If this condition is not satisfied, the ideal pressure-driven Bingham model
predicts no flow.

2.3. SW-RheoPINN Framework

The overall physical and computational workflow is summarized in Figure 1. The fig-
ure emphasizes how a measured pressure–flow window is transformed into pipe-effective
rheological parameters and then passed back through the governing pipe-flow physics. Be-
cause the complete framework also contains physics-based pretraining, model-discrepancy
constraints, analytical benchmarking, and several post-fit qualification tests, a more detailed
computational workflow is provided in Figure 2.

Figure 1. Overview of the SW-RheoPINN workflow for inferring pipe-effective rheological parameters
from pressure–flow sensor windows using physics-informed inverse modeling.
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Inverse estimation and physics reconstruction

Sensor window
pressure drop, mass flow,
density or specific gravity,

pipe geometry; multiple states

Window preparation
steady-state aggregation;

wall stress and mean velocity;
uncertainty and
span descriptors

Set encoder
per-state embedding;

mean and maximum pooling;
order-invariant representation

Rheological parameters
pipe-effective yield stress

and plastic viscosity;
one pair per sensor window

Physics reconstruction
analytical Bingham backbone;

exact radial stress balance;
bounded velocity correction;

velocity field and mass-flow integral

Consistency objective
reconstructed versus

measured flow;
constitutive consistency;

field magnitude and
smoothness penalties

Synthetic Bingham windows
known parameters, controlled noise,

two to four operating states

Physics pretraining and replay
learn the inverse structure;

no rheometer measurements
used as labels

Optimization and estimator selection
continuation and final refinement;

independent restarts;
fixed checkpoint rule

Post-fit qualification and interpretation

Analytical benchmark
window-wise and pooled

Buckingham–Reiner inversion;
Jacobian conditioning and bounds

Inverse transfer
held-window evaluation and

leave-one-composition-out evaluation

Stability and uncertainty
independent restart agreement,
experiment-cluster bootstrap,

bounded-discrepancy magnitude

Independent cross-scale check
offline rheometer comparison;
used only after model fitting

final fitted estimator and experiment-level parameter estimates

Confidence-qualified pipe-effective rheology:
parameter estimates and hydraulic consistency,
with evidence that the response is well resolved,

weakly identified, heterogeneous, or model dependent

Figure 2. Detailed SW-RheoPINN framework showing parameter inference, physics-based reconstruc-
tion, synthetic pretraining, analytical comparison, and post-fit validation. Solid arrows indicate the
primary inference and physics-reconstruction workflow, whereas dashed arrows indicate auxiliary
training and post-fit evaluation pathways.

2.3.1. Physical Workflow of SW-RheoPINN

SW-RheoPINN links parameter estimation directly to a physics-based reconstruction
of the measured pipe flow. For each sensor window, the framework first combines the
available operating states to estimate one pipe-effective Bingham yield stress and plastic
viscosity. These parameters are then passed through the governing pipe-flow model to
reconstruct the radial velocity distribution, constitutive response, and mass-flow rate. The
complete workflow therefore connects the measured hydraulic conditions to rheological
parameters and then back to the corresponding flow response.

In machine-learning terminology, the parameter-estimation stage is the encoder, while
the flow-reconstruction stage is the physics decoder. In physical terms, the encoder com-
bines the pressure, mass-flow, density, composition, and geometry information contained
in the sensor window and returns(

τ̂y, µ̂p
)
= Eϕ

(
{xj}nw

j=1

)
, (9)

where Eϕ is the learned inverse mapping and nw is the number of operating states in
the window.

The estimated parameters are then evaluated through the forward pipe-flow recon-
struction, (

uθ,j(ξ), ̂̇mj, rc,j(ξ)
)
= Dθ

(
τ̂y, µ̂p, τw, j, ρj, Dj, Lj

)
, (10)

where Dθ denotes the physics decoder, uθ,j(ξ) is the reconstructed radial velocity profile, ̂̇mj

is the corresponding mass-flow rate, and rc,j(ξ) measures consistency with the regularized
Bingham constitutive relation.

The physics decoder is anchored in the axial momentum balance, the analytical Bing-
ham velocity profile, the regularized constitutive equation, and cross-sectional mass con-
servation. A smooth, tightly bounded correction supplements the analytical profile where
needed to represent modest departures from ideal Bingham behavior. In this way, the

https://doi.org/10.3390/fluids11090236

https://doi.org/10.3390/fluids11090236


Fluids 2026, 11, 236 12 of 34

learned component retains limited flexibility while the overall solution remains governed
by the underlying pipe-flow physics.

2.3.2. Inverse Mapping from a Sensor Window to Rheological Parameters

For operating state j, the encoder input vector was

xj =
[
log τw,j, log Uj, SGj, log ρj, log Dj, log Lj

]
, Uj =

ṁj

ρjπD2
j /4

. (11)

Here, Uj is the measured cross-sectionally averaged velocity. Logarithmic transfor-
mations were applied to strictly positive variables to reduce numerical scale differences
between pressure, velocity, density, and geometry. Although D and L were constant in
the present experiments, they were retained as inputs so that the framework can later be
extended to other pipe geometries.

Each state was processed using the same multilayer perceptron. In this context, the
multilayer perceptron is simply a nonlinear regression function that converts the hydraulic
variables of one operating state into a set of intermediate descriptors. The same function was
applied to every state so that initial and final measurements were interpreted consistently.

The state descriptors were then combined using their mean and maximum values.
This operation, commonly termed pooling, allows all states in a window to contribute
to one parameter estimate without making the result depend on the order in which the
measurements are supplied [46]. Physically, the pooling operation combines the evidence
provided by the different wall stresses and velocities in the window.

The pooled representation was supplemented with quantities that describe the hy-
draulic information available in the window: nominal SG, minimum wall stress, wall-stress
span, normalized velocity span, and the number of states. The wall-stress and velocity
spans are particularly relevant because parameter separation becomes difficult when all
states occupy nearly the same operating condition.

The final parameter-estimation layer returned one apparent yield stress and one
apparent plastic viscosity for the complete window. Positive and physically feasible values
were enforced using bounded transformations,

10−3 Pa ≤ τ̂y < 0.97 min
j

(
τw,j

)
, 10−5 ≤ µ̂p ≤ 5 Pa s. (12)

The upper yield-stress bound ensured that every measured state remained within the
flowing regime of the assumed Bingham model. The factor 0.97 provided a small numerical
margin below the limiting condition τ̂y = minj(τw,j).

Experiments performed at the same nominal composition were expected to have re-
lated, but not necessarily identical, rheological responses. This expectation was introduced
using the partial-pooling term

Lcomp = meank
[
Vare∈k

(
log τ̂ye

)
+ 0.25 Vare∈k

(
log µ̂pe

)]
, (13)

where k indexes the nominal-SG groups and e ∈ k denotes the experimental windows
within group k.

This term weakly discourages unrealistically large differences between nominally
repeated experiments, but it does not force them to share one common parameter pair.
It therefore permits experiment-to-experiment variation arising from slurry history, mea-
surement uncertainty, or local non-ideal behavior. A separate weak one-sided penalty
discouraged decreases in the composition-level mean log yield stress with increasing
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SG. Because this monotonicity condition was imposed only weakly, sufficiently strong
hydraulic evidence could still produce local nonmonotonic estimates.

2.3.3. Physics Decoder and Radial Velocity Reconstruction

For a proposed pair (τ̂y, µ̂p), the physics decoder reconstructed the radial velocity
profile and determined whether the resulting flow was consistent with the measured
mass-flow rate and Bingham constitutive behavior.

The ideal Buckingham–Reiner velocity profile was used as the primary solution. A
smooth and bounded multiplicative correction was then applied,

uθ(ξ) = uBR(ξ) exp
{

c f (1 − ξ2) tanh
[

fθ

(
ξ2, SG, log τw, log D, log τy, log µp

)]}
, (14)

where fθ is a dimensionless neural discrepancy function and c f = 0.15 is the maximum
permitted logarithmic correction amplitude.

