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Abstract

In this study, a finite-volume computational fluid dynamics (CFD) technique for application
on skewed meshes using staggered pressure nodes is proposed. The method is based on
the derivation of a momentum equation for the cell face velocities from appropriately
discretised momentum equations in the two cells surrounding the cell face with the driving
pressure difference pertaining to the staggered adjacent nodes. In this way, a staggered
mesh-like method is obtained that would prevent the occurrence of oscillatory behaviour
in pressure or velocity fields. The cell-face velocities are then forced to obey continuity via
an equation for pressure akin to other standard CFD schemes. This article describes the
formulation of the cell-face momentum equation as well as the way the nodal velocity is
reconstructed from the surrounding cell-face velocities. The method is demonstrated to
recover the advantages of the PISO solution algorithm that were diminished in implemen-
tations in collocated schemes. It is also validated on a reference two-dimensional, steady
viscous flow case on both rectangular and skewed meshes to verify its accuracy. It is then
applied to the case of an unsteady vortex-shedding flow past a square obstacle, on both
rectangular and skewed meshes, and the results are compared with a solution obtained
from a collocated method as well as with an experimental value of the Strouhal number.

Keywords: staggered-mesh finite-volume CFD method; skewed meshes; cell-face
momentum equation from collocated mesh discretization; reconstruction of nodal
velocity from cell-face velocities; validation on inviscid and viscous; validation for steady
and unsteady flow; kinetic energy conservation; comparison of performance of method

against collocated scheme

1. Introduction

To the present authors” knowledge, the group at the Los Alamos laboratory (e.g.,
Harlow and Welch [1], amongst others) were the first to introduce the staggered mesh
methodology to suppress the pressure—velocity decoupling that manifests itself in oscilla-
tory pressure field encountered in the finite-volume solution of the incompressible fluid
flow equation. This technique was rapidly and widely adopted by several workers, most
notably in methods based on the work of Patankar and Spalding [2]. Such a technique
was implemented on regular orthogonal meshes that are intrinsically limited to simple
geometries, and is not well-suited to general skewed and unstructured meshes that are de-
manded for complex geometries in modern industrial applications. For research purposes,
however, especially in investigations of turbulence models or Large Eddy Simulation (LES)
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and Direct Numerical Simulation (DNS), regular orthogonal meshes in simple geometries
suffice; hence, several research computer codes that are aimed at such applications continue
to be based on the staggered mesh arrangement.

Many, if not most, current finite-volume methods use Cartesian velocity components
that lead to the most compact form of the governing equations, thereby enabling their
simple discretisation on skewed and unstructured meshes. However, mesh stagger had in
the past been deemed to be unusable in conjunction with these velocity components, as
the velocity directions can become totally misaligned with the mesh orientation. Reversion
to collocated meshes had been considered to be the only way forward for dealing with
complex meshes, but for the problem of pressure-velocity decoupling. To surmount that
problem, Rhie and Chow [3] developed their well-known pressure interpolation formula
to suppress the decoupling on collocated meshes. This approach (described by Ferziger
and Peric [4]) was soon adopted by many workers and has since become a standard
methodology used in mainstream CFD codes, including the main commercially available
ones as well as the open-source code OpenFoam.

However, the pressure interpolation scheme in its various forms suffers from several
drawbacks, these being as follows:

(i) The interpolation introduces dissipation terms that tend to infringe the principle of
conservation of kinetic energy (see, for example, Benhamadouche and Laurence [5]
and Jofre et al. [6]).

(i) When additional forces such as those due to buoyancy and Reynolds stresses (arising
from the Reynolds Stress Model of turbulence) are present, the problem of oscillatory
pressure field reappears unless special interpolation practices akin to the Rhie and
Chow formulation for pressure are used.

(iii) In the presence of large pressure gradients, the computed nodal velocities can display
spurious values that are not bounded by the surrounding face velocities.

(iv) The coupling between pressure and velocity is weaker than that with the staggered
mesh arrangement, leading to poorer performance in the solution strategy, as exem-
plified by the application of the PISO method (Issa [7]) shown later in this article.

Of the above deficiencies, the non-conservation of kinetic energy can be a serious
impediment to the application of LES and DNS computations where high numerical fidelity
is required.

Several efforts have been made in the past to develop schemes for implementing the
staggered arrangement on unstructured meshes utilising Cartesian velocity components,
examples of which are the works by Perot [8], Perot et al. [9], Vidovic et al. [10], Wenneker
etal. [11-13], Wesseling et al. [13], Zijlema et al. [14], Mahesh et al. [15], and Ventosa-Molina
etal. [16]. Some of those schemes formulate the discretised momentum equations on hybrid
control volumes that are constructed from portions of the actual mesh used or are overlaid
over it. Most of those are tailored to tetrahedral meshes only. Implementation has been
mainly limited to 2D domains, although an extension to 3D was made by Zhang et al. [17].
Hence, these schemes are perhaps too complicated to implement in a general-purpose CFD
code such as that currently employed in industry.

