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Abstract

We present a method for parametrizing sub-grid processes in the shallow water equations.
We define coarse variables and local spatial averages and use a feed-forward neural net-
work to learn sub-grid fluxes. Our method results in a local parametrization that uses
a four-point computational stencil, which has several advantages over globally coupled
parametrizations. We demonstrate numerically that our method improves energy balance
in long-term turbulent simulations and also accurately reproduces individual solutions.
The long-term simulations refer to numerical studies where a fluid flow is simulated over a
duration long enough to reach a statistical steady state. The neural network parametriza-
tion can be easily combined with flux limiting to reduce oscillations near shocks. More
importantly, our method provides reliable parametrizations, even in dynamical regimes
that are not included in the training data.

Keywords: shallow water equations; sub-grid parametrization; neural networks; monolithic
convex limiting

MSC: 656M99

1. Introduction

Simulations of atmosphere—ocean models involve solving numerically complex par-
tial differential equations (PDEs) that span a wide range of temporal and spatial scales.
However, due to limited computational resources, climate models may not be able to
fully resolve all important physical processes (e.g., [1]). To manage this complexity, coarse
models have been developed that use parameterizations to approximate the effects of
unresolved subgrid-scale processes. These parameterizations can introduce considerable
uncertainty and bias into climate predictions (e.g., [2-6]).

A promising approach is to use machine learning to learn improved parameterizations
by training on outputs from high-resolution simulations that capture the subgrid dynamics
more accurately. It has been demonstrated across many applications that machine learning
models can learn complex relationships by minimizing prediction errors over training
datasets. Among machine learning techniques, Neural Networks (NNs) have become par-
ticularly popular in climate modeling. They have been applied to various problems such as
solving the forced Burgers’ equation [7,8], ocean modeling [9-11], cloud representation [12],
residual heating and moistening [13], and convection [14,15]. Beyond large-scale climate
applications, NNs have also shown strong performance in hydraulic engineering problems.
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For example, [16] compared several machine learning models for predicting scour depth
in meandering channels and demonstrated that data-driven approaches outperform tradi-
tional empirical formulas in capturing complex nonlinear hydraulic responses. NNs are
advantageous due to their universal approximation properties [17,18], which enable them to
represent complex nonlinear mappings with high accuracy. One representative example
is the Physics-Informed Neural Network (PINN) framework [19-22], a neural network-
based approach that has been widely recognized for its broad applicability to solving PDE
problems arising in numerous areas [23-26]. Moreover, once trained, neural networks
enable fast and efficient inference, making them suitable for repeated evaluation within
large-scale climate and geophysical simulations. Such implementations can further benefit
from modern GPU and CPU architectures, particularly when using reduced-precision
arithmetic [27].

Several issues arise when applying neural networks in the context of partial differen-
tial equations. For physics-informed models, while they offer flexibility and often reduce
the need for large training datasets, neural network solvers may still face certain opti-
mization challenges [28,29], particularly for stiff, multiscale, or convection-dominated
problems [30-32]. Moreover, for most data-driven neural network approaches, it is typi-
cally necessary to perform fully resolved simulations to generate training data. This may
limit their applicability over wide parameter ranges, since high-fidelity simulations can
be computationally expensive. Thus, to make neural networks computationally efficient
and practical, it is important to develop machine learning approaches that can be easily
generalized to parameters outside of the training regime. For atmosphere/ocean applica-
tions, external forcing is an important parameter, and parametrizations should respond
adequately to a wide range of forcings outside of the training regime. In the context of fluid
dynamics, it is important to develop parametrizations that are local in physical space. Local
parametrizations are computationally efficient and can be trained and modified indepen-
dently for different spatial locations. In addition, local parametrizations can be analyzed
and trained using localized PDE models instead of large-scale models describing the global
behavior of the ocean or atmosphere. For instance, it is challenging to develop parametriza-
tions for turbulence near a wall (e.g., [33-35]), and local machine learning parametrizations
can be developed and fine-tuned using relatively inexpensive fully-resolved simulations.
In addition, local parametrizations typically require smaller training and testing datasets,
and fully resolved simulations can be performed on a smaller computational domain. It is
also important to develop machine learning methods that produce physically admissible
numerical solutions (e.g., positive water height). It is well-understood that standard NNs
may not obey physical conservation laws such as mass or energy conservation, and this
can lead to non-physical numerical solutions. In this paper, this is mitigated by combining
the NN parametrization with flux limiters to ensure physically valid numerical solutions of
the coarse reduced model. Flux limiters have been widely used in the context of classical
numerical methods to alleviate computational problems in hyperbolic conservation laws
due to large gradients.

The Shallow Water Equations (SWEs) are a system of hyperbolic partial differential
equations for the horizontal velocity and the water height. These equations describe the
flow of a constant-density fluid layer where the horizontal length scale is much larger than
the depth. In this paper, we use Neural Networks to learn nonlinear fluxes in the coarse
discretization of the SWEs. In particular, we utilize a four-point stencil as input to a feed-
forward neural network and reconstruct non-linear fluxes in the coarse discretization of
the SWEs. The NN parametrization can be effectively interpreted as a higher-order flux ap-
proximation. This approximation is less diffusive compared to the standard Lax-Friedrichs
discretization on a coarse mesh. Moreover, the NN parametrization is local since it requires
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only four neighboring points to reconstruct the flux. We also demonstrate that our approach
allows the application of the NN parametrization to a range of parameters outside of the
training regime. In particular, we demonstrate that the NN parametrization generalizes
well in regimes with increased external forcing up to 40%. In addition, we show that NN
parametrization generalizes to simulations with topography and Manning’s friction.

The main novelty of our approach is that we use neural networks to model fluxes
and not the solution itself. Thus, we believe that the neural network generalizes better
for dynamical regimes not included in the training data, including simulations with to-
pography. In addition, we also compare both spectra in long-term stationary simulations
and individual solutions, since analysis of energy spectra is essential for many ocean ap-
plications. Another advantage of our machine learning approach is that it can be easily
combined with traditional numerical methods for hyperbolic conservation laws to ensure
the admissibility of numerical solutions. In particular, we combine our NN parametrization
with a Monolithic Convex Limiting (MCL) strategy (see, e.g., [36,37]) to ensure that the
numerical solution is within the admissible set. We demonstrate numerically that the MCL
strategy does not affect the energy spectra in long-term turbulent simulations. On the other
hand, the MCL improved the behavior of individual solutions near shocks.

The rest of the paper is organized as follows. In Section 2, we introduce the 1D
shallow water equations and their numerical discretization. In Section 3 we introduce
coarse variables and subgrid fluxes (Section 3.1), discuss network architecture and training
(Section 3.2), and introduce the MCL strategy (Section 3.3). Unlike [7], which relies on
conditional Generative Adversarial Networks, we employ a feed-forward neural network
to construct the subgrid parametrization, resulting in a simpler training procedure and
improved computational efficiency. We present our numerical results in Section 4 and
summarize our findings in Section 5.