The reconstructed velocity is called a latent velocity field because it was not measured
directly. However, it was strongly constrained by the analytical Bingham profile, the no-slip
wall condition, the constitutive equation, and the measured cross-sectional mass flow.
Thus, “latent” indicates an unobserved internal field, not an arbitrary or unconstrained
velocity solution.

The factor 1 − ξ2 forces the correction to vanish at the wall, thereby preserving the
no-slip boundary condition already satisfied by the analytical profile. Dependence on ξ2

preserves centerline symmetry. Before application of the wall envelope, the correction was
bounded approximately between

exp(−0.15) = 0.86 and exp(0.15) = 1.16. (15)

Consequently, the neural component could modify the local analytical velocity by
only a limited amount. Additional penalties on correction magnitude and radial rough-
ness prevented it from replacing the underlying Bingham solution with an unrestricted
empirical profile.

For a physically expected centerline-to-wall velocity distribution, the shear-rate mag-
nitude was calculated as

γ̇(ξ) = − 1
R

∂uθ

∂ξ
. (16)

The derivative was evaluated by automatic differentiation, which computes the deriva-
tive directly from the mathematical operations used to construct uθ , rather than through
radial finite differences. Positive outward velocity gradients were penalized because they
would correspond to a nonphysical increase in axial velocity toward the pipe wall.

Constitutive consistency was evaluated using the dimensionless residual

rc(ξ) =
τwξ − τreg(γ̇(ξ))

max(τw, 1 Pa)
. (17)

The numerator compares the shear stress required by the axial momentum balance
with the stress predicted by the regularized Bingham constitutive relation. The denominator
makes this residual dimensionless and prevents states with the largest pressure drops from
dominating solely because of their stress magnitude.

Finally, the reconstructed velocity field was integrated over the pipe cross-section to
obtain the predicted mass-flow rate,

̂̇m = 2πρR2
∫ 1

0
uθ(ξ)ξ dξ. (18)
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Equation (18) is the principal connection between the unmeasured radial velocity
field and the measured Coriolis mass-flow rate. The inferred rheological parameters are
therefore accepted only when they produce a velocity field whose integral agrees with the
observed flow while also satisfying the constitutive and profile-shape constraints.

Cross-sectional mass matching is not the sole conservation constraint in the decoder.
Under the assumed steady, incompressible, axisymmetric, and fully developed flow, the
velocity field has the form uz = u(r) with zero mean radial velocity, so the local continu-
ity equation is satisfied by the adopted one-dimensional representation. The measured
mass-flow rate then supplies an integral constraint on the admissible axial velocity field.
Independently, the axial momentum balance is imposed through τ(r) = τwr/R, and the
constitutive residual requires the velocity gradient to generate the same shear stress. The
no-slip wall condition and centerline symmetry are also built into the field representation.
Thus, the decoder combines momentum balance, constitutive consistency, boundary and
symmetry conditions, and the measured integral flow; it would require extension if radial
or axial flow development, transient motion, or compressibility became important.

2.4. Model Calibration and Physics-Constrained Objective
2.4.1. Hydraulic Reconstruction and Constitutive Constraints

For operating state i, hydraulic reconstruction was measured using the logarithmic
mass-flow residual

eq,i = log ̂̇mi − log ṁi. (19)

The logarithmic form measures relative rather than absolute flow error and prevents
the high-flow states from dominating the objective. Each residual was standardized using
the combined relative uncertainty in mass flow and density, with a minimum log-scale
uncertainty of 0.025.

A Student-t likelihood with four degrees of freedom was used instead of a Gaussian
likelihood [47]. This choice behaves approximately quadratically for small residuals but
is less strongly affected by occasional large deviations. It is therefore suitable for flow-
loop measurements that may contain transient fluctuations or minor deviations from the
idealized steady-flow assumptions. The full observation and uncertainty model is provided
in Supplementary Section S1.

The complete experimental objective was

L = 1.0Lq + 7.5Lc + 0.10L+
∇u + 0.50Lfield + 0.05Lfield,smooth + 0.06Lcomp

+ 0.01Lmono + 0.002Lµ,prior + 10−5Lenc + 0.05Lreplay. (20)

The individual terms have the following physical or numerical roles:

• Lq requires the integrated velocity profile to reproduce the measured mass flow.
• Lc requires agreement between the radial momentum-balance stress and the regular-

ized Bingham constitutive stress.
• L+

∇u penalizes velocity profiles that increase toward the wall.
• Lfield and Lfield,smooth keep the neural correction small and radially smooth.
• Lcomp weakly shares information among repeated experiments at the same nominal

composition.
• Lmono weakly discourages a decrease in composition-averaged yield stress with in-

creasing SG.
• Lµ,prior supplies broad regularization for plastic viscosity when the available hydraulic

states do not strongly separate τy and µp.
• Lenc limits excessive encoder-weight magnitude and reduces numerical overfitting.
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• Lreplay retains the inverse behavior learned from synthetic Bingham flow during fitting
to the relatively small experimental dataset.

The plastic-viscosity prior was centered at 0.05 Pa s with a log-scale standard deviation
of 2.5. This broad prior limits extreme or numerically unstable estimates but does not
tightly prescribe the plastic viscosity.

The coefficients in Equation (20) were held fixed for the primary fit, cross-validation
fits, and bootstrap refits. Consequently, differences among these evaluations resulted from
changes in the available data rather than from fold-specific adjustment of the objective.

2.4.2. Synthetic Physics Pretraining and Physics Replay

Before fitting the experimental measurements, the inverse encoder was trained using
synthetic Bingham pipe-flow windows for which τy and µp were known. This stage may
be interpreted as calibrating an inverse virtual pipe rheometer using solutions generated
from the governing analytical model.

The synthetic yield ratio covered

0.005 ≤
τy

minj
(
τw,j

) ≤ 0.88. (21)

This range included low-yield conditions, for which the flow approaches a viscous
response, and strongly plug-dominated conditions approaching the flow-feasibility limit.
Specific gravity and wall stress were sampled over the experimental domain. Plastic
viscosity was sampled log-uniformly between 0.002 and 1.0 Pa s. Pressure drop was
calculated from wall stress and pipe geometry, and mass flow was generated from the
Buckingham–Reiner relation with multiplicative lognormal measurement noise.

Pretraining used two-state windows and a mass-flow noise standard deviation of
0.02. This stage taught the encoder the general inverse relationship between pressure–flow
variation and Bingham parameters before it encountered the limited experimental dataset.

During experimental fitting, a fixed bank of 256 independent three-state synthetic
windows remained active through Lreplay. This procedure is termed physics replay. It
periodically requires the encoder to continue recovering known parameters from physically
generated examples while it adapts to the experimental data. Its purpose is to reduce
the risk that the inverse map drifts toward a hydraulically convenient but physically
implausible solution when trained on only 20 experimental windows.

No rheometer measurements were used for synthetic pretraining, physics replay,
parameter initialization, checkpoint selection, or any other stage of model fitting. The syn-
thetic sampling distributions are reported in Supplementary Section S2 and Supplementary
Table S2.

2.4.3. Optimization and Reported Estimator

The model was trained in double precision on a CUDA-capable GPU. Synthetic
pretraining used 800 epochs. Experimental fitting then used 2400 AdamW continuation
epochs, during which the Papanastasiou regularization parameter increased exponentially
from m = 1 to 80 s.