Lately, an approach has been developed to combine standard collocated discretisation
with a staggered scheme, e.g., by Ge & Sotiropoulos [18] and Natarajan & Sotiropoulos [19],
among others. The scheme presented here falls within such a category. We refer to such
schemes as being hybrid as they utilise both approaches.

Other authors, such as Aguerre et al. [20], adopted a different approach to recover
the strong pressure-velocity coupling, typical of staggered methods, while still using a
fully collocated method. The developers of the commercial code FLUENT also tackled the
deficiency of a collocated approach in a multiphase application by proposing a procedure
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called PRESTO [21] in which the pressure nodes are located at cell faces, thus emulating
the staggered approach, but this is recommended only for some multiphase applications.

Hybrid collocated /staggered schemes solve a momentum equation for the cell-face ve-
locity derived from an interpolation of the momentum fluxes pertaining to the surrounding
cell-centred governing equations; this is different from standard collocated schemes that
use the Rhie & Chow interpolation which is based on interpolating cell-centred pressure
gradients and nodal (it should be noted that the term node used here denotes cell-centre
throughout the article and not vertices as denoted in some publications) velocities to com-
pute the cell face velocities. As with other pressure-based schemes, the hybrid methods
enforce continuity on the velocities normal to cell faces. However, while in collocated
schemes the nodal velocities are computed from their own momentum equations, here,
they are reconstructed (interpolated) directly from the cell face velocities. This reconstruc-
tion process appears to have a profound effect on the accuracy of the final solution. Perot [8]
proposed what appears to be an elegant derivation for computing the nodal Cartesian
components from the velocities normal to cell faces. Natarajan & Sotiropoulos [19] demon-
strated that the Perot reconstruction was accurate only on uniform meshes because of its
first-order basis and proposed a modification employing a correction based on gradients
of the nodal velocities, a feature that is absent from other proposed approaches (such as
Weller & Shahrokhi [22]). However, it was pointed out elsewhere in Ref. [19] that the
accuracy of their scheme is highly dependent on the way the corrective velocity gradients
are computed, a feature that was also found by the present authors on highly skewed
meshes, where widely different results were obtained from different gradient calculation
schemes. Other workers use polynomials for the Cartesian velocity components to fit the
normal cell-face mass fluxes; however, as noted by Jofre et al. [6], that procedure usually
leads to over- or under-determined systems, which demand the use of a cumbersome least
square technique to solve.

Like the works referred to above, the present article proposes a hybrid collo-
cated/staggered technique based on the formulation of momentum equations for the
Cartesian cell-face velocities using interpolation of the discretised momentum equations
for the corresponding nodal velocity components in the two cells straddling a cell face. The
simplicity of the approach is rooted in its reliance on a single mesh, which can be anything
from tetrahedral to fully polyhedral. The technique differs from other existing schemes in
two fundamental aspects:

(i) The derivation of the momentum equation for the cell-face velocities incorporating
velocity gradients;

(ii) The reconstruction of the nodal velocity, which is based here on interpolation from
the Cartesian face velocities themselves rather than the face-normal velocities/fluxes.

This could make the technique directly applicable to current widely used general-
purpose codes (e.g., OpenFOAM) with apparently little effort needed for modification.

Although no formal analysis is offered to prove the scheme order of accuracy, the
results presented herein verify by way of application to several 2D cases that it both
(i) maintains the order accuracy of the collocated discretisation scheme (second-order
centred difference is used here) and (ii) conserves kinetic energy in frictionless flow (at least
on a uniform regular mesh). The results also indicate (iii) highly improved robustness of the
solution procedure (specifically in conjunction with the PISO algorithm) compared to the
collocated mesh technique, thus coping with very large Courant numbers. Comparisons
between the performance of the hybrid staggered method and the collocated one are made
using exactly the same discretisation schemes both spatially and temporally.
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2. Discretisation
2.1. Preamble

Consider an arbitrary polyhedral control volume as shown in Figure 1, with Cartesian
components of the velocity vector u being stored at the cell centre 0, where the pressure
is also stored. Although the figure is shown in two dimensions, this is done for ease of
presentation, and the principles of the method apply to three dimensions. The arrangement
is very much like the standard practices employed in collocated methods. The velocity
component normal to a cell face f is denoted by g, where

qf = upny M

and ny is the outward unit vector normal to face f.

Figure 1. Arbitrary cell with centre at o and cell face f.

In standard collocated methods, the momentum equations are discretised for the
Cartesian components of u at each node and are then solved. In the presently proposed
staggered scheme, the spatial derivatives of u are discretised in the same way, but no
equations for the components of u at nodes are solved. Instead, the face Cartesian velocities
are computed using interpolated terms in the momentum equations of the Cartesian
components of u at the two nodes straddling the corresponding cell-face (nodes o and
i in Figure 1); as in any staggered scheme, the pressure gradient acting on uy is also
obtained from the same straddling nodes. This approach is similar to that introduced
by Natarajan & Sotiropoulos [19]. The continuity equation is naturally based on the face
normal velocities q. The Cartesian components of the velocity vector u at cell centres are
then reconstructed from the prevailing Cartesian cell face velocities, and this differs from
other works where the reconstruction is based on the face normal velocities. Since the
process is applied to individual cell faces, it is, in principle, adaptable directly to multiply
connected cells (often called hanging nodes), as depicted in Figure 2, although this is not
demonstrated herein.

