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L B S R N

Abstract

Accurate prediction of contaminant transport and self-purification processes in rivers re-
mains challenging because pollutant dispersion, biochemical reactions, and hydrodynamic
conditions interact across multiple spatial scales. This study aims to develop and compare
mathematical models for soluble contaminant transport and biodegradable organic matter
removal in channels and rivers. Unsteady advection—diffusion-reaction equations were
formulated for one-dimensional (1D), two-dimensional (2D), and three-dimensional (3D)
transport scenarios and solved through numerical techniques based on the transformation
of partial differential equations into systems of ordinary differential or algebraic equations.
In parallel, the classical Streeter—Phelps model and an extended formulation incorporating
turbulent diffusion were implemented to evaluate organic load degradation and oxygen
deficit dynamics. Simulations were performed using a Matlab R2019a-based computational
framework under representative hydraulic and reaction conditions obtained from literature
data and empirical correlations. The results showed that, under specific conditions, the
3D model reproduced trends comparable to those predicted by the 2D model, while the
latter approached the behavior of the 1D formulation. The Streeter-Phelps model predicted
an organic load removal efficiency of 97.74%, a purification index of 1.9564, a critical time
of 18.43 h, and a critical distance of 6.93 km. These findings provide a useful framework
for river water-quality assessment and support future applications involving complex
hydrodynamic and pollutant-loading scenarios.

Keywords: contaminant transport; water quality modeling; Streeter—Phelps model;
advection—diffusion-reaction equations; turbulent dispersion; method of lines; mathe-
matical modeling

1. Introduction

Water pollution in channels and rivers is a significant global problem with adverse
consequences, primarily attributed to anthropogenic activities and, to a lesser extent,
natural processes. Industrial effluents originate from factories and industrial plants that
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discharge contaminants such as heavy metals, chemicals, and untreated wastewater [1-5];
the use of pesticides and fertilizers in agricultural runoff transports harmful substances [2,6];
untreated sewage and wastewater contain pathogens and organic pollutants [2,7,8]; as well
as mining and metallurgical activities [1,9].

All these problems generate risks to human health and ecosystems in general; con-
taminated water is one of the main causes of disease and death worldwide; more than
14,000 people die daily due to water-related diseases [8,10,11]; common health problems
include diarrhea, cholera, and other waterborne diseases [2,8]; contaminants such as heavy
metals and microplastics negatively affect aquatic ecosystems, causing the death of fish
and other marine organisms [3,5]; the degradation of water quality increases the cost of
water treatment and affects agricultural productivity, generating economic losses [7].

Studies conducted in Dhaka, Bangladesh show that the Buriganga River is severely
contaminated due to industrial waste, transportation, and improper waste disposal, which
seriously affects public health [12]. Rivers in India, such as those in the Tiruppur area, suffer
from high levels of pollution, forcing residents to rely on bottled water for drinking [8]. On
the other hand, in semi-arid regions of Brazil, water quality is compromised by agricultural
practices, leading to high levels of salinity and heavy metals in water sources [13].

Among mitigation and management strategies, the implementation of stricter regula-
tions on industrial discharges and good practices can help reduce pollution levels [5,6]; the
use of green technologies, nanotechnologies, and bioremediation methods can effectively
treat and purify contaminated water [3,14]; educating communities about the importance
of water conservation and pollution prevention can promote better environmental prac-
tices [12,15].

The study of water pollution modeling in rivers and channels is crucial due to its
multiple impacts on environmental, social, economic, technological, and health aspects,
mainly because of the environmental impact that affects aquatic ecosystems, causing a
reduction in biodiversity, habitat degradation, and the proliferation of toxic algae [16,17];
the presence of contaminants such as heavy metals, organic substances, and nutrients can
alter the natural balance and cause long-term ecological damage [18,19]; it also affects
water quality, since pollution from industrial, agricultural, and urban sources can lead to
deterioration of water quality, affecting both surface and groundwater systems. Regarding
social impact, contaminated water represents serious health risks for communities that
depend on these sources for drinking, bathing, and irrigation; contaminants such as fecal
bacteria, nitrates, and chemical substances can cause various health problems [16,18];
increasing public awareness about water pollution and its consequences is vital to promote
conservation efforts and sustainable water management practices [20,21].

Regarding the economic impact, the implementation of water quality models can
reduce costs associated with treating contaminated water by optimizing the required
interventions [6,21,22]. Furthermore, effective water management contributes to sustain-
able economic development, particularly in urban and agricultural regions where water
resources are critical for productive activities [23,24].

From a technological perspective, the use of advanced water quality models im-proves
the accuracy and efficiency of water resource assessment and management [17,25]. In addi-
tion, simulation and forecasting tools support decision-making processes by enabling better
planning and faster responses to pollution events, thereby improving risk management
strategies [26,27].

Water quality modeling also has important implications for public health. Monitoring
and controlling water pollution are essential for preventing waterborne diseases and
ensuring safe water for human consumption. Reliable predictive models can help identify
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pollution sources, evaluate potential risks, and support the implementation of timely
mitigation measures.

The modeling of contaminant transport is based on mass transport equations that
account for concentration variations, advective and diffusive transport, kinetic reactions,
and possible point sources. The Generalized Integral Transform Technique provides nu-
merical or analytical solutions for predicting the dispersion of dissolved contaminants
in rivers, streams, and channels, allowing the use of non-uniform velocity profiles and
turbulent diffusion coefficients [28]. Computational fluid dynamics (CFD) models simulate
the dispersion of soluble substances using the finite volume method to solve momentum,
mass, and species conservation equations, incorporating Cartesian coordinate systems
and zero-order turbulence models [29,30]. The Streeter—Phelps model, the first water
quality model, predicts the concentration of organic matter and dissolved oxygen along
rivers and, together with CFD approaches, supports the assessment of multiple effluent
discharges [29,30]. Several models have since been derived from their original formulation.

Three-dimensional hydrodynamic models are widely used to establish and validate
diffusion models and to predict contaminant concentration variations in representative river
sections [31,32]. Another commonly applied approach is the one-dimensional advection—
dispersion equation, which predicts the spatial and temporal distribution of dissolved
substances and incorporates longitudinal dispersion coefficients determined through salt
dilution experiments [33].

The hybrid mixing model was developed to overcome limitations of mixing cell-based
models and has been applied to simulate contaminants such as ammonia, considering trans-
formation processes and algal uptake [34]. Likewise, dispersion models in surface flows
employ techniques such as the Petrov—Galerkin method and the discrete phase model to
describe the transport of particles and dissolved substances in turbulent conditions [35,36].
Each of these approaches offers specific advantages depending on the application.

Contaminant transport modeling describes the movement, dispersion, settling, and
transformation of pollutants under hydrodynamic and biogeochemical conditions. It
enables the simulation of contaminant dynamics under varying flow regimes, discharges,
and extreme events, supports the development of discharge control policies and risk
assessments, complements field monitoring through predictive analyses, and contributes
to the design of treatment systems and river restoration projects.

Finally, the objective of this work is to develop and analyze one-dimensional, two-
dimensional, and three-dimensional mathematical models to describe the transport and
dispersion of soluble contaminants in rivers and channels based on mass conservation
equations. This study addresses the limited comparative evaluation of multidimensional
transport models and the need for integrated approaches capable of representing both con-
taminant dispersion and water quality dynamics under a common modeling framework. To
this end, classical analytical techniques and computational numerical methods are applied
to assess the accuracy, advantages, and limitations of each approach. The proposed models
provide predictive tools for understanding the spatiotemporal behavior of contaminants,
supporting water quality management, and establishing technical guidelines for mitigating
environmental impacts in surface water bodies.
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2. Materials and Methods

2.1. Transport Model Parameters
2.1.1. Flow Parameters

Velocity profile

In some cases, it is necessary to consider vertical and transverse velocity profiles to
obtain an accurate representation of contaminant transport, depending on whether the flow
velocity is laminar or turbulent [37,38].

The velocity profile for laminar flow is obtained from the Navier-Stokes equation in
rectangular coordinates, considering that the flow direction is the x-direction and that it
depends on the transverse coordinate y and the vertical coordinate z; which is simplified
using the continuity equation.

Navier-Stokes equation:

|4
po = VP +rVEV +pg. (1)

Considering the flow in the x-direction, the Navier-Stokes equation is expanded as:

Vy oVy oVy oy _ 9p Ve 0%V 0%V
Continuity equation:

d _
2 = VoV 3)

Considering an incompressible fluid (p) constant, the continuity equation becomes:

oVy 9V, 9V,
ox oy | 9z

= 0. (4)

Since the fluid moves by advection only in the x-direction, the velocities in the other
directions are zero, therefore from Equation (2): an = 0 and additionally, 5 Al V =0
It is considered that natural flow in channels and rivers depends only on the gravita—
tional field reflected in the slope; pressure differences do not intervene; consequently,

Equation (2) becomes:

2V, 92V

gx = gsin(0)

Vx, Vy, Vz: Components of velocity vector V in rectangular coordinates (m s™1).

p: Fluid density (kg m~3).

x, Y, z: Components of the rectangular coordinate system (m).

y: Fluid viscosity (kg m~ s,

g: Gravitational field (m s72).

Vp: Pressure gradient (kg m~2 s~2).

8: Angle formed by the horizontal and the flow direction.

Equation (5) is the Poisson equation, whose solution using the Fourier transform [39,40]
is given by:

4 cosh(4) )
Vily,z) = pgszn 2135 ns[ cosh(f)] xszn(%)- (6)
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An empirical equation that provides values very close to the analytical solution has
the form shown in Equation (7):

Ve(y,z) = v{1 - (Vyvﬂ {1 - (;)1 (7)

Vz(y, z): Local velocity in the x-direction (m s™1).

Vinax: Maximum velocity at the center of the channel (y = 0 and z = 0) (m s~ 1).

W: Half-width of the channel (m); y € [-W, W].

H: Channel height (m); z € [0, HJ.

In modeling, it is simpler to use Equation (7) since it satisfies the following character-
istics: no-slip conditions at the walls Vy(y,z) = 0aty = £W, z = 0 and z = H; it is easy
to use in contaminant transport models (it does not require infinite series); it adequately
represents the flattening of the profile due to the lateral and upper/lower walls; V;;4x can
be calibrated with experimental data or from flow rate measurements.