This continuation strategy initially presents the optimizer with a smooth constitutive
transition and gradually approaches a sharper Bingham-like yield transition. After the
continuation stage, 600 additional AdamW epochs were completed at the fixed value
m = 80 s. Checkpoint selection began only during this fixed-m stage so that competing
solutions were compared using the same constitutive sharpness. A final full-batch L-BFGS
refinement used at most 120 iterations.
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Neural-network optimization is not guaranteed to converge to the same solution
from every initialization. Therefore, three independent restarts were performed using
seeds 42, 1042, and 2042. The reported estimator was the restart with the lowest complete
fixed-m objective. The same restart count, checkpoint rule, loss coefficients, and standard
optimization profile were used for the primary fit, cross-validation folds, and bootstrap
refits. The numerical framework was implemented in Python 3.11 using PyTorch 2.7.1. Au-
tomatic differentiation was used to evaluate radial velocity derivatives and the constitutive
residual. The implementation comprised data preprocessing and experiment aggregation,
the permutation-invariant sensor-window encoder, the conditional radial physics decoder,
synthetic pretraining and replay, experimental optimization, and post-fit validation and
uncertainty analysis. Computations were performed on a workstation equipped with an
Intel Core i9-14900 processor, 32 GB of system memory, and an NVIDIA GeForce RTX
4070 Ti SUPER GPU with 16 GB of graphics memory. GPU acceleration was used through
CUDA, and all model calculations were performed in double precision. The principal
numerical and optimization settings are summarized in Table 2.

Table 2. Principal SW-RheoPINN configuration used for the final analysis.

Component Final Configuration

Sensor-window features log τw, log U, SG, log ρ, log D, and log L for each state; explicit wall-stress and
velocity-span descriptors

Set encoder Two hidden layers of width 48; state embedding width 32; SiLU activation; mean and
maximum pooling

Inverse outputs Positive bounded τy and µp; τy < 0.97 minj τw,j

Radial field Three hidden layers of width 48; 48 Gauss–Legendre radial nodes; bounded
log-correction scale c f = 0.15

Constitutive continuation Papanastasiou m: 1–80 s during 2400 AdamW epochs, followed by 600 epochs at fixed
m = 80 s

Optimization Double precision; AdamW; initial learning rate 8 × 10−4; gradient clipping at 20; final
L-BFGS refinement (up to 120 iterations)

Estimator definition Best of three independent restarts (seeds 42, 1042, and 2042), selected only under the
fixed final-m objective

Uncertainty 100 experiment-cluster bootstrap refits, each using the same standard profile and
best-of-three restart rule

Rheometer role Post-fit cross-scale comparison only; never used in inputs, losses, initialization, model
selection, CV, or bootstrap

2.5. Classical Buckingham–Reiner Comparators

The analytical Buckingham–Reiner inversion was included because it is the classical
closed-form pressure–flow relation for the same steady, laminar, fully developed Bingham
pipe-flow assumptions that form the physical backbone of the proposed framework [24,25].
It uses the same measured pressure drop, flow rate, density, and pipe geometry as the
proposed inverse framework, so it provides a physically matched and instrumentation-
matched benchmark rather than an unrelated empirical baseline. It also provides a trans-
parent test of whether the learned framework contributes information beyond a direct
constitutive fit. When the sensor windows are well described by the ideal Bingham model
and contain sufficient wall-stress variation, the two inversions should approach similar
parameter estimates. Conversely, disagreement, poor Jacobian conditioning, or activation
of parameter bounds can expose weak identifiability, between-window heterogeneity, or
increased dependence on the bounded model-discrepancy term. The Buckingham–Reiner
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estimates were not used as training labels or targets; they were used only as independent
analytical benchmarks and identifiability diagnostics.

For operating state j, the analytical mass-flow prediction was

̂̇m BR
j = ρjQBR,j, (22)

where QBR,j was calculated from Equation (8) using the measured wall stress and the fitted
values of τy and µp.

Two bounded multi-start nonlinear least-squares fits were considered. Both minimized
the discrepancy between measured and predicted log-mass-flow rates.

The window-wise Buckingham–Reiner fit estimated one τy–µp pair from the two states
in each experimental window. Because two hydraulic observations were used to estimate
two rheological parameters, this fit was nearly saturated. It was therefore used primarily
to diagnose whether an individual two-state window contained sufficient variation to
distinguish yield stress from plastic viscosity.

The composition-pooled Buckingham–Reiner fit estimated one parameter pair using
all ten states associated with a nominal SG. This overdetermined fit was less sensitive to
any single weakly separated window and was used as the primary analytical comparator.

The same positivity and flow-feasibility bounds used in SW-RheoPINN were applied
to the analytical fits. Local identifiability was examined using the residual Jacobian J,
evaluated with respect to the rheological parameters. The rank of J, the condition number
of JT J, and activation of parameter bounds were recorded. A rank-deficient or poorly
conditioned Jacobian indicates that substantially different combinations of yield stress and
plastic viscosity can produce nearly indistinguishable pressure–flow behavior.

2.6. Validation, Transfer Evaluation, and Uncertainty Analysis

The evaluation strategy was designed to distinguish three different questions: whether
rheological parameters are recoverable under known physics, whether an inferred pa-
rameter pair is self-consistent with an observed pressure–flow window, and whether the
resulting model can predict a hydraulic state whose flow measurement was not supplied
to the inference procedure. Additional analyses examined sensitivity to model mismatch,
composition-related regularization, constitutive regularization, correction capacity, pipe
geometry, and experimental resampling. The complete evaluation strategy and the scientific
purpose of each analysis are summarized in Table 3.

Table 3. Evaluation strategy used for the SW-RheoPINN analysis.

Evaluation Scientific Question Interpretation

Matched-physics
synthetic recovery

Can known Bingham parameters be
recovered from noisy pressure–flow
windows?

Tests inverse identifiability under the same
constitutive physics used by the decoder.

Full-window inverse
reconstruction

Do inferred parameters reproduce the
measured hydraulic window?

Tests inverse self-consistency; measured flow
is an encoder input and therefore this is not
prospective prediction.

Held-window inverse
reconstruction

Does the inverse mapping remain
self-consistent for experiments excluded
from fitting?

Tests transfer of the learned inverse mapping
within compositions represented during
training.

Leave-one-
composition-out
reconstruction

Does the inverse mapping remain useful
when an entire nominal composition is
excluded?

Tests cross-composition transfer, while still
using the measured flow of the held window
as an inverse input.
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Table 3. Cont.

Evaluation Scientific Question Interpretation

Target-flow-withheld
prediction

Can flow be predicted when the
target-state mass flow is not provided to
the model?

Provides a genuinely prospective hydraulic
prediction test.

Model-misspecification
tests

How does the inverse solution respond
when the true flow differs from the
assumed Bingham model?

Tests parameter bias, hydraulic residuals,
correction activity, and sensitivity intervals
under controlled departures from the
assumed physics.

Ablation tests
Are the inferred parameters driven mainly
by composition inputs, priors, or
regularization?

Tests explicit SG information, composition
pooling, monotonicity, the plastic-viscosity
prior, physics replay, and learned-model
capacity.

Model-form sensitivity
Do the results depend strongly on
Papanastasiou regularization or the
allowed velocity correction?

Tests the final regularization parameter m, the
direct regularized velocity profile, and the
correction scale c f .

Geometry and
bootstrap analysis

How sensitive are the estimates to pipe
dimensions and experimental resampling?

Tests systematic diameter and tap-spacing
perturbations and propagates shared
geometric uncertainty through cluster
bootstrap refits.

Offline rheometer
comparison

Do the pipe-effective estimates follow the
broad rheological behavior observed
independently at laboratory scale?

Provides a descriptive cross-scale comparison
rather than a pipe-scale ground-truth
validation.

2.6.1. Matched-Physics Synthetic Parameter Recovery

An independent synthetic test bank was used to evaluate inverse parameter recovery
when the data were generated from the same Bingham pipe-flow physics used by the
decoder. Synthetic windows contained two, three, or four operating states and were
evaluated under multiple mass-flow noise levels. Because the yield stress and plastic
viscosity were prescribed during generation, these tests directly measured parameter
recoverability and the influence of hydraulic excitation.