2.2. The Momentum Equations for the Face Velocities

A discrete form of the momentum equation for the Cartesian and face-normal velocities
at a generic cell face f (Figure 3) may now be formulated as if it is made up of portions of
the momentum balances at the surrounding control volumes that straddle the cell face. In
the figure, dof and dﬁ are the distance vectors connecting cell centres o and i, respectively, to
the centre of the cell face f.
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Figure 2. Multiply connected cell faces.
Figure 3. Implied control volume for face velocity delineated by dashed lines.
The momentum equation in mixed vector-tensor notation is
d(ou
(Eft ) =—-V(pu®u)+Vo—-Vp+S ()

where o is the deviatoric stress tensor that is related to the rate of strain tensor in the usual
manner and S stands for any body force that may be present.

Attention is now focused on the spatial derivative terms in Equation (2), which may be
discretised in a finite-volume fashion (by integrations over the control volume V, invoking
the Gauss theorem) for each node (o) to relate u, to its surrounding neighbours. The present
method is general and applies to any choice of standard difference scheme; hence, there is
no need to express the result of the discretisation with reference to any specific difference
formula, and it suffices to present it as

/ | —Vou@u) + Vo|dv — H(u) - Alu, 3)

where

H(u) =) Afu; (4)

and the summation is over all neighbouring nodes i. The A? coefficients are a result of the
discretisation scheme used and the central coefficient A? is generally given by

Al=) A? 5)

Consider the nodal Cartesian velocity vector at node o; the resulting momentum
equation for it can be written (ignoring the time derivative term for the moment) as

A%uy = H(u) + / (Vp),dV +S, ©6)

Now, the cell face velocity ujoc, as seen from node o, can be taken to be
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u?( = Uy + Auo (7)

where Au, is the difference in the values of the velocity between the node and cell-face;
hence, for example, for the u Cartesian velocity component, it is given by

Auo = (Vu)o'dof (8)

This technique of incorporating the velocity gradient in the interpolation for the face
velocity is very similar to that adopted by Aguerre et al. [23], who albeit continued in that
work to pursue a standard collocated scheme.

A similar equation for the v component is formulated. Hence, Equation (6) can be
rewritten as

A% = Ho(u) — A%Au, + / (Vp),dVe + S, )

Now consider the corresponding face velocity uj( relating to the node i straddling the

same face f; it may be taken as ‘
u} =u; — Au; (10)

The corresponding momentum equation for u} then becomes
Al = Hy(u) + Aldu; + / (Vp)dVi +S; (11)

It should be pointed out that accounting for the velocity gradients Au; is crucial in
preventing the occurrence of oscillations in the velocities that could arise on non-uniform
or highly distorted meshes.

Finally, the cell face velocity uyis taken to be a distance-weighted average of u;’[ and
u;, given by Equations (9) and (11). Denoting the averaged quantities with an overbar,
one obtains

VN —a
(Jt + Ac>uf = H(u) + AcBu+D(pi — po) + E(Ap), + S+ - uf - (12)

where the temporal derivative term has now been included, with the old time-level value
denoted by superscript n. The pressure gradient term in Equation (12) has been split into
the staggered pressure difference (p; — po) and a “cross-derivative” term (Ap),, which is the
remainder of the volume integral of the pressure gradient force. Thus,

(ETP);':/{W_ [(Vpo'dof) eof+(VPi'dfi)efi”dV (13)

where e, and ej; are the unit vectors along d,r and dj, respectively.

Quantities D and E in Equation (12) are areas corresponding to the related pres-
sure gradients.

In the validation cases to follow, two methods have been used to compute velocity and
pressure gradients, both leading to almost identical solutions. The first was by application
of Gauss’s theorem. The second was by fitting the grad operator to all nodes within and
those surrounding the cell in question; thus, for the u Cartesian component, for example, it
may be written as

(Vu),.(dog + dsi) = u; — u, (14)

A least-squares method is then used find the components of the gradient operator.

With the values of the Cartesian velocities uy, the velocity ¢ normal to the cell-face
can be determined from Equation (1). With the assembled values of g at all cell faces, the
continuity equations (here, incompressible flow is assumed) can be enforced:
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Yopppasay =0 (15)
where ag is the cell-face area.

2.3. Reconstruction of the Nodal Velocities

Several proposals appear in the literature for the reconstruction procedure, this being
the scheme for computing the nodal values of velocities from the face values. As far as
the present authors know, all the existing techniques derive the nodal values from the face
fluxes or the velocities normal to the faces. This appears to be a reasonable procedure since
the fluxes satisfy continuity explicitly. However, from the experience of the present authors,
such a procedure has shown to give mixed results, particularly on highly skewed meshes.
Here, it is proposed that the nodal Cartesian velocities are better determined directly from
the cell-face Cartesian values themselves. In the present work, two procedures have been
adopted and are described below; both gave almost identical results.

Scheme A.