In very wide channels W — oo, this formula reduces to the classical parabola as a
function of z:

Velz) = V[l - (éﬂ (8)

For the case of turbulent flow, an empirical velocity profile or a plug flow profile
is considered.

Volumetric flow

The volumetric flow or water flow velocity is a fundamental parameter that affects the
dispersion of contaminants. In non-uniform flows, the velocity may vary spatially, which
complicates the solution of the advection-dispersion equations [37,41,42]; however, for a
certain flow reach, the discharge is constant.

The discharge is obtained by integrating the velocity profile described by Equation (6),
Equation (7), or Equation (8), as appropriate.

Q= /_V:v /OH Ve (y,z)dzdy. )

In conclusion, to apply contaminant transport equations, it is necessary to know the
velocity distribution equation, the mean and/or maximum velocity, and the discharge in
both laminar and turbulent regimes in water flows such as channels and rivers.

2.1.2. Turbulent Diffusion Coefficients

To obtain the longitudinal, transverse, and vertical dispersion coefficients in rivers
and channels, various analytical, empirical, and statistical equations are used that consider
the hydraulic and geometric characteristics of the flow; some of them are illustrated.

Longitudinal diffusion coefficient (Dy)

Statistical moments method: This method constructs two systems of moments, spatial
and temporal, without the need to solve higher-order partial differential equations. This
method is applied in any stationary velocity field that is periodic in the flow direction and
heterogeneous in porosity [43,44].

The longitudinal dispersion coefficient is calculated from the derivative of the spatial
variance with respect to time, that is:

2
1 d(]’(x)

Px=3"ar

(10)
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From an experimental point of view, it is much more feasible to obtain the tempo-
ral variance rather than the spatial variance, since determining spatial variance requires
monitoring at several points at the same instant, which implies greater logistical effort
such as measurement equipment and personnel, whereas temporal variance only requires
measurement at two specific points downstream from the discharge point; the relationship
between both types of variance is given by:

U(Zx) = U? x aft). (11)

The temporal variance, which is the measure of dispersion around the centroid of the
concentration averaged across the cross section, is defined as:

, o (t=1)2C(x, t)dt

of = /2 12
! [, Clx, t)dt (2
where the centroid travel time t is given by:
[Tt x C(x, t)dt
St Cl .

2, C(x, t)dt

The denominator of Equations (12) and (13) is called the zero-order statistical mo-
ment. Equation (13) is called the first-order statistical moment, and Equation (12) is called
the second-order statistical moment. Therefore, the dispersion coefficient is obtained
explicitly as:

1202 (0) — )

D, = oLt
T2 th—H

, (14)

O’(Zt): Temporal variance of the tracer concentration across a cross section at the specified
locations x1 y x» along the course of a river or channel.

U: Mean velocity of displacement of the tracer cloud centroid (m s™1).

To determine the longitudinal dispersion coefficient, it is necessary to transform the
continuous Equations (12) and (13) into discrete equations that allow the use of concentra-
tion data obtained in the field through tracers.

The zero-order statistical moment is calculated as:

Ho =Y [C(t") +2C(tf‘1)} x Aty (15)

The first-order statistical moment is obtained as:

g [C(ti)JFzC(ti—l)

Ho

p=t, = } x At;. (16)

The second-order statistical moment is obtained as:

YOt — t )2 C(ti)+C(ti—1)
pp=cr =" 7 14[ 2 ]xAti. (17)
0

The turbulent diffusion coefficient, also known as the longitudinal dispersion coefficient,
varies over a wide range of reported values; according to Fischer [45] and subsequent
works [46,47], the variation range is between 1072 m?/s < Dy < 10° m?/s.

Transverse diffusion coefficient (D)

https://doi.org/10.3390/fluids11060158
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Several theoretical and empirical equations have been proposed to estimate transverse
dispersion coefficients in channels and rivers, depending on the hydraulic and geometric
characteristics of the flow. Among these, the formulation proposed by Elder is one of
the most widely used and influential approaches for predicting transverse dispersion in
open-channel flows [47,48]. Additional empirical formulations commonly reported in the
literature are summarized in Appendix A.

Classical Elder formula [46]:

Dr =aU*H (18)

«: Elder empirical constant (0.15).
Fischer et al. formula [49]. Uses an equation similar to Elder’s:

Dt = 0.6U"H. (19)

Typical values of these coefficients range as follows:

Laboratory channels: Dy = 1073 — 107! m? s~1; medium rivers Dy = 10° — 10' m? s~ 1;
large rivers: Dy = 10! — 102 m? s~ 1,

In conclusion, the equations and methods for calculating transverse dispersion coeffi-
cients vary depending on the specific flow conditions and available data. The selection of
the appropriate method can be optimized using criteria based on aspect ratio, roughness,
and channel sinuosity, as well as the availability of secondary current data [47,48,50].

It is important to incorporate in the analysis the Peclet number, defined as the ratio
between advective and diffusive transport, that is P, = UAx/D; if Pe > 1 advective
transport dominates; otherwise, diffusive transport dominates [50].

Vertical diffusion coefficient (Dy)

Normally, the contribution of this coefficient is small; however, it has influence espe-
cially in laminar flows that are governed by diffusion coefficients whose values are much
smaller compared to those of turbulent flow [46,51].

Elder formula:

Dy =0.067 x U*H (20)

The formula presented is linear and has the same units as the longitudinal diffusion
coefficient. To calculate vertical dispersion coefficients in channels and rivers, several
equations and methods can be used, each with its own advantages and limitations. The
choice of the appropriate method will depend on the specific characteristics of the channel
or river, as well as the availability of hydraulic and geometric data [52].

Use of tracers

Common tracers used to measure dispersion coefficients in rivers and channels must
be harmless to the aquatic environment; several types are used. Visible dyes such as Rho-
damine WT are widely used due to their visibility and ease of detection. These dyes allow
the measurement of dispersion through remote sensing and in situ detection techniques
and have proven effective even under high turbidity conditions [53]; In some studies, salts
are used as tracers due to their ease of detection through water conductivity, especially in
studies of hydraulic connectivity in mines, where they have proven effective and safe [54];
Other tracers such as radioisotopes are also used [55], among many other techniques
depending on resource availability.

Solubility of oxygen from air under various conditions

To develop the modeling of the degradation of organic substances, it is necessary to
know the solubility of oxygen under various conditions of temperature, pressure, and salt
content, which can be obtained using Henry’s law or other empirical equations.

https://doi.org/10.3390/fluids11060158
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InOs; = —139.3441 +

The solubility of oxygen in aqueous solutions of salts such as KCl, K,SO, and CaCl,
can be adjusted using a Setschenow-type equation. This equation considers temperature
and the molality of the salts present in the solution [56]; For saline solutions at atmospheric
pressure, a generalized expression is presented that includes Henry’s constant to account
for temperature effects and the Setschenow parameter for salt content [57]; however, these
correlations do not include variation with partial pressure. For moderate concentrations,
the equation proposed by Debelius is used [58].

According to Chapra and Ji [59,60], based on APHA (American Public Health Associa-
tion), which is used by QUAL2K models, the oxygen concentration in water as a function
of temperature at a pressure of 1 atm is calculated using the equation:

1.575701 x 10° _ 6.642308 x 107 1.2438 x 1010 _ 8.621949 x 1011

21
Tx T2 T Ty =
The solubility of oxygen in water with salt content is obtained using:
1.0754 x 10" | 2.1407 x 103
InOgs = LnOyy — S(1.7674 x 1072 — P . (22)
Tk Ty

Temperature must be expressed in Kelvin, and salt concentration (S), ins g L.
The empirical equation that determines oxygen solubility from air as a function of
total pressure, given by the EPA [61], is:

(1- )1 -0xP)

Osp = Ogp X P , 23
sp Sf (1 _ sz;)(l _ 9) ( )
3840.70  216.961
InPyy = 11.8571 — (P (24)
0 = 0.0000975 — 1.426 x 107> x T + 6.436 x 1078 x T?, (25)

Pyyy: Water vapor pressure (mmHg).

P: Total pressure (mmHg).

T: Temperature (C).

Tx: Temperature (K).

Oq 1z Oss, Osp: Oxygen solubility as a function of pressure (mg L.

There are many other equations for calculating oxygen solubility under the described
conditions; however, these three equations are sufficient to estimate solubility for a specific
case as indicated by the EPA [61].

2.1.3. Kinetic Constants

Kinetic constants refer to the rate of “consumption” or “generation” of the chemical
species being tracked; they include processes such as losses by adsorption in sediments,
chemical transformations, and gas solubilization processes such as oxygen, which is impor-
tant in the oxidation of biodegradable organic matter.

In water quality models, nitrification is usually represented by multiplying the base
reaction rate by attenuation factors associated with water temperature and dissolved
oxygen. However, in most cases, the effect of other important variables such as pH,
substrate availability, and nitrifying bacteria dynamics is neglected. The ammonium
oxidation constant is 2.03 day~! at pH 7 and the nitrite-to-nitrate oxidation constant is
2.33 day~! at pH 7 [62].
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Regarding the presence of organic load in rivers or channels, water quality is modeled
using the Streeter-Phelps equations and their modifications, which involve the use of the
deoxygenation constant k; and the reaeration constant k».

It is also important to analyze the Damkohler number (Da), which expresses the ratio
between reaction rate and convective transport, thatis D, = kL/U; if D, > 1 the reaction
is fast relative to transport, and if D, < 1 transport dominates over reaction.

Deoxygenation constant due to the presence of organic load expressed in day !

In the literature, the following nomenclature is commonly used: k; is the removal
constant that includes the deoxygenation rate due to oxidation with organic matter and
the removal constant due to sedimentation, k; = kg + ks. The decay rate of carbonaceous
biochemical oxygen demand developed in laboratory conditions is expressed as k. The
decay rate of biochemical oxygen demand in natural waters is expressed as kq. Typically, it
is known that kg4 or k; > kg [61]. Below, in Table 1, some values of the constant k; obtained
in the field are reported.

Table 1. Reported values of kinetic constants k; in rivers according to different studies.