The synthetic benchmark should therefore be interpreted as an identifiability test
under matched physics rather than as evidence of robustness to constitutive-model error.
Robustness to departures from Bingham behavior was examined separately using the
misspecified-physics tests described below.

2.6.2. Inverse Hydraulic Reconstruction

For the primary experimental evaluation, each complete two-state sensor window
was supplied to the inverse encoder. The resulting τ̂y and µ̂p values were passed through
the physics decoder and the reconstructed mass-flow rates were compared with the mea-
sured values.

Because measured mass flow is included in the encoder input, agreement between
measured and reconstructed flow is interpreted as inverse hydraulic reconstruction or
self-consistency. A low reconstruction error demonstrates that the estimated parameters
and latent velocity field are compatible with the observed pressure–flow window under
the adopted physics, but does not by itself demonstrate prospective flow prediction or
unbiased parameter recovery.
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2.6.3. Held-Window and Leave-One-Composition-Out Reconstruction

Five-fold held-window evaluation was performed by withholding one complete ex-
perimental window from every nominal-SG group in each fold. The model was fitted
using the remaining 16 windows and then applied to the four unseen windows. Each held
window retained its measured pressure, mass flow, density, and geometry as inverse-model
inputs. Accordingly, this analysis tests whether the learned inverse mapping transfers
to experiments excluded from model fitting, rather than whether flow can be predicted
without observing it.

A more demanding leave-one-composition-out analysis excluded all five windows
from one nominal-SG group during fitting. The held composition was then processed
using its own measured pressure–flow windows. Because measured mass flow again
remained an encoder input, this evaluation is also described as inverse reconstruction
rather than prospective prediction. Its purpose is to determine how strongly the learned
inverse mapping depends on compositions represented during experimental calibration.

2.6.4. Prospective Target-Flow-Withheld Prediction

A separate prediction experiment was introduced specifically to remove the target
flow measurement from the quantity being evaluated. Five stratified folds were used. In
each fold, one complete experiment from every nominal-SG group was excluded from
training. A reference Bingham parameter pair was then formed from the SW-RheoPINN
estimates of the remaining training experiments at the same nominal composition.

For each held hydraulic state, its pressure, density, and pipe geometry were supplied
to the forward physics model, whereas the measured mass-flow rate of that state was
withheld completely. The resulting flow prediction therefore constitutes a prospective
hydraulic test rather than inverse reconstruction.

A stricter supplementary stress test used only one observed hydraulic state from a
held experiment to estimate both Bingham parameters and then predicted the second state.
This test was included primarily to illustrate the identifiability limitation associated with
attempting to determine two rheological parameters from one hydraulic condition.

2.6.5. Model-Misspecification Tests

The matched Bingham benchmark was supplemented with synthetic misspecified-
physics cases. These included Herschel–Bulkley behavior with (n = 0.8) and (n = 1.2),
wall-slip contributions, mild and strong joint pressure–flow noise, systematic pipe-diameter
bias, and time-varying rheological parameters across a sensor window.

For each case, SW-RheoPINN continued to interpret the measurements through its
Bingham-based inverse model. Yield-stress error, hydraulic reconstruction error, bounded-
correction usage, and replicate-based parameter coverage were recorded. These tests
therefore quantify how apparently acceptable hydraulic reconstruction can coexist with
biased rheological parameters when the assumed constitutive or experimental model
is incomplete.

2.6.6. Ablation and Model-Form Sensitivity

Targeted ablations were used to determine whether the inferred rheological trends
depended strongly on composition information or regularization. The tested variants
removed explicit SG information, composition-level pooling, the monotonicity penalty, the
plastic-viscosity prior, and synthetic physics replay. A hydraulics-only learned represen-
tation was also evaluated. Given the limited experimental dataset, model capacity was
controlled through the compact network architecture, encoder-weight regularization, the
bounded velocity correction, and synthetic physics replay.
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Two additional sensitivity studies examined the physics decoder. The final Papanas-
tasiou parameter was varied over (m = 20), 40, 80, and 160 s. Direct numerical solutions
of the regularized one-dimensional constitutive problem were compared with the ideal
Buckingham–Reiner velocity profile and the SW-RheoPINN latent profile. The bounded
velocity-correction scale was independently varied over (c f = 0), 0.05, 0.10, 0.15, and 0.20,
and correction-bound activity was recorded for every experimental window.

2.6.7. Geometry Sensitivity and Experiment-Cluster Bootstrap

The analysis used the Schedule-40 internal bore (D = 15.7988) mm and pressure-
tap spacing (L = 381) mm throughout. Because the inferred pressure–flow relationship
is sensitive to pipe geometry, a deterministic sensitivity analysis was first performed to
quantify the effect of systematic dimensional bias. The internal diameter was perturbed
by (−5%), (−2%), (−1%), (+1%), (+2%), and (+5%) relative to the nominal value, while the
pressure-tap spacing was perturbed by (−2%) and (+2%). The complete inverse analysis
was repeated for each geometry so that changes in the inferred yield stress, plastic viscosity,
and hydraulic reconstruction could be evaluated directly.

Experimental uncertainty was evaluated separately using an experiment-cluster boot-
strap. Complete two-state experimental windows were used as the resampling units so
that the paired hydraulic states from each experiment remained together. Within each
nominal-SG group, experimental windows were sampled with replacement to generate
100 bootstrap datasets. Differential pressure, mass flow, and density were additionally
perturbed according to their prescribed measurement uncertainties.

Pipe geometry was treated as a shared test-section uncertainty rather than as indepen-
dent measurement noise for individual hydraulic states. For each bootstrap replicate, one
realization of the internal diameter and one realization of the pressure-tap spacing were
sampled and applied consistently to all states in that replicate. Because traceable as-built
dimensional uncertainties were not available, engineering uncertainty scales of 2% for
the internal diameter and 0.25% for the pressure-tap spacing were adopted for sensitivity
propagation. These values represent plausible dimensional variability rather than certified
metrological standard uncertainties.

For the geometry-aware bootstrap, these assumed uncertainty scales were imple-
mented as relative log-scale standard deviations. One realization of D and one realization
of L were drawn for each bootstrap replicate and applied consistently to all hydraulic states
because the same physical test section was used throughout the experiments.

Each bootstrap dataset was analyzed using the same SW-RheoPINN configuration as
the primary estimator, including the pipe geometry, synthetic initialization and physics
replay, fixed loss weights, three independent optimization restarts, fixed-(m) checkpoint
selection, and final optimization procedure. For each nominal composition, the bootstrap
distribution of the inferred pipe-effective yield stress and plastic viscosity was retained
for uncertainty analysis. The median and the 2.5th and 97.5th percentiles were used to
summarize the resulting distributions.

2.6.8. Offline Rheometry Comparison Protocol

The independent offline rheometer measurements were retained as a post-fit descrip-
tive comparison. They were not used during synthetic pretraining, experimental fitting,
initialization, checkpoint selection, hyperparameter selection, cross-validation, or boot-
strap analysis.

The rheometer and pipe measurements represent different rheological scales. The
rheometer characterizes a controlled specimen under a specified shear protocol, whereas
SW-RheoPINN estimates the Bingham parameters that best represent the integrated
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pressure–flow response of the pipe section. Agreement is therefore interpreted primarily in
terms of broad composition-dependent behavior rather than exact equivalence between the
two numerical yield-stress values.

3. Results and Discussion
3.1. Optimization Stability and Physical Consistency

The three training restarts converged to complete fixed-m objective values of 0.3936,
0.2826, and 0.2879. The seed-1042 solution was selected because it produced the lowest
final objective. The composition-median yield-stress coefficients of variation across restarts
were 17.7%, 1.2%, 5.5%, and 0.065% for SG 1.23, 1.25, 1.27, and 1.32, respectively.