Reconstruction is achieved here by simple weighting of the inverse distance from the
cell centre to the cell face; thus,

Uy = wauf (16)
f

where wy is a weighting factor for each face, given by

1
[[dof]]

1
L,

ZUf = (17)

Different weighing factors may be ascribed to the different velocity components
depending on the orientation of the cell face.

Scheme B.

The formula developed by Perot [10] is reinterpreted and applied to the individual
Cartesian face-velocity components (rather than the face-normal velocity as used by other
methods). Thus, it can be re-cast as

ro:Z<df'nf)afuf (18)

However, it was found to be necessary to invoke the velocity gradient corrections
proposed by Natarajan & Sotiropoulos [19] as well as give lower weighting to the face
velocities that are parallel to the face in some cases.

3. Method of Solution

The above set of equations is simultaneous in the Cartesian components of u, the face
velocities ug, and the pressure p. The set may be solved using either (i) an iterative coupled-
solution technique, which is most suited to steady-state flow cases, or (ii) a segregated
solution method, which can either be iterative or use a predictor—corrector approach, which
is most suited to unsteady flows. Here, PISO (Issa [7]) is adapted to solve the set of
equations, and it was chosen as a suitable tool to highlight the strong pressure-velocity
coupling mechanism afforded by the proposed staggered method. It should be stressed,
however, that this chosen method is not a necessary prerequisite for handling the proposed
staggered scheme.

The sequence of the solution process follows similar steps to the original PISO scheme
and proceeds as follows:

1.  In the predictor step, the A coefficients in the momentum in Equations (3) and (5),
resulting from the discretisation on the collocated mesh, are assembled.
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2. The values of the H operators in Equation (4) are then computed from values of u" at
the previous time step.

3. The values of ufare then computed from Equation (12) using the old pressure field;
these are then used to compute the face-normal velocities g¢ from Equation (1), whose
values do not in general satisfy continuity (unless steady state is reached).

4. A first corrector pressure equation is solved using the face normal velocities just computed.

o

The face velocities are then corrected corresponding to the new pressure field.

6. Thenodal velocity components are reconstructed from either Equation (16) or (18), and
new velocity gradients as well as corresponding H operators are updated accordingly.
New mass fluxes are then calculated.

7. Asecond pressure equation is then solved for an updated pressure field, which is then
used to update the face velocities, followed by a reconstruction step to compute the
nodal velocity components.

8. A new time step is initiated.

In the present work, the full stencil pressure equation, including cross-derivatives, is
solved in unsteady flow utilising the BICGSTAB [24] technique.

4. Validation
4.1. Preamble
The purpose of the validation cases (in two dimensions) is as follows:

1.  To demonstrate the efficacy of the pressure-velocity coupling in hybrid methods of the
present sort compared to standard collocated methods, leading to superior solution
stability on skew meshes;

2. To show that the present method preserves the order of accuracy of the discretisation
scheme on the collocated mesh used (here, second-order centred difference is used);

3. To demonstrate a much superior kinetic energy conservation property to that of
collocated methods;

4. To verity the efficacy of the PISO algorithm using two correctors with the proposed
scheme on a model case.

It should be stressed that the following comparisons of the performance of the stag-
gered technique against the collocated method are based on identical finite-volume dis-
cretisation schemes (centred difference) in both methods. Indeed, the present staggered

method was implemented in an existing collocated-scheme code; hence, the comparison is
like with like.

4.2. Inviscid Channel Flow

The PISO method was originally developed for meshes that are (i) staggered and
(ii) orthogonal. The efficacy of the technique relies on the incorporation of momentum
and pressure updates in two corrector steps satisfying continuity and momentum together
in an implicit form. However, with the introduction of the collocated mesh methodology
using the Rhie & Chow [3] interpolation, the nodal velocities lose their strong connection
to the pressure gradients: those gradients that drive the nodal velocity are not the same as
those driving the cell face velocities. Reversion to a staggered arrangement, such as the one
proposed here, should recover the strong connection between velocity and pressure, and
this is verified in this example.

The current case is of a one-dimensional inviscid, incompressible flow in the channel
depicted in Figure 4, where there is a sudden change in inlet velocity. The mesh used in
the simulation is stretched in both directions, with 44 x 20 cells, and the results can be
compared with an analytic solution.
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The velocity along the channel at time ¢ = 0 is uniform at 0.1 m/s; then, there is a
sudden change at the inlet to 0.5 m/s at the first time step, which is taken arbitrarily as
6t = 1 s. Since the flow is incompressible, the velocity throughout the channel adjusts
instantaneously at the first-time step to the inlet value, while the pressure gradient can be
computed from the Euler equation as

dp/dx = —pdu/ ot (19)

At the second time step, since the velocity remains uniform at its new inlet value, the
pressure gradient becomes zero along the channel.

The computed axial velocity and pressure fields are compared with the analytic
solutions in Figures 5-8 for the first two time steps. Simulation using the present staggered
method matches the analytic solution after the necessary but sufficient two PISO correctors
are performed.

When the same case is tackled with the collocated method, two PISO correctors
are entirely insufficient to give the exact solution; hence, more correctors are required,
and here it was found that no fewer than 50 correctors were needed to drive down the
magnitude of the velocity oscillations and approach the exact solution, as shown in
Figures 7 and 8.

