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Abstract

Blood is a multiphase fluid, constituted of a plasma phase and a red blood cell (RBC) phase.
Predicting the distribution of the RBC phase has applications in terms of medical device
design, and for the characterisation of the risk of thrombus formation where atherosclerosis
is present on coronary arteries. Computational fluid dynamics (CFD) can be used to
simulate the multiphase flow of blood, but is time-consuming and requires a high level
of technical expertise. This study evaluates the use of artificial neural networks (ANNs),
as an alternative to CFD, to predict RBC distribution as part of blood flow through a
coronary artery bifurcation model, both including and excluding stenosis. ANNs were
trained on a dataset of 80 simulations generated using steady-state multiphase CFD. The
initial data-driven ANNs encountered issues with overfitting and high errors in velocity
component predictions. A physics-informed neural network (PINN) was employed, using
a reduced order model (ROM), to enhance velocity component predictions, achieving
average percentage error (APE) within 8.5% of CFD. These improved predictions were
integrated into a hybrid model combining the PINN and the data-driven ANN to predict
RBC distribution more effectively. The hybrid model achieved APEs ranging from 0.04% to
0.05%. Moreover, the hybrid model’s predictions were 14 times faster than CFD transient
runs, demonstrating potential for translation into clinical use. In conclusion, a combined
ROM-PINN and data-driven approach enables fast high-accuracy predictions of flow for
multiphase fluids such as blood when compared to CFD.

Keywords: data-driven model; fluids; haematocrit; haemodynamics; two-phase; machine
learning

1. Introduction
Atherosclerosis, the development of fatty plaques within the artery wall, is associated

with regions of low wall shear stress [1], and is the leading cause of mortality worldwide,
contributing heavily to cardiovascular disease [2,3]. Coronary atherosclerosis is the primary
catalyst for plaque disruption with superimposed thrombosis, which is the main cause of
acute coronary syndromes such as myocardial infarction [4]. In detail, the left main coronary
artery has a bifurcation, with two ‘daughter’ arteries which are the left anterior descending
and left circumflex arteries. Typically, atherosclerosis occurs towards bifurcations [5], as
well as downstream from a region afflicted with stenosis [6] as caused by fatty deposits
during atherosclerosis.

Non-invasive techniques such as Doppler-based echocardiography enable assessment
of the coronary vasculature and micro-vasculature [7]. However, whilst good at imaging
transient flow, Doppler techniques are limited in their ability to visualise full flow fields.
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More comprehensive flow imaging is feasible via 4D flow magnetic resonance imaging
(MRI), enabling patient-specific analysis; however, 4D-MRI is not readily available, and
scans are time-consuming and costly [8]. Other techniques can be used to evaluate blood-
flow patterns, but all with limitations. For example, a pulmonary artery catheter can be
used, but this is invasive and lacks specificity [9]. It poses risks such as catheter-related
sepsis without offering a comprehensive view of blood flow [10]. Lab-based techniques,
such as Particle Image Velocimetry, can also be employed [11], but timeliness for clinical
assessment is limited. A non-invasive alternative is the use of computational fluid dynamics
(CFD) which enables a comprehensive haemodynamic assessment [12,13]. It is currently the
only method by which to predict haematocrit distribution when analysing blood flow [14];
briefly, this is how red blood cells (RBCs) are distributed in blood within the cardiovascular
structures and has implications for thrombus formation.

CFD modelling of blood is complex because of blood’s constitutive make-up. Blood is
a multiphase fluid primarily constituted of plasma and formed cells. Plasma behaves as
a Newtonian fluid, it is composed of 90% water with the rest being proteins and solutes.
Red blood cells (RBCs) represent over 99% of cellular volume fraction [15]. Haematocrit
is defined as RBC volume concentration, which for healthy males is reported to range
between 41 and 50% and for healthy females between 36 and 44% [16,17]. Studies of animal
models of human blood typically use inclusion criteria such as systemic haematocrit of at
least 45% to enable human blood viscosity to be appropriately mimicked [18].

CFD can be used to predict regions at risk of thrombus formation [14,19]. For instance,
regions where RBCs are exposed to low shear are at increased risk of thrombus formation.
RBCs also influence platelet movement [19]. During arterial thrombosis, elevated haema-
tocrit enhances platelet accumulation at the site of vessel injury [20]. Haematocrit is an
important index of blood rheology and a major determinant of blood viscosity [21]. RBC
count contributes to enhanced thrombin generation, with thrombin concentration directly
proportional to haematocrit, thrombin being an enzyme which catalyses blood coagulation,
and central to plaque build-up [22].

CFD is underutilised in clinical settings, likely due to constraints including time and
expertise. Machine learning, notably artificial neural networks (ANNs), offers a solution by
enabling data-driven predictions without explicit mathematical models [23,24]. There is
potential for machine learning to accelerate the rate of high-fidelity CFD simulations, with
accuracy comparable to that of classical models [23]. Data-driven models are commonly
used in scientific applications, but they demand extensive datasets across the entire domain
of conditions. This demand poses challenges for simulations such as that of a bifurcated
coronary artery where the dataset is sparse.

Physics-informed neural networks (PINNs) offer an alternative to data-driven learn-
ing, as they use theoretical knowledge to achieve robust and accurate models even if
the available data are sparse. PINNs employ shallow or deep ANN architectures and
automatic differentiation [25] to solve partial differential equations and have broad applica-
tions, including to fluids, such as the approximation of the incompressible Navier–Stokes
equations [26]. PINNs force the ANN convergence to adhere to underlying physics by
incorporating the relevant physical equations governing the problem into the loss function.

The fast recall times of trained ANNs enable architectures such as PINNs to achieve a
significant reduction in the times required for the solution of complex CFD models [27].
This can be enhanced by using a reduced dimensionality of governing equations [28]. Such
an approach has been applied successfully to parametric systems [29] and turbulence [30].
When combined with a data-driven approach, a reduced order model (ROM) does not
need to incorporate full governing equations, again enabling faster solution times [24].
PINNs have recently been trialled for two-phase flow [31] with model errors not exceeding
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2.8%, evidencing the ability of PINNs to model multiphase systems with high accuracy in
thermo-fluid applications.