The difference among compositions is informative. SG 1.32 was essentially insensitive
to initialization, whereas SG 1.23 showed substantially greater relative variability because
its inferred yield stress lies close to the low-yield limit. SG 1.27 showed intermediate restart
sensitivity, consistent with the two distinct hydraulic response groups identified within
that composition.

Correction activity showed a similar hierarchy. At the nominal (c f = 0.15), five of the
20 experimental windows were classified as correction-bound active: SG 1.23 experiments
E04 and E05 and SG 1.25 experiments E03–E05. No SG 1.27 or SG 1.32 window was classified
as bound-active. The high-SG response therefore remained much more closely described
by the analytical Bingham backbone than the lower-SG conditions. The composition-level
stability across independent optimization restarts is shown in Supplementary Figure S1.

3.2. Known-Parameter Recovery Under Matched Bingham Physics

The synthetic benchmark confirmed the importance of multiple hydraulic states for
separating the two Bingham parameters. At 2% multiplicative mass-flow noise, two-
state windows achieved R2

τ = 0.787 for yield stress and R2
µ = 0.937 for plastic viscosity.

Increasing the window size to three states improved the corresponding values to 0.923 and
0.967, while four-state windows achieved 0.955 and 0.961.

The yield-stress RMSE decreased from 4.42 Pa for two-state windows to 2.37 Pa for
three-state windows and 1.45 Pa for four-state windows. Thus, the principal benefit of
additional states was not simply the availability of more samples, but the additional wall-
stress variation available to separate yield stress from post-yield viscous resistance. The
corresponding parameter-recovery metrics are summarized in Table 4.

Table 4. Matched-physics parameter recovery at 2% multiplicative mass-flow noise using the pipe
geometry.

States τy RMSE (Pa) R2
τ R2

µ

2 4.42 0.787 0.937
3 2.37 0.923 0.967
4 1.45 0.955 0.961

The two-state case therefore contains useful inverse information, but the stronger
three- and four-state results emphasize an important experimental-design requirement:
reliable separation of τy and µp benefits from deliberately separated hydraulic operating
conditions. The improvement in yield-stress recovery with increasing window size is
shown in Figure 3.

The measurement-aggregation and uncertainty model is provided in Supplementary
Section S1 and Table S1.
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Figure 3. Known-parameter yield-stress recovery under matched Bingham pipe-flow physics at 2%
multiplicative mass-flow noise: (a) two-state windows, R2

τ = 0.787 and RMSE = 4.42 Pa; (b) three-
state windows, R2

τ = 0.923 and RMSE = 2.37 Pa; and (c) four-state windows, R2
τ = 0.955 and

RMSE = 1.45 Pa. Points represent synthetic test cases, the solid diagonal denotes exact 1:1 recovery,
and the dashed diagonals indicate factor-of-two bounds. Increasing the number of hydraulically
separated operating states improves recovery of the prescribed yield stress.

3.3. Hydraulic Reconstruction and Prospective Prediction

SW-RheoPINN reconstructed the 40 measured hydraulic states with an RMSE of
0.0233 kg s−1, a MAPE of 0.80%, and R2 = 0.990. The window-wise Buckingham–Reiner in-
verse gave a MAPE of 2.12% and R2 = 0.983, whereas the composition-pooled Buckingham–
Reiner fit gave a MAPE of 12.13% and R2 = 0.807.

Held-window inverse reconstruction remained strong, with an RMSE of 0.0363 kg s−1,
MAPE of 3.96%, and R2 = 0.977. Leave-one-composition-out inverse reconstruction
was considerably more difficult, giving an RMSE of 0.1386 kg s−1, MAPE of 23.15%, and
R2 = 0.657.

These values should not be interpreted as prospective flow-prediction accuracy. In
both held-window and leave-one-composition-out reconstruction, the measured mass flow
of the evaluated window remains an encoder input. The metrics therefore quantify self-
consistency and transfer of the inverse pressure–flow-to-rheology mapping. The hydraulic
reconstruction results for the full, held-window, leave-one-composition-out, and analytical
evaluations are summarized in Table 5.

Table 5. Geometry hydraulic reconstruction metrics. Measured mass flow remains an encoder input
for the SW-RheoPINN reconstruction evaluations.

Evaluation RMSE (kg s−1) MAPE (%) R2 Interpretation

Full SW-RheoPINN 0.0233 0.80 0.990 Self-consistency
Held-window SW-RheoPINN 0.0363 3.96 0.977 Inverse reconstruction
LOCO SW-RheoPINN 0.1386 23.15 0.657 Inverse reconstruction
Window-wise BR 0.0304 2.12 0.983 Analytical inverse
Pooled BR 0.1039 12.13 0.807 Composition-level inverse

The separate target-flow-withheld experiment provides the more relevant test of
prospective hydraulic prediction. Across the 40 held states, SW-RheoPINN achieved an
RMSE of 0.1084 kg s−1, R2 = 0.790, and a median absolute percentage error of 3.55%.
The conventional MAPE was 31.87%, primarily because a small number of very low-flow
SG 1.27 states produced disproportionately large percentage errors.

Performance depended strongly on hydraulic repeatability. SG 1.23 and SG 1.25
achieved R2 = 0.965 and R2 = 0.989, respectively, with median absolute percentage errors
close to 1%. Prediction degraded at SG 1.27, where experiments at the same nominal
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composition occupied distinct hydraulic response states. Consequently, composition-
level information can support prediction when the hydraulic state is repeatable, but cannot
anticipate an unobserved transition between distinct states. The measured-versus-predicted
comparison for this prospective evaluation is shown in Figure 4.
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Figure 4. Prospective hydraulic prediction with the target-state mass-flow measurement withheld
from the prediction procedure. SW-RheoPINN achieved an overall RMSE of 0.1084 kg s−1, R2 = 0.790,
and a median absolute percentage error of 3.55%. Predictions were strongest for compositions
with repeatable hydraulic responses, whereas larger errors occurred for SG 1.27, where repeated
experiments exhibited distinct hydraulic response states.

The synthetic sampling distributions and training settings are reported in Supplementary
Section S2 and Table S2. The stricter one-state identifiability stress test is reported in
Supplementary Section S4 and Table S3.

3.4. Response to Model Misspecification

The matched Bingham stress test produced a median absolute yield-stress error of
11.0%. Departures from the assumed constitutive model increased parameter error. The
median yield-stress error was 26.7% for Herschel–Bulkley n = 0.8 and 32.2% for n = 1.2.
Time-varying rheology produced median errors of 26.6% and 30.5% for the 10% and 20%
drift cases, respectively. Stronger joint pressure–flow noise increased the median error
to 17.6%. The tested wall-slip and diameter-bias cases produced smaller, but still non-
negligible, changes.

A key result was that hydraulic reconstruction error did not increase in direct propor-
tion to parameter error. Median hydraulic MAPE remained between approximately 8.8%
and 14.6% across the tested cases, including scenarios with substantially biased rheological
parameters. Therefore, a small hydraulic residual is necessary for internal consistency but
is not sufficient evidence that the inferred rheological parameters are unbiased.

The bounded velocity correction also responded differently to different forms of
mismatch. Some perturbations increased correction utilization, whereas others produced
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substantial parameter bias without an equally large correction response. The correction is
therefore interpreted as one model-consistency diagnostic rather than as a unique detector
of wall slip, non-Bingham rheology, or temporal drift.

The replicate-based percentile ranges were not nominally calibrated. Empirical yield-
stress coverage ranged from approximately 10% to 70% across the misspecification cases and
was 30% in the matched benchmark. These ranges are therefore interpreted as sensitivity
intervals rather than formal 95% confidence intervals. Definitions of the controlled mis-
specification cases and the complete scenario-level results are provided in Supplementary
Section S5, Figure S2, and Tables S4 and S5.