Although this case is an academic one, it serves to illustrate the weakness in the
handling of pressure-velocity coupling in the collocated scheme. This weakness stems
from the fact that the pressure gradients driving the nodal velocities are not equal to those
driving the cell face velocities. The results demonstrate why PISO is currently used in
collocated methods like an iterative scheme (such as PIMPLE incorporated in the code
OpenFoam), which defeats its original purpose.

Inlet

i L =
Outlet
Inviscid flow
u=01att=0,0<x<1L;
u=05att=ndt,x=0.

Figure 4. Inviscid flow test case setup.
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Inviscid flow, 15t time step

0.4 T T T T T
Staggered, 2 correctors
0.35 - Exact O o

03 |
0.25 -
0.2
0.15
0.1
0.05

0 1 1 1 1 1 1
0 01 02 03 04 05 06 07

x[m]

p [Pa]

Inviscid flow, 15t time step
056 T T T T T T

054 .
052 | | ®) ]

0.5 +E-E-5-5-5-8-8-5-5-5-5-5-5-5-5-5-5-8-5

u [m/s]

0.48 |- .
0.46 i
0.44 | .

0‘42 1 1 1 1 1 1
0 01 02 03 04 05 06 07

x[m]

Figure 5. Inviscid flow test case. Pressure (a) and velocity (b) distributions obtained with the
staggered method for the first time step.

Inviscid flow, 2" time step

01 T T T T T T
Staggered, 2 correctors
@) Exact O
0.05 i
'
. oO|eeeesseeeeeeoooaaaas
Qo
-0.05 i
-0.1 Il 1 Il 1 1 1

0 01 02 03 04 05 06 0.7
x [m]

Inviscid flow, 2" time step
0.56 T T T T T T

054 | | (b) .
0.52 - _

0.5 Fee8888858865068855-56

u [m/s]

0.48 - 4
0.46 4
0.44 b

0.42 1 1 1 1 1 1
0 01 02 03 04 05 06 0.7

X [m]

Figure 6. Inviscid flow test case. Pressure (a) and velocity (b) distributions obtained with the
staggered method for the second time step.
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p[Pa]

Inviscid flow, 15t time step

0.4
0.35
0.3
0.25 -
0.2
0.15
0.1
0.05 -

(@)

T T T
Collocated, 2 correctors
Collocated, 50 correctors
Exact

o

1

0.1

0.2

0.3

0.4

0.5

x [m]

Inviscid flow, 15t time step
0.56 T T T T T

0.6

0.7

0.54 - (b)
0.52

0.5
0.48

u [m/s]

0.46
0.44

0.42 1 1 1 1 1

0 01 02 03 04 05
x [m]

0.6

0.7

Figure 7. Inviscid flow test case. Pressure (a) and velocity (b) distributions obtained with the

collocated method for the first time step.

Inviscid flow, 2" time step

0.7

0.1
I Colllocated,|200rrelctors I
Collocated, 50 correctors
Exact O
0.05 |(a) .
©
o, 0
o
-0.05 i
_01 1 1 1 1 1 1
0 0.1 02 03 04 05 06
x[m]
Inviscid flow, 2" time step
0.56 T T T T T T
0.54
0.52
@ 05
£
s 0.48
0.46 i
0.44 B
0.42 1 1 1 1 1 1
0 01 02 03 04 05 06 07

X [m]

Figure 8. Inviscid flow test case. Pressure (a) and velocity (b) distributions obtained with the
collocated method for the second time step.
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Pseudocolor
Var: U 0.9%
| IPgies
0.00
0.498

0.996
Max: 0.996
Min: -0.996

Pseudocolor

0.500
0.00
0.500

1.00
Max: 1.00
Min: -1.00

o

1.0 2.0 3.0 4.0

4.3. Kinetic Energy Conservation in the Taylor—Green Vortex Flow

This is a classic flow case that is often used to verify the conservation of kinetic energy
in the simulation of inviscid flow, where there is no dissipation due to friction. The case is
that of counter-rotating vortices, described by

u = —sin(x)cos(y) (20)

v = cos(x)sen(y) (21)

where 1 and v are the Cartesian components of velocity in a square domain of extent
0<x<2m0<y<2m

A mesh of 40 x 40 cells is used to simulate this case with both staggered and collocated
methods. A time step corresponding to a Courant number of 0.1 was used in both cases,
for both of which two PISO correctors were used. The velocity patterns for # and v are
presented, respectively, in Figures 9 and 10, for the staggered and collocated schemes, after
4000 time steps. It is evident that the staggered scheme preserves the vortex pattern while
the collocated one distorts the flow field. The latter scheme was also run with 50 correctors
but no significant improvement to the results was obtained.

(a) - staggered (b) - collocated

Pseudocolor
Var: U

1.08
0.541
0.000160

5.0 6.0 1.0 2.0 3.0 4.0 5.0
X X

Figure 9. Distribution of u velocity component for the Taylor—Green vortex flow using (a) staggered

and (b) collocated methods.