2. Problem Formulation
2.1. Shallow Water Equation

In this paper, we consider one-dimensional Shallow Water Equations (SWEs) [38].
These equations are suitable for modeling fluid flows where the horizontal length scale is
significantly larger than the vertical fluid depth. These equations can be written using a

h q _ 0
Mﬁ [fﬂw . Lw]’ W

where g is gravitational acceleration, h(x, t) is the fluid depth, g = hv is the discharge,

conservative form

v(x,t) is the horizontal fluid velocity, and p(x, t) is a large-scale stochastic forcing. It is
also possible to include viscosity in these equations to model the internal friction of the
fluid. The first equation represents the conservation of mass, and the second equation is the
conservation of momentum when p = 0. These equations are supplemented with periodic

boundary conditions
h(0,t) = h(L,t), ©v(0,t) =v(L,¢).

The initial conditions at time t = 0 are given by: h(x,0) = hy(x) and v(x,0) = vy (x).
Equation in (1) can be written as a conservation law

ur + (f(u))x = p,

where

[ [ q ~| 0
U= M, fu) = [qZ/hjL;ghz , and p= L;(x,t)]'
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The stochastic forcing term p(x,t), which models large-scale random forcing at the
surface of the fluid (e.g., the wind stress), is given by:

o(x,t)=A 2

keK

ay(t) cos (Zsz) + Bi(t) sin<2nki>] , ()

where A is the amplitude, K is the set of forced Fourier wavenumbers, and aj and By, are
coefficients evolving according to the AR(1) (autoregressive model of order 1) process

wi(t+ BF) = Yo(t) + aera (t),  Bilt+ Dt = PBi(t) + oera(h), ©)

where 0 < ¢ = 1 — YAt with v > 0 and ¢ > 0 are AR(1) parameters, and € ;(t), i = 1,2
are i.i.d. Normal N (0, At) random variables. Coefficients ay and By are time-correlated
Normal N(0,0?/(1 — ¢?)) random variables. Equation (3) can be viewed as a temporal
discretization of the Ornstein—Uhlenbeck process. In this paper, we use K = {1,2,3}, i.e.,
the first three wavenumbers are forced.

2.2. Space-Time Discretization

In space, system (1) is discretized on a uniform fine-mesh with Ax = L/N f and cells
Ci = [xi—1/2,Xix12], i = 0,..., Ny — 1. The endpoints of each interval are defined as
Xi_1/2 = iAx and x;,1,5 = (i +1)Ax. The midpoints of each interval C; are defined as
x; = (i +1/2)Ax. We assume that Ax is small enough and the fine-mesh discretization
resolves all physical processes of interest. Thus, we use a standard Local Lax—Friedrichs
(LLF) (e.g., [39]) space discretization where Equation (1) is discretized as

d Fii12—Fi-1p2

aui:— Ax +P1’(i’), ZZO,...,Nf—l, (4)

where u; = [h;,q;] " is the average over the cell C;. The forcing p;(t) = [0, 0;(t)], and we
assume that the forcing is slow-varying in space so that fCi p(x, t)dx =~ p(x;,t). Thus, we
use p;(t) := p(x;,t). The LLF flux is vector-valued and is given by

flui) + f(uiy1)  Aigag

Fipio(ui uipr) = > i (Uip1 —ui) = Fuipr,u), 5)

where scalar
Ait1/2 = maX(|vi\ + v/ &hi, [vig1| + \/ghi+l> (6)

represents the upper bound for the local wave speed. The second term in Equation (5)
represents additional viscosity and ensures the stability of the space discretization. In
particular, it is known that the LLF scheme does not produce spurious oscillations near
shocks. The scheme in (5) is symmetric, i.e., there is a function F such that right and left
fluxes can be expressed as F; ;1,5 = F(uj, uj1) and Fi_q1/p = F(uj_1, u;).

The LLF scheme can be rewritten using bar states; this is useful in the context of
Monolithic Convex Limiting. The bar states represent the spatially averaged exact solution
of the Riemann problem for the shallow water equations. These states serve as the main
building block of the Monolithic Convex Limiting algorithm [36,40] discussed in Section 3.3.
If we define the intermediate bar states as

_ Ujp1 + Uj 1
Uit1/2 = = > - i1 (f(uizr) — f(ui)),
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then the LLF scheme can be written as

d 1 _ _
i = H[Ai—l/Z(”i—l/z — 1) + Aiy1y2(Hig1 /2 — ui)] + pi(t),

fori =0,1,..., Ny — 1. Animportant property of the bar states is that they satisfy #; 1/, €
A if Ais an invariant set of the shallow water equations and u;, u; 11 € A.

In this work, we use Heun's time-stepping method. For simplicity, we denote the right-
hand side of the semi-discrete system (4) as g(u(x, t)), and consider the initial value problem

ue = g(u(t), u(0) =u,

where u(t) == [uq(t),... ,uNf(t)}T. We denote u¥ = u(t;) as the numerical solution at

discrete time t;, with a fixed time step At = t; 1 — t;. Heun’s method computes w1 from
uk in two steps:

(Predictor step): a1 = uF + g(uF)At,

(Corrector step):  u*1 = uF + %(g(uk) + g(ﬁk+1))At.
This method provides a second-order accurate time integration while maintaining an
explicit scheme. Heun’s method belongs to the class of strong stability preserving (SSP)
methods [41-43] with an appropriate condition on the time-step, At. In particular, Heun’s
method maintains stability when used with spatial discretizations that are stable under
forward Euler time-discretization; the strong stability preserving coefficient for Heun’s
method is ¢ = 1. Therefore, in most practical applications, the CFL condition is sufficient
to guarantee stability. Moreover, if the CFL condition is satisfied, then it is also possible
to show that uf“
combination of admissible values ui-‘, Ui_1/2, Ui+1/2 € A. Thus, the resulting space-time

€ A (set of admissible solutions) since it can be expressed as a convex

scheme is also positivity preserving for the water height. Time-splitting is used to add the
stochastic forcing, p;(t), after the second Heun step. The LLF discretization (5) is first-order
in space, and the Heun time-stepping is second-order accurate in time.

3. Methodology

Performing fully resolved simulations of the SWEs requires a very fine mesh, which can
be computationally expensive. This issue becomes particularly important when studying
the long-term behavior of climate systems on a large scale. Therefore, it is desirable to obtain
a coarse-mesh discretization of the SWE in many situations, including climate studies. Here,
we address this issue in the context of stationary long-term simulations. In particular, we
develop a coarse model that improves the turbulent cascade and energy transfer between
different Fourier modes. To this end, we use machine learning to develop a sub-grid flux
parametrization in a model for spatial averages.