3.5. Ablation and Parameter-Support Diagnostics

The ablation study showed that experimental hydraulic reconstruction alone was
relatively insensitive to several modeling choices. Removing explicit SG, composition
pooling, the monotonicity penalty, or the plastic-viscosity prior retained reconstruction
MAPEs of approximately 0.72–0.84%, with R2 remaining close to 0.99. A hydraulics-only
learned representation produced similarly small changes in reconstruction error.

Parameter sensitivity, however, was not uniform across compositions. The SG 1.32
yield-stress estimate remained close to 48.5 Pa across the principal composition-related
ablations, indicating that this high-yield state was strongly supported by the hydraulic
measurements. The SG 1.23 and SG 1.27 estimates moved more substantially when explicit
composition information or related regularization was removed. These results reinforce
their interpretation as more weakly identified, model-conditioned states.

Synthetic replay had a particularly important role. Removing replay left experi-
mental reconstruction essentially unchanged, with a MAPE of approximately 0.73%, but
known-parameter recovery deteriorated substantially. In the two-state 2%-noise ablation
benchmark, removing replay reduced R2

τ from 0.742 to −0.324 and R2
µ from 0.928 to −0.140.

Plastic-viscosity recovery also became negative in the three- and four-state no-replay tests.
The replay term therefore does not primarily improve the ability of the model to

reconstruct measured flow. Instead, it helps prevent the encoder from drifting toward
parameter combinations that reproduce the available experimental hydraulics while losing
the inverse relationship to physically meaningful Bingham parameters. This result further
demonstrates why reconstruction error cannot be used as the sole criterion for parameter
validity. The complete ablation results are provided in Supplementary Section S6, Figure S3,
and Table S6.

3.6. Composition-Dependent Pipe-Effective Yield Stress

The composition-median SW-RheoPINN yield stresses were 1.67, 6.39, 3.87, and
48.48 Pa for SG 1.23, 1.25, 1.27, and 1.32, respectively. The corresponding held-window me-
dians were 1.09, 5.95, 3.72, and 48.00 Pa, while the leave-one-composition-out medians were
0.84, 6.57, 3.05, and 52.54 Pa. Figure 5 summarizes the composition-level SW-RheoPINN
yield-stress estimates alongside the independent rheometer measurements, with geometry-
aware bootstrap 2.5–97.5 percentile ranges shown for the SW-RheoPINN predictions. The
corresponding numerical yield-stress estimates are reported in Table 6.
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Table 6. Composition-level pipe-effective yield-stress results.

SG Main SW-RheoPINN Held-Window LOCO Pooled BR Rheometer
(Pa) (Pa) (Pa) (Pa) (Pa)

1.23 1.67 1.09 0.84 0.001 * 4.37
1.25 6.39 5.95 6.57 5.38 6.72
1.27 3.87 3.72 3.05 19.53 11.22
1.32 48.48 48.00 52.54 48.49 30.56

* The pooled Buckingham–Reiner estimate reached the imposed lower yield-stress bound.
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Figure 5. SW-RheoPINN pipe-effective yield-stress estimates compared with independent rheometer
measurements. Error bars indicate geometry-aware bootstrap 2.5–97.5 percentile ranges.

3.6.1. SG 1.23: Weakly Identified Low-Yield Response

The primary estimate was 1.67 Pa. Although the magnitude remained small compared
with the higher-SG conditions, this estimate showed the largest restart variability and
the strongest sensitivity to composition-related ablations and correction capacity. SG 1.23
is therefore best interpreted as a low-yield hydraulic regime rather than as a precisely
resolved intrinsic yield stress.

3.6.2. SG 1.25: Intermediate and Comparatively Stable Response

The primary estimate was 6.39 Pa, with held-window and leave-one-composition-out
medians of 5.95 and 6.57 Pa, respectively. The estimate was also relatively insensitive to the
Papanastasiou parameter. However, several SG 1.25 windows were correction-bound active
at the nominal correction scale, indicating some remaining dependence on the allowed
model discrepancy.

3.6.3. SG 1.27: Distinct Hydraulic Response States

The five experiment-level estimates were 2.97, 3.87, 20.27, 20.98, and 1.46 Pa. Thus,
the separation into three lower-response and two higher-response experiments remained
after correcting the pipe geometry. A single composition-pooled Buckingham–Reiner pair
returned 19.53 Pa and therefore represented mainly the higher-resistance response rather
than both observed groups.
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This heterogeneity also explains the poor prospective performance of SG 1.27. A
model trained on the remaining experiments cannot know in advance whether a new
experiment at the same nominal SG will occupy the lower- or higher-resistance state. The
result therefore demonstrates a limitation of composition-only transfer in the presence of the
observed between-experiment hydraulic heterogeneity rather than merely a large residual
in the inverse model.

3.6.4. SG 1.32: Strongly Supported High-Yield Response

SG 1.32 produced a composition median of 48.48 Pa. The held-window median was
48.00 Pa and the composition-pooled Buckingham–Reiner estimate was 48.49 Pa. Restart
variability was only 0.065%, and the estimate remained essentially invariant under removal
of explicit composition information, changes in Papanastasiou regularization, and changes
in correction capacity.

The convergence of these independent diagnostics indicates that the SG 1.32 state
is supported predominantly by the analytical hydraulic response rather than by neural
discrepancy capacity or weak composition-based regularization.

3.7. Pipe-Effective Plastic Viscosity

The composition-median plastic viscosities were 0.03067, 0.02766, 0.02590, and
0.01056 Pa s for SG 1.23, 1.25, 1.27, and 1.32, respectively. The corresponding composition-
pooled Buckingham–Reiner values were 0.03389, 0.02858, 0.01122, and 0.01076 Pa s.

The geometry therefore changes the numerical viscosity scale substantially relative to
the original analysis, as expected from the strong diameter dependence of pressure-driven
pipe flow. The close agreement between SW-RheoPINN and the analytical comparator at
SG 1.23, 1.25, and especially 1.32 indicates that the estimated post-yield resistance scale is
not determined solely by the neural correction.

At SG 1.27, the discrepancy between the composition median and the pooled
Buckingham–Reiner value accompanies the two hydraulic response groups identified
in the yield-stress analysis. Yield stress and plastic viscosity should therefore be interpreted
jointly as the two parameters of a pipe-effective Bingham representation rather than as
independent material trends.

The geometry-aware experiment-cluster bootstrap showed that the plastic-viscosity
estimates were comparatively stable at the two lower concentrations, with 2.5–97.5 per-
centile ranges of 0.02598–0.03682 Pa s and 0.02458–0.03447 Pa s for SG 1.23 and 1.25, re-
spectively. Wider ranges were obtained at SG 1.27 (0.00815–0.03225 Pa s) and SG 1.32
(0.00679–0.02108 Pa s), reflecting increased coupling between the inferred yield stress and
plastic viscosity in these conditions.

3.8. Cross-Scale Comparison with Offline Rheometry

The SW-RheoPINN composition medians were 1.67, 6.39, 3.87, and 48.48 Pa, compared
with offline rheometer values of 4.37, 6.72, 11.22, and 30.56 Pa. The Pearson correlation
remained high at r = 0.974, indicating that the broad increase in yield-stress scale with
slurry concentration was retained. Absolute cross-scale agreement, however, was limited,
with an RMSE of 9.78 Pa and (R2 = 0.101).

With only four cross-scale comparison points, the correlation is therefore treated as
descriptive rather than as independent validation of pipe-scale parameter accuracy. In
particular, the high correlation should not be interpreted as evidence that a pipe-effective
yield stress and a dynamic rheometer yield stress are numerically interchangeable.

The difference is consistent with the definition of pipe-effective yield stress. The
rheometer value is obtained under a controlled laboratory shear protocol, whereas SW-
RheoPINN returns the Bingham parameters that best describe the integrated pressure–
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flow behavior of the test section. Differences in wall condition, shear history, geometry,
sampled volume, shear-rate range, and possible non-ideal pipe effects can therefore produce
systematic offsets between the two measurement scales.