(a) - staggered (b) - collocated

Pseudocolor
var. vV

1.09
e
0.000585
-0.545
-1.09
Max: 1.09
Min: -1.09
Sy
1.0 2.0 3.0 4.0 5.0 6.0 1.0 2.0 3.0 4.0 5.0 6.0
X X

Figure 10. Distribution of v velocity component for the Taylor-Green vortex flow using (a) staggered
and (b) collocated methods.
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The kinetic energy in the system, defined by
E= Z(uz-i—vz) /2 (22)

where the summation is over all the nodal velocities in the domain, is plotted against time
as it evolves in the simulation. Its value should be constant since there is no viscous effect,
and this is reproduced closely by the proposed staggered scheme, as shown in Figure 11,
whereas the collocated method shows a marked depletion in energy as the simulation
proceeds, a feature that has been established previously (see, for example, Ref. [5]).

Kinetic energy, Co = 0.1
1 005 1 I 1 I 1 I

T
/

0.995 < .

0.99 ~ -

T
/
1

0.985

Kinetic energy

T
1

0.98 S . 4

1
/
VA |

0.975

Staggered
CoIIocgted -

0 10 20 30 40 50 60
Time

0.97

Figure 11. Time history of kinetic energy for the Taylor-Green vortex flow.

The conservation of kinetic energy is naturally linked to the pressure field. For this
vortex flow case, an analytical solution for the pressure distribution exists (see, for example,
ref. [25]) and is given by

p= —Lllp(cos(Zx) + cos(y2)) (23)

and is displayed in the contours of Figure 12. The pressure field obtained from the proposed
staggered method at the end of the simulation is shown in Figure 13a, and it clearly matches
the analytical solution, whereas the corresponding field predicted by the collocated scheme
shows considerable distortion in Figure 13b.

P
- 0.6590
0.3272

. -0.0045005 -0
03362

-gemg

Min: 06680 4-0

Figure 12. Analytical solution for pressure field in Taylor—Green vortex flow.
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P

- 0.000

-0.3275
-0.6550
-0.9825

Max: 0]
Min: -1.310

(a) - staggered (b) - collocated

Figure 13. Predicted pressure distribution in Taylor-Green vortex flow using (a) staggered and
(b) collocated methods.

4.4. Lid-Driven Cavity Flow

This is a case that has served as a reference for evaluating various solution methods in
the literature. It was presented by Ghia & Ghia [26] who computed with the vorticity-stream
function method the two-dimensional viscous flow in a square cavity (of side 1 m), driven
by a lid moving along its length, as depicted in Figures 14 and 15, which, respectively, show
the predicted streamline patterns for Reynolds numbers of 100 and 1000.

The purpose of the tests here is twofold: (i) to show that on an orthogonal mesh, the
present staggered method maintains the same order of accuracy of the differencing scheme
used on the cell nodes, and (ii) to show that the new scheme is robust on highly skewed
meshes while giving the correct solution at two quite different Reynolds numbers.

4.4.1. Orthogonal Mesh Computations at Re = 100

The results of the computations presented in Figure 16 for the lateral and axial velocity
profiles along the mid-lines, on a 160 x 160 uniform mesh, are compared with the reference
solutions of Ghia & Ghia. The displayed results collapse on those obtained from the
collocated mesh methods embodied in both OpenFoam and the 2D proprietary code
mentioned earlier.

u=1lm/s,v=0

SRS
I
oo
] =
I
oo

Figure 14. Flow pattern in the lid-driven cavity flow at Re = 100.
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Figure 15. Flow pattern in the lid-driven cavity flow at Re = 1000.

Lid-driven flow
0.2 T T T T

0.15
0.1
0.05

> -0.05
-0.1
-0.15
-0.2

| Staggered
-0.25 I openFOAM coliocated
03 Reft?rence solullion °

0 0.2 0.4 0.6 0.8 1
X

Lid-driven flow

0.8
0.6 [
>
04
02
Staggered ——
OpenFOAM collocated
, L Refe{enoe sollution °

0

04 02 0 02 04 06 08 1
u

Figure 16. Comparison between midline axial (a) and lateral (b) velocity profiles of the liddriven flow

configuration at Re = 100 obtained with the current method and with a standard collocated approach.

The accuracy of the proposed methodology was tested on a mesh convergence study
using uniform meshes, with dx being the cell width, starting with a 20 x 20 mesh and
using the solution obtained with a very fine 640 x 640 mesh as the reference solution to
calculate a pseudo-error from an average velocity #, defined as

7= W (24)
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The total volume (o1, strictly, total area, as this is a two-dimensional domain) is Vot and
the summation )_ is over all cells in the domain. Since the discretisation of the momentum
equations for each cell uses centred-difference, the solution is expected to be second-order
accurate on a uniform mesh.

The pseudo-error of a given mesh is computed as

€ = Upesh — ﬁref (25)

where 1,,¢ is calculated on the finest 640 x 640 mesh. Figure 17 indicates second-order
accuracy via comparison with the solid line corresponding to quadratic error decay.