3.1. Coarse Mesh and Subgrid Fluxes

Previously, we considered the discretization of the SWE of a fine-mesh with
Ax=L/N Iz Next, we define a coarse mesh

B n(I+1)—1

Cr= U G =lr1/2%u1)-1/2), [=0,...,N. —1
j=nl
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with the number of coarse cells N. = N¢/n and the corresponding mesh size AX = nAx.
We also define coarse variables by spatial averaging

UI(t):% ‘Z ui(t), I=0,...,N.—1, )

which implies U; = [H}, Q;] " and Q; = V;H; where Hj, Q;, and V] are the water height,
discharge, and velocity on a course mesh. Averaging Equation (4) and taking into account
the flux structure (5) and the telescoping sum, we obtain equations for U;

d Forsny-12 —Fa—12 -y
‘u = -
T AX P
Foginy-12 = Buicie BiGny-1p — B2
- = AX - AX + Pr/ (8)

where the fluxes Fn( 1+1)—1 and F ;1 at the two interfaces of the coarse cell Cj are each
2 2

decomposed into two parts: a nonlinear part of the fine-mesh flux, denoted by fn( 141)-1

and fn ;_1,and a viscous flux, denoted by F:zsli_ 11 and FZSC 1, respectively. Considering
2 —2 2

Equation (5), the nonlinear part of the flux is given by F; 1/, = (f(u;_1) + f(u;))/2 and
the viscous flux is given by Fﬁsf 1 =Ai1 s2(uj — uj_1)/2. The equation above is exact but
not closed since F; 172 = F(un1—1,un1) and Fyp1)—1/2 = F (Uy(141)—1, Un(141)) depend
on fine-mesh variables. The forcing pY := [0, p{/]T is the average of the stochastic forcing
over the coarse cell Cy, i.e.,

n(I+1)—1

Y. pj(t), I=0,...,N.—1
j=nl

of =

S| =

In this paper, our goal is to develop closures for the nonlinear and viscous parts of the
right-hand side. We assume that the forcing is slowly varying in space, so that the averaged
forcing does not deviate significantly from the fine-grid forcing terms in the interval Cy, i.e.,

off = p(xj,t) for j=mnl... n(I+1)-1.

Therefore, we omit the superscript U in the forcing term for the rest of the paper, and we
use pr(t) := p(Xy,t) with X; = (I +1/2)AX in coarse simulations.

Equation (7) defines the resolved variables in coarse simulations, and sub-grid vari-
ables can be defined as fluctuations

ﬁi = Uu; — UI(i).
Equation (8) can be rewritten using coarse variables U and fluctuations 7;, and the goal of
sub-grid modeling is to find an appropriate closure that eliminates fluctuations i; from the
equations for coarse variables.
We can rewrite Equation (8) as
d 12— o
U, = —I+1/2 7 T1-1/2

E I= AX +P11

“ ” . c _TC C,UiSC .
where the “true” coarse fluxes are given by Fy ., , = Fj, ,, + F;''y, with

5 _ c,visc __ poisc
Fria2 = Bagry-12 and Friy, = Fo(ri1)-1/2/
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and similarly for F;_; ,.

The goal of sub-grid modeling is to find functions Gy, 4 /2(3) and Gy_ /Z(l_i) (depend
only on coarse variables) that approximate fluxes Fy, , , and F;_; ,. Here, we treat the
nonlinear and viscous parts of the subgrid flux separately and develop different subgrid
models. In particular, we use a nonlinear function (neural network) to estimate the non-

Fc,visc

linear flux F¢ 11,2 and model the viscous flux using the “stabilizing” LLF term. The

14+1/2
resulting sub-grid model is given by
Fi1 ~ Grap(l) =GUr, Uy, U, U), )
: . A
Fiitn, ~ Glfip= 7131/2 (Ur = Uj), (10)

with
Apy12 = max(|V1| +/gHi, [Viga| + \/SH1+1>-

With this approximation, the reduced model takes the following form

4y~ Grap=Giap _ Gin=Git,
! A% —

+pr (11)

In [44], we demonstrated that linear regression can be used to justify Equation (10). At the
same time, linear regression indicates that the nonlinear flux cannot be well approximated
in the usual way;, i.e., ff+1/2 #% F (U, Upy1), especially near shocks.

To develop an accurate approximation of Fy ,, ,, we utilize a neural network to esti-
mate G such that Gry10 = g(qul, Ur, Uy, Uprz) and Gi_ipp= Q(UI,Z, Ur_1, U, U1+1).
Thus, we develop a symmetric four-point stencil approximation for the nonlinear part
of the flux F¢

1+1/2°
cil for G, i.e., Gyy1/2 = G(Up, Upy1). However, relying solely on a two-point stencil for

A straightforward approach would be to consider a two-point sten-

computing the subgrid fluxes resulted in a suboptimal performance of the coarse model.
Thus, we utilized a four-point stencil, as discussed earlier. Similar findings were reported
in [7,45-47], where a two-point stencil was found insufficient for developing an accurate
sub-grid approximation. In particular, an analytical mode-reduction approach for stochastic
multiscale systems was utilized in [45-47] and provided a rigorous justification for using
the four-point stencil. This limitation likely arises because using only two points does
not provide adequate information for estimating the local curvature of the solution. By
increasing the stencil size to include additional neighboring resolved modes, the sub-grid
model can better determine whether a sub-grid flux computation is required within a steep
gradient or a smoother region.

3.2. Network Architecture, Dataset, and Training

To approximate the subgrid flux function G mentioned above, we employ a feedforward
neural network (FNN). We consider a set of vector-valued functions Gy, ..., G, and the target
function G can be expressed as the composition

G=Gyo- oG

Each function G; is referred to as the i-th layer of the network. In this context, G, is the input
layer and g~,, is the output layer, and each function in between is referred to as a hidden layer.

The input layer accepts an 8-dimensional input, and the output layer computes
two fluxes (for H and Q). Thus, our subgrid approximation is local, and the sub-grid
flux approximation can be trained and evaluated independently for different sub-domains,
if necessary. We use 3 hidden layers with 128 neurons each. To examine the sensitivity of
the proposed closure model to architectural choices, we conduct additional experiments
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by varying the network width, depth, and activation function. For network width, re-
ducing the number of neurons to 64 per hidden layer resulted in a clear degradation in
predictive accuracy, indicating insufficient expressive capacity to capture the nonlinear flux
corrections. Increasing the width to 256 neurons yielded comparable or slightly improved
performance, but with increased computational cost and no substantial long-term stability
benefit. For network depth, using only two hidden layers led to noticeable instability in
long-time simulations, suggesting that sufficient depth is required to represent the closure
dynamics robustly. Increasing the depth beyond three layers did not produce significant
accuracy improvements and introduced additional training complexity. We use the GELU
(Gaussian Error Linear Unit) [48] activation function to address limitations associated with
other activation functions. Unlike ReLU or leaky ReLU, GELU introduces regularization by
smoothly blending the linear and nonlinear behavior. The GELU activation is defined as

f(z) =z 0(2),

where ®(z) is the cumulative distribution function (CDF) of the standard normal distribu-
tion. This formulation allows the activation to approximate the identity for large positive
inputs while smoothly suppressing negative inputs. GELU has been shown to enhance
performance in deep neural networks by providing smooth, differentiable activation with
input-dependent gating that improves gradient flow during training (e.g., [49]). We fur-
ther compared activation functions and observed that ReLU-based architectures exhibited
reduced stability and limited smoothness in the learned corrections. In contrast, GELU
provided smoother nonlinear mappings and improved gradient flow, leading to more
stable long-term predictions. Overall, these experiments indicate that while moderate
architectural variations are feasible, the chosen configuration (three hidden layers with
128 neurons and GELU activation) provides a balanced trade-off between expressive capac-
ity, stability, and computational efficiency. Figure 1 schematically illustrates the network
architecture, with hidden neurons omitted for simplicity.