The aim of this study is to evaluate the efficacy and accuracy of ANNs, and PINNs,
for machine learning of the multiphase flow of blood constituents, as an alternative to CFD.
Specifically, a sparse dataset will be created, and used to train a pure data-driven ANN,
and separately a PINN approach will be combined with this data-driven approach. A ROM
is used to constrain the PINN. Blood-flow predictions will be made through the left main
coronary artery (LMCA) bifurcating into the left anterior descending (LAD) and the left
circumflex (LCx), including for stenosed arteries. CFD will be used to generate blood-flow
data for training and testing the proposed ANNs, where the CFD results are validated
against data from the available literature.

2. Methods
This section presents the methodology for the numerical modelling and the machine

learning models implemented.

2.1. Data Generation

The first task was to generate from CFD simulations a set of blood-flow data for the
machine learning algorithms. CFD models were solved in three dimensions (3D).

2.1.1. Geometry

A bifurcated coronary artery geometry was approximated (Figures 1 and 2) using an
LMCA diameter of 4.86 ± 0.8 mm, LAD diameter of 3.4 ± 0.4 mm, and LCx diameter of
2.4 ± 0.45 mm [32–34]. The LMCA length was estimated as 9.1 ± 3.0 mm, whilst LAD and
LCx lengths ranged between 50 and 150 mm. A bifurcation angle in the range of 53◦–110◦

with a mean angle of 80◦ ± 10◦ (men) and 75◦ ± 10◦ (women) was used [35–37].

Figure 1. “(A)—Porcine ex vivo heart segment, with coronary geometry marked in red. (B) Coronary
artery bifurcation geometry including domain extensions shown in blue (LAD, left anterior descend-
ing artery; LCx, left circumflex artery; LM, left main coronary artery).” This text and figure have
been reproduced from Reference [19], which is distributed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/ (accessed on
10 May 2026)), which permits unrestricted use, distribution, and reproduction in any medium. Note:
In the remainder of the manuscript, the left main coronary artery is referred to as LMCA.

https://doi.org/10.3390/fluids11050118

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/fluids11050118


Fluids 2026, 11, 118 4 of 25

Figure 2. Coronary artery modelling. (A) Healthy coronary artery replicated in ANSYS. (B) Stenosed
coronary artery replicated in ANSYS. (C) Velocity waveform for coronary artery [30]. LMCA refers
to left main coronary artery; LAD to the left anterior descending artery; and LCX to the left circum-
flex artery.

Atherosclerosis was mimicked by occluding the main vessel diameter, with a clinically
significant 50% continuous stenosis used for both the LAD and LCx, post-bifurcation [38,39].
A stenosis equation (Equation (1)) [40] was been employed, where Dmin is the diameter at
the stenosis point and Dhealthy is the diameter of the artery without stenosis.

Stenosis (%) =
Dhealthy − Dmin

Dhealthy
× 100 (1)

A custom Python script was used to automate the generation of the bifurcation models
(Supplementary File S1). A dataset of 80 distinct geometries was generated and imported
into SpaceClaim (ANSYS 2024R1, ANSYS Inc., Canonsburg, PA, USA). The full range of
models generated is outlined in Table 1.

Table 1. Geometry variations used for dataset. Where a range is provided, increments were in steps
of 0.1 for diameters, and 1◦ for angles.

Geometry Bifurcation
Angle (◦) Stenosis

Inlet
Diameter

(mm)

Outlet 1
Diameter

(mm)

Outlet 2
Diameter

(mm)

1–24 66.5–89.5 0% 4.5 3.5 2.5
25–48 66.5–89.5 50% 4.5 3.5 2.5
49–64 77.5 0% 3.5–5 2.5–4 2.5
65–80 77.5 50% 3.5–5 2.5–4 2.5

2.1.2. Boundary Conditions

Both steady-state and transient simulations were modelled. Under steady-state con-
ditions, inlet velocity was fixed at 0.18 ms−1, representing peak velocity throughout the
cardiac cycle [14]. Steady-state models focused on the maximum wall shear stresses (WSS)
with the most developed flow patterns. The outlet condition was set to a systolic constant
gauge pressure of 15,998.7 Pa or 120 mmHg [14,41]. Arteries were assumed to be rigid,
with a no-slip boundary condition applied at the walls.

In transient simulations, a physiological artery waveform (Figure 2C) was processed
using a fast Fourier transform to generate an equation to represent the cardiac cycle (Matlab
2024a, The MathWorks Inc., Natick, MA, USA). This equation was integrated into ANSYS
via a user-defined function (Supplementary File S2) to define the inlet velocity at each
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time-step [19]. Transient simulations used a time-step of 0.001 s, with a maximum of
200 iterations per time-step over a total simulation time of 2.4 s (3 cardiac cycles for
transient ‘independency’).

2.1.3. Material Properties

A multiphase Newtonian model was used to simulate blood as plasma and RBCs.
The phases were set to be Newtonian, where viscosity is constant at 1.2 mPa·s for plasma
and 6.31 mPa·s for the RBCs [14,19,42]. The Eulerian–Eulerian model with a laminar flow
regime was used in ANSYS Fluent, and the volume fraction (VF) was set to 0.45, with the
RBCs having a virtual mass coefficient of 0.5 and a diameter of 8 µm [43,44]. The plasma
and RBC densities were 1003 kg·m−3 and 1096 kg·m−3, respectively. The RBC viscosity was
calculated using Equation (2), where the whole blood viscosity was set as 3.5 mPa·s [45].

µrbc =
µWholeblood − (1 − VFrbc)µplasma

VFrbc
(2)

2.1.4. Meshing and Model Solution

Mesh independency was established for a tetrahedral mesh by analysing flow variables
for mean velocity and peak velocity in terms of their asymptotic behaviour with increased
mesh size (Figure 3). The relative errors for the mesh size employed were below 5%
as compared to the finest mesh evaluated. Further, meshing employed target values of
maximum skewness <0.95 and an average skewness <0.3 with orthogonality ≥0.1, and an
average aspect ratio <5 (Table 2). All simulations were solved using ANSYS Fluent (v24.1,
ANSYS Inc., Canonsburg, PA, USA).