Author Location/River Value Parameter
Camp [61] Merrimack River, MA 0.01-0.1 kq
Baca et al. [63] Willamette River, OR 0.1-0.3 kp
Bansal [64] Kansas (6 rivers) 0.02-0.60 kq
Michigan (3 rivers) 0.56-3.37 kq
Truckee River, NV 0.36-0.95 kq
Virginia (3 rivers) 0.30-1.25 kq
N. Branch Potomac, WV 0.4 kq
South Carolina (3 rivers) 0.3-0.35 kq
New York (2 rivers) 0.125-0.4 kq
New Jersey (3 rivers) 0.2-0.23 ky
Novotny & Krenkel [65] Holston River, TN 0.4-1.5 kq
Bauer et al. [66] Chattahoochee River, GA 0.16 kq
Greeney & Kraszewski [67] ~ Yampa River, CO 04 kq
Crane & Malone [68] Gray’s Creek, LA 1.44 ke
Hyvitved & Jacobsen [69] Shavad River, Denmark 0.15 ky
Shavad River, Denmark 0.90 ky
Jennings et al. [70] W. Fork Trinity River, TX 0.06-0.3 kq
Deb & Bowers [71] Shenandoah River, MA 04 k¢
Gowda [72] Speed River, Ontario 1 kq

Reaeration or aeration constant by solubilization of atmospheric oxygen, k, = k, expressed
in day !

A summary of reaeration or aeration constants is presented by Bowie et al. [61]; some
of these equations are:
O’Connor and Dobbins: For moderate depth [73]:

0.5

u
ko =3.93 x W'O'OS <k; <1222, 0.305 < H <9.14; 0.15 < U < 049. (26)

Extensive information on deoxygenation and reaeration constants, mainly as a function
of geometric dimensions expressed in English units, can be found in the EPA Manual [61].

Variation in deoxygenation and reaeration constants as a function of temperature

The exponential adjustment function based on the Arrhenius—Van’t Hoff equation is
used, given by:

https://doi.org/10.3390/fluids11060158
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Qio = (ka/ky)!/ (27 T), (27)
k1: Reaction rate constant at temperature T;
ky: Reaction rate constant at temperature T
Q10: Ratio between reaction rates for a 10 °C temperature increase.
ky = k Ql ~T1)/10, (28)
In general:
—~T1)/10
k(T) ( rEf)Q1 - k(Tref)f(Tref)r (29)
(T—Tyer)/10 _
k( ) _k( ref)Qlo / k( ref) ( Tmf)- (30)

where f is the temperature influence factor and 6 is the temperature correction coefficient,
whose value typically ranges between 1.016 and 1.047 for kg and between 1.02 and 1.047
for k,. In a specific case, the 6 values used were 1.047 for deoxygenation and 1.024 for
reaeration [74]. The reference temperature is usually set at 20 °C [61].

2.2. Mass Transport Equations Used in Water Pollution

The general mass transfer equation constitutes the basis for the analysis of contaminant
transport in natural and artificial water bodies. This formulation integrates the main
processes governing system dynamics: temporal variation in concentration, advective and
diffusive transport, degradation or consumption of contaminants, and inputs from point or
distributed sources.

Although under simplified conditions the model admits analytical solutions, numeri-
cal solutions offer substantial advantages by allowing a more realistic description of the
phenomena involved. These include the ability to represent nonlinear or higher-order
reaction kinetics, incorporate point or continuous contaminant discharges, and consider
additional inputs or lateral flows of non-contaminated water at different points in the
system, once the contamination process has begun at the reference point.

oC 2
§+V.VC:DV C+R&£S. (31)

The first term on the left-hand side of the equation represents the temporal variation in
contaminant concentration, while the second term describes advective transport associated
with fluid motion. On the right-hand side, the first term corresponds to diffusive transport
or turbulent mixing, the second term represents the rate of contaminant consumption or
degradation, and the third term incorporates the effect of an external source or sink, thus
accounting for all relevant processes involved in contaminant transport within the system.
In its expanded form:

oC oC oC oC 92C 92C 92C
Vi— +V, o~ _ 7
a + xa yay +Vzaz +DT(ay2)+DV(aZZ

)+R£S.  (32)

Equation (32) is the basis for all developments carried out in this work; from it,
the Streeter—Phelps equations and their modifications, as well as 1D, 2D, 3D, and other
specific models are derived. In general, concentration is expressed in ppm; distance in
m or km; time in hours; diffusion coefficients in m? s~ or m? h~!; kinetic constants
in day~!; and velocities in m h~!. Before performing calculations, all units must be
made consistent. Supplementary equations used to estimate flow velocity, discharge, and

dispersion coefficients are presented in Appendix A.
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To the best of our knowledge, this study is among the first to directly compare the
effectiveness of one-dimensional, two-dimensional, and three-dimensional models under
similar conditions and to evaluate their performance in scenarios characterized by high
hydraulic complexity and strong reactive processes.

3. Results
3.1. Determination of the Longitudinal Dispersion Coefficient

One of the most important parameters is the longitudinal dispersion coefficient. In a
study conducted in the Mississippi River, dispersion experiments were carried out using
the dye Rhodamine WT; sampling point 1 was located 4.3 km and point 2 at 9.6 km from
the dye injection point. The river flow rate is Q = 131 m® s~! and its average cross-sectional
area is A = 1254 m? [44]; the corresponding data are shown in Tables 2 and 3. It should be
noted that sampling must be performed downstream of the contaminant discharge point,
beyond the advective zone; that is, in the “equilibrium zone”.

Table 2. Tracer concentration as a function of time at sampling station 1.

t (hours) 0 1 3 5 7 9 11 13
C(mgL™1 0 0.18 0.94 12.9 19 8.5 25 1.4
t (hours) 15 17 19 21 23 25 27 29
C(mgL~1) 0.93 0.71 0.51 0.4 0.29 0.21 0.16 0.13
Table 3. Tracer concentration as a function of time at sampling station 2.
t (hours) 20 20.5 22 24 25.5 27 29 31
C(mgL~1) 0 0.2 2.8 5.0 8.8 8.1 7.4 6.0
t (hours) 33 35 37 39 41 43 45 47
C(mgL~1) 4.4 3.0 2.0 1.45 1.0 0.75 0.56 0.42
t (hours) 49 51 53 55 57
C(mgL™1 0.32 0.25 0.19 0.15 0.11
By substituting the data into Equations (15)—(17), and subsequently into Equation (14),
the required parameters for calculating the longitudinal dispersion coefficient are obtained,
as shown in Table 4.
Table 4. Parameters for the calculation of the longitudinal dispersion coefficient.
Location Station 1 Station 2
X (m) 4300 9600
t(h) 8.91 31.23
o? 14.82 38.72
The mean velocity of the centroid is obtained as follows:
X2 —x1 9600 — 4300 9
== = =2374m/h =6. 1 .
LT, 3l23_so1  2r4m/h=66x10""m/s (33)
Finally, the dispersion coefficient is obtained as:
1, 0R(x) —of(xg) 1 » 3872-1482 2 )
DX_EU XW_EXZ?FA xm—BO,UBm /h=84m"/s. (34)

https://doi.org/10.3390/fluids11060158


https://doi.org/10.3390/fluids11060158

Fluids 2026, 11, 158

12 of 43

Most of the data for running the developed program were taken from Table 2, comple-
mented with additional data required for modeling, such as initial concentration, longitudi-
nal, transverse, and vertical increments, among others, as shown in Table 5.

Table 5. Data for the execution of the calculation programs used.

Parameter Value

Flow rate 131m3s~!
Flow area 1254 m?
Water flow velocity (small lowland rivers) 131 x 3600/1254 => 376.076 m h~1
Reaction rate constant 2.03 day’1 =0.08458 h~! (oxidation of ammonium to nitrite)
Longitudinal diffusion coefficient 30,173 m? h~!
Transverse diffusion coefficient 0.6 x UC x H x 3600/50
Vertical diffusion coefficient 0.067 x UC x H x 3600/100
Study length 5300 m
Channel half-width 60 m
River depth 10.45 m
Concentration at inlet point (instantaneous and 100

. ) ppm
continuous input)
Number of points along the flow direction 10
Number of points in the transverse section 5
Number of points in the vertical section 5

Longitudinal step size
Transverse step size

Vertical step size
Dispersion time

Ax =5300/10 =530 m
Ay=60/5=12m
Az=10.45/5=2.09m
141h

Note: The dispersion time is obtained by dividing the channel length by the corresponding velocity, which is
calculated from the flow rate and the average flow area.

The salinity value adopted in the simulations does not aim to represent a particular
river system; instead, it serves as a reference condition for assessing the performance of the
transport model. The methodology developed is independent of the concentration selected
and can be applied to any salinity level through appropriate modification of the initial and
boundary conditions.

The inlet concentration of 100 ppm was adopted as a reference value for the numerical
simulations. Since the transport equations employed are linear with respect to concentra-
tion, this value only determines the scale of the results and does not affect the transport
or dispersion patterns, nor the comparison among the different numerical methods ana-
lyzed. Additional equations used for the estimation of hydraulic and transport parameters
employed throughout the study are provided in Appendix A.

According to Grover and Wats, the initial ranges of Chemical Oxygen Demand (COD)
vary from less than 1 to 2 ppm in clean rivers, from 1 to 3 ppm in streams with normal
organic loading, and from 4 to 8 ppm in moderately polluted rivers [75]. Since no exper-
imental data are available, the simulation software has been developed to perform the
analysis using any of these reference values.

3.2. One-Dimensional Transport of Soluble Contaminants
3.2.1. Method of Lines

The concentration profile of soluble contaminants is obtained from Equation (31),
where the local variation in concentration, advective transport, diffusive transport in the
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flow direction, the rate of consumption by reaction, and the contribution from a point
source located at a specific point are considered:
oC aC 9’C

— = -Vy,— +D;(=—=) —k .
™ x50 + Dp( Fy%) ) C+S (35)
Equation (32) can be solved in various cases, such as:

Considering diffusive mass transport effects negligible;
Neglecting the reaction term;
Neglecting point source contributions;

Considering the process under steady-state conditions.

The strategy consists of solving Equation (35) considering or not the source term
S. In this case, this term is not included because its value is not known; however, if
this information were available, its inclusion would not complicate the solution of the
differential equation. To solve the problem, the Method of Lines is used, which consists of
discretizing the spatial variables of the partial differential equation and transforming the
problem into a system of ordinary differential equations, which can then be solved using
appropriate numerical methods:

ac;

aci _ G —Cia
dt

Ax

Ciy1 —2Ci+Ciq
Ax?