(1) (@) (5) () (m) (an) (5a) (o)
NS =X

UD&\{H | K;f/

Figure 1. Visual representation of the neural network architecture used to approximate the sub-
grid flux. The input layer consists of four resolved modes, each with two values (height and
discharge). The hidden layers process this input, and the output layer provides the estimated subgrid
flux components.

Training Dataset. We generate the training dataset by simulating the fine-mesh
discretization of the SWE in (4) with Ny = 1024 and computing the coarse variables U; and
"true” fluxes Iy, ,. Since we consider a spatially homogeneous problem, it is sufficient to
compute the training data only for I = 0. We use the Heun time-stepping with At = 0.01
and simulate each trajectory for the total time T = 400. We sample data with the time-step
At#mple = 0.2, Thus, each trajectory generates 2000 snapshots. It is important to note
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that we do not include data for the intermediate stage of Heun’s method. We generate
100 trajectories with different initial conditions generated randomly as follows

ho(x) = Ho + A, <sin<27zx+<p,§”> +sin<47zx+4>,§2>>>, (12)
Uo(x) = V(), (13)

where x € [0,L] with L = 100. The height average Hy = 2 is constant for all initial
conditions. The remaining parameters are randomly generated following the distributions

Vo = Unif[1,2), Ay = Unif[0.1,0.6), o'V, 6% = Unifl0, 2] (14)

where Unif{a, b] represents the continuous uniform distribution on [a,b]. We use n = 8
averaging points.

Smoothness Indicator. Smoothness Indicators (see, e.g., [50] and references therein)
have been used in WENO schemes to measure local smoothness of the solution. The
smoothness indicator plays a crucial role in high-resolution numerical schemes, particularly
in weighted, essentially non-oscillatory methods. It measures the smoothness of a function
u(x) in specific regions of the computational domain, ensuring that the scheme adapts
its weights to minimize oscillations near discontinuities while maintaining high-order
accuracy in smooth regions.

The smoothness indicator f3 is defined as

13 1
Bi = B(ui1, i uip1) = — (i—1 — 2u; + upeq)* + 7 (Hi-1 — uit1)’. (15)

12
This formula consists of two terms: the first term, % (w1 —2u; + ui+1)2, represents the
second-order derivative approximation, which captures the curvature of the function. The
second term, %(ui_l — Ui )2, represents the square of the first-order derivative, which en-
sures stability and reduces numerical oscillations. An example of the smoothness indicator,
B1, for a particular snapshot of the coarse solution Hj(t) with I =0,..., N, — 1is presented
in Figure 2.

Smoothness indicator and its component for H(x,t) when n=8

3.25
3.00
—~2.75
" 2,50
X225
T 200
175
1.50

o
N
=}
N
o
o
<}
©
=}
=
o
S}

o
N
o
I
)
o
o
©
S
=
=)
S

Figure 2. Top: a typical profile of the coarse solution H;(#); bottom: the corresponding smoothness
indicator B in (15).

Figure 2 demonstrates that the smoothness indicator B accurately captures near-
shock regions. The top part of Figure 2 also indicates that the majority of data Hj(t),

https:/ /doi.org/10.3390/fluids11030076


https://doi.org/10.3390/fluids11030076

Fluids 2026, 11,76

10 of 23

I =0,...,N; — 1 corresponds to smooth regions since there is a relatively small number of
shocks and they are highly localized in space. To improve the robustness of the learning
process, we filter the training and testing data based on the smoothness indicator . In
the full dataset, the distribution of j is highly skewed toward small values, corresponding
primarily to smooth flow regions. Specifically, the raw dataset has a mean of 1.35 x 1072,
standard deviation of 1.05 x 107!, and spans a wide range from 8.88 x 1012 to 7. Although
the maximum value is large due to rare shock events, the 75th percentile is only 4.97 x 1074,
indicating that most of the data corresponds to smooth states. Approximately 25% of the
samples are associated with near-shock regions, identified by g > 4 x 1074,

It is known that neural networks approximate continuous functions well [17,18], but
perform poorly for discontinuous data. Therefore, training directly on this imbalanced
dataset may bias the model toward predominantly smooth states while simultaneously
exposing it to extreme shock outliers, which can degrade NN stability. To mitigate this
issue, we compute the 0.6 and 0.8 quantiles of § and only retain samples that lie within
this interval. This quantile-based filtering concentrates the learning process on moderately
active transitional regions, excluding both extremely smooth states and extreme disconti-
nuities. As a result, the neural network is trained on flow regimes where nonlinear effects
are significant yet numerically controlled.

The initial unfiltered dataset consists of 3,200,000 samples. After applying the
0.6-0.8 quantile filtering, the dataset is reduced to 640,000 samples. The filtered B dis-
tribution becomes tightly concentrated, with a mean of 4.02 x 10~4, standard deviation of
1.15 x 1074, and range of [2.40 x 1074, 6.51 x 10~4]. This substantial reduction in variance
confirms that the retained samples correspond to controlled high-gradient regions without
extreme shock spikes, thereby improving numerical stability and enhancing predictive
robustness. Finally, we randomly partition the filtered dataset into training and validation
subsets: 80% of the samples are used for training, while the remaining 20% are reserved
for validation.

Network Training. The training process for the neural network g follows a structured
approach to ensure optimal learning and generalization. Training is performed using the
Adam optimizer with a learning rate of 0.001, which facilitates efficient convergence.

The loss function employed is the focal loss [51], which encourages the model to focus
more on difficult samples (e.g., data near shock regions). The classical focal loss was
originally proposed for binary classification tasks to address class imbalance. Lety € {£1}
denote the ground-truth class and p be the model’s estimated probability for the class with
label y = 1, define

p, ify=1,

pt = )
1—p, otherwise,

so that p; represents the predicted probability assigned to the true class. The a-balanced
variant of focal loss is then defined as

FLp, = —a(1 — pi) " log pt,

where v > 0 is the focusing parameter that reduces the impact of well-classified samples
and «a; is a class-dependent scaling factor. For regression tasks, class probabilities are
unavailable. Instead, we consider the residual r; = §; — y;, where §; = G(xj;w, b) is the
neural network’s prediction for the input x;, and y; is the corresponding target value. We
adopt a focal-style weighting mechanism and define the loss function as

N O\ Y

E (1 erf> 2.
4 ]
j=1

C(w,b) :==

z|=
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In this formulation, the term (1 - (frf2 ) ! acts as an adaptive weight. For large residuals,
the exponential term is negligible, and the loss reduces to a scaled MSE, thereby emphasiz-
ing harder examples. In the present problem, shock regions correspond to rare, spatially
localized, high-gradient events. The focal weighting reduces the dominance of smooth
regions during training and encourages improved accuracy in the vicinity of shocks. In our
experiments, we set« = 1 and y = 2.