Figure 3. Meshing. (A) Mesh convergence analysis across 6 mesh sizes, where orange refers to peak
outlet velocity and blue to mean velocity. (B) Meshed geometry for stenosed model.

Table 2. Mesh quality evaluation, where Avg. refers to mean average, and Max. to maximum.

Elements Average
Skewness

Maximum
Skewness

ANSYS
Maximum
Skewness

Average
Orthogonality

Minimum
Orthogonality

ANSYS
Minimum

Orthogonality

Avg.
Aspect
Ratio

Max.
Aspect
Ratio

Max.
Avg.

ANSYS
Ratio

109,960 0.21059 0.76709 0.95 0.78821 0.23291 0.1 1.8071 7.903 5
208,527 0.20946 0.79881 0.95 0.78928 0.20119 0.1 1.8074 8.377 5
498,321 0.2097 0.79978 0.95 0.78909 0.20022 0.1 1.8072 8.7818 5
784,908 0.22128 0.79951 0.95 0.77733 0.20049 0.1 1.8346 9.6467 5
979,527 0.21409 0.79671 0.95 0.78459 0.20329 0.1 1.8182 8.5087 5
1,043,659 0.21282 0.7958 0.95 0.78588 0.2042 0.1 1.815 8.751 5
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A semi-implicit method for pressure-linked equations was employed for the Eulerian–
Eulerian mixture model. Equation (3) is the continuity equation and Equation (4) is the
momentum equation, governing the flow for both phases, plasma (P) and RBC, where u is
velocity (velocity components are given by u, v and w), p is pressure, ρ is density, α is VF, τ

is the stress–strain tensor, KRBCP is the interface momentum exchange coefficient and Fext

are the external forces.

∂

∂t
(αRBCρRBC) +∇·(αRBCρRBCuRBC) = 0 (3)

∂
∂t (αRBCρRBC) +∇·(αRBCρRBCuRBC) = −αRBC∇p +∇·τRBC + ∑2

RBC,P=1 KRBCP
(
up − uRBC

)
+ Fext (4)

All simulations were conducted on an Intel i7 13900K with 16 core processors and
32 GB DDR5 RAM. Wall-clock simulation times of both transient and steady-state sim-
ulations were recorded (Table 3). An outline of the model solver set-up is provided in
Supplementary File S3.

Table 3. Wall-clock simulation time for transient and steady-state runs.

Simulation
Type Time-Step (s)

Minimum
Time

(Hours)

Maximum
Time

(Hours)

Average Time
(Hours)

Transient 0.001 68.22 76.35 70.3
Steady-State N/A 0.63 1.2 0.8

The steady-state model was employed as the database for machine learning. For each
simulation, 60 parameters were exported via a CSV file, including spatial coordinates,
WSS per phase, as well as u and v per phase, and VF. CFD validation compared model
predictions against existing literature. WSS was compared to CFD studies, whilst velocities
were sourced from imaging studies.

2.2. Machine Learning

Table 4 outlines the ANNs trained, the number of geometries that were used for
training them, and the number of previously unseen geometries that were used to test them.

Table 4. Neural network models and total predictions made.

Model
Number of
Geometries
Trained on

Predictions Made
from Each Model

Number of
Geometries
Predicted

Data-Driven ANN 80 u, v, VF 40
PINNs 5 u, v 5

PINNs into
Data-Driven ANN 80 VF 20

Two ANNs were examined to accurately predict haematocrit with limited data. The
first was a standard data-driven ANN which predicted haematocrit and velocity compo-
nents, serving as a control. The second used a PINN model to predict velocity components,
which were fed back into the data-driven ANN (Figure 4). The PINN model was used
to predict flow components as these were bounded by governing equations, whereas
haematocrit does not explicitly have a governing equation and, hence, is not amenable to
estimation using PINNs [46].
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Figure 4. Data-driven and physics-informed data-driven neural network architecture.

The PINN model used for this study (Figure 5) was based on two models and ar-
chitectures from the literature [12,47]. In its original implementation it provided high
accuracy for 2D predictions of velocity, but it has been modified to improve its time effi-
ciency and compatibility with the training dataset. The modifications included the removal
of the second-order differential terms from the loss function, and the use of one unique
ANN to provide the u, v, and p predictions, instead of using three ANNs to predict them
separately. This reduction in the number of ANNs used allowed for a reduction in compu-
tational overheads and hence solution times. Other modifications included removing the
reliance on a VTK mesh and allowing nodes to be fed in from an Excel spreadsheet (CSV).
Hyperparameters such as learning rate and patience were experimentally fine-tuned.

Figure 5. Physics-informed neural network architecture.
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2.2.1. Pre-Processing Data and Training Data

Predicting VF is a regression problem, where the outputs range in the interval [0, 1],
indicating dominance of phase 2 (RBCs) or phase 1 (plasma). To account for model variation,
wall distance was also used to inform the model about the positioning of the node relative to
the geometry and boundary conditions. Two wall distances were provided to detect geometric
constrictions such as stenosis (Figure 6).

Figure 6. Calculating wall distance.

Each 2D slice of the 3D geometry contained approximately 25,000 nodes, which were
exported into a CSV file and extracted into the ANN models. All data was normalised
using a scaling function (between minimum and maximum values) to a range between
0 and 1, for data driven models; this approach is purported to prevent overfitting and
improve gradient stability [48].

2.2.2. Data-Driven ANN

A feedforward Multilayer Perceptron (MLP) dense ANN architecture was used for
predicting VF (Figure 4). This architecture was selected for the data-driven ANN because of
its universal approximator ability [49]. Preliminary tests found a configuration of 10 layers
with 32 neurons each to yield the most repeatable predictions (Table 5).

Table 5. Data-driven neural network set-up. Note: The learning rate was experimentally tuned based
on performance for each specific dataset.