Lid-driven flow

1 b 1
10-2 | , u m
103 | E
wW

10% |
10° ¢ 3

Pseudoerror =«

29 order
1073 102 101

dx

Figure 17. Error decay plot obtained via a mesh convergence study of the Re = 100 lidriven flow case
on uniform meshes.

4.4.2. High-Aspect-Ratio Rectangular Meshes at Re = 100

The proposed method, outlined above, was tested to ascertain its applicability and
robustness to the modelling of viscous flow on meshes with distorted cells; here, a high-
aspect-ratio rectangular mesh was chosen. Initial tests on this mesh without accounting for
the velocity gradients given in Equations (7) and (8) resulted in persistent oscillations in
the velocity fields. When accounting for those gradients, smooth solutions were obtained
as depicted in Figures 18 and 19, which verify the necessity to include those terms.

Figure 18. High-aspect-ratio rectangular meshes used in lid-driven flow tests.
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Lid-driven flow
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Figure 19. Lateral (a) and axial (b) velocity profiles obtained with the current method for the
Re =100 lid-driven flow test using high-aspect-ratio rectangular meshes.

4.4.3. Skewed Mesh Computations at Re = 100

A skewed mesh of 159 x 159 cells used for this exercise is one that is stretched from
being equilateral on one side of the cavity to almost fully obtuse triangular on the other side.
A close-up of the mesh is shown in Figure 20 to illustrate its obtuseness. This mesh proved
to be a challenge for various techniques that are proposed elsewhere in the literature. The
one presented in this article was successful when reconstruction of the nodal values was
based on the averaging of the Cartesian face velocities themselves (as presented earlier)
rather than the face fluxes.

The profiles for the axial and lateral velocities presented in Figure 21 again show
excellent agreement with both the reference solution and that obtained from the uniform
regular mesh.
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(@)

(b)

Figure 20.

0.2

Lid-driven flow

(a) Close-up view and (b) wider view of the skewed mesh.

0.15
0.1
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Figure 21. Axial (a) and lateral (b) velocity profiles obtained with the current method for the

Re =100 lid-driven flow test using uniform and skewed meshes.

https://doi.org/10.3390/ fluids11020053


https://doi.org/10.3390/fluids11020053

Fluids 2026, 11, 53

19 of 26

For this case of steady-state flow, it is useful to demonstrate the robustness of the staggered
scheme versus that of the collocated method on such a skewed mesh. Figures 22 and 23
display the variation in the normalised residuals in the pressure equation with time steps
at different Courant numbers for the staggered and collocated methods, respectively. The
former clearly shows stability for very high Courant numbers, whereas the latter shows
divergence for values of the Courant number well below unity. It is worth noting that the
computing time with the collocated scheme at the stable Courant number was 46% higher
than that taken by the staggered mesh at the higher Courant numbers (although this may
pertain to this particular case). Here, again, it should be noted that both codes used the
same parameters and discretisation schemes in obtaining those results.

Staggered method

1 - I 1 1 ]
F Co=048 ——
[ Co=8 - - -
Co=80 —-—
- 0.1 F e
©
S
S
7]
o
k5 0.01 }
R E
©
£
(o)
2
0.001 E
0.0001 : : . A

1 200 400 600 800 1000
Time step

Figure 22. Normalised residuals in the pressure equation for Re = 100 lid-driven flow test using the
skewed mesh (Staggered method).

Collocated method

100,000 ¢ T T m T 3
F Co=0.32 —— 3
f Co=048 - - - ! 1
10,000 f : 3
B 1,000 .’ -
=} E 7
S i . 3
® . . 1
o 100 f L, 3
e F . 3
(0] [ ’ ]
R ’
T g - 3
£ = :
¢
zZ
001 i 1 1 1 1
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Figure 23. Normalised residuals in the pressure equation for Re = 100 lid-driven flow test using the
skewed mesh (Collocated method).
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4.4.4. Skewed Mesh Computations at Re = 1000

In order to test the proposed method on a more convection-dominated flow case, the
same lid-driven cavity is simulated at a Reynolds number of 1000, for which a reference
solution was provided by Ghia and Ghia. The flow pattern in this case is shown earlier in
Figure 15. Here, the mesh used is shown in Figure 24, while Figure 25 presents the axial
and lateral profiles of the v and u velocity components, respectively.

INININININININININININININININININING
NINININININININININININININININININING
ININININININININININININININININININN

NOININININININININININININININININING
INONININININININININININININININININTN

NANININININININININININININININININING
ININININININININININININININININININN
ININININININININININININININININININT
NANININININININININININININT

NAINININ
INONINININININININININININININININNN
INININININININININININININININININT

NONINININININININININININININININ/N/N
NANINININININININININININININING
INONINININININININININININININININNIN

Figure 24. Triangular mesh for the Re = 1000 lid-driven cavity case.

Lid-driven flow, Re = 1000
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1 T
08 .
0.6 .
>
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0.2 b
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0
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Figure 25. Axial (a) and lateral (b) velocity profiles obtained with the current method for the
Re = 1000 lid-driven cavity flow on skewed mesh.
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Here, again, there is excellent agreement between the current predictions and the
reference solution.