To mitigate overfitting, early stopping with a patience of 100 epochs was employed,
with a maximum training budget of 2000 epochs. The numerical simulations utilized a
single compute node equipped with 4 CPU cores and 2 NVIDIA L40S GPUs, each with
46 GB of memory. Multi-GPU execution was enabled for training. Training was performed
using PyTorch v2.4.1, and convergence was typically achieved within the allocated epoch
budget. Training of each neural network model required approximately 2—4 h of wall-
clock time.

3.3. Monolithic Convex Limiting

Using a neural network to estimate subgrid fluxes can lead to issues such as under-
or overshooting, which may cause negative fluid heights and/or non-physical spurious
oscillations near shocks. To prevent this, we apply the monolithic convex limiting (MCL)
strategy (see, e.g., [36,40]). The MCL method allows controlling the subgrid fluxes produced
by the neural network, ensuring that the results stay within an admissible set and, in
particular, that the fluid height remains positive. First, we describe the general MCL
methodology for the 1D SWE equations, and then we discuss how it is applied to our case.

3.3.1. General MCL Methodology for the 1D SWE

Here we present the general setup for the MCL methodology. The numerical scheme is
presented for the SWE discretized on a general uniform mesh x;. Consider a discretization
of the SWE of the form

d (B +Glyn) — (Fiap+Ghy,)
U= — 7
dt Ax

(16)

where F;; 1, are the LLF fluxes given by Equation (5) and G}, , /o are constrained approxi-
mations for a higher-order flux correction G;q /2- Next, we write (16) in the equivalent bar
state form (see [36,40] for details)

d 1 _ e
%= Ay [/\i—l/z(u?’fl/z — i) + Ay (7, — Mi)] , (17)

where A; 1,7 is the maximum wave speed given by (6). The low-order LLF part is given by

_ Ujy1 + U; 1
il = — i) — f(u;
it1/2 5 2/\i+1/z(f( iv1) — f(ui))
and
Gr
%, = +1/2
T = Wz

In the SWE context, the admissible set of solutions consists of all states u = [k, hv] "
such that 1 > 0. The bar state if;, 1/, represents an averaged exact solution of the Riemann
problem with the initial states #; and u; 1 [52,53]. Therefore, it can be shown that ;1 /; is
in the admissible set if ;, h; 1 > 0. After applying the time-stepping scheme, Equation (17)
indicates that u;(t + At) can be expressed as a convex combination of ﬂ:‘j Y L‘t:‘;l /s and u;.
Thus, if these three states are admissible, then u;(t + At) is also in the admissible set. The
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MCL approach for the SWE [37] ensures that ﬂl*j /2 is also admissible whenever ;1 is
admissible, with detaﬂs given in [36,40]. We will discuss how to construct G} 1 below.

Given that i}, /o is admissible, each forward stage of Heun’s method advances the
initial condition as follows:

At
u%\/[CL =u+ E[Az 1/2( iz 1/2 )+/\1+1/2( 1+1/2 ui)]

If the time step satisfies the CFL condition At/Ax[A; 1,2 + Ai_1/2] < 1, then u%VICL is a
convex combination of three admissible states. Therefore, for time-steps satisfying the CFL
conditions, uMCL is within the admissible set.

To construct G Y The MCL algorithm for the SWE system [37,40] imposes lo-
cal bounds on / and v. Consider components of the vector-valued flux G;i1/» =
(Gl 100 G?—}-l/Z]T and the vector-valued solution ;1,5 = [l 11,2, hi11/20i+1/2] |, where

Bis1/2 = di+1/2/hiy1/2- The local bounds are defined as

min max
K h

i=min(h;_1/2,hit1/2), i= max(h;_1/2,hit1/2),
o i=min(0io1/2,0i41/2), 0 i= max(Bi-12, it /2)
and the local maximum principle can be formulated [37] as

hmm < h* hmax, hmm < h* ,+ < max

i+1/2 — i+1 i+1/2 = i+l (18)
7%, — max min =%, 4 max
hi+1/2v < ‘11+1/z < hz+1/zv h1+1/201+1 S qifa, < h1+1/2 i+l

Since l_zl*j = hiq o E G~lh+*1 /2 / Ait1/2, the water height constraints can be rewritten as

Aig1/2(hig1/2 —BP®) < G,H/z < Aiaya(higayo — HM™),

Aist 2 (KR = Riyry2) < GIp < Ao (B — hiyq o).

Therefore, it follows that the bound-preserving approximation to Glh+1 o is

G min(élhﬂ/z, /\i+1/2 min(fliﬂ/z - I’me hﬂalx — Fli+1/2)) if Gl+1/2 0, (19)
i+1/2 = . . .
' max(Gl’-ﬂrl/z, Aiy172max(hjyq /o — hP, hf’j‘:ﬁ‘ hit1/2)) otherwise.

The constraint for the dlscharge is defined using AGYT +1 = GZ 12 Gl 1 /ZZ)Z_H /2. The
limited flux for the discharge G , is computed from the limited difference AGT i11/2 8iven

by (see [37])

+1/

Aie1217 o (Bisr o — OF™) < AGY ) < Aipas2hiy 5 (0i1 /2 — 0™,

Aiv1/2l 5 (O = 0i1/2) < AGH ) < AipayahiTh o (01 = i1 /2)

Conditions above can be rewritten as

min(AG?+1/2, Niy12 min(ﬁjg/z(ﬁi—klﬂ - U ) h::{/z( ﬂaf( - Z7i-l—l/z))) 1fAG1+1/2 >0,

AG? . o .
max(AG?H/Z, Airpmax(hi 5 (Fiy1/2 — o), hz*ﬁ/Z( "M —0i,1/2))) otherwise.

z+1/z (20)

Conditions (18) guarantee positivity preservation and admissibility of numerical solutions
to the 1D SWE.
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3.3.2. Application of MCL in the Context of Machine Learning

Here we discuss the application of the MCL algorithm on the coarse grid. Here, the
coarse index I should be substituted into all MCL formulas presented in Section 3.3.1. To
apply the MCL formalism to our machine learning model, we rewrite the model in (4) as

i uy=— Gri1p=Gria Gl —Crapp - Gifip = Gitip

dt AX AX AX

+p11 (21)

where Gy, is the nonlinear part of the LLF flux, and G} 12 s the limited difference
between the neural network and Gy, 1, i.e.