Input Model
Architecture Output Loss

Function Generalisation

Spatial coordinates (x, y)
Angle of bifurcation (θ)

Diameter of the inlet and
outlet 1 (Figure 2) (øI, øo)

Wall distances (Wd1, Wd2)
Stenosis (S)

10 layers of 32
neurons utilising the

ReLU activation
function, ran for

10,000 epochs and
batch size 128 with an
early stop of patience
150. Trained using the

Adam optimiser.

Volume fraction
(VF)

Velocity in x direction
(u)

Velocity in y direction
(v)

Mean
squared

error (MSE)
loss

Drop-out layers
added for each layer.
A 0.1 rate (i.e., 10%

drop-out) for the first
5 layers and 0.2 (i.e.,

20% drop-out) for last
5 layers.

Batch normalisation
applied between each

layer

Given the non-trivial depth of the architecture, a Rectified Linear Unit (ReLU) was
applied to mitigate the vanishing gradient problem during back propagation [50]. The
output was set to predict the VF at each node. The velocity components (u, v) were obtained
via data-driven ANNs using a sparse and varied dataset.
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The mean squared error (MSE) loss function was used in the training phase to estimate
how well the predictions matched the ground truth from the CFD data. This measure is
commonly used for regression tasks and is defined as follows:

MSE =
1
n∑n

i=1|yi − ŷi|2 (5)

where yi is the ground truth value, ŷi is the ANN prediction, and n is number of data points
predicted (Figure 6). To improve the generalisation ability of the ANN, drop-out layers and
batch normalisation were used. Drop-out layers randomly deactivate neurons and force
the network to undertake learning which is more robust and generalisable.

2.2.3. Physics-Informed Neural Network

The loss function for the PINN used was enforced using the governing equations for
fluid flow. The continuity component of the Navier–Stokes equation was added as a term to
the loss function of Equation (6), a standard approach to using PINNs. The Navier–Stokes
equations did not include the time (t) and gravity (gx) terms or the third spatial component
(w) as the term for the loss function uses a two-dimensional equation set. A ROM was used
which excluded the second-order differential terms (Equation (6)), as it predicts u and v
more efficiently; the approach used followed the methodology presented by Fox et al. [24].

LossP1 = ∑m
i=1

∣∣∣∣∂ui
∂x

+
∂vi
∂y

∣∣∣∣ (6)

LossP2 = ∑m
i=1

∣∣∣∣ui
∂ui
∂x

+ vi
∂ui
∂y

+
1
ρ

∂pi
∂x

∣∣∣∣ (7)

LossP3 = ∑m
i=1

∣∣∣∣ui
∂vi
∂x

+ vi
∂vi
∂y

+
1
ρ

∂pi
∂y

∣∣∣∣ (8)

LossBoundary = ∑m
i=1

∣∣∣ul − uboundary,i

∣∣∣2 (9)

LossCFD−Data =
1
n∑n

i=1|ul − uCFD,i|2 (10)

where u and v represent velocity components in the x and y directions respectively, p repre-
sents pressure, and µ represents dynamic viscosity. Equation (6) represents a loss term for
the conservation of mass for incompressible flow, i.e., the continuity equation. The x and y
components for the conservation of momentum are simplified into Equations (7) and (8),
i.e., a loss term for the Euler momentum for fluid flow along x- and y-axes, respectively.
Hence, these are the terms used to estimate the loss function in the physics-informed
equations. These loss terms are used to determine the error when using the ANN to predict
values for the variables u, v, and p. In brief, Equations (6)–(8) describe the partial differential
equation (PDE) loss. Equation (9), instead, is used to enforce the boundary conditions by
measuring the error on the predicted boundary velocity values. Equation (10) has the form
of Equation (5), but is specific to the velocity vector; here, it defines the error on the sparse
data points that are fed into the PINN model to guide it to a solution during the training
stage of the ANN. An assumption of this approach is that inlet conditions may not be fully
defined, or known [12]. Note that the data loss is calculated on the input–output sparse
data pairs, whilst the physics-informed losses are calculated using user-specified samples
from across the entire input domain. The total loss is then

Losstotal = LossP1 + LossP2 + LossP3 + LossBoundary + LossCFD−Data (11)
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The ANN learning algorithm will drive all the components in Equation (11) to zero,
forcing the PINN to comply with both the CFD data and the physics-informed knowledge.
The components of the loss function have been given equal weight in this study, as shown
in Equation (11), which combines all the loss function terms from Equations (6)–(10). This
strategy applies an equal importance in the training of the PINN across the data loss, the
continuity equation, the Euler equations, and, critically, the loss term at the boundary.
The latter would otherwise be underweighted given that there is a class imbalance as
measured by the volume of fluid at the boundary and otherwise. Hence, this approach
avoids underestimating a disproportionate error at the boundary, and thereby allows for
the formation of a boundary layer appropriate for the fluid’s viscosity being approximated.

A sigmoid activation function was used for its well-defined bounds between 0 and 1
which is ideal for predicting the u and v values correctly, especially near the wall where
near-zero values might elude convergence. This function ‘squashes’ extreme, small or large,
values towards the values of 0 and 1, respectively. In brief, this sigmoid activation function
is applied to all layers of the PINN, and serves as an alternative to the ReLU activation
commonly used in MLPs; however, unlike ReLU, whose second derivative is zero almost
everywhere, the sigmoid activation function is smooth and retains non-zero higher-order
derivatives, enabling the sigmoid function to better approximate PDEs. The PINN set-up is
summarised in Table 6.

Table 6. Physics-informed neural network set-up.

Input Model
Architecture Output Loss Function

Spatial coordinates
(x, y)

12 layers of 128
neurons utilising

the sigmoid
activation function,
ran for 2500 epochs
with batch size 256.

The Adam
optimiser was used

for training all
ANNs. The initial
learning rate was

10−3, reducing
during later epochs

based on the loss
function

performance [24].