Vi + Dx( ) — kG (36)

“ur
1

This equation is expanded for all discrete points “i” analyzed along the river segment
considered in the study.

Initial and boundary conditions for pulse input:

Boundary condition 1: Cy(0) = 0, upstream concentration equal to zero at all times
(contaminant-free water).

Initial condition: C;(0) > 0; C»(0) = C3(0) = --- = C,(0) = 0, contaminant-free
water, except at point 1, where instantaneous discharge occurs.

Boundary condition 2: x = L, dc/dx = 0, the contaminant reaches its minimum
concentration level at all times.

For the case of continuous input, it is necessary to modify boundary condition 1 and
the initial condition.

Boundary condition 1: Cy(0) > 0, upstream concentration equal to zero at all times
(water free of contaminants).

Initial condition: C;(0) = 0; C2(0) = C3(0) = --- = C»(0) = 0, water free of
contaminants, except at point 1, where the instantaneous discharge occurs.

Contaminant removal rate

The effectiveness (1) in contaminant removal in river flow is used in environmental
engineering to evaluate how efficiently a chemical, biological, or physical reaction occurs
within a porous medium (such as riverbed sediment) or in a “transient storage” zone (such
as stagnant water in pools or the hyporheic zone), compared to its maximum potential rate.
That is, the removal rate is limited by diffusion and reaction divided by the removal rate if
the reaction were not diffusion limited.

From Equation (32), an analytical solution is obtained [76], which is mainly used to
determine the contaminant removal effectiveness factor:

CoUAt (x—Uxt)?
C(x,t) = —
(x.£) \/mex’“[ 4Dyt

] x exp( —kt), (37)

C(x, t): Concentration as a function of time and distance (ppm)
Co: Pulse concentration (ppm)
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U: Mean flow velocity (m h—1)
D : Diffusion coefficient (m? h—1)
x: Distance (m)
t: Duration time of the contamination event (h)
At: Pulse duration period (h)
k: Reaction rate constant (h™1).
The mass flux J(t) at the outlet section is given by:
J(t) = UxC(L,t), (38)
Mot = / J(t)dt = / UxC(L,b)dt, (39)
0 0
Mout
—1- = (40)
1 Minjected
) x—Uxt)?
: J;ﬁ%exp [——( D } x exp( — kt)dt
n=1- C (41)
0
Simplifying:
o UAt (x—Uxt)?
-1 - xexp(—kt)dt =1— UMt x 1. (42
U] 0 Vi [ 1D, exp( — kt) (42)

Scheme of the one-dimensional transport process

Figure 1 shows the scheme of one-dimensional contaminant transport, where it is
observed that both the velocity profile and the concentration profile tend to be turbulent,
that is, independent of the river width and depth. Therefore, the one-dimensional transport
assumption is valid, and all the previous developments are applicable. Likewise, it must be

considered that along the studied segment, the flow rate remains constant; however, based

on the channel configuration, variations in width are observed, which implies variations in

velocity. Therefore, it is possible to introduce a variable velocity within the mass balance

scheme given by Equation (36).

Figure 1. Scheme of one-dimensional contaminant transport.

In Figure 2a, the contaminant concentration profile as a function of time is shown for

each segment of the studied river reach, considering a pulse-type contaminant input at a
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given point of the channel. In turn, Figure 2b presents the contaminant concentration profile
as a function of time for each segment of the river reach under a continuous contaminant
input condition.

Concentration (mg/L)

Time (h)

——C1(530m)
——C2(1060 m)
4 |[——c3(1590m)
——C4(2120 m)
———C5 (2650 m)
———C6 (3180 m)
C7 (3710 m)
g C8 (4240 m)
C9 (4770 m)
€10 (5300 m)

| [——c1(530m)
———C2 (1060 m)
——C3 (1590 m)
———C4 (2120 m)
———C5 (2650 m)
———C6 (3180 m)
———C7 (3710 m)
C8 (4240 m)
€9 (4770 m)
€10 (5300 m)

o
=]
T

S
o
T

Concentration (mg/L)

Time (h)

(@) (b)

Figure 2. Contaminant concentration profile as a function of time using the Method of Lines for
(a) Pulse-type input, and (b) Continuous input.

To verify the correct implementation of the numerical model, the results obtained
using the Method of Lines, Equation (36) were compared with the analytical solution of
Equation (37) for the one-dimensional case of pulse contaminant transport. At a simulation
time of 1 h, the analytical solution predicted a maximum concentration of 31 ppm, whereas
the numerical solution yielded a value of 30.6 ppm, corresponding to an approximate
relative difference of 1.3%. This close agreement confirms the accuracy of the numerical
scheme employed. It should be noted that analytical solutions are generally limited to
simplified cases, whereas the numerical methods developed in this study allow the analysis
of more complex scenarios, including multiple contamination sources, diffuse pollutant
discharges, and variable boundary conditions, for which closed-form analytical solutions
are generally unavailable.

3.2.2. Explicit Finite Difference Method

It consists of transforming differential Equation (32) into a system of linear algebraic
equations (if the kinetics is first order) and nonlinear systems (if the kinetics is of order
“n”), with the possibility of calculating each of the variables (concentrations as a function of
time and distance) point by point. The method is simple to implement; however, it may
become computationally expensive for fine discretization’s, although it remains widely
used because of its simplicity. The discretized scheme is as follows:

Cij+1—GCij Cij—Ci_1 Cit1j—2Cj+Ciqj
, iy S i_p , , ,
Ar T Ax t Ax2

+kC;j = 0. (43)

Rearranging Equation (43):

ViAt 2D At VAt DAt Dy At
Cijt1 = <1_ Ax  Ax2 _kAt>Ci'f+ ( ax T )Gt ae

In this scheme, concentration is computed at each spatial location and time step; there
is also the possibility of varying the velocity at each point. All terms on the right-hand side
of Equation (44) must be known, and stability criteria of the algebraic system must also
be satisfied.

Cit1j-  (44)
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The following change in variables is performed:
- Vit 2DpAt
A=1- 0~ ae TR
B — Vit DpAt
oA AX2
D At
D=—
Ax?
With these changes, Equation (37) is transformed into:
Cij+1 = AiCij+ BiCi—1;+ DCitq)) (45)

This system applies both for pulse-type and continuous contaminant input. In the case
of pulse input CO,]- =0,j=0,1,2,3,...,n,Cyp # 0 and all other initial concentrations equal
to 0. In the case of continuous input, C;p =0,i=1,2,3,..., m; Co,j #0,j=0,1,2,3,...,n

Using the data from Table 5 for a time of 3 h, the contaminant concentration profile
is obtained in different segments of the river reach and at different times, as shown in
Figure 3.

Concentration (mg/L)

' i
0 0.5 1

(1+

by
o
—O—C1 (530 m) g« —O—C1(530m)
—0—C2 (1060 m) g —0—C2 (1060 m)
—<{—C3 (1590 m) -g ~—0—C3 (1590 m)
4 2120m)| & C4 (2120 m)
cs 2850 m)| § C5 (2650 m)
c
o
o
15 2 25 3 0 05 1 15 2 25 3
Time (h) Time (h)
(a) (b)

ViAt

ijL

Figure 3. Contaminant concentration profile as a function of time using the explicit finite difference
method considering the first 5 channel segments for (a) Pulse-type input, and (b) Continuous input.

Due to the limited capacity of the software, the program was executed for a total of
three hours; for this time, both the Method of Lines and the explicit finite difference method
show matching values.

3.2.3. Implicit Finite Difference Method

The discretization of Equation (35) using the implicit finite difference method leads to
a system of linear algebraic equations, under the assumptions of first-order kinetics and a
velocity that, although it may be considered variable, is independent of the velocity profile.

Cij+1—Cij v Cij+1— Ci1,j11 b Cit1,j+1 —2Cijp1 + Cimq i

AF i Ax L A2 +kCijy1 =0. (46)
Rearranging:
D At ViAt DAt Dy At
ALx2 + kAf) Cij1 — (Ax + Asz) Ci—1,j+1—GCij— ALixzci-i-l,j-&—l =0. (47)
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Concentration (mg/L)

Vit , 2Dy At
Ax Ax?

_ ViAt | DAt

- Ax Ax2’
 DrAt

i— Zsz 7

AiCijy1 — BiCi—1,j41 — Cij — DCitq,j41 = 0. (48)

Ai=1+

+ kAt,

B;

Equation (48) is a tridiagonal matrix system, whose solution is obtained row by row;
that is, it allows obtaining all concentration values along the river or channel for each time
step. For time step 1, the matrix equation obtained is D; = DALX%t.

The value of M can take one of the following values: C; ¢ for pulse input and B1Cy;

for continuous inflow. It is also possible to solve simultaneously for multiple time steps;
however, it is necessary to rewrite the system, which in this case becomes a block tridiagonal
system, where each matrix element is another matrix and the variables, as well as the
independent terms, become vectors. In both cases—row-by-row calculation or global
calculation—the system is solved using the Thomas algorithm.

The calculation was carried out using the data from Table 5 for the entire interval of
5300 m and for a time of 3 h, and for pulse-type input conditions, the reported data are
shown in Figure 4a.
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Figure 4. Contaminant concentration profile as a function of time using the implicit finite difference
method for (a) Pulse-type, and (b) Continuous contaminant input.

Figure 4b shows the concentration profiles obtained with the implicit finite-difference
algorithm for a distance of 5300 m and 3 h of contaminant travel, when the contaminant
input is continuous as a result of a constant contaminant flow into a water stream that was
initially contaminant-free.

3.3. Two-Dimensional Transport of Soluble Contaminants

In this case, the same techniques used in the 1D model are also applied, that is,
transforming Equation (49) into a system of ordinary differential equations or into a system
of linear algebraic equations, since the kinetics is first order.

aC doC 9%C 9’C
5 () = oe(5e) +ou(5) e )
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For turbulent flow, the velocity is independent of the width of the channel or river; the
discretization of (47) using the implicit method leads to:

dac;; Cijr1—Cic1jm1 Ciy1,j+1 —2Cij1 — Ciigjn Cijr1—2Cij—Cija
—L =, (T) + DL< 2 ) + DT< A ) —kCijr1. (50)

For flows without predominant turbulence and with regular cross-sectional dimen-
sions of the studied channel, the velocity can be written as a function of the semi-width of
the river, that is:

Ve = Viax [1 - (y/W)2]. (51)

Figure 5 illustrates the dispersion process and highlights concentration variations
in both the longitudinal and transverse directions. Therefore, the solution of differential
Equation (49) is much more feasible using numerical techniques, for which the discretization
of Equations (49) and (50) is performed:

ac;; ) 51 Cij+1—Cic1jm1 Cir1,j+1 —2Cij11 — Cim i1 Cij+1—2Cj —Cij
L = ~Vaur [1 = (jy/ W) (T) - DL( e ) - DT( ) ~kCij1. (52)

Ay?