) Uriq) + F(U . _
Gry12 = A 1+1)2 A 1), Gli1/2 = MCL(Gry1/2 — Grya/2),

where Gy 1/ is the neural network model given by (9). In the context of MCL formalism
in (16) and the reduced model in (11), u; = Uy, Fiy1/2 = Gry1/0 + G}’fﬁ/z, and Gﬁl/z is
computed using (19) and (20). In this context, G}, /o can be interpreted as the limited
difference between low-order and high-order neural network approximations of nonlinear
terms. Therefore, the application of the MCL formalism is rather straightforward—first,
the bar states are computed using the LLF scheme, and then the limiter is applied to the
difference between the fluxes generated by the neural network and the nonlinear part of

the LLF flux. Time-splitting is used to add the stochastic forcing after the second Heun step.

4. Numerical Results

In this section, we describe our numerical results for the reduced model with and
without the MCL. By analogy with turbulence modeling, we refer to the simulations of
the full model as DNS. We verified numerically that simulations of the full model with
Ny = 1024 are adequate for reproducing the solutions of the SWE. In particular, the numer-
ical diffusion is small and has a minimal effect. Therefore, we use N = 1024 to generate
training and testing datasets and benchmark the performance of our reduced models.

To train our neural network model, we consider the averaging window n = 8, which
results in the number of coarse degrees of freedom N, = 128. After training, we also use
the same neural network (without re-training) to estimate coarse fluxes in simulations
with N, = 64, 256, and 512 coarse variables. This allows us to test how well our machine
learning model generalizes with respect to changes in the resolution of coarse equations.
To distinguish between reduced models with different spatial resolution, the number of
coarse degrees of freedom is appended to the abbreviation of the corresponding reduced
model. For instance, NN reduced models (11) without the limiter are referred to as NN-64,
NN-128, NN-256, and NN-512. NN reduced models (21) with the limiter are referred to as
NN-MCL-128 and NN-MCL-256. We also compare our reduced models with simulations
of the straightforward LLF discretization of the SWE in (4) and denote those as LLF-64,
LLF-128, LLF-256, and LLF-512.

The length of the domain is L = 100 m, the final time is T = 400 s, and the gravitational
acceleration is ¢ = 9.812 m/s?. We use periodic boundary conditions, and initial conditions
are generated according to (12), (13). The Heun method is used to perform the time-stepping
for the deterministic part, and Euler time-stepping is utilized to add the stochastic forcing
after the second Heun step. The computational time step is At = 0.01. We performed a pre-
liminary investigation and determined that this time step satisfied the CFL condition in all
simulations, i.e., At < max;;(A;y1/2)Ax and At < maxy;(Aj4q/2)AX. For the forcing in (2),
(3)weuse A = 0.1, = 1 — At,and ¢ = 1.41\/At, so that ax(t), Bi(t) ~ N(0,2/(2 — At))
with decaying covariance E[ay(t + mAt)ay(t)] ~ ¢p™. We use the same computational
time-step At = 0.01 to update ax(t) and By (t) after the time-stepping for the SWE.
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We generate long stationary time series of dependent variables and compute energy
spectra in Fourier space. For any periodic function u(x, t), the Fourier expansion is given
by u(x,t) = Y 01(+)e?™ /L and the energy spectra is defined as

Sl =

e —

T
o).
0

We use T = 400 and sample data every A#s#"l¢ = 0.2,

Figure 3 depicts the energy spectra of the water height h(x, t) in the simulations of
the full model and reduced models with resolutions N, = 64, 128, 256, and 512. Note that
the NN is trained in the regime n = 8 (N, = 128). At the lowest resolution N, = 64, the
NN reduced model exhibits the largest discrepancies compared with the fully resolved
model. As the resolution increases (N, = 128, 256, 512), the NN reduced model aligns
more closely with the true spectrum. Figure 3 demonstrates that the reduced machine
learning models performs much better than the LLF discretization with the same spatial
resolution. In particular, the NN reduced model reproduces the inertial range of the full
model up to wavenumber k ~ 13 and k ~ 37 for N, = 128 and N, = 256, respectively. This
demonstrates that the NN reduced model improves the representation of energy transfer
across scales. However, the NN-128 model is more diffusive compared to the NN-256
model. Representation of the inertial range in simulations with other values of N, is also
improved by the NN reduced model. Energy spectra for the discharge, g, follow a similar
trend; some of the results for g are presented later in this paper. These results indicate that
the NN reduced model results in a better approximation of fine-scale structures, ensuring a
more accurate representation of energy transfer across scales. Thus, the neural network
considerably improves the missing subgrid dynamics in coarse simulations.

1017

=
=)

—— DNS-1024 —— DNS-1024
107 —— LLF-64 107t —— LLF-128
102 —— NN-64 103 —— NN-128

= =

é 107%4 g 107

2107 £ 107
107° 107°
10712 10-11

10° 10t 102 10° 10! 102
k k
10t 10t
—— DNS-1024 —— DNS-1024
107" —— LLF-256 107t —— LLF-512
10-2 —— NN-256 10-2 —— NN-512
= =

%’ 10° g 10°

2 1077 2 1077

w w
107° 107°
0711 10711

10° 101 10? 10° 101 10?
k k

Figure 3. Energy spectra for the water height h(x, t) in long stationary simulations of the full model
and reduced models with different resolutions. Note that the reduced neural network model is trained
in the N; = 128 regime and is used for other resolutions without retraining. Blue line—DNS-1024
(direct numerical simulation with 1024 grid points), red Line—reduced neural network model with
resolution N, green Line—local Lax—Friedrichs solver with resolution N.. Simulations with N. = 64,
128, 256, 512—top left, top right, bottom left, bottom right, respectively.

The NN reduced model conserves the total mass [ h(x, t) dx up to a very high preci-
sion, less than 0.1% relative error. This is due to the construction of the reduced model in
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flux form. The kinetic and potential energies (given by 1 [ugdx and 1g [ h?dx, respec-
tively) fluctuate over time in response to the random forcing p(x, t) applied to the equation
for the discharge. The power spectra indicate that the reduced model is slightly more
diffusive compared with the fully resolved model, resulting in slightly lower total energy.
Indeed, both potential and kinetic energies are slightly smaller in the simulations of the
reduced model compared with the fully resolved model if both models are simulated with
the identical forcing; this is especially visible at the energy peaks (in time). The largest
(peak) relative errors for the potential and kinetic energies are approximately 3-5% and
10-12%, respectively [44]. The MCL does not significantly affect the mass conservation and
energy balance.