Velocity along x
direction (u)

Velocity along y
direction (v)

Partial Differential
Equation Loss—
Navier–Stokes

equations
Boundary
Condition

Loss—Input the
wall boundaries by
explicitly defining

the x and y
coordinates where

the u and v
velocities are zero
CFD Sparse Data

Point Loss—5 data
points from the test
data that allow the

PINN model to
converge better

2.2.4. PINN into Data-Driven ANN

Predictions made by the PINN model for u and v (Table 6) for the test geometry were
fed into a data-driven ANN (Table 5) to make predictions on VF (Figure 4). This aids
the data-driven ANN to make more accurate VF predictions. This is because velocity
components have correlations with VF that are not explicitly defined but can be captured
by the ANN to improve predictions.
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3. Results
3.1. CFD Validation

Table 7 compares CFD data with the highest geometric variability, encompassing
varying bifurcation angles. This data was cross-referenced with eight studies to validate
key parameters such as mean and maximum WSS and velocity in both normal and stenosed
arteries [51–58].

Table 7. CFD validation against studies from literature. For generated data, the file name uses a
format of ‘Axx.xSxxIx.xOx.x’, whereby the angle of bifurcation is given by A (followed by the angle,
as measured in ◦), stenosis is denoted by S, the inlet diameter is noted as I (followed by the diameter,
as measured in mm) and outlet diameter as O (followed by the diameter, as measured in mm).

Source Method Stenosis
Mean

Velocity
(ms−1)

Max
Velocity
(ms−1)

Mean WSS
(Pa)

Max WSS
(Pa)

Generated
Data

A69.5S0I4.5O3.0
CFD Normal 0.220 0.501 1.86 7.87

Generated
Data

A82.5S0I4.5O3.0
CFD Normal 0.217 0.499 1.88 7.04

Generated
Data

A69.5S50I4.5O3.0
CFD Stenosed 0.251 0.823 2.179 16.60

Generated
Data

A82.5S50I4.5O3.0
CFD Stenosed 0.244 0.811 2.18 16.71

Study [53]

CFD
Clinical

Literature-
Based

Normal - - 0.75–2.25 5.82–7.04

Study [54] CFD Normal - - 1–7 <7
Study [55] CFD-MRI Normal - - 1.26–2.69 <2.7
Study [56] CFD Stenosed - - 1.0–2.5 10–42
Study [57] CFD Stenosed - - <2.5 5.2–30.3

Study [58] FFR & FD-
OCT Stenosed 0.223 ± 0.023 -

Study [52] Doppler Stenosed - 0.9 ± 0.32 - -

Study [51] Doppler Normal and
Stenosed 0.32 ± 0.17 0.89 - -

Study [51] Doppler Normal 0.27 ± 0.16 0.43 - -
Study [51] Doppler Stenosed 0.33 ± 0.20 0.53 - -

For normal arteries, the mean velocity of the generated data ranged from 0.217 to 0.220 ms−1,
aligning with Doppler measurements (0.15–0.49 ms−1). The maximum velocity predicted
(~0.5 ms−1) was within the range reported in the literature, ranging from 0.43 ms−1 [51] up
to 0.89 ms−1 [52]. In stenosed arteries, both mean and peak velocities increased, nearly doubling
for peak velocity. The mean velocity increased by approximately 15%, compared to a 22% increase
reported in the literature [51]. The maximum velocity (~0.8 ms−1) predicted was to within 11% of
Doppler measurements available in the literature [51].

The maximum WSS predicted for stenosed arteries (16.7 Pa) also fell within the range
of these studies from the literature (5.2–42 Pa) [54–57]. Normal arteries exhibited maximum
WSS values exceeding 7 Pa, consistent with the generated data. The mean WSS for normal
arteries was 1.9 Pa, showing a 17% increase from normal to stenosed conditions. Overall,
CFD studies indicated a 28% increase in mean WSS between stenosed and normal arteries.

Regions of high WSS (12–16 Pa) were located at the stenosis ‘throat’ and low WSS
regions (<1 Pa) immediately after (Figure 7). Peak WSS (7–8 Pa) at the split of bifurcation
was predicted to be 7–8 Pa, with a reduced WSS after the artery begins to split (<1 Pa;
Figure 7). In a stenosed model, maximum velocity (0.8 ms−1) was measured at the stenosis,
dropping to zero near the wall after, with lower peak velocity predicted for the healthy
artery (0.5 ms−1).
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Figure 7. CFD predictions for flow through a coronary artery bifurcation. For a stenosed artery,
evaluating: (A) WSS for geometry A69.5S50I4.5O3.0, (B) WSS for geometry A82.5S50I4.5O3.0, and
(C) velocity for geometry A69.5S50I4.5O3.0. For an otherwise ‘healthy’ artery, evaluating: (D) WSS
for geometry A69.5S0I4.5O3.0, (E) WSS for geometry A82.5S0I4.5O3.0, and (F) velocity for geometry
A69.5S0I4.5O3.0.

3.2. ANN Flow Predictions

The ANN results are presented for a select few models consisting of the ‘worst’ and
‘best’ predictions for the data-driven approach, and data-driven and PINN approach. Forty
data-driven ANN predictions were made, to give a broad range of results, and initially
intended to identify some with ‘greater’ accuracy. However, it was only necessary to
solve 20 data-driven and PINN models as even for extreme cases, model predictions of
flow outputs were to within 8.5% of CFD predictions. VF is the key output prediction for
two-phase flow presented. Both the average percentage error (APE; Equation (12)) and
MSE (Equation (5)) have been evaluated.

APE =
1
n∑n

i=1

∣∣∣∣yi − ŷi
yi

∣∣∣∣× 100 (12)

PINNs are useful for resolving problems with unknown geometry as they do not rely
on data to resolve a problem, instead relying on a custom loss function which for fluid flow
analysis can be designed to satisfy the Navier strokes equation [12,47], therefore mimicking
a CFD solver. Five PINN ‘only’ models were initially solved and evaluated, to validate
the flow output velocity (u, v), used for the data-driven and PINN model, against CFD
predictions ahead of its implementation into a data-driven ANN.
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3.2.1. Data-Driven ANN

Data-driven ANN predictions of flow included transverse flow predictions with errors
ranging from 51% to 72% for ‘best’ and ‘worst’ models (Table 8), respectively, amongst
the 40 models solved. Data-driven predictions for u velocity exhibited a clear shift in flow
(Figure 8). This can be observed at the centre of the left main coronary artery (i.e., the
‘parent’ artery); the peak velocity approximately at the central radial position of the left
circumflex artery shifts towards the wall of this artery in the data-driven ANN model.
There was also difficulty in predicting the flow at the boundary of walls, with the velocity
for u at the wall not approaching zero (Figure 8), noticeable in both branching arteries,
where errors remain high.