Figure 5. Scheme of two-dimensional contaminant transport.

The initial conditions, by dividing the semi-width into 5 parts and the length into 10 parts,
lead to the generation of 60 ordinary differential equations and 57 auxiliary equations.

Initial condition for pulse-type input: Cg;(0) = 0; j = 0...5 (upstream water is
contaminant-free at all times), and at the contaminant input point: Cy ;(0) > 0 (in this case
assumed 100 ppm); C; ;(0) = 0;i = 2...10;j = 0...5 (all downstream points are initially
contaminant-free).

Initial condition for continuous input: Co ;(0) > 0;j = 0...5 upstream water is contam-
inated at all times (in this case 100 ppm), and downstream C; j(0) = 0;i =1...10;j =0...5
at all times.

The boundary conditions at any time t > 0 are the same for both cases: pulse input
and continuous input.

y=0 % =0Vi=2...10 (maximum concentration condition)
=W % =0Vi=2...10 (minimum concentration condition)
dCyg,; . .. . .
x=1L %0” =0Vi=2...10 (minimum concentration at the final stage)

For the execution of the developed computational program, data from Table 5 are
used, and the following concentration profiles as a function of time are obtained for each
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segment of the selected channel or river, for pulse-type input. Since a very large family of
curves is obtained (60 curves), Figure 6 shows the family of curves along the symmetry axis
of the channel and at the edge for pulse-type input.

100 T T

1 90 ]

1 80 i
= T [——c1o(s30m) = or T [—-cis630m)
= ——c20(1060m) | 5, ———C25 (1060 m)
E 1 |[——csousoom | E 60f 4 |——c35(1590 m)
P ——C40 (2120 m) | T ——— C45 (2120 m)
2 | [——cs0(s50m) | .S sol | |55 (2650 m)
B ———C60 (3180m) | ® ——— C65 (3180 m)
£ ~———C70 (3710 m) E = C75 (3710 m)
g L cso@240m) | § 401 L €85 (4240 m)
8 coo@r70m) | § €95 (4770 m)

| €100 (5300 m)| © ol | €105 (5300 m)

1 20 ]

b 10 ]

o — e
15 0 5 10 15
Time (h) Time (h)
(a) (b)

Figure 6. Concentration profile for pulse-type contaminant input at (a) Central axis (y = 0: transverse
symmetry axis), and (b) Concentration profile at the channel edge (y = W).

The concentration is identified with two subscripts; the first subscript represents the
position with respect to x, while the second subscript represents the position with respect
to y; for example, C80 means position 8 with respect to the x-axis (distance of 4240 m) and
at y = W, that is, at the edge (y = 60 m). The same nomenclature is followed for the case of
continuous input.

In Figure 7 the concentration profiles are shown along the bed of 5300 m and the width
of 120 m for four different times for pulse-type input.

C(X,Y) - Concentration (mg/L) t=4.245647 h (Row 30

C(X,Y) - Concentration (mg/L) t=0.707579 h (Row 5

Y (m)
Y (m)

1000 1500 2000 2500 3000 3500 4000 4500 5000 h 1000 1500 2000 2500 3000 3500 4000 4500 5000
X (m) X (m)
(a) (b)

Figure 7. Longitudinal and transverse concentration profile of soluble contaminants at (a) t =0.71 h,
(b)t=4.25h.

Figure 8 shows representative concentration profiles along the channel centerline
(y = 0) and at the channel edge (y = W) for continuous upstream contaminant input under
initially contaminant-free conditions.
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Figure 8. Concentration profile for continuous contaminant input at (a) the central axis (y = 0:
transverse symmetry axis) along the channel, and (b) the channel edge (y = 60).

In Figure 9 the concentration profiles are shown along the bed of 5300 m and the width
of 120 m for four different times for continuous input.

C(X,Y) - Concentration (mg/L) t=0.709853 h (Row 5
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Figure 9. Longitudinal and transverse concentration profile of soluble contaminants at (a) t = 0.71 h,

(b)t=425h, (c)t=857h,and (d) t = 12.74 h.
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3.4. Three-Dimensional Transport of Soluble Contaminants

Contaminant transport is assumed to occur under near-laminar flow conditions
with a velocity profile dependent on channel width and depth. Consequently, disper-
sion develops in the longitudinal, transverse, and vertical directions, as described by
Equations (53) and (54). Contaminant mass balance:

’C 2°C

0
+Dy(a—y2)+Dy(@

aC aC 92C
-~ + Vas- =D«

ot ox (532) ) —kC. (53)

The velocity equation depends on the channel half-width and depth, as described by
Equation (54) and illustrated in Figure 10:

Ve = Vipax [HZ (1 - <z/H)2) x w2(1 - (y/W)2) ] (54)

Figure 10. Velocity profile scheme.

Figure 11 shows a schematic representation of three-dimensional contaminant trans-
port and the computational grid used to visualize the numerical solution of the partial
differential Equation (53).

Figure 11. Three-dimensional contaminant transport scheme.

The discretization of Equation (53) yields:

dCijx Cijk — Cic1jk Ciy1jk —2Cijx + Ci1jk Cijrre —2Cijk + Cij1k Cijks1 —2Cijk + Cijr
i 7VX<T> +DL< Ax2 ) +DT< Ayz ) +Dv< A2 ) 7kC,‘/flk. (55)
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In this case, the partial differential Equation (53) has also been transformed into a
system of ordinary differential equations, whose graphical scheme allows identification of
each discretized point (7, j, k).

For the modeling, the domain is discretized as follows: the longitudinal axis x is
divided into 10 segments (i =1, 2, ..., 10), the transverse axis y into 5 segments (j =0, 1,
..., D), and the vertical axis z into 5 segments (k =0, 1, .., 5). The resulting discretization
provides sufficient spatial resolution to capture the three-dimensional transport dynamics
analyzed in this study.

The initial and boundary conditions for pulse-type contaminant input, inferred from
the previous schematic, are:

Initial condition: For t =0, Vy > 0Vz > 0.

CO,j,k =0Vt > 0Vy > 0Vy > 0 (The upstream contaminant concentration is zero,
that is, contaminant-free); t = 0 Cy jx # 0, Vy > 0 Vz > 0 (Pulse-type contaminant input);
t<0 Ci,]-,k =0i=2...10Yy > 0Vz > 0 (all downstream points at the initial time are
contaminant-free); in all cases x < Ly < W z < H, therefore,i = 2...10j = 0...5
k =0...5 (arbitrarily established for this case).

y=0 a%;"k =0Vx > 0Vz >0Vt > 0Boundary condition 1
y=+W a%;'k =0Vx > 0Vz > 0Vt > 0 Boundary condition 2
z=0 a%% =0Vx > 0Vy >0 Vt > 0 Boundary condition 3
z=H aca’;j’S =0Vx >0Vy >0Vt > 0Boundary condition 4

z=1L acs# =0Vy > 0Vz > 0Vt > 0 Boundary condition 5

Figure 12 shows an enlarged schematic of Figures 10 and 11, representing the length,
half-width, and depth of the river.
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L

Figure 12. Grid scheme for three-dimensional transport.

For continuous input conditions, only the initial condition is slightly modified, while
boundary conditions remain unchanged. For visualization purposes, representative con-
centration profiles corresponding to key spatial locations are presented:

e  Central axis at the free surface (y =0, z = 0), Figure 13a;
e  Channel edge at the free surface (y = W, z = 0), Figure 13b;
e  Channel bed at the central axis (y = 0, z = H), Figure 13c.
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Figure 13. Concentration profile for pulse inputat (a) y=0,z=0,(b)y=W,z=0,and (c)y=0,z=H.

Representative concentration profiles at selected locations are presented in Figure 13.
Figure 14 present contour and surface plots of longitudinal and vertical concentration
profiles at y = 0 over a distance of 5300 m for different times, considering pulse input.
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Figure 14. Cont.
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Figure 14. Contour and surface plots of longitudinal and vertical concentration profiles at y = 0
over a distance of 5300 m considering pulse input for (a) t =0.72 h, (b) t =4.24 h, (c) t = 8.48 h, and
(d)t=12.77h.

Figure 15 presents a subfamily of concentration profiles obtained from the continuous
contaminant input process along a distance of 5300 m as a function of time under different
spatial conditions. Figure 15a shows the concentration profiles evaluated along the central
axis of the channel (y = 0) and at the free surface of the fluid (z = 0). Figure 15b illustrates
the concentration profiles corresponding to the channel boundary (y = W) and the free
surface (z = 0). Finally, Figure 15¢ depicts the concentration profiles evaluated at the channel
boundary (y = W) and at the channel depth (z = H). Together, these profiles describe the
temporal and spatial evolution of contaminant concentration throughout the study domain
under continuous contaminant discharge conditions.

Figure 16 shows contour and surface plots of the contaminant concentration profile
at a distance of 5300 m, along the central axis (y = 0), as a function of height for each time
step, under continuous contaminant input.

Additional profiles can be obtained by selecting the corresponding points from the
computed dataset.

The three-dimensional model developed represents the most general formulation con-
sidered in this study, as it allows the simultaneous description of longitudinal, transverse,
and vertical variations in contaminant concentration. From a computational perspective, its
implementation using the Method of Lines leads to a system of approximately 360 coupled
ordinary differential equations. The two-dimensional and one-dimensional models can be
interpreted as particular cases derived from this general formulation through appropriate
simplifications of the geometry and the spatial variables considered. This hierarchical
structure provides a flexible framework for analyzing different contaminant transport
scenarios while maintaining mathematical and numerical consistency across the various
levels of modeling.