4.1. Simulations with Larger Forcing

Next, we investigate how well the NN reduced model performs outside the training
regime. To this end, we consider larger forcing magnitudes of A = 0.12 and 0.14, corre-
sponding to 20% and 40% increases in the forcing magnitude. Since forcing is only applied
to the discharge, g, an increase in forcing magnitude has a stronger effect on g than on
h. Table 1 summarizes the total spectral energy E = 1 Y ¢, for h and q. As expected, the
increase in the energy for  is not significant, but energy for g increases by 27.5% and 54.6%,
respectively, due to the nonlinear nature of the equation for the discharge. The NN reduced
model responds correctly to the increase in forcing and, overall, accurately reproduces
the energy increase in g. The discrepancy between the total energy in the DNS and the
NN reduced model is larger for g than for &, most likely due to the nonlinear fluxes in
the equation for the discharge. Similar to the approach in [47], to fix the overall energy
budget, it is possible to introduce a single (possibly trainable) parameter to multiply the
NN parametrization in the equation for the discharge, which is a straightforward modifica-
tion of the NN parametrization approach presented here, and we do not discuss it in the
present paper.

Table 1. Comparison of total spectral energy for h and g for different resolutions, N. = 128 and
N = 256 in the full model (Epys) and NN reduced model (Eyy). The spectral energy is defined as
the sum of spectra E = % Y i ek for h and g, respectively. The initial conditions for the water depth are
initialized with Hy = 2. Therefore, the spectral energy for & includes the mean energy; the fluctuating
energy can be computed as E" — HZ.

Nc A=01 A =012 A =014
h h q q h h q q h h q q

EDNS ENN EDNS ENN EDNS ENN EDNS ENN EDNS ENN EDNS ENN

128 4093 4078 1.858 1564 412 410 237 202 4148 4128 2873 249

256 4.093 4083 1858 1677 412 411 237 217 4148 4136 2873  2.655

Figure 4 depicts energy spectra for i and q in simulations with N, = 128 and A = 0.1,
0.12, and 0.14. Energy spectra computed from the NN reduced model represent a consid-
erable improvement over coarse LLF discretization, indicating that the neural network
effectively reconstructs the subgrid contributions. The NN reduced model maintains fi-
delity for a wide range of forcing amplitudes, demonstrating robustness in capturing the
small-scale energy dynamics. These results suggest that the NN model can generalize well
across varying amplitudes and recover fine-scale structures without retraining.
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Figure 4. Energy spectra for /1 (left) and g (right) in simulations with N = 128 and forcing amplitudes
A = 0.1 (top row), 0.12 (middle row), and 0.14 (bottom row). Note that the neural network
parametrization is originally trained on A = 0.1 and N, = 128; it is used without retraining in
other regimes.

To further assess the performance of the NN reduced model, we compare individual
solutions computed from the DNS and NN-256 with the same initial condition and forcing
realization. We plot snapshots for h(x, ) at times t = 198, 209, and 334 in Figure 5. These
snapshots correspond to stages where the flow exhibits strong nonlinear behavior, including
the steepening of hydraulic jumps and sharp transitions in the free surface. Solutions of the
NN reduced model exhibit strong spurious oscillations near shocks. This indicates that the
neural network does not reproduce fluxes at discontinuities with the same accuracy as in
smooth regions. Since it is known that neural networks perform well when approximating
continuous functions [17,18], it is not surprising that the quality of the NN approximation
for fluxes diminishes near shocks because the fluxes are also discontinuous at that point. In
addition, filtering of the training data (Section 3.2) can also contribute to the discrepancies
of subgrid flux estimation by the NN at the shock, since the filtered dataset does not contain
data with very high gradients. To alleviate these oscillations, we apply the MCL limiter to
the nonlinear fluxes generated by the neural network, as discussed in Section 3.3. The left
and right parts of Figure 5 depict snapshots without and with the MCL, respectively. We
also performed simulations of the NN reduced model with N, = 128 (see [44] for details).
The overall performance of the NN reduced model with N, = 128 is similar to the results
for NN-256, except that NN-128 is more diffusive near shocks and does reproduce sharp
gradients as well as NN-256, as is evident from the plot of the spectrum in Figure 3. The
energy spectra for both & and q are not affected by the MCL and are therefore not shown
for brevity.
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Figure 5. Comparison between snapshots h(x, t) in simulations obtained from the reduced neural
network model with 256 grid points (NN-256, red) and the reference direct numerical simulation
with 1024 grid points (DNS-1024, blue) in the left column, and the neural network model with
monotonicity-constrained learning at resolution 256 (NN-MCL-256, red) and DNS-1024 (blue) in the
right column, at times ¢t = 198, 209, 334. The NN-256 model shows very good agreement with the
DN reference, successfully capturing the hydraulic jump and the nonlinear wave propagation. The
monotonicity-constrained learning (MCL) strategy is essential in reducing oscillations near shocks in
simulations of the neural network reduced model.

4.2. Simulations with Topography and Manning Friction

To illustrate the applicability of our NN model outside of the training regime, we
also perform simulations of SWE with bottom topography and Manning friction. This is a
challenging test since we consider changes in the geometry of the computational domain,
but do not retrain the NN parametrization.

We add the terms [0, Stopo + S fn'c] T to the right-hand side of the SWE Equation (1) and
perform fully resolved and coarse simulations with the NN parametrization trained in the
original regime, as outlined in Section 3.2. The topography and friction terms are given by

Stopo = —ghdxb(x), S fric = —gmz %,

where b(x) is a known bottom topography and m is the Manning’s roughness coefficient.
The inclusion of these source terms follows the standard formulation of shallow water flow
over variable topography with friction [54]. We used the numerical scheme in [55]; the
scheme is non-negativity preserving and well-balanced (see also [56] for a discussion on this
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issue). The Manning friction is a nonlinear term that damps the momentum, thus reducing
the velocity of the flow. The Manning friction can also be expressed as Sg,;c = — gm?ulu|/h;
thus, this damping effect is particularly relevant for high-velocity flows. Since Manning
friction does not depend on the gradient of the solution, it does not affect the shock
structure for low to medium-velocity flows. The main consequence of including the
Manning friction is the reduction in the shock magnitude. Spurious oscillations near the
shock might be reduced slightly with Manning friction, but are still quite pronounced
and require the application of the MCL strategy. We consider the Gaussian topography
b(x) = Ay exp[—B(x - L/Z)Z} with the amplitude A, = 0.3 and steepness B = 0.1. The
Manning’s roughness coefficient is m = 0.05; additional examples are presented in [44].
The initial condition consists of a spatially varying free surface 7(x,0) superimposed
on the bottom topography, with the discharge g(x,0) chosen so that the flow is initially
subcritical, i.e.,

no(x) = Ho + Ay, (sin(zzf’c+¢l(11)) +Sm(47;c+4’152)>>f
ho(x) =no(x) —b(x),  oo(x) = Vg,

where x € [0,L] with L = 100. The height average Hy = 2 is constant for all initial
conditions. The remaining parameters are randomly generated following the distributions
in (14).