Table 8. Data-driven ANN prediction of velocity for two of the 40 geometries solved. The † ‘best’
and ‡ ‘worst’ predictions are reported. Mean squared error: MSE; average percentage error: APE;
u: velocity along the x-axis as shown in figures; v: velocity along the y-axis as shown in figures; VF:
volume fraction.

Geometry u MSE (m/s) v MSE
(m/s) VF MSE u APE

(%)
v APE

(%)
VF APE

(%)

‡ A70.5S50I4.5O3.0 0.0143 0.00846 0.00436 71.84 47.33 12.01
† A77.5S50I4.0O3.0 0.0103 0.00734 0.00680 51.12 35.30 15.23

Figure 8. CFD and data-driven ANN u velocity predictions for geometry A72.5S0I4.5O3.0. (A) CFD u
velocity heat map. (B) ANN prediction u velocity heat map. (C) Error plot for u velocity prediction
by data-driven ANN.

Data-driven ANN predictions of streamwise flow included APEs ranging from 35% to
47% for ‘best’ and ‘worst’ models, respectively (Table 8). Streamwise flow predictions were
better than predictions for transverse flow, with peak flow predicted through the centre
of the left main coronary artery and left anterior descending coronary artery (Figure 9).
However, the velocity for v still had noticeable errors when predicting flow at the wall of
arteries, which can be observed in particular for the left circumflex artery.
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Figure 9. CFD and data-driven ANN v velocity predictions for geometry A72.5S0I4.5O3.0. (A) CFD v
velocity heat map. (B) ANN prediction v velocity heat map. (C) Error plot for v velocity prediction by
data-driven ANN.

The data-driven ANN predictions of VF included APEs not exceeding 15% (Table 8), with
predictions ranging from 12 to 15% across the 40 models solved. This range of %-error was
lower than the %-error when predicting u and v, but it appears to be due to a combination of
two different errors. Firstly, the difference in the absolute value predicted was lower than for
CFD models (Figure 10). Secondly, the VF distribution did not match the CFD prediction along
wall boundaries (Figure 10), which are regions where predictions of velocity (u, v) are poor.

Figure 10. CFD and data-driven ANN VF predictions for geometry A72.5S0I4.5O3.0. (A) CFD VF
velocity heat map. (B) ANN prediction VF velocity heat map. (C) Error plot for VF velocity prediction
by data-driven ANN.
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For models where stenosis was included, the data-driven ANN predictions for the
stenosed models broadly matched the trends observed for otherwise ‘healthy’ bifurcation
models. There were difficulties in predicting central flow through the left circumflex and
left descending arteries, and peak %-errors occurring at the walls of the left circumflex
coronary artery for u and v (Figure 11). There was also flow separation through the centre
of the flow of the left main coronary artery. Predictions of VF remained within a range of
12–15% error as compared to the CFD model (Figure 12).

Figure 11. Error plots (%) for velocity predictions by the data-driven ANN, for the stenosed geometry
A80.5S50I4.5O3.0. (A) u error. (B) v error.

Figure 12. CFD and data-driven ANN VF predictions for the stenosed geometry A80.5S50I4.5O3.0.
(A) CFD VF velocity heat map. (B) ANN prediction VF velocity heat map. (C) Error plot for VF
velocity prediction by data-driven ANN.

3.2.2. Physics-Informed Neural Network and Data-Driven ANN

Five coronary artery bifurcation geometries, with stenosis, were evaluated using a
PINN model. Predictions for u and v across these models led to errors ranging between 6
and 8.5% across the five models (Table 9). For transverse flow, the highest error was located
at the stenosis ‘throat’ of the left circumflex artery, where flow patterns transition from the
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left main descending artery to the bifurcation and then undergo a venturi effect within the
narrower left circumflex artery (Figure 13). The patterns of flow matched those from the
CFD simulations, with peak values for u of around 0.5 m/s.

Table 9. PINN prediction of velocity for two of the five geometries solved. The † ‘best’ and ‡ ‘worst’
predictions are reported. Mean squared error: MSE; average percentage error: APE; u—velocity along
the x-axis as shown in figures; v—velocity along the y-axis as shown in figures.

Geometry u MSE (m/s) v MSE (m/s) u APE (%) v APE (%)

‡ A69.5S0I4.5O3.0 4.04 × 10−3 1.92 × 10−3 8.51 6.98
† A77.5S50I3.9O2.9 3.93 × 10−3 1.86 × 10−3 6.12 5.63

Figure 13. CFD and PINN u velocity predictions for the stenosed geometry A77.5S50I3.9O2.9. (A) CFD
u velocity heat map. (B) PINN prediction u velocity heat map. (C) Error plot for u velocity prediction
using PINNs.

Streamwise flow patterns predicted using the PINN model were representative of
the CFD results. Peak values for v were around 0.7 m/s for both the CFD and PINN
models (Figure 14). Regions with highest errors were around the stenosis regions of both
left circumflex and left anterior descending arteries (Figure 14), consistent with regions of
highest error for transverse flow. Errors for streamwise flow were lower than for transverse
flow, with APE for v ranging from 5.63 to 6.98% (Table 9) across the five models solved
purely using a PINN.
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Figure 14. CFD and PINN v velocity predictions for the stenosed geometry A77.5S50I3.9O2.9. (A) CFD
v velocity heat map. (B) PINN prediction v velocity heat map. (C) Error plot for v velocity prediction
using PINNs.

Using the PINN outputs for u and v as an input into a data-driven ANN led to excellent
predictions for VF by the data-driven ANN across the 20 models solved. The APE for
VF ranged from 0.04% to 0.05%, for ‘best’ and ‘worst’ predictions, respectively (Table 10).
Predictions for VF, using the PINN–data-driven ANN combination, closely matched the
CFD predictions for stenosed arteries including VF distribution through flow toward the
centre of the arteries and at the walls of the arteries (Figures 15 and 16).