The results presented in the 1D, 2D, and 3D models highlight the importance of
understanding how dispersion and reaction processes, as well as boundary and input
conditions, influence the dynamics of contaminant transport in aquatic environments. In
Section 3.2, the determination of the longitudinal dispersion coefficient reveals that mixing
and turbulence within the river promote rapid homogenization of concentrations, which is
essential for the natural self-purification capacity of the water body. The review of the Lines
method in Section 3.3 demonstrates that, although this approach simplifies the problem
through spatial discretization, it accurately captures the combined effects of advection, dif-
fusion, and reaction, emphasizing that dispersion contributes significantly to contaminant

https://doi.org/10.3390/fluids11060158


https://doi.org/10.3390/fluids11060158

Fluids 2026, 11, 158 25 of 43

dilution and, consequently, to the recovery of water quality. Finally, in Section 3.4, the
three-dimensional modeling shows that transverse and vertical variations in concentration
cannot be neglected in contexts where physical and biological processes interact across dif-
ferent spatial scales, underscoring the need for integrated and higher-resolution approaches
for effective environmental management. Taken together, these findings support the idea
that contaminant transport is not merely a process of physical movement, but rather a
complex interaction among hydraulic dynamics, reaction mechanisms, and dispersion
processes, which collectively determine the system’s capacity for self-purification and the
maintenance of healthy ecological conditions.
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Figure 15. Concentration profile for continuous inputat (a) y =0,z=0,(b)y=W,z=0,and (c) y =W,
z =H.
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Figure 16. Contour and surface plots of longitudinal and vertical concentration profiles at y = 0 over
a distance of 5300 m considering continuous input for (a) t =0.72 h, (b) t =4.24 h, (c) t =8.48 h, and
(d)t=12.77h.

3.5. Streeter—Phelps Model

From Equation (32), the fundamental Streeter—Phelps equations for carbonaceous
biochemical oxygen demand (CBOD) and oxygen deficit are derived. These apply to water
flows where only advective transport and the consumption rate of biochemical oxygen
demand (BOD) are considered. Their solution under certain conditions was developed by
Brenner [74]. These equations are applied under pseudo-steady conditions, meaning they
are derived from the advection and reaction terms for both carbonaceous organic load and
dissolved oxygen concentration, which is expressed in terms of the corresponding deficit.

dL
Vil = kL. (56)

By applying the change in variable dx = V,dt, Equation (56) becomes:

dL
— = —kyL. 57
T d (57)
Equation (57) is the standard form of transport equation for carbonaceous biochemical
oxygen demand. Similarly, the oxygen transport equation, considering advective transport

and both deoxygenation and reaeration rates, is:

dcC

= = kal(C = C) = kL. (58)

Expressing Equation (58) in terms of oxygen deficit, defined as D = Cg — C, yields:

b _ —kaD + k4L. (59)
dt
The differential contributions of deoxygenation and reaeration can also be ex-
pressed as:
dDd% = —deoexp( —kg xt), (60)
dReox
Fra ka(Cs —C). (61)
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A hybrid solution approach is proposed: analytical solutions are used to determine
key parameters such as oxygen deficit, critical time, and critical distance, while numerical
methods are applied for the full system resolution. The critical time is given by:

fe = (kik) xln[llz(l—Wﬂ. (©)
The critical deficit is:
kix Lo\ [ke(. Dolka—k)\] &%)
v (M52 ) e (- T )
The critical distance is:
Xe = (kuikr> x In [’;’: (1 - DO(II;:L_O k,))} : (64)

Organic load depuration factor

The organic load purification factor in rivers and channels is a parameter that quanti-
fies the natural capacity of a water body for self-purification, that is, its ability to reduce
the biodegradable organic matter present. This process results from the combined action
of mechanisms such as dilution, biological degradation, sedimentation, and water reoxy-
genation. In operational terms, the factor is defined as the fraction of organic load removed
along a given reach of the river or channel, reflecting the efficiency of the physical, chemical,
and biological processes involved in the recovery of water quality:

Fp=1-L/Lo=1—exp(—kyt)=1—exp(—kyx/U). (65)

Relationship between reaeration and deoxygenation constants

In hydrobiology and water quality studies, a self-purification index or global purifica-
tion factor Fy, is often defined as the ratio between the reoxygenation capacity k, and the

deoxygenation rate (k).
k2 kg kﬂ
Fy=—+=—-=—. 66
D kl kr kd ( )
This ratio provides an approximate measure of the self-purification capacity:
e If F, > 1: High recovery capacity (reaeration dominates).
e If Fj, < 1: Low recovery capacity (deoxygenation dominates).

e If F, ~ 1: Unstable equilibrium.

Table 6 presents the equations and parameters used for the implementation of the
developed computational model. For this purpose, the data reported in Table 5 were em-
ployed, complemented with additional information required for the proper implementation
of the model. These parameters include the deoxygenation and reoxygenation constants
adjusted as a function of temperature, salinity, and atmospheric pressure-variables that
directly influence the process kinetics and the dynamics of dissolved oxygen. Additional
empirical equations commonly used for estimating hydraulic variables and dispersion
coefficients are summarized in Appendix A.

After processing the data in the corresponding computational program, the main
results are reported, including a reduction in BOD from 100 ppm to 2.25 ppm; an oxygen
deficit of 2.29; an organic load removal factor of 97.74%; a purification index of 1.9564; a
critical time of 18.43 h; and a critical distance of 6.93 km. Additionally, Figure 17a shows
the profile of the BOD decay rate, and Figure 17b presents the rate of change in the oxygen
deficit corresponding to three different temperatures.
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Table 6. Input data for the computational model.

Parameter Equation/Data

Differential equations (57)—(60)
Critical time (62)
Critical deficit (63)
Critical distance (64)
Organic load removal factor (65)
Self-purification index (66)
Oxygen solubility (pure water vs.

21
temperature)
Oxygen solubility (saline water) (22)

Oxygen solubility (pressure-dependent) (23)—(25)

1.44 day~! (value obtained through model
calibration Gray’s Creek, Louisiana [68])
Reaeration constant (26)

Deoxygenation and reoxygenation

Deoxygenation constant

constants (temperature-dependent) (29) and (30)
Flow rate 131m3s~!
Average width 120 m
Average depth 10.45
Atmospheric pressure 740 mmHg
Mean temperature of the mixed flow 10°C
Salinity 5gL~! (assumed value)
100 ppm (assumed value at the mixing
Initial organic load point, considering the combined flow of
the main stream and the tributary inflow)
Initial oxygen deficit 0.3 ppm (assumed value)
Simulation time 14.1h
3 T T
25r
3 2
£
L1(T=10°C) .E D1 (T=10°C)
L1(T=15°C)| & 1.5 D1 (T=15°C)
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Figure 17. Modeling prediction of (a) Biochemical Oxygen Demand (BOD) profile by the Streeter—
Phelps model, and (b) Oxygen deficit profile by the Streeter-Phelps model.

Although the Streeter—Phelps model is simpler to apply and interpret, it has limita-
tions regarding the accuracy of its temporal and spatial predictions when compared with
more sophisticated models such as the Advection-Dispersion-Reaction (ADR) model. The
Streeter-Phelps model suggests that the complete recovery of a water body affected by
organic pollution occurs after approximately 14.1 h. In contrast, the ADR model predicts
recovery within only about 30 h, as it incorporates additional processes such as turbulent
dispersion, which enhances oxygen distribution throughout the water column and acceler-
ates the recovery process. This difference highlights the importance of physical mechanisms
such as turbulence in promoting more efficient and rapid oxygen transport, thereby facili-
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tating the restoration of river water quality. Therefore, while the Streeter—Phelps model
remains valuable due to its simplicity and ease of implementation, its predictions may be
less accurate than those obtained from more detailed models that explicitly account for
turbulent transport processes.

3.6. Extended Streeter—Phelps Model with Advection, Diffusion, and Reaction (ADR) for
Wastewater Purification

This is an extended version of the Streeter-Phelps model, in which unsteady-state and
diffusive terms are incorporated. The analysis is carried out using a one-dimensional for-
mulation, which adequately represents fast-flowing (turbulent) river systems and simplifies
model implementation by neglecting transverse and vertical diffusion, thereby reducing
the number of differential or algebraic equations required.

The conservation equations of the ADR model, corresponding to organic load and
oxygen deficit, are given as follows:

oL oL 2L
ot = Uy TPrga — kL 67)
oD oD 92D

Equations (67) and (68) are initial value differential equations, whose solution is
obtained using the Method of Lines. For this purpose, the right-hand side of the aforemen-
tioned equations is discretized, that is:

dL; _ CUx (Li—Li1) + Dy x (Liy1 —2L; +Li—q)

T A Ax2 —krLi, (69)

ap; (D; — D;_1)
dat U Ax

With the initial conditions for the organic load:

(Djy1 —2D; + D;_q)
Ax?

+ Dt X —kyD; + kyL;. (70)

L1(0) # 0; Lo(0) = 0 (the upstream flow is free of biodegradable organic contaminants),

L,(0) = 0; L3(0) = 0; ...; Ly(0) = 0 (indicating that all other segments of the river
section under study initially contain no organic load). This condition corresponds to a
pulse-type input.

In the case of dissolved oxygen, at the initial time both upstream and downstream
sections exhibit a defined deficit, that is: D;(0) = Do Vi = 0...10.

Effectiveness Factor

By incorporating the longitudinal diffusion coefficient into the Streeter—Phelps model,
it is possible to determine an effectiveness factor for both the organic load and the oxygen
deficit through a time-dependent parameter.

For the organic load:

tanh
L 7
¢
B dez 0.5
P = {DLJ . (72)
For the oxygen deficit:
ka  tanh(¢r)
= —re, 73
=T T 6 (73)
0.5
. (ka—f—kd)Lz
0= | =) 74
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Figure 18a shows the biochemical oxygen demand (BOD) profile for the extended
Streeter-Phelps model. It corresponds to a family of Gaussian-type curves with peaks that
represent the concentration of organic matter at specific locations. The data used were
obtained from Tables 5 and 6.
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Figure 18. Temporal evolution of water quality indicators and effectiveness factors along the river
system, (a) Organic matter degradation profile, (b) Oxygen deficit profile at each river segment as a
function of time, (c) Transient effectiveness factor for biochemical oxygen demand, and (d) Transient
effectiveness factor for oxygen deficit.