As a reference solution, we use a numerical solution computed with the LLF scheme
on a fine grid with N, = 1024. We consider coarse-grid simulations with N. = 128 and
N, = 256. Figure 6 depicts snapshots of the free surface elevation 7 (x,t) = h(x, t) + b(x)
in simulations with N, = 256. Coarse simulations are similar, but slightly more diffusive,
as discussed previously for simulations without topography. Snapshots for N, = 128
are not depicted for brevity (details can be found in [44]). These results support our
conclusions drawn previously. In particular, the NN reduced model reproduces the main
features of the reference solution, including the deformation of the free surface above the
topography and the sharp gradients induced by the interaction between topography and
friction. The NN model without a limiter can exhibit small overshoots near steep fronts,
whereas the NN-MCL model noticeably reduces these oscillations while preserving the
overall amplitude and phase of the solution. Moreover, similar to our previous findings,
the NN-MCL model does not significantly affect the spectra of long-term simulations.
Simulations with topography and friction show that the NN reduced model applies to a
wide range of parameters outside of the training regime. We would like to point out that
any machine learning model geared towards reproducing solutions directly (e.g., PINN
and its variants) would most likely fail the topography test since in those models, it is very
difficult to take geometry changes into account. Changes in computational geometry result
in large differences in the solution itself, and our NN coarse model is able to track those
changes very well (c.f. Figures 5 and 6).

Our numerical results demonstrate that the combination of NN subgrid parametriza-
tion and convex limiting yields a stable and accurate reduced-order model even in the
presence of nontrivial source terms such as topography and Manning friction. Moreover,
since our machine learning formalism is designed to learn fluxes in the SWE, its appli-
cability is much broader than that of machine learning methods that directly learn the
PDE solution.
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Figure 6. SWE simulations with topography and Manning friction. Comparison between snapshots of
the free surface #(x, t) in simulations of the reference direct numerical simulation with 256 grid points
(NN-256, red) and DNS-1024 (blue) (left column) and the neural network model with monotonicity-
constrained learning at resolution 256 (NN-MCL-256, red) and DNS-1024 (blue) (right column) at
times t = 198, 209, 334. The monotonicity-constrained learning (MCL) strategy is essential in reducing
oscillations near shocks in simulations of the NN reduced model. Note that the NN parametrization
was trained on data generated with Sypo = S fric = 0.

5. Conclusions

In this paper, we developed a reduced-order model for the shallow water equations
by using a feed-forward neural network to approximate subgrid fluxes. Applying machine
learning techniques to learn subgrid fluxes is a novel aspect of our work. As a consequence,
the developed approach has several advantages. In particular, the subgrid flux parametriza-
tion is local, requiring only a four-point computational stencil to compute the subgrid
flux at a specific coarse location. Moreover, our machine learning approach can be easily
combined with flux limiting for hyperbolic problems. Flux limiting ensures that numerical
solutions of the coarse equations remain within a physically admissible set. Another novel
aspect of our work is using the focal loss cost function [51] in the context of neural networks
applied to partial differential equations. Focal loss emphasizes samples that are particularly
challenging for training, such as shock regions for hyperbolic problems.

We performed several types of tests: (i) comparison of energy spectra in long-term
turbulent simulations, (ii) comparison of individual solutions, (iii) simulations with a larger
forcing magnitude, and (iv) simulations with bottom topography and Manning’s friction.
Our results demonstrate that our Neural Network (NN) parametrization improves energy
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exchange across scales. The NN reduced model is slightly more diffusive than the fully
resolved simulations, which is a direct consequence of the coarse resolution of the reduced
model and the need to dissipate energy at small scales. However, the NN reduced model
represents an improvement compared with the bare truncation. In particular, our reduced
model has a better representation of the inertial range compared with the bare truncation
at the same resolution. An averaging window n = 8 (NN-128 reduced model vs the fully
resolved model (DNS-1024)) is a realistic choice in most ocean applications. For instance,
the ocean resolution of standard Global Circulation Models is 1° or 100 km [57]. The
high-resolution eddy-permitting global ocean models have resolutions of approximately
10-25 km [58,59]. Our results indicate that our approach can yield improvements in the
development of computationally efficient coarse models of ocean dynamics.

Test (ii) evaluated the performance of our reduced model by comparing individual
solutions at full and coarse resolutions. We ensured that the same forcing realization was
used in both cases. Our findings show that the NN reduced model is quite accurate and
reproduces individual solutions very well. Some spurious oscillations may develop near
shocks, but the monolithic convex limiting significantly reduces these oscillations while
not affecting the energy spectra.

Tests (iii) and (iv) demonstrate that our reduced model generalizes well to parameters
outside of the training regime. These tests were performed using an NN trained in a
regime with a fixed forcing magnitude, a flat bottom, and no friction. In test (iii), the NN
coarse model responds well to changes in the forcing magnitude and tracks changes in the
discharge energy. Test (iv) is particularly challenging since it involves a different geometry
of the computational domain. Our NN reduced model reproduces the energy spectra and
individual solutions in test (iv) with the same accuracy as in the training regime. This
demonstrates the versatility of our approach, which is a direct consequence of the fact that
we use NNs to model subgrid fluxes and not the solution itself.

Overall, we demonstrated the applicability and versatility of using NNs to model
subgrid fluxes in computational fluid dynamics. Our modeling approach preserves the
structure of the equations, such as flux formulation. This leads to several advantages
compared to learning the solution directly. First, our method is computationally efficient,
since NN subgrid fluxes at different spatial nodes can be computed in parallel. While this
is not significant for the 1D case, this can become important for 2D layered simulations.
Second, our method can be easily combined with traditional flux limiting schemes to
ensure admissibility of solutions, thus using the powerful existing numerical analysis
machinery. Third, since we train an NN to reproduce subgrid fluxes and not solutions, our
NN reduced equation applies without retraining to a wide range of parameters outside of
the training regimes.

Our approach can be extended to 2D multi-layered shallow-water simulations in a
relatively straightforward manner. In particular, neural networks modeling fluxes in two
different directions can be trained independently for each layer, and the overall training
dataset can be split into several parts for training each individual network. The main
challenges for extending our work to 2D are (i) training and testing data generation is con-
siderably more computationally expensive, (ii) data storage can also be an issue, especially
for layered shallow-water equations, and (iii) the implementation issue since the MCL
strategy in 2D is more complex. However, we do not foresee any conceptual issues when
extending our approach to 2D shallow water problems.

Most climate change ocean applications utilize primitive equations, where the vertical
structure becomes more important. Our method does not model the vertical transport or
mixing (e.g., the diapycnal parametrization) in the primitive equations. We believe that
after discretizing primitive equations in the vertical direction, our approach can be used
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in each horizontal layer; however, this requires a separate investigation, since primitive
equations are often discretized in isopycnal coordinates (density-based layers).

Our results raise several important questions for future research. One direction is
to explore whether additional physical properties, such as entropy inequalities, can be
incorporated into the model. Also, flux limiter constraints can be potentially included in
the cost function as well. Since our method is suitable for conservation laws, it could be
extended to other systems. One system of particular interest is multi-layer shallow-water
dynamics in 2D, which is closely related to primitive equations commonly used to simulate
ocean dynamics. In this application, it is particularly interesting to investigate the effect
of the Coriolis force, which is absent in 1D. Another interesting case is the shallow water
equations with wetting and drying.
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