Table 10. Data-driven and PINN prediction of volume fraction (VF) for three of the 20 geometries
solved. The † ‘best’ and ‡ ‘worst’ predictions are reported. Mean squared error: MSE; average
percentage error: APE.

Geometry MSE APE (%)

‡ A77.5S50I4.0O3.0 1.108 × 10−6 0.0542
† A68.5S50I4.5O3.0 4.097 × 10−7 0.0415

 

Figure 15. CFD and data-driven + ROM-PINN prediction of VF, for stenosed geometry
A77.5S50I4.0O3.0, the ‘worst’-performing prediction. (A) CFD VF heat map. (B) Data-driven +
ROM-PINN predicted VF heat map. (C) Error plot for VF prediction using data-driven + ROM-PINN.
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Figure 16. CFD and data-driven + ROM-PINN prediction of VF, for stenosed geometry
A82.5S50I4.5O3.0, the ‘best’-performing prediction. (A) CFD VF heat map. (B) Data-driven + ROM-
PINN predicted VF heat map. (C) Error plot for VF prediction using data-driven + ROM-PINN.

3.3. Solution Times

On average, data-driven ANN models took less than an hour to solve (0.78 h; Table 11).

Table 11. Runtime analysis calculated from 3 runs of each model.

Simulation Type Minimum Time
(Hours)

Maximum Time
(Hours)

Average Time
(Hours)

CFD: Transient 68.22 76.35 70.3
CFD: Steady-State 0.63 1.20 0.8

Data-Driven Model 0.4167 1.45 0.783
PINNs 3.9667 5.09 4.35

Data-Driven and
PINNs

Hybrid Model
4.482 5.51 4.85

The use of PINNs led to solution times, on average, of 4.4 h (PINN) and 4.9 h (PINN
+ data-driven ANN). These solution times compare to a CFD steady-state solution time of
0.8 h. However, steady-state models for blood flow do not predict peak flow conditions; this
requires a transient CFD simulation. For comparison, transient CFD runs took 90× longer than
steady-state CFD simulations, and 14× longer than a hybrid data-driven ANN + PINN model
(Table 11).

4. Discussion
The major finding of this study is the ability to leverage PINNs on a multiphase

problem to provide highly accurate results for VF, to within <<1% of CFD predictions. The
ROM-PINN model achieves velocity predictions which are in the range of 5–8.5% of CFD
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predictions, noting that the CFD results for the 80 models used to train the ANNs, including
healthy and stenosed arteries, fell in the expected range from the literature [53,54,56,57]
including clinical studies [51,52,58]. This level of accuracy in PINNs, when used as an input
for u and v velocity components into a data-driven ANN, is key in enabling the highly
accurate prediction of the two phases of flow of blood within a left coronary artery model.

Pure data-driven models face challenges in velocity predictions due to only using
geometric inputs and data scarcity; although this only results in errors for predicting VF
in the 12–15% range, the profile of haematocrit distribution is poor, particularly around
the boundaries of artery walls. Indeed, twice as many purely data-driven models were
solved than those incorporating PINNs. This approach was necessary to identify some
better performing models. However, using PINNs as an input for u and v into a data-driven
model led to predictions of VF which better approximated CFD predictions by orders of
magnitude.

The hybrid PINN and data-driven model used in this study accurately predicts haema-
tocrit by leveraging the inherent link between haematocrit and velocity. Despite this being
an undefined relationship, the model identifies regions of reduced velocity corresponding
to higher haematocrit levels. This ability of the ANN suggests the potential for rapid
identification in patient-specific geometries.

Despite longer simulation times compared to steady-state runs, the hybrid model
outperforms transient CFD runs in terms of time by a factor of 14×. The use of a ROM-
PINN, in particular, enables an improvement in solution time compared to CFD solutions.
The use of a ROM-PINN approach has been found to be able to lead to high-accuracy
predictions, while being highly efficient in terms of solution times when compared to fully
solving all equations of flow [24]. It is noted that a ROM-PINN and data-driven approach
can be directly trained on key results for transient flow, whereas a CFD model needs to
fully solve such transient simulations.

Data-driven ANNs typically demand a substantial dataset to mitigate overfitting and
to aid generalisation. To provide a sufficiently varied dataset, which is necessary when
trying to quantify and predict patient-specific geometry, a very large dataset would be
required. This was a key finding when initially running the MLP ANN. Initially, overfitting
posed a significant challenge, leading to predictions often deviating drastically from scale
and failing to capture flow patterns accurately. This was probably due to the very large
number of parameters (deep ANN weights) that had to be fitted to the data. Therefore,
techniques such as drop-out layers and batch normalisation were employed.

Whilst general flow patterns were predicted, their relative positioning within a tested
geometry could become skewed (e.g., Figures 8 and 15). For instance, the exaggeration of
the zero-velocity wall boundary condition is pronounced at the bottom of the right artery,
whilst virtually absent at the top boundary (e.g., Figure 9). One reason for this discrepancy
lies in how wall distance is calculated. Wall distance is determined not by the normal
distance from the wall, but by the closest boundary point on the same x-axis (Figure 6).
This oversight becomes apparent when the bifurcation angles increase, as it causes wall
distances to shift in the x-direction, despite their relative positions remaining the same.
Consequently, the ANN model encounters learning difficulties, leading to shifts in flow
patterns. Predictions in the streamwise direction exhibit higher accuracy, with an APE
across the whole domain of 47–72% in the transverse direction. For example, flow patterns
are correctly represented but on an incorrect scale (Figure 11).

There was some difficulty by the MLP ANN to predict VF with the correct scale,
despite the measures taken to improve model generalisation. As a result, more inputs,
other than just the geometrical data, were required to be fed into the data-driven model.
However, in a clinical setting some of the addition data necessary for the MLP ANN, for an
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unseen geometry, may not be available. Instead, the ROM-PINN approach enabled flow
predictions of greater accuracy, in essence for unseen geometries.