4.5. Vortex Shedding Flow

The current method was applied to the unsteady flow past a square obstacle studied
in [27,28], where regular vortex shedding occurs. Time histories of velocity oscillations
downstream of a square obstacle were monitored on both regular and skewed meshes. A
sketch of the simulation setup is shown in Figure 26. An example of the skewed mesh
configuration is shown in Figure 27.

slip

square obstacle

outlet

probe

21xd

<

11 xd 33xd

d 5xd

slip

Figure 26. Flow configuration used in the time-dependent flow tests.

0.230/

0.220

0.210

0.200/

0.190]

0.180

0.200 0.210 0.220 0.230 0.240 0.250 0.260

Figure 27. Detail near the obstacle of the skewed mesh used in the time-dependent flow simulations.

The Reynolds number of the flow is 70, which is defined as Re = qu, where U is
the uniform free stream velocity, d is the obstacle side dimension, and v is the kinematic
viscosity of the fluid. The time step of the simulations corresponding to a Courant number
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of 0.13 was found to give good temporal accuracy using the Euler time marching scheme.
A snapshot of the velocity magnitude field is shown in Figure 28 in the periodic regime
during which, as shown in Figure 29, oscillation cycles are stable and characterised by a
unique value of the oscillation period T.

Figure 28. Instantaneous velocity magnitude distribution during quasi-periodic vortex shedding.

Vortex shedding
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Figure 29. (a) Time history of the vertical velocity component v at the monitoring location downstream
of obstacle. (b) Close-up of the velocity oscillations in the periodic regime.

Simulations with the current method on a uniform mesh consistently indicated a
period of T ~ 3.42 s, in agreement with a standard collocated method, as indicated in
Figure 30, corresponding to a Strouhal number St = % of approximately 0.12, consistent
with the experiments of Refs. [27,28].
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Vortex shedding, uniform mesh
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Figure 30. Comparison of time histories of the velocity, during one oscillation period, obtained with
the current staggered methodology and with the established collocated methodology.

The application of the method to this case on the skewed mesh shown in Figure 25
yielded results very close to those obtained from the regular uniform mesh, as indicated in
Figure 31, thus validating the applicability to highly skewed meshes with little compromise
in terms of accuracy.

Vortex shedding

0.03 T T T T T T ]
0.02

0.01

v (m/s)
o

-0.01

-0.02

Uniform, staggered

Skewed, staggered

-0.03 } Skewed, collocated _
. 1 1 1 1

0 0.5 1 1.5 2 2.5 3 3.5 4
Time (s)

Figure 31. Comparison of time histories of the velocity, during one oscillation period, from simulations
on highly skewed meshes using staggered and collocated methods.

However, when the same case on the same skewed mesh was tackled with the standard
collocated method, the results (also displayed in Figure 31) were slightly offset from the
correct ones, which were obtained with the current hybrid method, although exactly the
same discretisation schemes were employed. This inaccuracy in the collocated solution
may very well be due to the approximation embodied in the interpolation formula for the
face velocities.
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5. Conclusions

The performance of a method that combines finite-volume discretisation of the fluid
flow equations on a collocated mesh together with a staggered mesh approach is assessed
and compared against that of a standard collocated technique. The scheme presented
encompasses two aspects that are different from other similar techniques; the first is in the
derivation of the momentum equation for the cell-face velocities, and the second is in the
way the nodal velocities are reconstructed directly from the face velocities. The former
aspect is necessary to prevent the occurrence of oscillatory velocity fields, which had also
been pointed out by other workers. The latter aspect is required to ensure accuracy and
stability on highly distorted cell configurations.

The validation exercise verifies that the employed technique preserves the order
of accuracy of the discretisation on the underlying collocated mesh in viscous flow on
uniform meshes while giving accurate results on skewed meshes. It also shows how the
PISO methodology recovers its efficacy on the staggered arrangement that was somewhat
diminished by collocated mesh methods. Lastly, the tests verify the applicability and
accuracy of the technique in unsteady flow on both uniform and skewed meshes.

Future work may be aimed at more general, fully unstructured meshes in three
dimensions, including polyhedral ones, as well as the simulation of turbulent flows.
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Nomenclature

Latin letters

Cell face area

Denotes coefficients of discretised momentum equations
Distance vectors connecting cell centres to face centres
Obstacle side length

Coefficient relating to staggered pressure difference

oS A e

Unit vector along d

Coefficient relating to cross-derivative pressure difference
Sum of discretised spatial derivatives

Length

Outward unit vector normal to cell face

Pressure

Velocity component normal to cell face

N

Reynolds number

T N I N i

Body force

%)
o~

Strouhal number
Time

- -

Oscillation period
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u Velocity vector

u Reference velocity

u Velocity component in x direction
v Velocity component in y direction
Vv Volume

w Weighting factor

Xy Cartesian coordinates

Greek symbols

€ Pseudo error

v Fluid kinematic viscosity

Y Fluid density

Subscripts and

uperscripts

c Denotes central coefficient of discretised momentum equation
f Denotes cell face

i Neighbour cell

n Old time level

@) Cell centre

R Cross-derivative term

overbar Distance-weighted average
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