Figure 18b presents the oxygen deficit profile, which also exhibits pronounced peaks.
However, after approximately 14.1 h (corresponding to the hydraulic residence time) the
deficit begins to decrease. At around 30 h, it returns to its initial level prior to the organic
loading event. This behavior indicates progressive recovery of dissolved oxygen levels
following the pollution event.

Figure 18c,d show the transient (unsteady-state) effectiveness factor for the removal of
organic load and for the oxygen deficit, respectively, as functions of time over a period of
14.1 h (hydraulic residence time).

4. Discussion

Regarding the diffusion coefficient

The statistical moments method constitutes an efficient tool for estimating the longi-
tudinal dispersion coefficient from field tracer data. This approach provides a physically
consistent prediction with reduced dependence on empirical parameters, while integrat-
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ing flow anisotropy and attenuating experimental noise, thereby outperforming purely
empirical or numerical methods [77].

The obtained value of the diffusion coefficient indicates effective longitudinal mixing,
where velocity irregularities and turbulence enhance mass exchange. In practical terms,
point concentration tends to homogenize within a few hours or over several kilometers
downstream, depending on the mean flow velocity [78]. These results reinforce the validity
of the ADR model, demonstrating that turbulent diffusion plays a key role in the natural
self-purification of the system and in the recovery of dissolved oxygen following organic
pollution events.

Regarding one-dimensional transport

The concentration—-time curves exhibit Gaussian behavior, typical of processes domi-
nated by turbulent dispersion and longitudinal mixing. Along 530 m segments, concen-
tration peaks decrease with distance from the discharge point, reflecting the combined
effects of dispersion, chemical degradation, and dilution. The contamination episode con-
cludes at approximately 21 h, when the system reaches a quasi-steady state with minimal
concentration variations.

The one-dimensional (1D) model adequately describes this behavior, as the flow is
essentially linear, cross-sections are well mixed, and longitudinal dispersion dominates
over lateral and vertical gradients. Under such conditions, the ADR equation provides a
physically sound and computationally efficient representation [49].

Integration using Simpson’s rule (1/3) up to 14.1 h (corresponding to the hydraulic
residence time) based on Equation (42) shows that the effectiveness factor reaches 0.69
when only reaction is considered and 0.83 when diffusion is included, demonstrating
that dispersion enhances system self-purification. Additionally, it is confirmed that the
duration of the pollution pulse has a limited effect on this factor under constant mean
velocity conditions.

In all cases, the Péclet number was found to be > 1, indicating that advection dominates
over diffusion. Moreover, in the first eight segments of the river reach, transport dominates
over reaction (Damkohler number Da < 1), whereas in the last two segments, reaction
dominates (Da > 1).

Regarding the explicit one-dimensional transport method

The explicit finite difference method is a straightforward numerical approach for
solving time-dependent partial differential equations, as it computes future values from
previous data using recursive schemes. However, its computational implementation may
become slow when fine grids or numerous time steps are required to ensure stability.
Stability depends on dimensionless numbers such as the Péclet number (Pe), relating
advective, and diffusive transport; the Courant-Friedrichs-Lewy number (C), linking
flow progression with cell size; and the diffusive condition known as the Fourier number
(Fo) [59], i.e., Pox = uAx/D; < 2; C = uAt/Ax < 1; Fy = DiAt/Ax% < 1/2; kAt < 1;

1
At < k+u/Ax+2Dyp /Ax2*

Regarding the implicit method for one-dimensional transport

Although more complex than ODE-based approaches, this method allows the incor-
poration of sources, sinks, and spatiotemporal variations in concentration with greater
detail. Unlike the explicit scheme, the implicit method applied to the ADR equation ex-
hibits unconditional stability under linear conditions and constant coefficients, ensuring
stable solutions even with large time steps. However, an appropriate relationship between
time step and spatial grid must still be maintained to preserve resolution and minimize
numerical diffusion, i.e., F, = Dy At/ Ax? < 2 [79].
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Another highly stable method is the Crank-Nicolson scheme, a hybrid between explicit
and implicit methods, where F, = D} At/Ax? < 1 (approximately < 1) and C = uAt/Ax < 2.

Regarding the two-dimensional model

Through adjustment or filtering of results, the two-dimensional model can reproduce
patterns observed in the one-dimensional scheme, while also allowing the combination of
different pollutant inputs (pulse or continuous discharges) that modify system dynamics
until a quasi-steady state is reached.

Unlike the 1D model, the 2D approach provides a more realistic representation of
advection, dispersion, and reaction processes in natural systems (rivers, lakes, or estuaries),
as it accounts for both longitudinal and transverse variations. This improves spatial
prediction of contaminants, optimizes control strategies, and serves as an intermediate step
toward three-dimensional modeling, balancing accuracy and computational efficiency [49].

Regarding the three-dimensional model

The model generates a family of Gaussian-like curves downstream of the discharge,
confirming the diffusive nature of the process. Under certain conditions, the three-
dimensional model can be simplified to 2D or 1D formulations, reducing computational
cost without losing representativeness.

It was observed that transverse and vertical diffusion coefficients are significantly
lower than those reported for torrential streams, highlighting the need to recalibrate classical
models for low-gradient rivers. The 3D approach provides a more realistic description of
longitudinal, transverse, and vertical concentration variations, improving predictions of
contaminant transport and supporting environmental control strategies [49,51].

Regarding the Streeter—Phelps model

The system exhibited a high self-purification index, indicating an effective response to
organic matter input. However, around 18 h, a significant dissolved oxygen deficit was ob-
served, attributed to intense biological consumption during decomposition. Subsequently,
atmospheric and biological reaeration promoted gradual recovery, governed by the ratio
between reaeration and deoxygenation constants (kp/k; = 1.9).

Nevertheless, after 14.1 h of simulation, the oxygen concentration did not reach its
initial level (10.28 ppm), stabilizing at 8.28 ppm, suggesting that full recovery requires more
time due to slowly biodegradable organic compounds and limited oxygen transfer under
stable hydraulic conditions [80,81].

An increase of 10 °C raised purification efficiency from 97% to 99% but reduced
the self-purification rate to 1.5 due to lower dissolved oxygen solubility. This condition
temporarily intensified the oxygen deficit and affected the balance between deoxygenation
and reaeration. The final concentration was 8.07 ppm, indicating partial recovery influenced
by thermal and hydraulic factors [82].

Regarding the modified Streeter—Phelps model

Figure 9 shows the dissolved oxygen deficit profile, where pronounced peaks are ob-
served in early stages due to rapid oxygen consumption during oxidation of biodegradable
organic matter. Around 14.1 h (corresponding to the hydraulic residence time) the deficit
begins to decrease due to atmospheric reaeration and turbulent mixing. By approximately
30 h, the system recovers initial dissolved oxygen levels, indicating restoration of natural
equilibrium after the contamination event.

This behavior is consistent with the Streeter-Phelps model, where the balance be-
tween deoxygenation (k;) and reaeration (ky) controls the magnitude and duration of
the deficit, leading to a new steady state determined by hydraulic and biogeochemical
conditions [80,82].
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Regarding the effectiveness factor in the Streeter-Phelps model

At short distances, the Péclet number indicates that transport is governed jointly by
advection and diffusion; however, beyond approximately 1000 m downstream, advection
becomes dominant. Figure 15b,c shows that the effectiveness factor increases rapidly with
time and tends to stabilize at longer times, while it decreases sharply with distance.

The initial 100 ppm pulse disperses rapidly, reaching very low concentrations at
5300 m, both at 14.1 h and 30 h. The BOD effectiveness factor remains high (0.73 at 30 h
and 0.58 at 14.1 h), indicating that organic degradation occurs with minimal diffusion
limitations. In contrast, the oxygen deficit effectiveness factor exhibits lower values (0.33 at
30hand 0.24 at 14.1 h), highlighting that the balance between deoxygenation and reaeration
limits dissolved oxygen recovery in the fluvial system [83].

5. Conclusions

In this study, the dispersion of soluble contaminants, both reactive and non-reactive,
was analyzed using one-dimensional, two-dimensional, and three-dimensional transport
frameworks, together with the evaluation of organic load and dissolved oxygen deficit
based on the classical Streeter—Phelps model and its extended formulation incorporating
diffusion terms for both variables. The results indicate that incorporating advective—
diffusive mechanisms (ADR model) provides a more realistic representation of the spatial
and temporal dynamics of contaminant transport in river systems.

The developed three-dimensional model, which accounts for velocity variations in
the transverse and vertical directions, can be reformulated into an equivalent expression
using a depth-average velocity dependent on the hydrodynamic conditions of the river.
Furthermore, its mathematical structure allows consistent reduction to two-dimensional
and one-dimensional formulations while preserving physical coherence, making it a flexible
and scalable tool for comparative analysis across different levels of model complexity.

From a comparative perspective, the Streeter—Phelps model, although simpler and
more straightforward to implement, exhibits limitations in capturing the spatial-temporal
evolution of water quality processes. In contrast, the ADR model predicts significantly
shorter recovery times, a difference mainly attributed to the inclusion of transverse turbu-
lent diffusion, which enhances oxygen redistribution and accelerates system recovery.

From an applied standpoint, these findings highlight the importance of incorporating
turbulent diffusion and hydrodynamic heterogeneity when assessing river self-purification
capacity and designing water quality management strategies. Future work should focus
on model validation using field data from different river systems and on extending the
formulation to non-stationary flow conditions and variable hydrological regimes, in order
to improve its applicability to more complex and realistic environmental scenarios.

The model employed in this study is based on idealizations commonly used in the
water quality and transport phenomena literature, which allow for an analytical formulation
but introduce limitations when applied to natural systems. In particular, constant density
is assumed, implying that the effects of thermal stratification and variations caused by
dissolved solids are neglected. This assumption is reasonable for freshwater rivers under
moderately mixed conditions, but it may lead to deviations in systems characterized by
significant thermal or salinity gradients [59,84]. In addition, the degradation of organic
matter is represented by first-order kinetics, which constitutes an approximation that does
not always capture the heterogeneity of natural or residual organic matter [85]. Finally, the
channel geometry and flow are idealized as one-dimensional and steady-state, simplifying
the analysis but not fully reproducing the hydraulic complexity of natural rivers. Taken
together, these simplifications allow the model to be used as a first-approximation tool, and
its results should therefore be interpreted within the context of these limitations.
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The analysis was conducted under the assumptions of a regular channel geometry and
constant flow rate, which simplifies the modeling process but limits the applicability of the
results to real-world situations where these conditions may vary significantly. Furthermore,
the study did not consider unsteady flow conditions or variations in river bathymetry,
both of which can substantially influence contaminant dispersion and transport behavior.
Future research should incorporate models that account for temporally varying flow condi-
tions, as well as irregular bathymetry and spatially variable channel geometry, in order to
achieve a more realistic representation of contaminant transport processes and improve the
applicability of the results to complex and diverse natural riverine environments.
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Appendix A

Equations for Model Parameter Estimation.
Flow Velocity and Discharge

In the literature, various empirical equations are shown for calculating discharge; one
of these equations is the Chezy formula, used to calculate velocity and discharge in straight
channels without backwater effects or flow divergence or convergence [86].