The intention of this study was not to directly compare a data-driven approach to
a PINN approach for modelling VF. The initial intention was to identify the benefits,
limitations and applications of each independently. However, the MSE for VF is four
orders of magnitude lower when a ROM-PINN approach is used to produce a u and
v input into a data-driven model than when using a data-driven approach alone. The
best-performing models have an APE for VF of 12% for data-driven models, as compared
to 0.04% when a ROM-PINN was used. The results from this hybrid ROM-PINN and
data-driven approach, with errors of <<1% for VF, and in the range of 5–8.5% for velocity
components, are comparable to a PINN model employed for two-phase flow as applied to
thermal systems where errors were estimated to be below 2.8% [31].

Limitations

As with any study, there are limitations. This study has focused on the use of neural
networks to predict two-phase flows and has explored methods by which to do so efficiently.
The CFD results provide the direct baseline for comparison of neural network predictions,
and form the training and testing data for data-driven machine learning. However, valida-
tion of the CFD data itself is in the form of comparison to ranges in the literature. The 80
distinct geometries and CFD simulations generated for training and the 40 distinct CFD
models employed for testing have not been individually validated against physical mea-
surements. However, we have identified that if a patient-specific ROM-PINN were to be
pursued, data would likely need to be obtained from more than 80 patients. This is because
of the more complicated anatomy, and greater variability in flow patterns. Therefore, it
would be useful to explore whether applying a different weighting to the terms of the loss
function or a Proper Orthogonal Decomposition (POD) approach to ROM when generating
the equation sets employed in PINNs would enhance efficiency of models. Given the
proof-of-concept nature of the work presented, and the high accuracy of the model, further
optimisation of the weight of each of the terms of the loss function has not been explored.
However, a sensitivity study might increase the accuracy and generalisation ability of the
model. Regardless, this study has demonstrated that the flow of a two-phase fluid can be
predicted via machine learning, where data-driven learning is constrained using simplified
equation sets.

The CFD dataset used for data training used a multiphase Newtonian–Newtonian
assumption. The architecture used for data-driven machine learning is preferable for
Newtonian models [59]. However, in diseased states, the use of a limited non-Newtonian
model may have implications for disease progression; for example, regions of low wall
shear stress in aneurysms have an increased risk of rupturing. As blood is a shear-thinning
fluid [18], it is these regions experiencing low shear which are most sensitive to non-
Newtonian effects when calculating wall shear stress [60]. Hence, developing ANNs for
clinical applications, such as links between haemodynamic parameters [61], WSS [62] and
atherosclerosis, may require further extension into non-Newtonian multiphase models [63].
Regardless, this study demonstrates that a hybrid data-science and ROM-PINN model can
be used to machine learn the flow of the two main phases of blood. However, this study
refrains from making predictions of the risk for thrombosis formation. While CFD models
that make such predictions exist, they employ non-Newtonian formulations to predict
the RBC phase, and they employ parameters such as residence time for platelets [19]. In
2021, Owen et al. [19] used a multiphase non-Newtonian model to examine 50% stenosis.
Their findings revealed areas of low WSS (<1 Pa) downstream of the stenosis. Conversely,
in healthy arteries, WSS typically ranged between 1 and 7.5 Pa. These values align well
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with the predictions of the CFD models and the data-driven ROM-PINN model. The
predictions of WSS in these CFD studies have the limitation of assuming a rigid vessel
wall, whereas coronary arteries are known to be viscoelastic [64]. While the impact on flow
predictions may be limited, this may alter predictions of stress. The extension of the work
presented in this study to include wall vessel mechanics would require a fluid–structure
interaction [65,66] approach to modelling, where structural deformation is directly coupled
to localised wall velocity and full stress tensor is used to calculate the wall deformation
either simultaneously [67] or iteratively [68]. Two-phase flow is compatible with fluid–
structure interaction modelling [69].

The flow regime for this study has used a laminar assumption. In diseased coronary
arteries, turbulent flow might be expected. This might be mitigated by the assumption of the
wall of the artery to be rigid, which in some studies has been found to limit factors such as
distortion of the artery that could contribute to turbulence [70]. For application to a patient-
specific model, turbulence may need to be considered in the simulation pipeline. The ROM
approach to flow modelling via neural networks has previous been evaluated for turbulent
flows [24,71], and as such may be compatible with a turbulence model. Regardless, our
findings are consistent with studies in the literature [15,19,72,73]. While there are limitations
to using a laminar flow regime for CFD modelling of flow through arteries, the results
are self-consistent. For patient-specific simulations, there are examples in the literature
where turbulence models have been found to produce counter-intuitive results, such as a
reduction in WSS for a diseased state as compared to a healthy model, where increased WSS
might be expected [74]. Machine learning of turbulent flow, implications for the boundary
layer and its implementation as a loss function merit further study.

5. Conclusions
Combining an MLP ANN and a PINN yields multiphase flow predictions for the

two main phases of blood, to within 8.5% for velocity components and <<1% for vol-
ume fraction as compared to CFD simulations. This hybrid model runs 14 times faster
than equivalent transient CFD simulations, and to time-scales comparable to steady-state
simulations.
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Abbreviations

APE Average Percentage Error
CFD Computational Fluid Dynamics
CSV Comma-Separated Variable
LAD Left Anterior Descending
LCx Left Circumflex
LMCA Left Main Coronary Artery
MLP Multilayer Perceptron
MRI Magnetic Resonance Imaging
MSE Mean Squared Error
n Number of Nodes
NN Neural Network
PDE Partial Differential Equation
PINN Physics-Informed Neural Network
RBC Red Blood Cell
ROM Reduced Order Model
u Velocity in x Direction
v Velocity in y Direction
VF Volume Fraction
w Velocity in z Direction
WSS Wall Shear Stress
Dhealthy Diameter of Non-Stenosed Artery
Dmin Diameter at Stenosis Point
KRBCP Interface Momentum Exchange Coefficient
VFRBC Red Blood Cell Volume Fraction
VF Volume Fraction
p Pressure
yi Ground Truth Value
ŷi Predicted Value
Fext External Forces
u Velocity
µplasma Plasma Viscosity
µrbc Red Blood Cell Viscosity
µwholeblood Whole Blood Viscosity
τ Stress–Strain Tensor
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