3.9. Papanastasiou Consistency and Correction-Bound Sensitivity

Varying the final Papanastasiou parameter from (m = 20) to 160 s had little effect
on the well-supported composition-level estimates. SG 1.32 remained between 48.46 and
48.48 Pa, SG 1.25 between 6.26 and 6.39 Pa, and SG 1.27 between 3.75 and 3.91 Pa. SG 1.23
showed a larger relative range of 1.28–1.70 Pa, consistent with its weakly identified low-
yield condition.

A direct numerical solution of the regularized one-dimensional constitutive problem
was also compared with the analytical ideal Bingham profile. At the final (m = 80) s value,
the two profiles were nearly indistinguishable. Representative normalized RMS differences
in the yielded region were of order 10−11, while the corresponding near-plug differences
were of order 10−5. Representative profiles for all four compositions are shown in Figure 6.
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Figure 6. Representative radial velocity-profile consistency at the final regularization value m = 80 s
for (a) SG 1.23, (b) SG 1.25, (c) SG 1.27, and (d) SG 1.32. Each panel compares the analytical
ideal-Bingham profile, the direct numerical Papanastasiou solution, and the SW-RheoPINN latent
velocity profile. The vertical dotted line marks the ideal-Bingham plug boundary, r/R = a = τy/τw.
The analytical ideal-Bingham and direct Papanastasiou profiles are nearly coincident under the
representative conditions. Their distinct dashed and solid line styles are used to make this overlap
visually apparent. Larger departures of the SW-RheoPINN profile at selected lower-SG conditions
therefore cannot be attributed primarily to Papanastasiou regularization in the constitutive residual.

This comparison shows that the learned velocity correction is not primarily com-
pensating for inconsistency between the ideal Bingham profile and the Papanastasiou
regularization used in the constitutive residual. The larger learned corrections observed
experimentally at lower SG instead reflect other sources of hydraulic/model discrepancy.
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The correction-capacity analysis revealed a more important source of model depen-
dence. At the nominal (c f = 0.15), five of the 20 experimental windows were correction-
bound active. Setting (c f = 0) changed the composition-median yield stresses from approx-
imately 1.59, 6.14, 3.69, and 48.47 Pa to 0.36, 4.43, 2.11, and 48.45 Pa for increasing SG.

Thus, the numerical yield stresses at low and intermediate SG depend appreciably on
the permitted discrepancy capacity. In contrast, SG 1.32 remained essentially unchanged
over the full tested correction range. Increasing the correction scale beyond the nominal
value produced much smaller changes than removing it entirely, indicating that (c f = 0.15)
lies near a practical plateau for the better-supported conditions. The dependence of the
inferred parameters and correction activity on c f is summarized in Figure 7.
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Figure 7. Sensitivity to the permitted velocity-profile correction scale c f . (a) Composition-median
pipe-effective yield stress for SG 1.23, 1.25, 1.27, and 1.32 as c f is varied from 0 to 0.20. (b) Correction
utilization and hydraulic reconstruction error: the solid blue line, referenced to the left vertical
axis, shows the fraction of experimental windows classified as correction-bound active, whereas the
dashed blue line, referenced to the right vertical axis, shows the reconstruction MAPE. At the nominal
value c f = 0.15, five of the 20 experimental windows were correction-bound active, all at SG 1.23 or
SG 1.25. Low- and intermediate-SG yield-stress estimates show appreciable dependence on correction
capacity, whereas the SG 1.32 estimate remains nearly unchanged across the tested range.

The correction term is consequently treated as a diagnostic and bounded model-
discrepancy mechanism rather than as evidence of a measured radial velocity perturbation.
Parameter estimates from windows that are correction-bound active should be interpreted
with greater model-specification uncertainty.

Additional sensitivity to the Papanastasiou parameter and radial constitutive-residual
diagnostics are provided in Supplementary Section S7 and Figures S4 and S5. Exact
correction-scale results and the bound-active windows at the nominal c f = 0.15 are reported
in Supplementary Section S8 and Tables S7 and S8.

3.10. Pipe-Geometry Sensitivity

The deterministic geometry study confirmed that pipe diameter is an important source
of rheological uncertainty. For example, at SG 1.32, a ±5% systematic diameter perturbation
moved the composition-median yield stress across approximately 46.0–50.9 Pa. Plastic
viscosity showed an even stronger diameter response, consistent with the high-order
dependence of pressure-driven flow on pipe diameter.

The tap-spacing perturbation produced smaller, but still measurable, changes. These
results support treating (D) and (L) as shared test-section uncertainties in the bootstrap
rather than assuming the nominal geometric values to be exact.
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The pressure-loss section has a tap-spacing ratio of approximately L/D = 24. Together
with the relatively small bore, this geometry makes the inferred response sensitive to dimen-
sional error and potentially increases the relative importance of wall slip, particle migration,
and developing-flow effects if they are present. The available upstream straight length
provides additional flow-development distance, but fully developed no-slip Bingham flow
is still treated as a modeling assumption rather than an experimentally proven condition
for every state.

Experimental uncertainty enters the inverse problem through both wall stress and
mean velocity. Pressure and diameter uncertainty alter the inferred wall stress, while
mass-flow, density, and diameter uncertainty alter the cross-sectionally averaged velocity.
With only two operating states, these perturbations can shift the inferred yield-stress and
plastic-viscosity pair along a weakly identified direction. The experiment-cluster boot-
strap therefore propagates state-level measurement uncertainty, experiment-to-experiment
variability, and shared pipe-geometry uncertainty through complete model refits. This
treatment is broader than optimizer-restart variability alone, but it is not a complete trace-
able metrological variance decomposition assigning a unique percentage of the output
uncertainty to each sensor. The reported percentile ranges are therefore interpreted as
experiment- and measurement-sensitivity intervals.

The complete geometry-sensitivity analysis and state-level flow-regime quantities
are provided in Supplementary Section S9, Figure S6 and Table S9.The corresponding
geometry-aware bootstrap distributions and numerical percentile summaries are provided
in Supplementary Figure S7 and Table S10.

3.11. Implications for In-Line Pipe Rheology

The analysis clarifies both the capability and the appropriate scope of SW-RheoPINN.
Complete two-state pressure–flow windows provide enough information to obtain hy-
draulically self-consistent pipe-effective Bingham parameters, but reconstruction accuracy
alone is not evidence of prospective prediction or unique rheological recovery.

The matched synthetic analysis shows that parameter separation improves substan-
tially when a third or fourth operating state is available. Conversely, the poor supplemen-
tary one-state prediction demonstrates that one hydraulic state does not provide sufficient
independent information to determine two rheological parameters reliably. For future
in-line implementations, deliberately acquiring several stable and sufficiently separated
pressure–flow states is therefore more valuable than collecting repeated measurements at
nearly identical conditions.

The prospective experiment provides a second practical insight. Flow prediction was
strong when repeated experiments occupied a consistent hydraulic state, but degraded
when SG 1.27 exhibited two distinct response groups. Nominal composition alone is there-
fore insufficient to predict an unobserved change in slurry state. For process monitoring,
detecting such a state change may be as important as reporting a single yield-stress estimate.

The additional robustness studies also show that parameter support is condition
dependent. The SG 1.32 high-yield state was stable across initialization, composition
ablations, Papanastasiou sharpness, and velocity-correction capacity. In contrast, low-
and intermediate-yield estimates were more sensitive to correction capacity, composition
information, and model specification. Misspecified-physics tests further showed that
similar hydraulic residuals can accompany substantially different parameter errors.

SW-RheoPINN should therefore be interpreted as a physics-constrained inverse rhe-
ology and diagnostic framework rather than as an unqualified predictor of an intrinsic
material yield stress. Its most useful output is the combination of a pipe-effective parameter
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estimate with evidence describing how strongly that estimate is supported by the available
hydraulics, model assumptions, correction activity, geometry, and operating-state diversity.