The velocity is obtained by:

V=CvRxS

V: Mean flow velocity (m s7h);

C: Chezy coefficient (dimensionless, depends on roughness and channel conditions);
R: Hydraulic mean radius (m); A/P with A: flow area (m?); P: wetted perimeter (m);
S: Hydraulic slope of the channel (approximately the bed slope, dimensionless).

The discharge is obtained by:

Q=AxV=AXxXCVRxS

Q: Volumetric flow or discharge (m3s71).

Another equation for calculating velocity and discharge is Manning’s equation, which
predicts flow resistance in meandering channels considering geometric and hydraulic
parameters, Reynolds and Froude numbers, and bed slope and sinuosity [87].
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Velocity and discharge, respectively, are calculated by:

v — 1R2/361/2
n

1
—~A R2/3sl/2
Q L AX

V: Fluid velocity (m s7hy;

A: Flow area (m?);

R: Hydraulic mean radius (m); A/P with A: flow area (m?); P: wetted perimeter (m);

S: Hydraulic slope of the channel (dimensionless);

n: Manning roughness coefficient (s m~!/3), which depends on the characteristics of
the channel surface.

Another simple and practical alternative to obtaining the mean velocity in a river
through field measurements is the float method, in which the surface velocity is measured
with a floating object and adjusted with an empirical coefficient [88]:

Vin = 0.85 X Vauyp

Vsup: Mean velocity at the river surface.
An important equation to obtaining the maximum surface velocity in laminar regime
in rivers and channels is given by:

Vipax = kxV

V: Mean flow velocity in the channel or river (m s7hy;
Vinax: Maximum flow velocity in the channel or river (m s~ 1.
With k between 1.15 and 1.25 according to the W/ H ratio (empirical correction coeffi-
cient); and for turbulent regime, the Nikuradse equation is used, given by:
*
V(z) = uTln(kis) +B
U*: Shear velocity (m s~1).
k: Von Karman constant ~ 0.41.
ks : Absolute or Nikuradse roughness. Typical value for a natural channel = 0.003 m.
B: Empirical constant for a rough medium ~ 8.5.
At the surface z = H, the maximum velocity is obtained by:

*

u z «

u*=Vv./f/8

V: Mean velocity (m s7h);
f: Darcy-Weisbach friction factor.
For rough channels, Nikuradse proposes the calculation of the friction factor by:

1 ks
7~ Mso\p
H: Mean fluid depth (m).

Longitudinal Dispersion Coefficient
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Fischer equation [49]: The longitudinal dispersion coefficient is fundamental for model-
ing the transport of contaminants in lotic water bodies. For its estimation, various empirical
and analytical formulations have been developed. Among them, the Fischer equation
stands out, which uses a double integral based on the transverse and vertical velocity
distribution to determine this coefficient in channels and rivers [51,89].

Dy = ﬁjjr(vx(y,z) —U)%dA
A

Dy : Longitudinal dispersion coefficient (m s~1);

A: Cross-sectional area of the channel or river (m?);

U: Mean velocity in the longitudinal direction (m s~1);

Vy(y,z): Local velocity in the longitudinal direction (m s~ 1);

dA: Differential area element in the cross section (m?);

T: Lateral and vertical mixing time scale (controlled by transverse and vertical diffusion).
Before equation is equivalent to:

D) = ﬁjjf (Vx(y,z) —U)?dv

The integral in Equation (21) represents the contribution of the fluctuations of the
local velocity with respect to the mean velocity. These fluctuations generate additional
solute transport (dispersion) when interacting with lateral and vertical diffusion processes.
Fischer demonstrated that:

W: Half-width of the channel or river (m);

H: Depth of the channel or river (m);

Ey: Transverse dispersion coefficient (m2s71);

E.: Vertical dispersion coefficient (m? s~1).

For rivers and channels, Fischer simplified the integral into an empirical expression
that is frequently used in field applications:

U?WH
E,+E;

D; ~ 0.011

Dy : Longitudinal diffusion coefficient (m? s—1).

Deng et al. equation [47]: It simplifies Fischer’s triple integral and adapts it to the
geometric characteristics of the channel [90]. It derived a theoretical expression to calculate
D based on the shape of the transverse depth profile, the distribution of local velocities,
and the integration of Fischer’s triple integral, improved by an updated transverse mixing
coefficient; one of the final empirical forms proposed is the following;:

D = szBH(LI)

u*
Dr: Longitudinal dispersion coefficient (m? s~ 1);
U: Mean longitudinal velocity (m s
B: Effective channel width (m);
H: Mean depth (m);
U*: Shear velocity (m s7h);
«: Empirical constant derived from fitting with field data.
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Sahay and Dutta equation [91]: It considers channel sinuosity, improving accuracy in
sinuous rivers [91,92]; the corresponding equation is:

B8) (2]
UH H u+

Dy : Longitudinal dispersion coefficient (m? s~ 1);

U: Mean longitudinal velocity (m s~1);

B: Effective channel width (m);

H: Mean depth (m);

U*: Mean Depth (m s~ '), defined as U* = /7y/p; To: shear stress at the bed (N m~2)
and p the water density (kg m~3);

a,by c: Empirical coefficients determined by fitting with genetic algorithms from
field-measured data of the relationships given in Equation (25).

Many of the dispersion coefficients are expressed in terms of mean velocity, shear

2

velocity, channel width, and depth in m s~ 1 [93]; some of the reported values are:

McQuivey and Keefer [94]:

Q
Dy = 0. = F<0.
r = 0.058 x 3B <05
Fischer [45]:
uZBZ
D; = 0.011
L 0.0 X HU
Seo and Cheong [95]:
B 0.620 u 1.428
D; =5915x HU* | — —
L = 5915 x U<H> (U*)
Koussis and Rodriguez-Mirasol [96]:
u+*p?
D; =0.
L =0.6x T

Kashefipour and Falconer [97]:

D; =10.612 x HU( u )

u*

Kashefipour and Falconer [97]:

0.620 /7 0572
7.428+1.775<B> (U)

D; =
L H u

u
HU (u)
The units of the dispersion coefficient are as follows:
Dy : Longitudinal dispersion coefficient (m2s~1);
B: Channel width (m);
U: Mean flow velocity (m s7by;
U*: Shear velocity (m s’l),‘
H: Flow depth (m);
Q: Volumetric flow rate (m3 s~ 1);
S: Channel slope.

Longitudinal Dispersion Coefficient
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Seo and Cheong’s regression formula [46]:

Dy B —0.878
g = 915 % <H>

Deng et al.’s formula [47]:

Dr = 5u*H<§)n

where B and n are empirical fitting parameters (8 ~ 0.145, n = 0.62).
Jeon et al.’s equation: The normalized transverse dispersion coefficient is related to
several hydraulic and geometric parameters [98], through:

D 0.463 0.299
L —0.029 x (u) <W> 50733

UH u* H

The units of the above equations are the same as those indicated for the longitudinal
dispersion coefficient; that is:

Dr: Transverse diffusion coefficient (m? s~1);

U: Mean longitudinal flow velocity, (m s~1);

Syn: Channel sinuosity, defined as the ratio between the actual channel length following
all its curves and the straight-line length (dimensionless); the remaining terms retain the
same nomenclature;

U* = \/1/p: Shear velocity (m s~1);

To: Shear stress at the bed (N m—2);

H: Hydraulic depth (m);

B: Channel width (m).

Vertical Dispersion Coefficient

Fischer formula, based on field measurements:
Dy =B x U'H,

with B in the range 0.05 < 8 < 0.1.
Seo and Cheong formula:

DV:ﬁxU*DV:'ny*H

with v & 0.079.
Kinetic Constant

Ammonium from fertilizer, in the absence of bacteria, is chemically oxidized by
oxygen, in the presence of bacteria such as Nitrobacter vulgaris, Nitrobacter hamburgensis,
Nitrobacter winogradskyi, Nitrospira moscoviensis, etc., it degrades following the Michaelis—
Menten mechanism. In the case of Nitrobacter vulgaris, ammonium oxidation to nitrite has
values of Ky = 49 £11 uM NO, and Vi = 164 =9 uM NO, /mg protein h~1; this
and other data for constants related to other bacteria are reported in [99]; the effects of
temperature changes on oxidation rate are shown by [100].

In natural waters of rivers and lakes, Ryzhakov et al. determined first-order con-
stants for nitrification in the range of 0.01-0.1 day !, consistent with values obtained by
other methods [101]; in surface waters of the U.S., the kinetic constant varies between
0.02 y 0.09 day~!; laboratory values for ammonium nitrification with bacteria such as
Nitrosomonas typically fall within k 2 0.05 a 0.2 day ! at standard temperatures [102].
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Reaeration Constant

Long: Proposes the relationship known as the Texas equation, based on data collected

on streams in Texas [103]:
0.273

ka — 1923 X W

Isaacs and Gaudy: Equation developed using regression analysis of data collected in
a recirculating channel in a cylindrical tank; later correlated with Churchill’s field data,
obtaining new coefficients [104]:

u
kﬂ :475 X ﬁ

Cadwallader and McDonnell: Based on multivariate analysis of reaeration data from

Churchill and Owens [105]:

0.5
k, = 1855 x X5

0.06 < H <0.274;0.0305 < U < 0.213; 0.00004 < S < 0.00092;0.26 < k; < 8.5
Padden and Gloyna: Through regression and analysis of experimental data [106]:

0.703

ku = 4547 X W

where
ka: ko in (day_l);
U: Flow velocity (m s_l);
H: Flow depth (m);
S: Channel slope.
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