The analytical and physics-informed approaches should therefore be viewed as com-
plementary rather than competing descriptions. A direct Buckingham–Reiner inversion
is simpler and preferable when the ideal Bingham assumptions are adequate and the
available operating points strongly constrain both rheological parameters. The proposed
framework adds value when the measurements are sparse or heterogeneous because it can
combine complete sensor windows, retain experiment-level structure, allow only bounded
departure from the analytical profile, and report the stability of the inferred parameters
under held-out evaluation, independent restarts, and experiment-cluster resampling. The
practical advantage is consequently an evidence-qualified rheological estimate and an
indication of when a single theoretical parameter pair is not an adequate summary of the
observed hydraulic response.

Physics-informed training also introduces numerical limitations. The data, constitu-
tive, field-regularization, and parameter-regularization terms act on different scales, while
the increasingly sharp yield transition can make optimization progressively stiffer as the
Papanastasiou parameter is increased. Residual scaling, gradual constitutive continuation,
double precision, gradient clipping, independent restarts, and final quasi-Newton refine-
ment were used to reduce this sensitivity. These measures improve numerical robustness
but do not guarantee a unique inverse solution. More importantly, physics-informed opti-
mization cannot recover physical mechanisms that are absent from the model. The misspeci-
fication and correction-capacity results show that a small hydraulic residual can coexist with
biased rheological parameters. SW-RheoPINN should therefore be interpreted as model-
conditioned inverse inference rather than as a universally valid constitutive estimator.

The present constraints are tied to short, quasi-steady measurement windows. In a
long transfer line, startup and shutdown transients, pressure-wave propagation, pipe com-
pliance or vibration, axial concentration evolution, sedimentation, thixotropic rebuilding,
wall slip, secondary flow, and radial particle migration can make the stress and velocity
fields dependent on axial position and time. Under those conditions, axisymmetry and the
linear fully developed shear-stress distribution may no longer be adequate, and a fitted
Bingham parameter pair may absorb mechanisms that are not intrinsic rheological proper-
ties. Extension to transient long-pipeline monitoring would therefore require time-resolved
conservation equations and, where appropriate, coupling to concentration transport and
fluid–structure interaction rather than only the present quasi-steady decoder.

4. Conclusions
This study developed a physics-informed inverse pipe-rheometry framework for

estimating pipe-effective apparent yield stress and plastic viscosity from short pressure–
flow sensor windows. The method combines an analytical Bingham-flow backbone with
constrained learning, allowing limited departure from ideal behavior while preserving
radial momentum balance, constitutive consistency, and cross-sectional mass conservation.

Synthetic tests showed that two operating states can recover the broad rheological
response, while adding a third or fourth state markedly improves separation of yield
stress and plastic viscosity. In the kaolin–water flow-loop experiments, the inferred pa-
rameters reproduced the measured hydraulic response closely and followed the overall
composition-dependent trend observed by independent offline rheometry. The analysis also
distinguished well-resolved conditions from weakly identified or multimodal hydraulic
states instead of forcing every composition into one precise parameter estimate.

The main contribution is therefore not the replacement of classical pipe-flow theory,
but its extension into an uncertainty-aware inverse monitoring framework. The present
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conclusions remain limited to the small experimental domain, the tested kaolin–water
system, and the assumptions of a mechanically rigid pipe with quasi-steady, homogeneous,
fully developed Bingham flow. Future work should evaluate broader operating windows
and additional slurry systems, and should incorporate transient pipeline dynamics and
fluid–structure interaction when pipe compliance or vibration can affect the measured
pressure–flow response.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/fluids11090236/s1. The Supplementary Materials provide
the complete measurement-aggregation and uncertainty model, synthetic-window generation,
optimization-restart stability, prospective one-state identifiability stress test, model-misspecification
and ablation analyses, Papanastasiou and constitutive-residual sensitivity, correction-bound activ-
ity, geometry sensitivity, flow-regime diagnostics, and geometry-aware experiment-cluster boot-
strap analysis. Figure S1: Composition-level median yield-stress estimates from three independent
corrected-geometry model restarts. The seed-1042 solution was selected because it produced the
lowest complete objective at the final m = 80 s setting. Figure S2: Sensitivity of SW-RheoPINN to
controlled departures from the assumed Bingham pipe-flow model. Panel (a) shows median relative
yield-stress error, while panel (b) compares hydraulic reconstruction error with correction-bound
activity. Figure S3: Targeted ablation analysis of SW-RheoPINN. Bars show experimental mass-flow
reconstruction MAPE, while the lines show known-parameter synthetic recovery for yield stress and
plastic viscosity using two-state windows with 2% multiplicative mass-flow noise. Experimental
reconstruction remains similar across the principal ablations, whereas removal of physics replay
causes both synthetic parameter-recovery R2 values to become negative. Figure S4: Sensitivity of
composition-level SW-RheoPINN parameter estimates to the final Papanastasiou regularization
parameter. Results are shown for m = 20, 40, 80, and 160 s. The SG 1.25, SG 1.27, and SG 1.32
yield-stress estimates vary only modestly over the tested range, while the low-yield SG 1.23 condition
exhibits greater relative sensitivity. Figure S5: Representative dimensionless constitutive residuals
across the pipe radius for the revised SW-RheoPINN solution. Residuals are examined separately in
the near-plug and yielded portions of the reconstructed flow field. These profiles assess consistency
between the radial momentum-balance stress and the regularized Bingham constitutive relation and
are not a direct radial-velocity validation. Figure S6: Sensitivity of SW-RheoPINN yield-stress esti-
mates to systematic bias in pipe diameter and pressure-tap spacing about the corrected Schedule-40
geometry. Figure S7: Geometry-aware bootstrap distributions of the inferred pipe-effective yield
stress and apparent plastic viscosity across nominal slurry specific gravity. Each distribution contains
100 experiment-cluster bootstrap refits with simultaneous propagation of 2% relative uncertainty in
pipe diameter and 0.25% relative uncertainty in pressure-tap spacing. The broad SG 1.27 distribution
reflects alternative parameter combinations supported by different resampled experimental windows.
Table S1: Instrumentation and uncertainty treatment used in the revised SW-RheoPINN analysis.
Table S2: Synthetic-window settings used for pretraining, physics replay, and known-parameter
testing. Table S3: Prospective prediction protocols. In both protocols, the target-state mass flow was
withheld from the forward prediction. Table S4: Definition of the synthetic model-misspecification
cases. Table S5: Summary of the model-misspecification benchmark. Coverage is the empirical
fraction of baseline yield stresses contained within the replicate-derived 2.5th–97.5th percentile range.
Table S6: Complete targeted ablation analysis. Panel A reports experimental hydraulic reconstruction
and composition-median pipe-effective parameters. Panel B reports known-parameter synthetic
recovery for two-state windows at 2% multiplicative mass-flow noise and the descriptive comparison
with the four offline rheometer measurements. Table S7: Composition-median yield stress and
hydraulic reconstruction as a function of the permitted correction scale c f . Table S8: Correction-
bound-active windows at the nominal c f = 0.15. Table S9: State-level hydraulic and flow-regime
diagnostics using the corrected pipe geometry. Table S10: Geometry-aware bootstrap results for the
composition-level pipe-effective yield stress τy and apparent plastic viscosity µp. Bootstrap medians
and 2.5th–97.5th percentile ranges are based on 100 experiment-cluster bootstrap refits with simul-
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taneous propagation of pipe-diameter and pressure-tap-spacing uncertainty. The Supplementary
Materials use the experimental and instrumentation information reported by Saha et al. [4], the
Omega PX3005 differential-pressure transmitter specifications [48], and the KROHNE OPTIMASS
1000 documentation [49]. The flow-regime analysis additionally uses the Bingham-flow transition
relation reported by Swamee and Aggarwal [26].
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